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PREFACE TO THE FOURTH EDITION 

In the fourth edition, the distinguishing qualities of logical arrangement and 
thoroughness have been maintained in order that the text will be useful 
not only for teaching but also as a reference for practicing engineers and sur- 
veyors. Both the how (the practice) and the why (the theory) are given. 
The text has been critically reviewed in detail, and many sections have been 
entirely rewritten. Many of the illustrations have been redrawn, and new 
drawings and photographs have been added. The numerical problems have 
been reexamined, many revised, and new ones added. Heferences to more 
detailed publications have been brought up to date. Some noteworthy 
changes from the third edition are as follows: 

The chapter on errors is rewritten to clarify the use of weighted observations 
in simple and usable form for engineering work, with examples. 
Throughout the text, emphasis is placed on the distinction between pre- 
cision’^ and ^‘accuracy” of observations. 

Summary tables of errors in chaining and errors in leveling are given. 

To clarify the adjustments of the level and the transit, line diagrams show 
the desired relations between principal lines of the instruments. Al- 
ternative methods of two-peg test are given. 

The text on adjustment of compass traverses is expanded to explain the ad- 
justment for both local attraction and errors of observation. 

Index error of the transit is redefined to include the effect of three sources of 
error, which are illustrated with line diagrams. 

A systematic procedure for taking side shots with the plane table is tabulated. 
Strength of triangulation figure is discussed in greater detail, with tabular 
data and examples. 

The chapters on field astronomy are brought up to date and simplified, and 
the general tables are extended to the year 1960. 

The chapter on photogrammetric surveying is entirely rewritten by Colonel 
B. B. Talley, and latest types of instruments are shown and described. 

Account has been taken throughout of suggestions offered by the many 
users of the book, and grateful acknowledgment is made to them. Special 
acknowledgment is also made to the authors’ colleagues at the University 
of California, particularly to Profs. Harmer E. Davis, H. D. Eberhart, 
S. Einarsson, Bruce Jameyson, Milos Polivka, and C. T. WiskociL Professor 
J. W. Kelly rendered most valuable service in preparation and editing of the 
manuscript. 
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PREFACE TO THE FOURTH EDITION 


Much of the material for illustrations and tables in the several editions 
has been taken or adapted from publications of, or material furnished espe- 
cially by, public agencies, including the U.S. Air Forces, U.S. Bureau of Land 
Management (formerly the General Land Office), U.S. Coast and Geodetic 
Survey, U.S. Corps of Engineers, U.S. Geological Survey, U.S. Naval Ob- 
servatory, California Division of Highways, and Topographical Survey of 
Canada. Also much of the illustrative material was furnished by manu- 
facturers of surveying equipment including the Abrams Aerial Survey 
Corporation, AERO Service Corporation, Wm. Ainsworth and Sons, C. L. 
Berger and Sons, Brock and Weymouth, Chicago Aerial Survey Co., Fair- 
child Aerial Surveys, Fairchild Camera and Instrument Corporation, W. and 
L. E. Gurley, Keuffel and Esser Company, A. Lietz Company, H. C, Ryker, 
Inc., and H. Wild. Credit is due to John Wiley & Sons, Inc., for permission 
to use Tables IX and X. ; 

Raymond E. Davis 
Francis S. Foote 

Berkeley, Calif. 
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CHAPTER 1 


FUNDAMENTAL CONCEPTS 

1*1. Surveying. Surveying has to do with the determination of the relative 
location of points on or near the surface of the earth. It is the art of meas- 
uring horizontal and vertical distances between terrestrial objects, of measur- 
ing angles between terrestrial lines, of determining the direction of lines, and 
of establishing points by predetermined angular and linear measurements. 

Incidental to the actual measurements of surveying are mathematical 
calculations. Distances, angles, directions, locations, elevations, areas, 
and volumes are thus determined from data of the survey. Also, much 
of the information of the survey is portrayed graphically by the construction 
of maps, profiles, cross-sections, and diagrams. 

Thus the process of surveying may be divided into the field work of taking 
measurements and the office work of computing and drawing necessary to 
the purpose of the survey. 

1*2. Uses of Surveys. The earliest surveys known were for the purpose 
of establishing the boundaries of land, and such surveys are still the impor- 
tant work of many surveyors. 

Every construction project of any magnitude is based to a greater or less 
degree upon measurements taken during the progress of a survey and is 
constructed about lines and points established by the surveyor. Aside 
from land surveys, practically all surveys of a private nature and most of 
those conducted by public agencies are of assistance in the conception, 
design, and execution of engineering works. 

For many years the government, and in some instances the individual 
states, have conducted surveys over large areas for a variety of purposes. 
The principal work so far accomplished consists in the fixing of national and 
state boundaries, the charting of coast lines and navigable streams and lakes, 
the precise location of definite reference points throughout the country, the 
collection of valuable facts concerning the earth’s magnetism at widely 
scattered stations, and the mapping of certain portions of the interior, par- 
ticularly near the seacoasts, along the principal rivers and lakes, in the locali- 
ties of valuable mineral deposits, and in the older and more thickly settled 
territories. 

Summing up, surveys are divided into three classes: (1) those for the 
primary purpose of establishing the boundaries of landed properties, 
(2) those forming the basis of a study for or necessary to the construction 
of public or private works, and (3) those of large extent and high precision 
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conducted by the government and to some extent by the states. There is 
no hard and fast line of demarcation between surveys of one class and those 
of another, as regards the methods employed, results obtained, or use of the 
data of the survey. 

1*3. The Earth a Spheroid. The earth is an oblate spheroid of revolu- 
tion, the length of its polar axis being somewhat less than that of its equa- 
torial axis. The lengths of these axes are variously computed, as follows: 



Polar axis, ft. 

Equatorial 
axis, ft. 

Clarke (1866) 

41,710,242 

41,852,124 

Hayford (1909) 

41,711,920 

41,862,860 

Adopted (1924) by International Geodetic and 



Geophysical Union 

41,711,940« 

41,852,860 


® Computed from equatorial axis by assuming that the flattening of the earth is 
exactly 1 -r 297. 


The lengths computed by Clarke have been generally accepted in the 
United States and have been used in government land surveys. Hayford’s 
values are now regarded as being more nearly correct than those of Clarke. 
The values adopted by the International Geodetic and Geophysical Union 
are published by the U.S. Naval Observatory. 

It is seen that the polar axis is shorter than the equatorial axis by about 
27 miles. Relative to the diameter of the earth this is a very small quality, 
less than 0.34 per cent. Imagine the earth as shrunk to the size of a billiard 
ball, still retaining the same shape. In this condition, it would appear to 
the eye as a smooth sphere, and only by precise measurements could its 
lack of true sphericity be detected. 

Let us consider that the irregularities of the earth have been removed. 
The surface of this imaginary spheroid is a curved surface every element of 
which is normal to the plumb line. Such a surface is termed o. level surface. 
The particular surface at the average sea level is termed mean sea level. 

Imagine a plane as passing through the center of the earth, as in Fig. 1-1. 
Its intersection with the level surface forms a continuous line around the 
earth. ^ Any portion of such a line is termed a level line, and the circle defined 
by the intersection of such a plane with the mean level of the earth is termed 
a great circle of the earth. The distance between two points on the earth, as 
1 and B (Fig. M), is the length of the arc of the great circle passing through 
the points, and is always somewhat more than the chord intercepted by this 
arc. The arc is a level line; the chord is a mathematically straight line. 

If a plane is passed through the poles of the earth and any other point on 
the earth's surface, as A (Fig. L2), the line defined by the intersection of 
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the level surface and plane is called a meridian. Imagine two such planes 
as passing through two points as A and B (Fig. 1‘2) on the earth, and the 
section between the two planes removed like the slice of an orange, as in 
Fig. 1*3. At the equator the two meridians are parallel; above and below 
the equator they converge, and the angle of convergency increases as the 
poles are approached. No two meridians are parallel except at the equator. 




Imagine lines, normal to the meridians, drawn on the two cut surfaces of the 
slice. If the earth be regarded as a perfect sphere these lines converge at a 
point at the center of the earth. Considering the lines on either or both of 
the cut surfaces, no two are parallel. The radial lines may be considered 
as vertical or plumb lines, and hence we arrive at the deductions that all 
plumb lines converge at the earth^s center and that no two are parallel. 
Strictly speaking, this is not quite true, owing to the unequal distribution 
of the earth mass and owing to the fact that normals 
to an oblate spheroid do not all meet at a common 
point. 

Consider three points on the mean surface of the 
earth. Let us make these three points the vertices 
of a triangle, as in Fig. 1*4. The surface within the 
triangle ABC is a curved surface, and the lines form- 
ing its sides are arcs of great circles. The figure is a 
spherical triangle. In the figure the dotted lines rep- 
resent the plane triangle whose vertices are points 
A, B, and C.^ Lines drawn tangent to the sides of the spherical triangle at 
its vertices are shown. The angles a, 6, and c of the spherical triangle are 
seen to be greater than the corresponding angles a', fe', and c' of the plane 
triangle. The amount of this excess would be small if the points were near 
together, and the surface forming the triangle would not depart far from a 
plane passing through the three points. If the points were far apart the 

^ Actually the '^auxiliary plane triangle” of geodetic work has sides equal in length 
to the arcs of the corresponding spherical triangle. 
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difference would be considerable. Evidently the same conditions would 
obtain for a figure of any number of sides. Hence we see that angles on 
the surface of the earth are spherical angles. 

In everyday life we are not concerned with these facts, principally because 
we are dealing with only a small portion of the earth’s surface. We think 
of a line passing along the surface of the earth directly between two points 
as being a straight line, we think of plumb lines as being parallel, we think 
of a level surface as a fiat surface, and we think of angles between lines in 
such a surface as being plane angles. 

As to whether the surveyor must regard the earth’s surface as curved or 
may regard it as plane (a much simpler premise) depends upon the character 
and magnitude of the survey and upon the precision required. 

14. Plane Surveying. That type of surveying in which the mean surface 
of the earth is considered as a plane, or in which its spheroidal shape is 
neglected, is generally defined as plane surveying. With regard to horizon- 
tal distances and directions, a level line is considered as mathematically 
straight, the direction of the plumb line at any point within the limits of the 
survey is considered as parallel to the direction of the plumb line at any other 
point, and the angles of polygons are considered as plane angles^ 

By far the greater number of all surveys are of this type. When it is 
considered that the length of an arc llK niiles long lying in the earth’s 
surface is only 0.05 ft. greater than the subtended chord, and further that 
the difference between the sum of the angles in a plane triangle and the sum 
of those in a spherical triangle is only one second for a triangle at the earth’s 
surface having an area of 75.5 sq. miles, it will be appreciated that the shape 
of the earth need be taken into consideration only in surveys of precision 
covering large areas. 

Surveys for the location and construction of highways, railroads, canals, 
and, in general, the surveys necessary for the works of man are plane surveys, 
as are also the surveys made for the purpose of establishing boundaries, 
except state and national. The United States system of subdividing the 
public lands employs the methods of plane surveying but takes into account 
the shape of the earth in the location of certain of the primary lines of divi- 
sion. 

The operation of determining elevation is usually considered as a division 
of plane surveying. Elevations are referred to a spheroidal surface, a 
tangent at any point in the surface being normal to the plumb line at that 
point. The curved surface of reference, usually mean sea level, is called a 
“datum” or, curiously, a “datum plane.” The procedure ordinarily used 
in determining elevations automatically takes into account the curvature 
of the earth, and elevations referred to the curved surface of reference are 
secured without extra effort on the part of the surveyor. In fact it would 
be more difficult for him to refer elevations to a true plane than to the 
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imaginary spheroidal surface which he has chosen. Imagine a true plane, 
tangent to the surface of mean sea level at a given point. At a horizontal 
distance of 10 miles from the point of tangency the vertical distance (or 
elevation) of the plane above the surface represented by mean sea level is 
67 ft., and at a distance of 100 miles from the point of tangency the elevation 
of the plane is 6,670 ft. above mean sea level. Evidently the curvature of 
the earWs surface is a factor which cannot be neglected in obtaining even 
very rough values of elevations. 

This book deals chiefly with the methods of plane surveying. 

1*5. Geodetic Surveying. That type of surveying which takes into 
account the shape of the earth is defined as geodetic surveying. All surveys 
employing the principles of geodesy are of high precision and generally 
extend over large areas. Where the area involved is not great, as for a 
state, the required precision may be obtained by assuming that the earth 
is a perfect sphere. Where the area is large, as for a country, the true 
spheroidal shape of the earth is considered. Surveys of the latter character 
have been conducted only through the agencies of governments. In the 
United States such surveys have been conducted principally by the U.S. 
Coast and Geodetic Survey and the U.S. Geological Survey. Such surveys 
have also been conducted by the Great Lakes Survey, the Mississippi Eiver 
Commission, several boundary commissions, and others. Surveys con- 
ducted under the assumption that the earth is a perfect sphere have been 
made by such large cities as Washington, Baltimore, Cincinnati, and 
Chicago. 

Though only a few engineers and surveyors are employed in geodetic work, 
the data of the various geodetic surveys are of great importance in that they 
furnish precise points of reference to which the multitude of surveys of less 
precision may be tied. For each state, a system of plane coordinates has 
been devised, to which all points in the state can be referred wdthout signifi- 
cant. error in distance or direction arising from the difference between the 
reference surface and the actual surface of the earth. 

1*6. Kinds and Operations of Surveying. The nature of the measure- 
ments made by the surveyor has been indicated in preceding articles. 

In land surveying his work consists in : 


L Rerunning old land lines to determine their length and direction. 

2. Reestablishing obliterated land lines from recorded lengths and directions and 
such other information as it is possible to secure. 

3. Subdividing lands into parcels of predetermined shape and size. 

4. Setting monuments to preserve the location of land lines. 

5. Locating the position of such monuments with respect to permanent landmarks. 

6. Calculating areas, distances, and angles or directions. 

7. Portraying the data of the survey on a land rmp. 

8. Writing descriptions for deeds. 
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A topographic survey is a survey made to secure data from whicli may be 
made a topographic map indicating the relief, or elevations and inequalities 
of the land surface. The work consists in: 

1. Establishing by angular and linear measurements the horizontal location of 
certain points for the skeleton of the survey, termed the horizontal control. 

2. Determining the elevation of control points by the operation of leveling, termed 
the vertical control. 

3. Determining the horizontal location and elevation of a sufficient number of 
ground points to provide data for the map. 

4. Locating such other natural or artificial details as the requirements of the 
survey demand. 

5. Calculating angles, distances, and elevations. 

6. Plotting and finishing the topographic map (see also ‘‘ Photogramme trie 
Surveying,” later in this article). 

Route surveying as the term is here used has reference to those surveys 
necessary for the location and construction of lines of transportation or com- 
munication, such as highways, railroads, canals, transmission lines, and 
pipe lines. The preliminary work usually consists of a topographic survey. 
The location and construction surveys may further consist in: 

1. Locating the center line by stakes at short intervals. 

2. Running levels to determine the profile of the ground along the center line. 

3. Plotting such profile, and fixing grades. 

4. Taking cross-sections. 

5. Calculating volumes of earthwork. 

6. Measuring drainage areas. 

7. Laying out structures, such as culverts and bridges. 

8. Locating right-of-way boundaries. 

Hydrographic surveying has reference to surveying bodies of water for 
purposes of navigation, water supply, or subaqueous construction. Broadly 
speaking, the operations of hydrographic surveying may consist in: 

1. Making a topographic survey of shores and banks. 

2. Taking soundings to determine the depth of water and the character of the 
bottom. 

3. Locating such soundings by angular and linear measurements. 

4. Plotting the hydrographic map showing the topography of the shores and banks, 
the depths of soundings, and other desirable details. 

5. Observing the fluctuation of the ocean tide or of the change in level of lakes and 
rivers. 

6. Measuring the discharge of streams. 

In a sense, the surveys for drainage and for irrigation are hydrographic 
in character, but the principal work is essentially either topographic or 
route surveying. 

Mine surveying makes use of the principles of land, topographic, and route 
surveying, with modifications in practice made necessary by altered condi- 
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tions. Both surface and underground surveys are required. The work of 
the mine surveyor consists in: 

1. Establishing (on the surface) the boundaries of claims for mineral patent (on 
the order of the Surveyor General of the state in which the claim is located) and fixing 
reference monuments. 

2. Locating (on the surface) shafts, adits, bore-holes, railroads, tramways, mills, 
and other details. 

3. Making a topographic survey of the mine property. 

4. Constructing the surface map. 

5. Making underground surveys necessary to delineate fully the mine workings. 

6. Constructing the underground plans showing the workings in plan, longitudinal 
section, and transverse section. 

7. Constructing the geological plan. 

8. Calculating volumes removed. 

Cadastral surveying, a practically obsolete term, has particular reference 
to extensive urban or rural surveys made for the purpose of locating property 
lines and improvements in detail, primarily for use in connection with the 
extent, value, ownership, and transfer of land. The term is sometimes 
applied to the public-land surveys. 

City surveying is the term frequently applied to the operation of laying out 
lots and to the municipal surveys made in connection with the construction 
of streets, water-supply systems, and sewers. There is no distinction be- 
tween such surveys and those just described except that the degree of 
refinement observed in making measurements is made proportional to the 
value of the land with which the survey is concerned. 

Recently the term city survey has come to mean an extensive coordinated 
survey of the area in and near a city for the purposes of fixing reference 
monuments, locating property lines and improvements, and determining 
the configuration and physical features of the land. Such a survey is of 
value for a wide variety of purposes, particularly for planning city improve- 
ments. The work consists in: 

1. Establishing horizontal and vertical control, as described for topographic sur- 
veying. 

2. Making a topographic survey and topographic map. 

3. Marking critical points such as street corners with suitable monuments referred 
to a common system of rectangular coordinates. 

4. Making a property map, with layout and dimensions of properties. 

5. Making a wall map. 

6. Making a map, or maps, to show underground utilities. 

Photogrammetric surveying is the application to surveying — usually topo- 
graphic work — of the science of measurement by means of photographs. 
With specially designed cameras, photographs are taken either from air- 
planes or from ground stations. In connection with limited ground surveys 
made for the purpose of accurately establishing visible control points, aerial 
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photogrammetry is employed on many topographic surveys by ma,king cer- 
tain necessary adjustments and projections. Recent important advance- 
ments and simplifications in the technique of aerial photogrammetry have 
made this method by far the most rapid and accurate except perhaps where 
the ground is relatively flat, where elevations must be determined within 
less than 5 ft., or where the area is small. The advantages of aerial photo- 
grammetry are the speed with which the field work is accomplished, the 
wealth of detail secured, and the use in locations otherwise difficult or im- 
possible of access. The method is used not only for military purposes but 
also for general topographic surveys, preliminary route surveys, and even 
for surveys of agricultural areas. Considerable areas of the United States 
have already been photographed, and in many cases the photographs are 
available to surveyors and others for a nominal fee. 

Terrestrial photogrammetry^ or photographic surveying from ground 
stations, has been found a useful adjunct to other methods in the small- 
scale mapping of mountainous areas. The work consists in taking photo- 
graphs from two or more control stations and in utilizing the photographs 
for the projection of details of the terrain in plan and elevation. 

1*7* Definitions. A level surface is one parallel with the mean spheroidal 
surface of the earth. A body of still water provides the best example. 

A horizontal plane is a plane tangent to a level surface. 

A horizontal line is a line tangent to a level surface. 

A horizontal angle is an angle formed by the intersection of two lines in a 
horizontal plane. 

A. vertical line is a line perpendicular to the plane of the horizon, A plumb 
line is an example. 

A vertical plane a plane of which a vertical line is an element. 

A vertical angle is an angle between two intersecting lines in a vertical 
plane. In surveying it is commonly understood that one of these lines is 
horizontal, and a vertical angle to a point is understood to be the angle in a 
vertical plane between a line to that point and the horizontal plane. 

In surveying, measured angles are either vertical or horizontal. 

In plane surveying, distances measured along a level line are termed 
horizontal distances. The distance between two points is commonly under- 
stood to be the horizontal distance from the plumb line through one point 
to the plumb line through the other. Measured distances may be either 
horizontal or inclined, but in most cases the inclined distances are reduced 
to equivalent horizontal lengths. 

The elevation of a point is its vertical distance above (or below) some 
arbitrarily assumed level surface, or datum. 

A contour is an imaginary line of constant elevation on the ground surface. 
The corresponding line on the map is called a contour line. 

The vertical distance between two points is termed the difference in 


§ 1-9 PRECISION OF MEASXJBEMENTS 9 

elevation. It is the distance between an imaginary level surface containing 
the high point and a similar surface containing the low point. The opera- 
tion of measuring difference in elevation is called leveling. 

The grade, or gradient, of a line is its slope, or rate of ascent or descent. 

Additional definitions are given in Art. 3*9. 

1’8, Units of Measurement. The operations of surveying entail both 
angular and linear measurements. 

The units of angular measure are the degree, minute, and second. On 
most surveys, measurement to the nearest minute is sufficiently exact. On 
precise surveys, angles are frequently determined to tenths of seconds. 

In all English-speaking countries the common units of linear measure- 
ment are the yard, foot, and inch. On most surveys in these countries, 
distances are measured in feet, tenths of feet, and hundredths of feet; and 
surveyor’s tapes are usually graduated in these units. In laying out con- 
struction work for men of the building trades, the surveyor will often find it 
necessary to employ the foot, the inch, and the eighth of an inch. Most 
measurements in surveying need not be taken closer than hundredths of a 
foot, and often distances to the nearest foot or even to the nearest 10 ft. are 
sufficient for the purpose of the survey. 

Formerly the rod and the Gunter’s chain were units much used in land 
surveying, and the Gunter’s chain as a unit of length is employed in the sub- 
division of the United States public lands. The Gunter’s chain is 66 ft. 
long and is divided into 100 links each 7.92 in. long. 1 mile = 80 chains = 
320 rods = 5,280 ft. 

Many other civilized countries of the world employ the meter as the unit 
of length. 1 meter = 39.370 in. = 3.2808 ft. = 1.0936 yd. The meter is 
the unit of length employed by the U S. Coast and Geodetic Survey. 

The vara is a Spanish unit of linear measurement used in Mexico and 
several other countries falling under early Spanish influence. In portions 
of the United States formerly belonging to Spain or to Mexico, the surveyor 
will frequently have occasion to rerun property lines from old deeds in which 
lengths are given in terms of the vara. Commonly 1 vara = 32.993 in. 
(Mexico), 33 in. (California), or 33 H (Texas); but other somewha“|^ dif- 
ferent values of the vara have been used for many surveys. 

In the United States the units of area commonly used are the square foot 
and the acre. Formerly the square rod and the square Gunter s chain were 
also used. 

1 acre = 10 sq. Gunter’s chains = 160 sq. rods = 43,560 sq. ft. 

The units of volumetric measurement are the cubic foot and the cubic 
yard. 

1*9. Precision of Measurements. In dealing with abstract quantities, 
we have become accustomed to thinking largely in terms of exact values. 
At the start, the student of surveying ought to appreciate that he is dealing 
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with physical meastirements which are correct only within certain limits, 
owing to errors that cannot be completely eliminated. The degree of pre- 
cision of a given measurement depends upon the methods and instruments 
employed and upon other conditions surrounding the survey. It is desirable 
that all measurements be made with high precision, but unfortunately a 
given increase in precision is usually accompanied by more than a directly 
proportionate increase in the time and labor of the surveyor. It therefore 
becomes his duty to maintain a degree of precision as high as justified by 
the purpose of the survey, but not higher. It is important, then, that he 
have a thorough knowledge of the sources and kinds of errors, of their effect 
upon field measurements, and of methods to be followed in keeping the 
magnitude of the errors within allowable values. It follows that he must 
understand the intended use of the survey data. 

Before beginning work, the surveyor ought to consider the following 
questions: 

1. What is the purpose of the survey? 

2. What degree of precision is required for that purpose? 

3. With what precision must each kind of measurement be taken? 

4. Can a higher degree of precision be obtained without appreciable 
additional cost? 

5. What are the sources of error? 

6. What methods must be employed to keep these errors within allowable 
limits? 

7. What instruments should be used to facilitate the work? 

8. How may the work be organized to reduce the labor to a minimum? 

9. How is the correctness of the work to be verified? 

1*10. Principles Involved. The underlying principles of plane surveying 
are not difficult. They involve a thorough knowledge of geometry and 
plane trigonometry, and to a less degree a knowledge of physics, of astron- 
omy, and of the theory and methods of adjustment of errors. Such portions 
of the last three subjects as are necessary to the understanding of the text 
will be given in succeeding chapters as the need arises. Geodetic surveying 
requires an expert knowledge of all the above subjects. 

141. Practice of Surveying. Like other arts based upon the sciences, 
the practice of surveying is complex, and no amount of theory will make a 
good surveyor unless he has the requisite skill in the art of observing and is 
versed in field and office practice. The student should realize the impor- 
tance of a knowledge of the practical phases of the subject and should seek 
to become as well grounded in the practice as possible. 

Often surveying is one of the first professional subjects studied by the 
engineering student. He may not expect to become a surveyor, but he 
ought to understand that the training he will receive in the art of observing 
and computing, in the study of errors and their causes and effects, and in 


§ 142] REQUISITES OF A GOOD SURVEYOR 11 

the practice of mapping will directly contribute to success in other subjects, 
regardless of the branch of engineering in which he may be interested, 

1*12. Requisites of a Good Surveyor. As the term “ surveyor is here 
used it has reference not only to that individual who makes his chief liveli- 
hood from surveying and expects so to continue in the remote future, but 
also to that individual of a large army of engineers to whom surveying is 
merely one of the arts of his profession, to whom the survey is perhaps the 
work of today and the adaptation of the results to the engineering problem 
is the work of tomorrow. 

A thorough knowledge of the theory of surveying and skill in its practice 
are principal requisites of the surveyor; but, upon the evidence of employers 
themselves, it is also true that traits of character are far more potent factors 
in the success of the surveyor or engineer than is mere technical knowledge 
or skill. Therefore, it should be stated with all emphasis that, while master- 
ing the theory and practice of surveying, the student will do himself a great 
benefit if he also develops traits of character and habits of mind which will 
be advantageous to him whatever may be his later work. This can be 
accomplished only by diligent application of the laws of habit formation, 
which are fairly well known. Some definiteness may be given to this sug- 
gestion by the mention of a few of the traits which should be possessed by 
the surveyor. 

He should maintain the attitude of the scientist, that no result is trust- 
worthy until every reasonable test of its accuracy has been applied. 

He should be reliable. 

He should be of sound judgment. 

He should possess initiative and should attack a problem with resourceful- 
ness and energy. 

He should be thorough, not content with his work until it has been fin- 
ished in a workmanlike fashion. 

He should be able to think without confusion, and to reason logically 
without prejudice. 

He should be of good temper, thoughtful of those coming under his 
direction, commanding the respect of his associates, and watchful of the 
interests of his employer. 


CHAPTER 2 

ESSENTIAL FEATURES OF PRINCIPAL SURVEYING 
INSTRUMENTS 

24. Principal Instruments. The principal surveying instruments and 
accessories and their uses are listed below: 

Tape. A graduated flexible ribbon used for measuring distance (see 
Figs. 74 and 7*2). 

Chaining Pins. Steel pins about 1 ft. long, for temporarily marking the 
location of the ends of the tape as distances are measured (see Fig. 7*3). 

Engineer’s Level. A telescope to which is attached a spirit-level tube, all 
revolving about a vertical axis and mounted on a tripod (see Fig. 8-7). 
A level is employed for determining difference in elevation. Its use is termed 
leveling. 

Level Rod. A graduated wooden rod which, in conjunction with the level, 
is used in determining difference in elevation. Graduations are usually in 
hundredths of feet. The rod may be either in a single piece or jointed. 
Common length when extended is 12 or 13 ft. (see Figs. 844 to 846). 

Surveyor’s Compass. A magnetic compass mounted on a tripod and 
equipped with sight vanes. Used for determining the direction of lines. 
Nearly obsolete except for rough surveys, as in forestry (see Fig. 1243a). 

Flag, Flagpole, or Range Pole. A pole, either of steel or of wood shod with 
a steel point, painted with bands of alternating red and white. Used as a 
sighting rod in connection with either angular or linear measurements (see 
Fig. 7-4). 

Engineer’s Transit. The universal instrument. Used principally for 
measuring horizontal and vertical angles, for measuring distances by stadia, 
and for prolonging straight lines. The transit has a telescope which may be 
revolved about either a horizontal or a vertical axis. It is usually equipped 
with a magnetic needle and is mounted on a tripod (see Fig. 134). 

Plane Table. A drawing board mounted on a tripod, and an alidade, or 
straightedge equipped with a telescope, which can be moved about on the 
board. The plane table is used for mapping (see Fig. 174). 

Plumb Bob. A pointed metal weight suspended from a string. Used to 
project the horizontal location of a point from one elevation to another. 

2*2. The Engineer’s Level. Figure 2 -la is a diagram of the principal 
parts of the engineer’s level. The level consists of the telescope A mounted 
upon the level bar B which is rigidly fastened to the spindle C. Attached to 
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the telescope or the level bar and parallel to the telescope is the level tube D. 
The spindle fits into a cone-shaped bearing of the leveling head E, so that 
the level is free to revolve about the spindle C as an axis. The leveling head 




Cross 

hair 


is screwed to a wooden tripod E. In the tube of the telescope are cross-hairs 
at (r, which appear on the image viewed through the telescope as illustrated 
by Fig. 2*15. The bubble of the level is centered by means of the leveling 
screws F. 




Fig. 2-2a. 


Fig. 2'2h. 


2*3. The Engineer's Transit. Figures 2-2a and 2^25 illustrate, in plan 
and elevation, respectively, the principal parts of the engineer’s transit. 
The transit consists of the telescope A, mounted on a horizontal axis B which 
is supported by standards D. Attached beneath the telescope is a spirit- 
level tube (not shown), similar to that for the level just described. Angles 
of rotation of the telescope in a vertical plane are indicated by the vertical 
circle C which is graduated in degrees and which is read by means of the 
index V attached to one of the standards. The standards rest on the upper 
plate E which is equipped with spirit levels (not shown) and which rotates 
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about the vertical axis 0 on a spindle G called the inner spindle. The lower 
plate F revolves about the vertical axis on the outer spindle I ; the rim of its 
upper face is a circle graduated in degrees and read by means of an index H 
on the upper circle. The spindles G and I are supported by the leveling 
head /, which is screwed to a wooden tripod L. The vertical axis is made 
vertical by means of three or four leveling screws K, A magnetic compass 
(not shown) is centered on the upper plate. 

A detailed description of the transit is given in Chap. 13, For the present 
discussion it is sufficient to state that: 

1. The instrument can be leveled by means of the plate levels and the 
leveling screws. 

2. The telescope can be rotated about the horizontal axis to measure 
vertical angles, or about the vertical axis to measure horizontal angles. 

3. Horizontal angles are measured by clamping the graduated lower plate 
and observing the rotation of the upper plate between pointings of the 
telescope. 

4. The telescope can be leveled by means of the telescope level tube, and 
hence the transit can be employed for direct leveling. 

5. Vertical angles are measured by reading the graduations on the vertical 
circle. 

6. Small movements about the vertical axis and the horizontal axis are 
accomplished by means of clamps and tangent-screws, described in Art. 2-19. 

7. Readings of each graduated circle are facilitated by the use of a vernier 
scale, described in Art. 2-18, at the index. 

8. By means of the magnetic compass, directions can be observed and 
horizontal angles checked. 

2‘4. Essential Features. Essential features of the engineer’s level are a 
leml tube and a telescope. For the transit, verniers are also employed for 
reading the graduated circles. These features also apply to the plane-table 
alidade; and verniers are used on leveling rods, sextants, and planimeters. 
The magnetic compass as applied to surveying is discussed in Chap. 12. 

2* 5. Level Tube. A level tube (Fig. 2*3) is a glass vial with the inside 
ground barrel-shaped, so that a longitudinal line on its inner surface is the 
arc of a circle. The tube is nearly filled with sulphuric ether or with alcohol. 
The remaining space is occupied by a bubble of air which takes up a location 
at the high point in the tube. The tube is usually graduated in both direc- 
tions from the middle; thus by observing the ends of the bubble it may be 
“centered,” or its center brought to the mid-point of the tube. The tube 
is set in a protective metal housing, usually with plaster of paris. The 
housing is attached to the instrument by means of screws which permit 
adjustment, as shown in the figure. 

Some leveling instruments are equipped with a prismatic viewing device 
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by means of which one end of the bubble appears reversed in direction and 
alongside the other end. The bubble is centered by matching its ends rather 
than by observing the graduations on the level tube. 



A longitudinal line tangent to the curved inside surface at its mid-point 
is called the axis of the level tube or axis of the level. When the bubble is 
centered, the axis of the level tube is horizontal. 

A reversion level is one graduated on both top and bottom and so mounted 
that it can be used when the telescope is either normal or inverted. 

A striding level consists of a level tube mounted in a metal frame having 
legs so that the level may be placed on a telescope which it is desired to level. 
A striding level may also be used to level the horizontal axis of a transit 
telescope, or the board of a plane table. 

2-6. Sensitiveness of Level Tube. If the radius of the circle to which 
the level tube is ground is large, a small vertical movement of one end of the 
tube will cause a large displacement of the bubble; if the radius is small, 
the displacement will be small. Thus the radius of the tube is a measure of 
its sensitiveness. The sensitiveness is generally expressed in seconds of the 
central angle whose arc is one division of the tube. The sensitiveness ex- 
pressed in this manner is inversely proportional to the number of seconds. 
For many instruments the length of a division is 2 mm., while for others 
it is 0.1 in. (2.5 mm.); the practice is not uniform among manufacturers of 
surveying instruments. For this reason, the sensitiveness expressed in 
seconds of arc is not a definite measure unless the spacing of graduations is 
known. The values shown in Table 2*1 roughly represent common practice 
for various instruments. 

A simple method of determining the radius of curvature in the field is 
explained in field problem 2, Art. 8-29. 

The more sensitive the tube, the longer the time required to center the 
bubble. Hence, time is wasted if the tube is more sensitive than the device 
to which it is attached. For example, in a telescope level tube the first 
noticeable movement of the bubble should be accompanied by an apparent 
movement of the line of sight as indicated by the cross-hairs. 
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Table 2*1. Sensitiveness op Level Tube 


Instrument 

Radius of 
curvature, 
ft. ! 

Seconds of arc for 
2-mm. division 
of tube 

Better grade of engineer's levels 

68 

20 

Precise level (U.S. Coast and Geodetic Survey) . . . 

677 

2 

Engineer's transit: 



Telescope level 

45 

30 

Plate levels 

18 

75 

Plane table: 



Telescope level 

30 

45 

Control level on vertical circle 

23 

60 


2*7. Adjustment of Level Tube. The principle involved in bringing the 
axis of the level tube into the proper relation with the device to which it is 
attached is invariably that of reversion, or reversing the level tube end for 
end. There are two general cases: (1) when the tube is fixed to a telescope 
or plate which can be rotated about a vertical axis, as on a transit plate, and 


^x/s of Level Tvbe-^ 



(a) 

Bubble Centered 


rjSupporl 






B or /I ^ 




(c) 

Tube Adjusted 


(d) 

Instrument Leveled 


Fig. 2*4. Adjustment of level tube by reversion. 

(2) when the tube can be lifted from the support and reversed end for end 
thereon, as on a plane-table alidade. However, the method of adjustment 
is the same in either case. 

The steps involved in adjustment are shown in Fig. 2-4. In view (a) is 
shown the tube out of adjustment by the amount of the angle a, but with 
the bubble centered; the support is therefore not level, and the vertical axis 
is not vertical. In view (6) the level tube has been Ufted and reversed end 
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for end. (In the case of a support on a vertical axis the same relations would 
exist if the support were rotated 180° about the vertical axis.) The axis of 
the level tube now departs from the horizontal by 2a, or double the error of 
the setting. In view (c) the bubble has been brought back halfway to the 
middle of the tube by means of the adjusting screw C, without moving the 
support; the tube is now in adjustment. Finally, in view (d) the bubble is 
again centered by raising the low end (and/or lowering the high end) of the 
support; the support is now level and the adjustment may be checked by 
reversing the tube again. 

If it were desired to level the support in the direction of the tube without 
taking time to adjust the tube, this could be accomplished by centering the 
bubble as in view (a), Fig. 2*4; reversing the tube as in view (6); and raising 
the low end (and/or lowering the high end) of the support until the bubble 
is brought halfway back to the center of the tube. This position of the 
bubble corresponds to the error of setting of the tube; and whenever the 
bubble is in this position the support will be level. 

2*8. Leveling Head. On the level, transit, and one type of plane table, 
the head of the instrument is leveled by means of leveling screws, or foot 
screws. A simplified diagram is shown in Fig. 2*5, in which the spindle A 
revolves in the socket of the leveling head B, Near the bottom of the level- 
ing head is a ball-and-socket joint C, which makes a flexible connection with 
the foot plate D, The leveling head has four radial arms, into each of which 
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Leveling head. 


is threaded a leveling screw E. (Only 
two of the screws are shown in the fig- 
ure.) The leveling screws bear on the 
foot plate, and by means of these screws 
the leveling head can be tilted. 

The engineer’s level, which has only 
one level tube, is leveled as follows : The 
instrument is turned about the vertical 
axis until the level tube is approximately 
over one pair of opposite leveling screws, 
and the level bubble is brought approxi- 
mately to the center by turning that pair of screws, keeping both screws 
lightly in contact with the foot plate and thus keeping the ball-and-socket 
joint lightly in bearing. It is convenient to remember that the bubble 
travels in the same direction as the left thumb. The instrument is then rotated 
90°, and the level bubble is centered over the other pair of opposite leveling 
screws. This process is repeated alternately over the two pairs of screws 
until (if the level tube is in adjustment) the bubble will remain centered 
for any direction of pointing of the instrument. 

If the instrument has two level tubes perpendicular to each other, the 
process of leveling is similar except that it is not necessary to rotate the 
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instramei;it. Each level tube is alined with one pair of opposite leveling 
screws and is controlled by that pair. If the instrument has a universal or 
“bulFs-eye” type of level, the" process of leveling is also similar. On in- 
struments equipped with three leveling screws instead of four the universal 
type of level is sometimes used. 

It is a waste of time to center the bubble exactly over one pair of leveling 
screws before bringing it approximately to center over the other pair. It 
is best to leave all four screws rather loose, or barely in bearing, until the 
instrument is almost level. If one pair of screws turns hard, the other pair 
should be loosened slightly. The final centering of the bubble will be 
facilitated by turning one screw rather than by attempting to manipulate 
two opposite screws at the same time, provided this movement neither 
loosens nor binds the instrument unduly. 

Even if the level tube is out of adjustment, it is possible to use the instru- 
ment properly by use of the principle of reversion discussed in the preceding 
article. The bubble is centered over one pair of opposite leveling screws, 
the telescope is rotated end for end about the vertical axis, and the bubble is 
brought halfway back to center by means of the leveling screws. The 
process is repeated over the other pair of leveling screws. It will be found 
that the bubble will then remain in the same position regardless of the 
direction of pointing; and the vertical axis of the instrument will be truly 
vertical. This method of operation is sometimes used to avoid stopping the 
work to adjust the level tube. 

2*9. Telescope. Figure 2*6a shows the principal parts of the telescope 
as it is commonly constructed. Rays of light emanating from an object 
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Fig. 2* 6a, Longitudinal section of external-focusing telescopy 
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Fig. 2-66. Longitudinal section of mternal-focusing telescope, 

within the field of view of the telescope are caught by the objective lens A 
and are brought to a focus and form an image in the plane of the cross- 
hairs B. The lenses of the eyepiece C form a microscope which is focused on 
the image at the cross-hairs. The objective lens is screwed in the outer end 
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of the objective slide D which fits in the telescope tube B, The objective 
lens is focused by the screw F at the inner end of which is a pinion that en- 
gages the teeth of a rack fixed to the objective slide. The eyepiece slide G 
is held in position transversely by rings H and J, through which it may be 
moved in a longitudinal direction for focusing. By means of screws the 
ring J may be moved transversely so that the intersection of the cross-hairs 
will appear in the center of the field of view. 

The line of sight is defined by the intersection of the cross-hairs and the 
optical center of the objective lens. The instrument is so constructed that 
the optical axis of the objective lens coincides (or practically coincides) with 
the axis of the objective slide; in other words, a given ray of light passing 
through the optical center of the objective always occupies the same position 
in the telescope tube regardless of the longitudinal position of the lens. The 
cross-hairs can be so adjusted that the line of sight and the optical axis 
coincide. 

Another type of telescope, called the internal-focming telescope, has re- 
cently increased greatly in use. It is shown in section in Fig. 2*65. Its 
arrangement and operation are similar to that just described, except that the 
objective lens A is fixed in the end of the telescope tube and that the slide 
carries a focusing lens L. The advantages of the internal-focusing type are 
as follows: 

1. Because both ends of the telescope are closed, the focusing slide is 
practically free from grit which would cause wear; and the entire interior 
of the telescope is practically free from dust and moisture. 

2. Since the focusing slide is light in weight and is located near the middle 
of the telescope, the telescope tends to balance well. 

3. In making measurements by the stadia method (Chap. 15), an in- 
strumental constant is eliminated and the computations thus simplified. 

The disadvantages are that the extra lens required reduces the illumina- 
tion and that the interior of the telescope is not so easily accessible for field 
cleaning or repairs. 

The discussions hereinafter refer to the external-focusing type of telescope, 
except as specifically stated. With modifications in detail, they apply alsc. 
to the internal-focusing type. 

2*10. Focusing. When the telescope is to be used, the eyepiece is first 
moved in or out until the cross-hairs appear sharp and distinct. This ad- 
justment of the eyepiece should be tested frequently, as the observer’s eye 
becomes tired. 

When an object is sighted, the objective slide is moved in or out until 
the image appears clear, when the image should be in the plane of the cross- 
hairs. If a slight movement of the eye from side to side produces an ap- 
parent movement of the cross-hairs over the image, the plane of the image 
and the plane of the cross-hairs do not coincide, md parallax is said to exist. 


20 ESSENTIAL FEATURES OF SURVEYING INSTRUMENTS [CH. 2 

Since parallax is a source of error in observations, it should be eliminated by 
refocusing the objective, the eyepiece, or both until further trial shows no 
apparent movement. The objective lens must be focused for each distance 
sighted. The nearer the object sighted, the greater must be the distance 
between the objective and the cross-hairs. Although for short sights there 
must be a considerable movement of the objective for a comparatively small 
change in distance, for the longer sights only a small movement of the objec- 
tive is necessary regardless of the distance. 



Fig. 2-7. 


The telescope cannot be focused on objects closer than about 6 ft. from 
the center of the instrument, unless special short-focus lenses are employed. 

Frequently the telescope will be so badly out of focus that the outline of 
the object cannot at first be detected. It often facilitates the work of focus- 
ing if the telescope is directed approximately in the proper direction by 
sighting along the outside of the tube. Some instruments are equipped with 
peep sights for this purpose. 

The strain on the observer's eyes will be reduced if he learns to keep both 
eyes open while sighting. 

Figure 2*7 illustrates the manner in which rays from an object are deviated 
by the objective and brought to a focus to form the image. It will be noted 
that the image is inverted. 

2*11. Objective. The principal function of the telescope objective is to 
form an image for sighting purposes. For accuracy of measurements the 
objective should produce an image that is well lighted, accurate in form, 
distinct in outline, and free from discolorations. A single biconvex lens 
meets the first two of these requirements but is faulty in regard to the other 
two for the following reasons: 

1. Rays entering the lens near its edge come to a focus nearer the objective than 
do those entering near its center. The image does not lie in a plane, but in the surface 
of a sphere. Hence, as viewed through the telescope, portions of the object are 
blurred. This defect is called spherical aberration. 

2. Rays of the various colors of the spectrum are deviated by different amounts as 
they pass through the lens, hence the field of view appears discolored by lights of 
various hues. This is called chromatic aberration. 

These two objectionable features of the single lens are nearly eliminated 
in most surveying instruments by providing an outer double-convex lens of 
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crown glass and an inner concavo-convex lens of flint glass. The two lenses 
are usually cemented together with balsam but are sometimes separated by 
a thin spacer ring. 

The optical center of the objective is that point in the lens through which a 
ray of light will pass without permanent deviation, regardless of the direction 
of the object from which the light emanates. In other words, the direction 
of the ray is the same after leaving the lens as before entering it. In a 
biconvex lens with faces of equal curvature the optical center and geometrical 
center coincide. 

The optical axis is the line taken by a light ray that experiences no devia- 
tion either on entering or on leaving the objective. It passes through the 
optical center and the centers of curvature of the lens. 

The principal focus is a point on the optical axis back of the objective 
where rays entering the telescope parallel with the optical axis are brought 
to a focus; or it is a point in front of the objective from which diverging light 
rays entering the lens emerge from it parallel with the optical axis. Stated 
in another form, the image of a point on the optical axis and an infinite dis- 
tance away is at the principal focus back of the objective. If a point is at 
the principal focus in front of the objective, however, it will have no 
image. 

The focal length of the objective is the distance from its optical center to 
the principal focus. When the telescope is focused on a distant point, the 
focal length is very nearly the distance from the optical center of the objec- 
tive to the plane of the cross-hairs, for reasons which the preceding paragraph 
makes clear. 

2*12. Objective Slides. Any lateral movement of the objective causes 
a deviation in the position of the optical axis and also in the line of sight, 
thereby introducing errors in measurements. The objective slide should 
therefore fit as neatly as possible and still admit readily of longitudinal 
movement for focusing. The workmanship on any good instrument is 
sufficiently precise to insure practical elimination of errors of this sort when 
the telescope is new, but in the course of long use, wear develops between the 
sliding parts and the slide becomes loose. This produces uncertainties in 
observation which no amount of adjustment can overcome. 

For most instruments, the objective slide fits neatly into the telescope 
tube so that there is nearly perfect contact between these two parts for a 
considerable length near each end of the slide. Any wear that develops 
through use is therefore distributed over most of the length of the slide. 
Other instruments are provided with objective slides which are held in 
position by two metal rings as in Fig. 2*8. One ring is screwed in the end 
of the telescope tube. The other ring is placed in the rear of the rack and 
pinion and is held in position by four screws passing through the telescope 
tube. The inner ring is of somewhat smaller diameter than the telescope 
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tube, so that by means of the screws just mentioned the objective slide may 
be adjusted laterally. 

Particular care should be taken to protect the objective slide from dust, 
water, and other foreign matter. Many instruments are equipped with a 
guard which affords at least partial protection. If the slide is lubricated at 
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Fig. 2-8. Objective slide. 


all, only a drop of the finest watch oil should be used and all excess oil should 
be removed with a soft cloth. If the objective lens is removed it should be 
replaced as nearly as possible in its original position, and after replacing it 
the adjustment should be checked. 

2*13. Cross-hairs. The cross-hairs used to define the line of sight ordi- 
narily consist of a vertical and a horizontal hair fastened to a metal ring 
called the cross-hair ring or reticule. The hairs are usually made of threads 
from the cocoon of the brown spider, but may be made of very fine platinum 
wire. In some instruments the reticule consists 
of a glass plate on which are etched fine vertical 
and horizontal lines which serve as cross-hairs. 

As shown in Fig. 2*9, the cross-hair ring is held 
in position by four capstan-headed screws which 
pass through the telescope tube and tap into the 
ring. The holes in the telescope tube are slotted 
so that when the screws are loosened, the ring 
may be rotated through a small angle about its 
own axis. To rotate the ring without disturbing 
its centering, two adjacent screws are loosened; 
and the same two screws are tightened after the 
ring has been rotated. The ring is smaller than the inside of the tube, and 
it may be moved either horizontally or vertically by means of the screws. 
Thus, to move it to the left, the right-hand screw is loosened and the left- 
hand screw is tightened. If the movement is to be large, first the top or 
bottom screw is loosened slightly; and after the movement to the left has 
been completed, the same (top or bottom) screw is tightened again. 

Broken cross-hairs can be replaced in the field. Threads from ordinary spider 
webs are too rough, coarse, and dirty for use as cross-hairs. The best spider thread is 
treshly spun from a small spider, but commonly the thread from a cocoon— preferably 
a brown cocoon— is used. If the thread is stretched too tightly it will break easily 
If too loose, it will sag in wet weather. The thread is handled by means of a pair of 



Fig. 2*9. Cross-haira. 


EYEPIECE 


§245] 


23 


dividers or a forked stick. It is wetted, stretched moderately, and held securely in 
position on the marks of the cross-hair ring while a drop of shellac is placed on each 
end and left to dry. 

The cross-hair ring is removed from the tube as follows: Two opposite capstan- 
headed screws are removed, and the ring is rotated 90 ® about the remaining two 
screws by means of a pointed stick inserted through the end of the telescope. The 
stick is then inserted in a screw hole, the remaining screws are taken out, and the ring 
is withdrawn without damage. The operations of replacing the cross-hair ring are 
in the reverse order of those employed in removing it. 

2*14. Stadia H'^s. Most telescopes are also equipped with two hori- 
zontal hairs called stadia hairs, one above and the other an equal distance 
below the horizontal cross-hair, for use in measuring distances by stadia 
(Chap. 15). Usually they are mounted in the same plane with the cross- 
hairs, and hence when the eyepiece is in focus all four hairs appear in the 
field of view. To prevent confusing the horizontal hairs with one another, 
in some cases two additional hairs in the form of an X are mounted on the 
cross-hair ring. Sometimes the stadia hairs are mounted in another plane 
so that when the cross-hairs are in focus the stadia hairs are invisible, or 
vice versa; the stadia hairs are then called disappearing hairs. 

2*16. Eyepiece. Attention has previously been drawn to the fact that 
the image formed by the objective is inverted. Eyepieces are of two general 
types: 

The erecting or terrestrial eyepiece, the more common of the two types, 
reinverts the image so that the object appears to the eye in its normal posi- 
tion. Usually it consists of four plano-convex lenses placed in a metal tube 



Fig. 2* 10a. Erecting eyepiece. 




called the eyepiece slide (Fig. 2* 10a). In the figure A represents the object, 
B the inverted image in the plane of the cross-hairs, C the image which is 
magnified by the lens nearest the eye, and D the magnified image as it 
appears to the eye. 

The inverting or astronomical eyepiece simply magnifies the image without 
reinverting it. It is composed of two plano-convex lenses generally ar 


Eyepiece Slide 



Fig. 2406. Inverting eyepiece. 
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ranged as shown in Fig. 2-106. The arrangement is seen to be identical 
with that of the two lenses farthest apart in the erecting eyepiece. The 
magnified image D is seen to be inverted, and the object as viewed through 
the telescope is upside down. 

For either eyepiece the ratio of the angle at the eye subtended by the 
magnified image, to that subtended by the object itself, is the magnifying 
power of the telescope. If, in either Fig. 2- 10a or Fig. 2-106, D is the 
apparent length of the magnified image and E is the apparent length of the 
object as seen by the naked eye, the ratio oiDioE is the magnifying power. 

Each lens which. is interposed between the object and the eye absorbs 
some of the light which strikes it. Hence, other things being equal, the 
object is more brilliantly illuminated when viewed through the inverting 
eyepiece; this is a great advantage, particularly when observations are 
made during cloudy days or near nightfall. Another important advantage 
of the inverting eyepiece is that the telescope is shorter and the instrument 
lighter in weight. The beginner experiences some inconvenience on viewing 
things apparently upside down, but this difficulty is overcome with a little 
practice. 

The single advantage of the erecting eyepiece is that objects appear in their 
natural position, and this is the reason why its use is so common. Most 
American engineers and surveyors prefer the erecting eyepiece, but the use 
of the inverting eyepiece is increasing. 

The slide of the erecting eyepiece is usually held in position by rings 
(Fig. 2-6a) similar to those described for the objective slide (Art. 2-12). In 
most instruments the slide is held tightly by spring friction, and it is focused 
by a screw-like motion. The slide of the inverting eyepiece is usually held 
by a single wide ring which is fixed in the end of the telescope tube and 
which admits of no lateral adjustment. 

Various special eyepieces are available from instrument manufacturers. 
One type is equipped with a prism which permits the observer to sight trans- 
versely; it is useful for making sights that are steeply inclined. 

2*16. Properties of the Telescope. The illumination of the image de- 
pends upon the effective size of the objective, the quality and number of 
lenses, and the magnifying power. Other conditions remaining the same, 
the larger the objective, or the smaller the magnifying power, the better the 
illumination, that is, the better lighted appears the object. 

Distortion of the field of view so that it does not appear flat is mainly 
caused by what is termed the spherical aberration of the eyepiece (see also 
Art, 2-11). Although this introduces no appreciable error in ordinary 
measurements, it is not desirable when two points in the field are to be 
observed at the same time, as in stadia measurements. 

The definition of a telescope is its power to produce a sharp image. It 
depends upon the quality of the glass, the accuracy with which the lenses 
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are ground and polished, and the precision with which they are spaced and 
centered. Light rays passing through the lenses near their edges are par- 
ticularly troublesome, and to improve the definition these rays are inter- 
cepted by diaphragms or screens placed between the lenses of the eyepiece 
and in the rear of the objective. The effect of these screens is to decrease 
the illumination somewhat. 


The angular width of the field of view is the angle subtended by the arc whose cen- 
ter is nearly at. the eye and whose length is the distance between opposite points of 
the field viewed through the telescope. For a particular instrument this angle may 
be readily determined by observation. It is independent of the size of the objective. 
In general the larger the telescope and the greater the magnifying power, the less the 
angle of the field of view. For most surveying of moderate precision, the work is 
greatly retarded if the instrument does not have a fairly large field of view, and this is 
one of the reasons why the telescopes are not usually made of high magnifying power. 
Usually the angular width of the field ranges from about 1°30' for a magnifying power 
of 20, to 45' for a magnifying power of 40. 

The magnifying power of the telescope may be determined by observations as out- 
lined in field problem 1, Art. 8*29. For the better grade of engineer’s levels it is 
about 30 diameters. The U.S. Coast and Geodetic Survey type of precise level has a 
magnification of about 40 diameters. The magnification of transit telescopes is com- 
monly 18 to 24 diameters. 

2*17. Relation between Magnifying Power and Sensitiveness. It is 
desirable that the sensitiveness of the level tube be such that for the smallest 
noticeable movement of the bubble there is an apparent movement of the 
cross-hairs on a level rod held at an average distance from the instrument; 
and likewise for the smallest noticeable movement of the cross-hairs there 
should be an observable movement of the bubble. The least noticeable 
movement of the cross-hairs depends to some extent upon the definition and 
illumination of the image, but principally upon the magnification of the 
telescope. 

If the level tube is more sensitive than is necessary, time is wasted in cen- 
tering the bubble. If the magnifying power is higher than it need be, un- 
necessary labor is expended by reason of the more limited field of view and 
by reason of the increased difficulties of focusing the objective properly. A 
satisfactory test may be conducted by one person sighting at a rod while a 
second person bears down slightly on one end of the telescope and at the 
same time observes the level tube. If the first noticeable movement of the 
bubble is accompanied by an apparent movement of the cross-hairs, there 
is a satisfactory balance between sensitiveness and magnification. If the 
cross-hairs move first, a level tube of greater radius might properly be em- 
ployed. 

2*18. Verniers. A vernier, or vernier scale, is a short auxiliary scale 
placed alongside the graduated scale of an instrument, by means of which 
fractional parts of the least division of the main scale can be measured pre- 


26 ESSENTIAL FEATURES OF SURVEYING INSTRUMENTS [CH. 2 

ciseiy; the length of one space on the vernier scale differs from that on the 
main scale by the amount of one fractional part. The precision of the 
vernier depends on the fact that the eye can more closely determine when 
two lines coincide than it can estimate the distance between two parallel 
lines. The scale may be either straight (as on a leveling rod) or curved (as 
on the horizontal and vertical circles of a transit). The zero of the vernier 
scale is the index for the main scale. 

Verniers are of two types: (1) the direct vernier, which has spaces slightly 
shorter than those of the main scale, and (2) the retrograde vernier, which 
has spaces slightly longer than those of the main 
scale. The use of the two types is identical, and 
they are equally sensitive and equally easy to 
read. Since they extend in opposite directions, 
however, one or the other may be preferred be- 
cause it permits a more advantageous location 
of the vernier on the instrument. Both types 
are in common use. 

Direct V ernier. Figure 2- 1 la represents a scale 
graduated in hundredths of feet, and a direct 
vernier having each space 0.001 ft. shorter than a 
O.Ol-ft. space on the main scale; thus each vernier 
space is equal to 0.009 ft., and 10 spaces on the 
vernier are equal to 9 spaces on the scale. The 
index, or zero of the vernier, is set at 0.400 ft. on 
the scale. If the vernier were moved upward 
0.001 ft., its graduation numbered 1 would coin- 
cide with a graduation (0.41 ft.) on the scale, 
and the index would be at 0.401 ft.; and so on. 
It is thus seen that the position of the index is 
determined to thousandths of feet without estimation, simply by noting 
which graduation on the vernier coincides with one on the scale. Note that 
the coinciding graduation on the main scale does not indicate the main-scale 
reading. 

The fineness of reading, or least count of the vernier, is equal to the differ- 
ence between a scale space and a vernier space. For a direct vernier, if s 
is the length of a space on the scale and if n is the number of vernier spaces 
of total length equal to that of {n — 1) spaces on the scale, then the least 
count is s/n. 

Retrograde Vernier. On the retrograde vernier shown in Fig. 2-116, each 
space on the vernier is 0.001 ft. longer than a 0.01-ft. space on the main scale, 
and 10 spaces on the vernier are equal to 11 spaces on the scale. As before, 
the index is set at 0.400 ft. on the scale. If the vernier were moved upward 
0.001 ft., its graduation numbered 1 would coincide with a graduation (0.39 



(a) 


(b) 


Fig. 2-11. (a) Direct vernier. 
(6) Retrograde vernier. 
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ft.) on the scale; and so on. Thus the retrograde vernier is read in the same 
manner as the direct vernier. It is seen that, from the index, the retrograde 
vernier extends backward along the main scale, and that the vernier gradua- 
tions are also numbered in reverse order. 

The least count of the retrograde vernier is equal to the difference be- 
tween a scale space and a vernier space, as in the case of the direct vernier. 
For the retrograde vernier, if s is the length of a space on the scale and 
if n is the number of vernier spaces of total length equal to that of {n -h 1) 
spaces on the scale, then the least count is s/n. 



Fig. 2*12. Direct vernier settings. 

ReadiTig the Vernier, Figure 2*12 illustrates settings of direct verniers on 
the target (at left) and on the back (at right) of a Philadelphia leveling rod 
(Art. 8*13). The rod reading indicated by the target (4.347 ft. in figure) 
is determined by first observing the position of the vernier index on the 
scale to hundredths of feet (4.34 in figure), next by observing the number of 
spaces on the vernier from the index to the coinciding graduations (7 spaces 
in figure), and finally by adding the vernier reading (0,007 ft. in figure) to 
the scale reading (4.34 ft.). On the back of the rod (Fig, 2*12, right) 
both the main scale and the direct vernier read down the rod. The scale 
reading is 9.26 ft. and the vernier reading is 0.004 ft., hemse the rod read- 
ing is 9.264 ft. 




28 ESSENTIAL FEATURES OF SURVEYING INSTRUMENTS [CH. 2 

A helpful check in reading the vernier is to note that the lines on either 
side of the coinciding line should depart from coincidence by the same 
amount, in opposite directions. As a check against possible mistakes, it is 
advisable to estimate the fractional part of the main-scale division by read- 
ing the index directly. 

Figure 2-13 illustrates a setting of a direct vernier on the horizontal 
circle of a transit. The vernier is of the double type, that is, the vernier 
on the left of the index is for reading clockwise angles while that on the 


no \60 

Fig. 2-13. Double direct vernier reading to minutes. 

right is for reading counter-clockwise angles. The circle is graduated in 
half degrees, or 30'. Each space on the vernier is 01' less than a space on 
the circle, and 30 spaces on the vernier are equal to 29 spaces on the circle; 
the least count is 30'/30 = 01'. Considering counter-clockwise angles, the 
index is seen to lie between 17®00' and 17°30'. The number of minutes 
greater than 17°00', determined by observing the graduation on the right 
vernier that coincides with one on the circle, is seen to be 25'. Hence the 
angle is 17°00' + 25' = 17°25'. Similarly reading the 
left vernier, the clockwise angle is 162°30' -f 05' = 
162°35'. Settings of other types of vernier are shown 

^ vf\ Dr'^ Clamps and Tangent-screws. In order to 

make accurate settings of the telescope and to main- 
/ r \ \ tain a setting while an angle is being read, the hori- 

/ / \ \ zontal axis and the vertical spindles of the transit 

are equipped with a device consisting essentially of a 
clamp with provision for controlled rotation through 
6^ F ^ small angle. A typical assembly is shown in 

Fig. 244. Clamp and in which A is a spindle and B is a lug on 

tangent assembly. "tke part of the instrument relative to which the 
movement of A is to be controlled. When the clamp- 
screw C is loosened, the split clamp D opens slightly, and the shaft is free 
to rotate. When the clamp-screw is tightened, the position of the shaft is 
fixed in relation to the lug B. By turning the tangent-screw E when the 
clamp-screw is tight, the clamp D is moved and therefore the shaft is 
rotated. The tangent-screw E is held firmly against the lug B at all times 
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by means of the plunger F and coil spring G (shown in section) operating 
in a sleeve in the opposite leg of clamp D, 

In making a setting by means of the tangent-screw, it is important that 
the last motion of the screw be clockwise — thus compressing the opposing 
spring~in order to eliminate lost motion. If the motion of the screw is 
reversed, the spring may not be powerful enough to move the parts at once, 
and later jarring may cause the setting to change 
slightly. 

Clamps and tangent-screws are used not only 
on transits but also on plane-table alidades, sex- 
tants, and engineer's levels. 

2*20. Gradienter. By means of a graduated 
drum attached to the tangent-screw of the ver- 
tical motion of a transit or a plane-table alidade, 
the number of revolutions of the screw can be 
observed. Such a device is called a gradienter. 

A gradienter attached to the vertical movement 
of a transit is shown in Fig. 2- 15. The relation 
between graduations, pitch of the tangent- 
screw, and length of the arm is usually such that 
one division on the drum corresponds to a move- 
ment of the line of sight of 0.01 ft. at 100 ft. from the instrument; for other 
distances the movement of the line of sight is in proportion to the distance. 
This relation is useful in setting grades and sometimes in measuring dis- 
tances and differences in elevation where sights are nearly level. 



Fig. 2- 15. Gradienter. 


Example 1: It is desired to set off a 0.3 per cent grade with the transit. The tel- 
escope is leveled, and the gradienter drum is either read or set at zero. The tangent- 
screw is turned until 30 divisions of the drum are indicated by the index. The line 
of sight is then along the desired grade. 

Example 2: It is desired to determine the distance from the instrument to a given 
point. A rod graduated in feet is held vertically on the point, and the line of sight 
is directed at some convenient mark (say, 3.00 ft.) on the rod. An initial reading of 
the gradienter is taken (say, 6 divisions). The tangent-screw is turned until the rod 
reading is some other convenient value (say, 5.00 ft.), and the gradienter is again 
read (say, 46 divisions). Then the number of divisions turned through is 46 — 6— 40, 
corresponding to a movement of the line of sight of 0.40 ft. at 100 ft. Since the move- 
ment of the line of sight on the rod is 5.00 — 3.00 = 2.00 ft., the rod is (2.00/0.40) X 
100 = 500 ft. from the instrument. If desired, the tangent-screw could have been 
turned some convenient number of divisions on the drum, and the corresponding rod 
readings taken. 


Some levels are equipped with a vertical micrometer screw at one end of 
the level bar, by means of which screw the telescope can be tilted through 
small vertical angles without moving the leveling screws. This screw is 
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usually provided with a graduated drum and may be used as a gradienter 
in the manner just described. 

Plumb Bob. The type of plumb bob used in surveying is relatively 
slender so that the point can be seen from almost directly above; the sides 
of the cone are inclined at an angle of about 10° with the axis. The bob is 
of precision manufacture. Usually it consists of a brass body weighing 10 
to 16 02 ., a replaceable tip of wear-resistant alloy steel, and a device to 
which the plumb-bob string can be attached centrally. Tor convenience 
in setting up a transit over a point, various devices for adjusting the length 
of the plumb-bob string are available. 

2*22. Numerical Problems.^ 

1. What is the radius of curvature of a level tube graduated to 0.1 in. and having a 
sensitiveness of 30 seconds of arc per division? 

2. What is the sensitiveness of a level tube graduated to 2 mm. and having a radius 
of curvature of 34 ft.? 

3. What is the least count of a retrograde vernier divided into % 4 -in. spaces, 
when used on a scale graduated to hi.? How many spaces are there in the vernier 
scale? Sketch the vernier applied to the scale. 

4. What is the least count of a direct vernier on a circle which is graduated to 
if 46 spaces on the vernier are equal to 44 spaces on the circle? 

5. Design a direct vernier reading to 1 mm., applied to a scale graduated to 0.5 cm. 
For the same scale, design a retrograde vernier with least count of 0.2 mm. Sketch 
the verniers in relation to the scale. 

6. A telescope is sighted on the 2.00-ft. mark of a rod held on a distant point, and 
the corresponding reading of the gradienter is noted. The screw is turned until the 
6.00-ft. mark on the rod is sighted, when it is observed that 84 divisions have been 
turned off. How far is the rod from the instrument? 
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CHAPTER 3 


FIELD WORK 

3*1. General. The nature of surveying measurements has already been 
indicated. Field work consists in: 

1. Adjusting instruments and caring for field equipment. 

2. Determining the location of or establishing stakes or other more or 
less permanent monuments for the control of the survey or for other pur- 
poses. 

3. Fixing the horizontal location of objects or points by horizontal angles 
and distances. ' 

4. Determining the elevation of objects or points by one of the methods 
of leveling. 

5. Making a record of the field measurements, usually in the form of 
field notes in the field notebook, but sometimes directly in the form of a 
map drawn to scale. 

On all surveys the field work is of primary importance. To become 
skilled in surveying operations requires a certain amount of experience in 
the field. The study of a text may serve to enlighten one as regards the 
underlying theory, the instruments and their uses, and the methods; but in 
surveying, as in other arts, mastery depends to a large degree upon the 
length, extent, and variety of actual experience. 

3*2. Student Field Practice. In most courses in surveying a certain 
amount of field practice is given in connection with the study of the text. 
Field problems designed to give the student some practice in the elementary 
operations of surveying are outlined in later pages of this book. 

It is not possible, in the ordinary field course in surveying, to develop the 
student into an expert instrumentman; it is expected, however, that the 
course will give the student a working knowledge of surveying instruments 
and their uses. In elementary field work no long surveys are attempted, 
but a number of short problems are taken up which in practice might be- 
come parts of extended surveys. 

Members of the student field parties should from day to day alternately 
assume the various duties involved in the field work. The ability to hold 
the rod properly is as essential as the knowledge of how to manipulate the 
level, for a thorough understanding of details is necessary for intelligent 
direction. 
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3*3. Study the Problem. Before going into the field, the student should 
understand exactly what he is to do and why he is to do it. This can be 
accomplished only by a thorough study of the problem, first noting its object 
and then conducting a critical examination of the course of procedure. In 
his mind he should go through the various steps involved so that while in the 
field he may spend his time and attention in putting into practice that of 
which he has already learned the theory. After the study of the problem 
the student should prepare a list of the equipment necessary for its per- 
formance. All equipment should be examined as it is issued, and any defect 
or injury should be reported immediately. 

34. Speed. Speed in field work depends to a large extent upon practice 
in handling instruments; but no amount of practice will secure rapid work 
and at the same time secure satisfactory results unless the work is carefully 
planned, systematized, and carried out with consistent accuracy. 

3 ’6. Habit of Correctness. No measurement should be regarded as 
correct until verified. So far as it is practicable, methods of verification 
should differ from the methods used in original measurements. All persons 
are liable to mistakes, but a mistake in field work becomes discreditable to 
the maker if he allows any other than himself to discover the discrepancy. 
Nothing, unless it is willful dishonesty, is so injurious to the reputation as 
habitual carelessness. 

3*6. Consistent Precision. The precision of the measurements should 
be consistent with the purposes of the survey. Beginners often fail to com- 
prehend the different degrees of precision necessary for the different kinds 
of work, or fail to maintain a consistent degree of precision throughout any 
one survey. There can be no fixed rules for the relative precision of different 
classes of surveys, for the objects and conditions are too many and too 
complicated, but one can always resort to common sense. Each survey is 
a problem in itself, for which the surveyor must establish the limits of error, 
using his own judgment and the experience of others to guide him. The 
best surveyor is not the one who is extremely precise, but the one who 
makes a survey with sufficient precision to serve its purpose without waste 
of time or money. 

3*7. Kelation between Angles and Distances. It is common practice 
before beginning a survey or any distinct portion of a survey to fix the per- 
missible error of linear measurement; sometimes it is desired to locate a 
given point within a specified distance of its true location. If measurements 
are to be consistent, it is evident that the precision of angles should corre- 
spond to the precision of related distances— in other words, the error in 
location of a point on account of error in angle should not be greatly different 
from its error in location on account of error in distance. Thus in Pig. 3*1, 
the location of the point B with respect to the line AC is represented by the 
point J5, its true location, and B', its erroneous location resulting from the 
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error ea in the measured distance AB and the displacement Ca due to the 
error Ca in the measured angle. 

Evidently a consistent relation between errors in angle and errors in 
distance would require that the distances Ca and Cd be equal or nearly so. 
The error in distance is expressed as a ratio, as, say, 1/2,000; thus if the 



distance AB were 2,000 ft., the distance ea would be 1 ft. Similarly the 
distance Ca should equal 1 ft., and the tangent (or sine) of the error e® in 
angle would be 1/2,000. Accordingly, it may be stated that a consistent 
relation between angles and distances will be maintained if the tangent or 
sine of the allowable error in angles equals the allowable error, expressed 
as a ratio, in the distances. 

It is impossible to maintain an exact equality between these two ratios; 
but with one or two exceptions, which will be considered presently, surveys 
should be so conducted that the difference between precision of angle and 
precision of distance will not be large. Since the precision of a survey is 
often judged by the number of significant places in the recorded distance, 
it is always best to measure angles with a precision at least equal to the 
precision of the distances. Table 3T shows for various angular errors the 
corresponding ratios of precision and the linear errors for a length of 1,000 ft. 
For a length other than 1,000 ft. the linear error is in direct proportion. A 
convenient relation to remember is that an angular error of 01' corresponds 
to a linear error of about 0.3 ft. per 1,000 ft. 

To illustrate the use of the table, suppose distances are to be chained with a preci- 
sion of 1/10,000; the corresponding permissible angular error is 20''. Again, suppose 
the distance from the instrument to a desired point is determined as 660 ft. with a 
probable error of 2 ft. For an angular error of 10' the corresponding linear error is 
0.66 X 2.9 — 1.91 ft. Therefore, the angle need be determined only to the nearest 
10 '. 

The exceptions referred to earlier in this article are surveys in which the distances 
are roughly determined and the angles are measured with more than the required 
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Table 3-1. Corresponding Angular and Linear Errors 


Angular error 

Linear error in 1,000 ft. 

Ratio of precision 

10' 

2.9089 

1 

344 

5' 

1.4544 

1 

688 

1' 

0.2909 

1 

3,440 

30" 

0.1454 

1 

6,880 

20" 

1 0.0970 

1 

10,300 

10" 

0.0485 

1 

20,600 

5" 

0.0242 

1 

41,200 


precision without increased effort or loss of time. For example, in rough chaining 
the ratio of precision might be 1/1,000, corresponding to an angular error of 03'. But 
with the ordinary transit, the angles could be determined to the nearest 01' as readily 
as to the nearest 03'. 

3*8. Precision of Angular Measurements. Often field measurements 
are made the basis of computations involving the trigonometric functions, 
and it is necessary that the computed results be of a required precision. If 
the values of these functions were exactly proportional to the size of the 
angles — in other words, if any increase in the size of an angle were accom- 
panied by a proportional increase or decrease in the value of a function— 
the problem of determining the precision of angular measurements would 
resolve itself into that explained in the preceding article. However, since 
the rates of change of the sines of small angles, the cosines of angles near 90°, 
and the tangents and cotangents of small and large angles are relatively 
large, it is evident that the precision with which an angle is determined 
should be made to depend upon the size of the angle and upon the function 
to be used in the computations (see also Art, 4*6). Usually too little atten- 
tion is paid to this important phase of the precision of measurements, even by 
experienced surveyors, and as a consequence computed results are often 
assumed to be more precise than they really are. It is not practicable to 
measure each angle with exactly the precision necessary to insure sufficiently 
accurate computed values, but at least the surveyor should have a suffi- 
ciently comprehensive knowledge of the purpose of the survey and of the 
properties of the trigonometric functions to keep the angles within the 
required precision. 
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The curves of Figs. 3*2 and 3-3 show the ratios of precision corresponding 
to various angular errors from 05" to 01' for sines, cosines, tangents, and 
cotangents. For the function under consideration these curves may be 
used as follows: 

1. To determine the ratio of precision corresponding to a given angular 
error and angle. 

2. To determine the maximum or minimum angle that for a given angular 
error will furnish the required ratio of precision. 

3. To determine the precision with which angles of a given size must be 
measured to maintain a required ritio of precision in computations. 

The following examples illustrate the use of the curves: 

1. An angle measured with a 1-min. transit is recorded as 32*00', It is desired to 
know the ratio of precision of a computation involving the tangent of the angle, if 
.the error of the angle is 30". On the diagram of Fig. 3*3 it will be seen that the 
ratio of precision opposite the intersection of the curve E = 30" and a line cor- 
responding to 32° is 1/3,000. 

2. In a triangulation system the angles can be measured with an error not exceeding 
05". Computations involving the use of sines must maintain a precision not lower 
than 1/20,000. It is desired to determine the minimum allowable angle. On the 
diagram of Fig. 3-2 (sines) the angle corresponding to a ratio of precision of 1/20,000 
and an angular error of 05" is about 26°. 

3. In computations involving the use of cosines a ratio of precision of 1/10,000 
is to be maintained. It is desired to know with what precision angles must be meas- 
ured. On the diagram of Fig. 3-2 (cosines) opposite 1/10,000 it will be seen that for 
angles of about 76° the angular error cannot exceed 05", for angles of about 64° the 
angular error cannot exceed 10", and so on. 

It should here be noted that linear as well as angular measurements must 
always be taken with the required precision of the computed results, for no 
result can be more nearly correct than the data from which it was obtained. 

3 ‘9. Definitions. For a better understanding of the following articles 
brief definitions of a few of the terms of surveying are appropriate. 

Chaining, The operation of measuring horizontal or inclined distances with a 
tape. The persons who make such measurements are called “chainmen." 

Flagman. A person whose duty it is to hold the flag or range pole at selected 
points, as directed by the transitman or other person in charge. 

Rodman. A person whose duty it is to hold the rod and otherwise to assist the 
levelman or topographer. 

Backsight. (1) A sight taken with the level to a point of known elevation. (2) A 
sight or observation taken with the transit along a line of known direction to a refer- 
ence point, generally in the rear. 

Foresight. (1) A sight taken with the level to a point the elevation of which is to 
be determined. (2) A sight taken with the transit to a point (generally in advance), 
along a line whose direction is to be determined. 

Grade or Gradient. The slope, or rate of regular ascent or descent, of a line. It is 
usually expressed in per cent; for example, a 4 per cent grade is one which rises or falls 
4 ft. in a horizontal distance of 100 ft. The term grade is also used to denote an estab- 
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lished line on the profile of an existing or a proposed roadway. In such expressions as 
“at grade’' or “to grade” it denotes the elevation of a point either on a grade line or 
at some established elevation as in construction work. 

Huh. A transit station, or point over which the transit is set, in the form of a heavy 
stake set nearly flush with the ground, with a tack in the top marking the point. 


Angles for cosines, degrees. 



Line. The path or route between points of control along which measurements are 
taken to determine distance or angle. To give line is to direct the placing of a flagpole, 
pin, or other object on line. 

Turning Point. A fixed point or object, often temporary in character, used in level- 
ing where the rod is held first for a foresight, then for a backsight. 

Bench Mark, A fixed reference point or object, more or less permanent in charac- 
ter, the elevation of which is known. A bench mark may also be used as a turning 
point. 

3*10. Signals. Except for short distances a good system of hand signals 
between different members of the party makes a more efficient means of 
communication than is possible by word of mouth. A few of the more 
common hand signals are as follows: 

Right or Left. The corresponding arm is extended in the direction of the desired 
movement. A long, slow, sweeping motion of the hand indicates a long movement; 
a short, c^uick motion indicates a short movement. This signal may be given by the 
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transitman in directing the chainman on line, by the levelman in directing the rodman 
for a turning point, by the chief of the party to any member, or by one chainman to 
another chainman. 

Up or Down. The arm is extended upward or downward, with wrist straight. 
When the desired movement is nearly completed, the arm is moved toward the hori- 
zontal. The signal is given by the levelman. 



Fig. 3*3. Ratios of precision for tangents and cotangents. 


All Right. Both arms are extended horizontally, and the forearms waved verti- 
cally. The signal may be given by any member of any party. 

Plumb the Flag or Plumb the Rod. The arm is held vertically and moved in the 
direction that the flag or rod is to be plumbed. The signal is given by the transitman 
or levelman. 

Give a Foresight. The instrumentman holds one arm vertically above his head. 

Establish a Turning Point or Set a Hub. The instrumentman holds one arm above 
his head and waves it in a circle. 

Turning Point or Bench Mark. In profile leveling the rodman holds the rod 
horizontally above his head and then brings it down on the point. 

Give Line. The flagman holds the flag horizontally in both hands above his head 
and then brings it down and turns it to a vertical position. If he desires to set a hub, 
he waves the flag (with one end in the ground) from side to side. 

Wave the Rod. The levelman holds one arm above his head and moves it from side 
to side. 

Pick Up the Instrument. Both arms are extended outward and downward, then 
inward and upward, as they would be in grasping the legs of the tripod and shoulder- 
ing the instrument. The signal is given by the chief of the party or by the head chain- 
man when the transit is to be moved to another point. 

3*11. Care and Handling of Instruments. As the use of the varioTis sur- 
veying instruments is discussed in the following chapters, suggestions for 
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the care and manipulation of these instruments are given. In performing 
the field problems these should be heeded, not only because the student is 
responsible for the equipment he is using, but also because he will establish 
the foundation of a very desirable qualification that of carefulness. 

Surveying Instruments. The following suggestions apply to such in- 
struments as the transit, level, surveyor's compass, and plane table. More 
detailed information is given in the references at the end of this chapter. 

1. Handle the instrument with care, especially when removing it from 
the box. 

2. See that it is securely fastened to the tripod head. 

3. Avoid carrying the instrument on the shoulder while passing through 
doorways or beneath low-hanging branches) carry it under the arm, with the 
head of the instrument in front. 

4. Before climbing over a fence or similar obstacle, place the instrument 
on the other side, with the tripod legs well spread. 

5. Whenever the instrument is being carried or handled, the clamp-screws 
should be clamped lightly so as to allow the parts to move if the instrument 
is struck. 

6. Protect the instrument from impact and vibration. 

7. If the instrument is to be shipped, pack paper or cloth around it in 
the case; and pack the case, well padded, in a larger box. 

8. Never leave the instrument while it is set up in the street, on the side- 
walk, near construction work, in fields where there are livestock, or in any 
other place where there is a possibility of accident. 

9. Just before setting up the instrument, adjust the wing nuts controlling 
the friction between tripod legs and head, so that each leg when placed 
horizontally will barely fall from its own weight. 

10. Do not set the tripod legs too close together, and see that they are 
firmly planted. Push along the leg, not vertically downward. So far as 
possible, select solid ground for instrument stations. On soft or yielding 
ground, do not step near the feet of the tripod. 

11. While an observation is being made, allow no part of the body or 
clothing to be in contact with the instrument; and do not move about. 

12. In tightening the various clamp-screws, adjusting screws, and leveling 
screws, bring them only to a firm bearing. The general tendency is to tighten 
these screws far more than necessary. Such a practice may strip the threads, 
twist off the screw, bend the connecting parts, or place undue stresses in the 
instrument so that the setting may not be stable. Special care should be 
taken not to strain the small screws which hold the cross-hair ring. 

13. For the plumb-bob string, learn to make a sliding bowknot that can 
be easily undone. Hard knots in the string indicate an inexperienced or 
slovenly instrumentman. 

14. Before observations are begun, focus the eyepiece on the cross-hairs 
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and (by moving the eye slightly from side to side) see that no parallax is 
present (Art. 2-10). 

15. When the magnetic needle is not in use, see that it is raised off the pivot. 
While the needle is resting on the pivot, impact is apt to blunt the point of 
the pivot or to chip the jewel, thus causing the needle to be sluggish. 

16. Always use the sunshade. Attach or remove it by a clockwise motion, 
in order not to loosen the objective. 

17. If the instrument is to be returned to its box, put on the dust caps 
for the objective and the eyepiece, and wipe the instrument clean and dry. 

18. Have the rain hood available when the instrument is in use. If caught 
without it, place the dust cap on the objective and point the telescope up. 

19. Remove grit from exposed movable parts such as the threads of tan- 
gent-screws by wiping them with an oiled rag. If the threads or slides work 
hard, clean them in gasoline or kerosene, and oil lightly. Use no abrasives. 

20. Use only the best quality of clock or watch oil. Oil sparingly, and 
wipe off the excess oil. In cold weather, it may be necessary to use graphite 
for lubrication. 

21. Never rub the objective or the eyepiece of a telescope with the fingers 
or with a rough cloth. Use a cameFs-hair brush to remove dust, or use clean 
chamois or lint-free soft cloth if the dust is caked or damp. Occasionally 
the lenses may be cleaned with a mixture of equal parts of alcohol and water. 
Keep oil off the lenses. 

22. Never touch the graduated circles and verniers wit- the fingers. Do 
not wipe them more than necessary, and particularly do not rub the edges. 

23. Do not touch the level vials nor breathe on them, as unequal heating 
of the level tube will cause the bubble to move out of its correct position. 

24. If the level vial becomes loose, it can be reset with plaster of paris, or 
wedged lightly with strips of paper or with toothpicks. 

25. Minor repairs such as the replacement of a level vial (Art. 2*5) or 
broken cross-hairs (Art. 2*13) may be made in the field, but whenever 
possible, repairs should be made by an experienced instrument mechanic in 
the shop or factory. 

26. It is advisable to carry a few spare parts such as a level vial, cross-hair 
ring, foot screw, and tangent-screw. 

27. In cold weather, the instrument should not be exposed to sudden 
changes in temperature (as by bringing it indoors) ; mittens should be worn 
over the instrumentman's gloves; and the observer should be careful not to 
breathe on the eyepiece. Films of ice which may form on the lenses may be 
removed with a pointed piece of wood. 

Suggestions regarding the adjustment of instruments are given in 
Art. 3*12. 

Chaining Equipment Keep the tape straight when in use; any tape will 
break when kinked and subjected to a strong pull. Steel tapes rust readily 


FIELD WORK 


40 


[CH. 3 


and for this reason should be wiped dry after being used. Some tapes are 
wound on a reel, but usually the tape is done up in 5--ft. lengths into a 
figure 8 and then "‘thrown’" into the form of a circle with diameter about 
10 in., as follows: Stand beside the zero end of the tape, take the end of the 
tape in the left hand, and— allowing the tape to slide loosely through the 
right hand— extend the arms. As the 5-ft. mark is reached, grasp it with 
the right hand. Bring the hands together and lay the 5-ft. mark of the tape 
in the fingers of the left hand without permitting the tape to turn over. 
Then grasp this loop with the left hand, and again extend the arms for an- 
other 5-ft. length; and so on. When the last mark is reached, tie the loop 
tightly where the ends of the tape come together, by means of the rawhide 
thongs. Grasp the loop with the right hand, and at the opposite point with 
the left hand. Twist the loop in such a manner that it will be thrown into 
circular form, with diameter half that of the loop. To undo the tape, reverse 
the operation of throwing; untie the thongs; remove the first loop in such a 
way as not to twist the tape; and walk in the direction of measurement, 
removing one loop at a time and watching for kinks. 

Use special care when working near electric power lines. Fatal accidents 
have resulted from throwing a metallic tape over a power line. 

Do not use the flagpole as a bar to loosen stakes or stones; such use bends 
the steel point and soon renders the point unfit for lining purposes. 

To avoid losing pins, tie a piece of colored cloth (preferably bright red) 
through the ring of each. 

Leveling Rod. Do not allow the metal shoe on the foot of the rod to strike 
against hard objects as this, if continued, will round off the foot of the rod 
and thus introduce a possible error in leveling. Keep the foot of the rod 
free from dirt. When not in use, long rods should be either placed upright 
or supported for their entire length; otherwise they are likely to warp. 
When not in use, jointed rods should have all clamps loosened to allow for 
possible expansion of the wood. 

342. Adjustment of Instruments. By “adjustment"" of a surveying in- 
strument is meant the bringing of the various fixed parts into proper relation 
with one another, as distinguished from the ordinary operations of leveling 
the instrument, alining the telescope,^ etc. 

The ability to perform the adjustments of the ordinary surveying instru- 
ments is an important qualification of the surveyor. Although it is a fact 
that the effect of instrumental errors may largely be eliminated by proper 
field methods, it is also true that instruments in good adjustment greatly 
expedite the field work. The operations of making the adjustments are not 
laborious, nor are the principles upon which the adjustments are based 
difficult to understand; yet a considerable number of surveyors regard the 
making of adjustments as something requiring the skill of an instrument 
maker. It is important that the surveyor 
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1. Understand the principles upon which the adjustments are based. 

2. Learn the method by which nonadjustment is discovered. 

3. Know how to make the adjustments. 

4. Appreciate the effect of one adjustment upon another. 

5. Know the effect of each adjustment upon the use of the instrument. 

6. Learn the order in which adjustments may most expeditiously be 
performed. 

The frequency with which adjustments are required depends upon the 
particular adjustment, the instrument and its care, and the precision with 
which measurements are to be taken. Often in a good instrument, well 
cared for, the adjustments will be maintained with sufficient precision for 
ordinary surveys over a period of months or even years. On the other hand, 
blows that may pass unnoticed are likely to disarrange the adjustments at 
any time. On ordinary surveys, it is good practice to test the critical ad- 
justments once each day, especially on long surveys where frequent checks 
on the accuracy of the field data are impossible. Failure to observe this 
simple practice sometimes results in the necessity of retracing lines which 
may represent the work of several days. Testing the adjustments with 
reasonable frequency lends confidence to the work and is a practice to be 
strongly commended. The instrumentman should, if possible, make the 
necessary tests at a time that will not interfere with the general progress of 
the survey party. Some adjustments may be made with little or no loss of 
time during the regular progress of the work. 

The adjustments are made by tightening or loosening certain screws. 
Usually these screws have capstan heads which may be turned by a pin 
called an adjusting pin. Following are some general suggestions: 

1. The adjusting pin should be carried in the pocket and not left in the instrument 
box. Disregard of this rule frequently leads to loss of valuable time. 

2. The adjusting pin should fit the hole in the capstan head. If the pin is too 
small, the head of the screw is soon ruined. 

3. Preferably make the adjustments with the instrument in the shade, 

4. Before adjusting the instrument, see that no parts (including the objective) 
are loose. When an adjustment is completed, always check it before using the instru- 
ment. 

5. When several interrelated adjustments are necessary, time will be saved by first 
making an approximate or rough series of adjustments and then by repeating the 
series to make finer adjustments. In this way, the several disarranged parts are 
gradually brought to their correct position. This practice does not refer to those 
adjustments which ^e in no way influenced by others. 

3«13. Field Hotes. No part of the operations of surveying is of greater 
importance, yet no part is more often neglected, than the field notes. In 
fact, the competency of the surveyor is reflected with much greater fidelity 
in the character of his field notes than in his use of the instrument. These 
notes should constitute a permanent record of the survey with data in such 
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form as to be interpreted with ease by anyone having a knowledge of survey- 
ing. Unfortunately, this is often not the case. Many surveyors seem to 
think that their work is well done if the field record, reinforced by their own 
memories, is sufficiently comprehensive to make the field data of immediate 
use for whatever purpose the survey may have. On most surveys, however, 
it is impossible to predict to what extent the information gathered may 
become of value in the remote future. Not infrequently court proceedings 
involve surveys made long before. Often it is desirable to rerun, extend, or 
otherwise make use of surveys made years previously. In such cases it is 
quite likely that the old field notes will be the only visible evidence, and their 
value will depend largely upon the clearness and completeness with which 
they are recorded. 

The notes consist of numerical data, explanatory notes, and sketches. 
Also, the record of every survey should include the date, the weather con- 
ditions, the names and duties of the surveyor and his assistants, and a title 
indicating the location of the survey and its nature or purpose. 

All field notes should be recorded in the field at the time the work is being 
done. Notes made later, from memory or copied from other field notes, may 
be useful but they are not field notes. Notes should be neat. They are 
generally recorded in pencil, but they should be regarded as a permanent 
record and not as memoranda to be used only in the immediate future. 

It is not easy to take good notes. The recorder should realize that the 
notes will very likely be used by other persons not familiar with the locality, 
who must rely entirely upon what he has recorded. For this reason not only 
should the notebook contain all necessary information but also the data 
should be recorded in a form which will admit of only one interpretation, and 
that the correct one. A good sketch will perhaps help more than anything 
else to convey a correct impression to others, and for this reason sketches 
should be used freely. The use to be made of the notes will guide the re- 
corder in deciding what data are necessary and what are not. To make the 
notes clear, he should put himself in the place of one who is not on the ground 
at the time the survey is made. Before any survey is made, the necessary 
data to be collected should be carefully considered; and when doing the field 
work, all such data should be obtained, but no more. 

Although a few convenient forms of notes are in common use, it will gen- 
erally be necessary to supplement these, and in many cases it will be neces- 
sary for the surveyor to devise his own form of record for his field data. A 
code of symbols is desirable. 

In some cases, as in locating details for mapping, the field notes may be 
supplemented by photographs taken with an ordinary camera. 

t 3‘14. Notebook. In practice the field notebook should be of good quality 
paper, with stiff board or leather Cover, made to withstand hard usage, and 
of a size convenient to slip into the coat pocket. There are several special 
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field notebooks sold by engineering supply companies which are intended for 
particular kinds of notes. For general surveying or for students in field 
work where the problems to be done are general in character, an excellent 
form of notebook has the right-hand page divided into small rectangles with 
a red line running up the middle, and has the left-hand page divided into 
several columns; both pages have the same horizontal ruling. In general, 
tabulated numerical values are written on the left-hand page; sketches and 
explanatory notes on the right. This type is called 2 ^ field book (see Fig. 14*5, 
etc.). Another common form used in leveling has both pages ruled in col- 
umns and has wider horizontal spacing than the field book; this type is called 
a level hook (see Fig. 9*3). 

The field notebook may be bound in any of three ways: conventional, ring, 
or loose-leaf. The ring type, which consists of many metal rings passing 
through perforations in the pages, is not loose-leaf; it has the advantage over 
the conventional binding that the book opens quite flat and that the covers 
can be folded back against each other. 

Loose-leaf notebooks are increasing in use because of the following ad- 
vantages: 

1. Only one book need be carried, as in it may be inserted blank pages of various 
rulings together with notes and data relating to the current field work. 

2. Sheets can be withdrawn for use in the field office while the survey is being 
continued. 

3. Carbon copies can be made in the field, for use in the field or headquarters 
office. Carbon copies are also a protection against loss of data. 

4. Notes of a particular survey can be filed together. Files can be made consecu- 
tive and are less bulky than for bound books. 

5. The cost of binders is less than that for bound books. 


The disadvantages are: 

1. Sheets may be lost or misplaced. 

2. Sheets may be siffistituted for other sheets — an undesirable practice. 

3. There may be difficulty in establishing the identity of the data in court, as com- 
pared with a bound book. When loose-leaf books are used, each sheet should be fully 
identified by date, serial number, and location. 

Loose leaves are furnished in either single or double sheets. Single sheets 
are ruled on both sides and are used consecutively. Double sheets com- 
prising a left-hand and a right-hand page joined together are ruled on one 
side only. Sheets for carbon copies need not be ruled. 

3*15. Recording Data* A 4H pencil, well pointed, should be used. 
Lines made with a harder pencil are not so distinct; lines made with a softer 
pencil may become smeared. Reinhardt slope lettering (Fig. 6*3a) is com- 
monly considered to be the best form of lettering for taking notes rapidly 
and neatly. Office entries of reduced or corrected values should be made in 
red ink, to avoid confusion with the original data. 
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The field notebook should not be crowded. For example, separate alter- 
nate lines in the book are used for transit stations and the intervening lines 
of a traverse. In many, cases, a blank line is left between consecutive items 
on the left-hand page. 

The figures used should be plain; one figure should never be written over 
another. In general, numBvicol dcitct should not ho ovoscd) if a number is in 
error, a line should be drawn through it, and the corrected value written 
above. Portions of sketches and explanatory notes may be erased if there 
is a good reason for erasing them. 

In tabulating numbers, the recorder should place all figures of the tens 
column, etc., in the same vertical line. Where decimals are used, the deci- 
mal point should never be omitted. The number should always show with 
what degree of precision the measurement was taken; thus a rod reading 
taken to the nearest 0.01 ft. should be recorded not as 7.4 ft. but as 7.40 ft. 
Notes should not be made to appear either more precise or less precise than 
they really are. 

Sketches are rarely made to exact scale, but in most cases they are made 
approximately to scale. Sketches are made freehand and of liberal size. 
The recorder should decide in advance just what the sketch is to show. A 
sketch crowded with unnecessary data is often confusing even though all 
necessary features are included. Large detailed sketches may be made of 
portions having much detail. Numbers placed on sketches should indicate 
clearly to what they refer, even if dimension lines or arrows (pointers) are 
necessary. Many features may be most readily shown by conventional 
signs (Art. 6* 12) ; special symbols may be adopted for the particular organiza- 
tion or job. 

Explanatory notes are employed to make clear what the numerical data 
and sketches fail to do; on some surveys they take the place of sketches. 
Usually they are placed on the right-hand page in the same line with the 
numerical data that they explain. If sketches are used, the explanatory 
notes are placed where they will not interfere with other data and as near as 
possible to that which they explain. 

If a page of notes is abandoned, either because it is illegible or because it 
contains erroneous or useless data, it should be retained, and the word 
'^abandoned’’ or “void’^ written in large letters diagonally across the page. 
The page number of the continuation of the notes should be indicated. 

3*16. Student Field Notes. A neat title should be made either on the 
flyleaf or on the cover, showing the owner of the notebook, the number and 
name of the course, and the year in which the notes are taken. Two or three 
pages should be left in the front of the book for a table of contents, and the 
table of contents should always be kept up to date. The remaining pages of 
the book should be numbered, with one number assigned to each two facing 
pages, or spread.'^ 
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For each problem, at the top of the spread should be shown the number 
and name of the problem. Near the top of the right-hand page should be 
shown the date, weather, names of members of the party and the duty of 
each, and the equipment used. 

In the field, the recorder should always record at once the uncorrected 
readings of the instrument and apply any necessary computed corrections 
afterward. All written field calculations should be made in the field note- 
book, usually on the right-hand page. 

In order to develop an appreciation of the value of good field notes, the 
students may exchange field books for use in the office work of computing 
or plotting. 

347. Numerical Problems. 

1. A point is to be established on the ground at a distance of about 600 ft. from 
a given point, by means of one linear and one angular measurement. It is desired 
to establish the point within 0. 1 ft. of its true location. With what precision need the 
angle be measured? 

2. An angle of 40° is measured with a transit having a 30" vernier. The maximum 
error is half the least count of the vernier. What is the ratio of precision if the sine 
of the angle is to be used iii computations? The cosine? The tangent? 

3. If tangents or cotangents are involved, what is the highest precision correspond- 
ing to single measurements (of angles of any size) with the transit of the preceding 
problem? 

4. What is the minimum allowable angle that for computations involving sines 
will permit a ratio of precision of 1 /10,000 to be maintained, if the angular error is 
10"? 
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COMPUTATIONS 

44. General. Calculations of one kind or another form a large part of 
the work of surveying, and the ability to compute with speed and accuracy 
is an important qualification of the surveyor. Computing is an art acquired 
only with practice, but no amount of experience will make an efficient com- 
puter unless (1) he possesses a knowledge of the precision of measurements 
and the effect of errors in given data upon the precision of values calculated 
therefrom, and (2) he is familiar with the algebraic and graphical processes 
and mechanical devices by means of which the labor of computing may be 
reduced to a minimum. 

Herein computations are usually considered to be direct mathematical 
operations (such as multiplication) on given numerical data and yielding a 
definite result. CaLvlations are considered to be relatively broad general 
operations which may involve not only computation but also the exercise of 
judgment in such matters as the organization of related computations and 
the formulation of any necessary assumptions. The terms “computation’^ 
and “calculation” necessarily overlap somewhat in meaning. 

Computations are made algebraically through the use of the simple arith- 
metical processes, logarithms, and the trigonometric functions; graphically 
by accurately scaled drawings; or mechanically by devices such as the slide 
rule and computing machines. A knowledge of the short methods of arith- 
metic is of value. The ability to make mental computations quickly is 
desirable. The student should review the elementary relations of trigonom- 
etry; those which are most likely to be needed in surveying are included in 
Table XXIL 

Before making calculations of any great importance or extent, the com- 
puter should carefully plan a clear and orderly arrangement, using tabular 
forms so far as practicable. This is necessary to save time, to prevent mis- 
takes, to make the calculations legible to others, to afford proper checks, and 
to facilitate the work of the checker. The work should not be crowded. 

4*2. Office Computations. All computations should be preserved in a 
notebook for that purpose. This book may be the same as that used for 
field notes, but preferably it should be larger, say 8J4 by 11 in. This size 
will give considerable space for a problem without turning to a new page, 
and the columns of tabulated values will not need to be crowded as will often 
be the case with the smaller book. The pages should be cross-ruled, as with 
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such an arrangement columns can be kept straight without additional ruling, 
and sketches can easily be made. 

In general, computations in the office are a continuation of some field 
work. They are required for purposes of obtaining areas; plotting maps, 
profiles, and cross-sections; calculating dimensions to be laid off in the field; 
or ascertaining other desired information concerning the survey. It is 
desirable that these computations be easily accessible for future reference; 
for this reason the pages of the computation book should be numbered, and 
the contents of the book should be shown by a complete table of contents. 
Parts of problems separated by other computations should be cross-refer- 
enced. Each problem should have a clear heading which should include the 
name of the survey, the kind of computations, the field book and number of 
page of the original notes, the name of the computer, the name of the 
checker, and the dates of computing and checking. Usually enough of the 
field notes should be transcribed to make computations possible without 
further reference to the field book. All transcripts should be checked. 

4*3- Checking. In practice, no confidence is placed in results that have 
not been checked, and important results are preferably checked by more than 
one method. The student should see the necessity for this, for from ex- 
perience he knows that a computation of any considerable length is rarely 
made without some mistake, and he should form the habit of checking his 
own work until he is certain that his results are correct. Each student should 
depend upon himself » Although students may check results by comparing 
work, doing the work together and comparing each step as it is completed is 
not true checking and would not be countenanced in practice. 

Many problems can be solved by more than one exact method. Since by 
using the same method in checking the same error is likely to occur, results 
should be checked by a different method when this is feasible. Approximate 
checks may be obtained in many cases through such mechanical devices 
as the slide rule, the planimeter, and the protractor. The slide rule is a 
valuable means of checking each step approximately. Large arithmetical mis- 
takes are almost sure to be discovered in this way, though of course mistakes 
due to confusion of numbers or to wrong methods will not be shown. Graphi- 
cal methods may often be used as an approximate check, to good advantage. 
They generally take less time than arithmetical or logarithmic solutions, and 
possible incorrect assumptions in the precise solution may be detected. 

For inexperienced computers, one method of checking a value interpolated 
from tabular values is to use first the tabular value greater than the desired 
or given value and then the tabular value less than that value, so that the 
differences may be subtracted in one case and added in the other. 

Each step in a long computation which cannot be verified otherwise should 
be checked by repeating the computation. 

When work is being checked and a difference is found, the computation 


48 COMPUTATIONS [CH. 4 

should be repeated before a correction is made, as the check itself may be 
incorrect. 

In many cases, faulty placing of the decimal point can be avoided by in- 
spection of the value to see whether it appears reasonable. 

When work is being proofread by two persons, it is considered good prac- 
tice to keep the listener alert by occasionally calling out an incorrect word 
or figure. 

4‘4* Significant Figures. The term significant figures is used to refer to 
those digits in a number which have meaning; that is, those digits whose 
values are known. Confusion in the matter of computations involving 
measured quantities arises from the failure of the novice to distinguish be- 
tween exact numbers and numbers which carry with them the inevitable 
errors of measured quantities. If we measure roughly a given distance with 
a steel tape, we may find it to be 732 ft., but if we measure it more carefully, 
we may find it to be 732.4 ft., or by still greater refinements we may deter- 
mine it to be 732.38 ft. But we have not yet reached an exact number, nor 
can we, for whatever refinement may be used, there will always be an error 
of indeterminate amount. The number of significant figures in the three 
foregoing results is 3, 4, and 5, respectively. Obviously then, the number 
of digits that will have meaning and that may be used to indicate the length 
of this line is strictly limited by the precision with which the measurement 
has been made. The precision is not always apparent in measurements, as 
will now be explained. 

Measurements are of two kinds, direct or indirect. A direct measurement 
is made when the observed quantity is compared with the scale directly, as, 
for example, when a carpenter measures the width of a board with his rule. 
An indirect measurement is made when the observed quantity is determined 
by several related and dependent observations. 

When direct measurements are taken, the number of significant figures in 
the result is evident. Thus, suppose the surveyor measures a distance with 
the steel tape (graduated to hundredths of a foot) and finds it to be 37.42 ft. 
There is no question but that the number of significant figures in this result 
is four. Suppose the distance is much greater, however, so that the tape 
must be stretched several times over rough ground; and suppose that the 
total distance is determined as 623.58 ft. It is now very doubtful if the last 
digit is correct, even though it can be read with certainty on the tape, be- 
cause the indirect measurement has introduced a number of sources of error 
(as marking the ends of the tape, keeping the tape level, etc.) which render 
the accuracy of the last digit, and possibly the last two digits, uncertain. 
Hence, it cannot be said offhand how many significant figures there are in 
any measured quantity until the character and magnitude of the errors have 
been examined. 

It is not always easy to determine just the degree of uncertainty with 
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which a measurement has been made, but in some cases it can be estimated 
or calculated with some precision and is expressed by a number called the 
probable error (Art. 5*8). We say, in such cases, that each digit is a signifi- 
cant figure until we reach that one for which the probable error equals or 
exceeds 5 units. Thus the number 623.58 + 0.02 has five significant figures, 
but the number 623.58 ± 0.08 has four significant figures and should prop- 
erly be written 623.6. Obviously if the last digit is uncertain by as many as 
5 units, then the next to the last digit becomes uncertain and it would be 
absurd to assign values to any digits beyond one which itself is uncertain. 

In a decimal the number of significant figures is not necessarily the number 
of decimal places, as the following examples will illustrate: 

0 . 0000065 contains two significant figures. 

0 . 00000650 contains three significant figures. 

10 . 00000650 contains ten significant figures. 

0 . 08000650 contains seven significant figures. 

In a number ending with one or more ciphers and having no decimal point, 
the number of significant figures is not definite but can be made so by using 
powers of 10 as a factor. Thus if 65,000 is written as 65.0 X 10^ it is clear 
that there are three significant figures. 

If the maximum allowable error in a value is 1 per cent, the value must 
have at least three significant figures. To illustrate this relation, it is evident 
that if an error of 1 in the last place of a given whole number is not to exceed 
1 per cent, the number must be at least 100. Similarly, an allowable error 
of 0.1 per cent requires at least four significant figures; and so on for other 
degrees of precision. 

The demarcation between successive numbers of significant figures is not 
a sharp one. Thus, considering whole numbers, 999 has three significant 
figures and 1,001 has four; but an error of 1 in the last digit of 999 is prac- 
tically the same in percentage as that for 1,001. For purposes of computa- 
tion, numbers in the upper range of those having a given number of sig- 
nificant figures may appropriately be used with numbers in the lower range 
of those having one additional significant figure. 

In computations it is advisable to carry out the intermediate results to 
one figure more than that desired in the final result. 

4*6. Precision of Computations. A proper regard for consistency be- 
tween measured values and the computed results based upon them requires 
an understanding of the effects of the errors of measurement when combined 
in the operations of arithmetical computations. 

Two important principles are as follows: In addition (or subtraction), the 
precision of the values is governed by the number of places of figures; whereas 
in multiplication (or division), the precision is governed by the number of 
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significant figures. Application of these principles will be discussed in the 

following paragraphs. ^ ^ 

Addition. Suppose that it is desired to add two (or more) quantities of 
earthwork which have been measured with precision appropriate to the 
values 37.2 and 468 cu. yd. The sum, 505.2, cannot properly be expressed 
to tenths because one (or more) of the quantities has not been measured to 
tenths; the sum should be written as 505 cu. yd. 

To illustrate the fact that significant figures do not control the precision 
of addition, suppose that the taped distances 104.32 ft. and 0.64 ft. are to 
be added together, yielding the sum 104.96 ft. The result is properly 
expressed to hundredths of feet and contains five significant figures, even 
though one of the quantities used in the computation has only two significant 
figures. 

Further, the amount of the total error in a sum may be shown by supposing 
that a considerable number of earthwork quantities are to be added, 

37.2 as shown, and that the probable error in each quantity is known to 

45.6 be ±0.3 cu. yd. The sum is 501.7 ± cu. yd., but this number is 

53 . 1 affected by the probable error of each quantity of which it is com- 

63.2 posed. These separate probable errors, assumed here to be ±0.3 

43.7 cu. yd., are accidental in nature (Art. 5*4). Hence they will prob- 

45 . 2 ably combine in the sum as the square root of the number of times 

63.8 which they occur. In this example, then, since there ajre 10 num- 

72.1 bers, the total probable error will be ±0.3 cu. yd. X'V^IO or about 

36.4 ±1.0 cu. yd. But when the last digit is in doubt by more than 

41.4 5 units, it has ceased to be a significant figure, and the result should 
501 . 7 more properly be written as 502 cu. yd. Whether it is so written or 

as 501.7 cu. yd., it has three significant figures and no more. 
Multiplication. The amount of the total error in a product resulting from 
errors in the factors may be shown by supposing the case of a rectangular 
field where the area is the product of two factors, the length and the width. 
Thus in Fig. 4*1, let 

b = length of the field 
a — width of the field 
A = a6 == area 
Co = error in length of side a 
Ch — error in length of side h 
Ea ~ error in area due to 6o 
Eb — error in area due to eb 
Ea - Eab = total error in area. 



Evidently 


Fig. 4*1. Error in a product. 
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is the relative error in the area due to e& 

A 

Eji — Eh A' Ea and the relative error in A is given by 

Ea __ Eb t Ea , Ca 
X- A +T=6+a 

or the relative error in the area is equal to the sum of the relative errors in 
the length and width, (To simplify this demonstration, the negligible 
error eaCt at the corner has been omitted.) 

Hence, the relative error in a product is equal to the sum of the relative 
errors in the factors. And from this fact the important principle follows, 
that on a relative basis the probable error of a product cannot be less than that 
of the least precise factor. 

Relation to Field Measurements, This principle must be kept in mind by 
the surveyor in the field if his computed results are to have the precision 
requisite to his purpose. For example, suppose he wishes to determine the 
area of a triangle (Fig. 4-2) whose sides a == 680.8 ft., b = 75.30 ft., and 
angle C = 132°02' are all obtained by field measurement. (Area == 
sin C.) If his purpose requires four significant figures in his result, say a 
permissible error of about 1/4,000,* then a, 5, and C 
must be measured with such precision as to yield four 
significant figures; and side h must be measured to 
hundredths whereas side a needs to be measured 
to tenths only. 

The precision required in the measurement of the 
angles is governed by the same considerations, and 
the ratio-of-precision curves (Figs. 3*2 and 3*3) will 
aid in determining the precision with which the angles 
should be measured. Thus, in the example cited 
above, the angle C must be measured in the field 
with such precision that the use of sin C will not introduce an error greater 
than 1/4,000. From Fig. 3*2 this allowable error is found to be slightly 
less than 01'. / 

Another consideration often misunderstood by computers is the fact that 
the precision of a result is entirely independent of the unit in which it is 
expressed. Thus, in the case of the triangle mentioned above, the area is 

* Four significant figures are used when the ratio of precision lies between 1/1,000 
and 1/10,000. 
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19,040 sq. ft., to four significant figures as justified by the given data. In 
acres, this value would properly be expressed as 0,4371 acre, again to four 
significant figures. 

The following example illustrates the value of examining the given data 
and of knowing the purpose of the computation: 

Notes of a land survey indicate that the distances were measured with a precision 
of 1/10,000, while angles were measured with a probable error of 01'. It is desired 
that computations for area (involving sines and cosines) be as precise as the data 
warrant. Referring to the ratio-of-precision curves for sines and cosines (Fig. 3-2), 
it will be seen that such an angular error for angles of average size (near 45°) corre- 
sponds to a precision of about 1/3,000. It is this precision which will govern that 
of the computed area, and the computed area should contain four significant figures. 
Had it been presumed that the precision of angles was consistent with that of dis- 
tances, doubtless five significant figures would have been shown in the result. 

4*6, Computations for Angles and Distances. When computations for 
angles or distances may be made in one of several ways, each of which de- 
pends upon data of like precision, it is best to compute angles by using func- 
tions which change rapidly, that is, tangents or cotangents; and to compute 
distances by using functions which change slowly, that is, sines or cosines. 

For example, the ratio-of-precision curves for tangents and cotangents 
(Fig. 3*3) show that if the precision of data is 1/10,000 the maximum error 
of angles computed by tangents or cotangents is about 10"; the ratio-of- 
precision curves for sines and cosines (Fig. 3-2) show that, with data of a 
similar precision, angles between 27° and 63° could not have been computed 
by either sines or cosines with a precision as great as 10". 

4*7. Trigonometric Tables. The number of places to be used in trigono- 
metric tables will depend upon the ratio of precision of the particular value 
of the function involved rather than upon the angular error. The number of 
significant figures for a particular angle, angular error, and function may be 
readily determined either by inspecting Figs. 3*2 and 3*3 or from trigono- 
metric tables. Assuming that the 'precision of angle is the governing precision j 
for tangents and cotangents three places will be sufficient for angles in error 
more than 02'; four places, for angles in error less than 02' but more than 
10"; and five places, for angles in error less than 10" but more than 01". 

For sines and cosines of angles of average size (near 45°) it will be seen 
that four places are sufficient for angles in error not less than 20". Cor- 
respondingly, five places are sufficient for angles in error less than 20" but 
more than, say, 05"; and six places for angles in error less than 05" but more 
than Since angles are likely to be other than average size, the pre- 
ceding limits should, in general, be doubled, though for sines of very large 
angles and for cosines of very small angles the necessary number of places 
should be ascertained by first determining the ratio of precision correspond- 
ing to the given angular error. For example, the ratio of the tabular differ- 
ence for 10" to sin 80° (or cos 10°) is about 1/120,000, therefore six places 
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will be necessary for angles as small as 10° when the error is 10". As another 
example, from the ratio-of-precision curves for sines it will be seen that, 
when the angular error is 01', five places will be required for angles greater 
than 70°. 

For very small angles, the number of places required is affected by the 
number of significant figures in the function. For example, the sine of 02' 
to five places is 0.00058, which contains but two significant figures. In 
such cases, the use of logarithms is desirable. 

4*8. Logarithms vs. Natural Functions. Whether logarithms should be 
used depends upon the computations under consideration. It takes less 
time to multiply two numbers of three digits each by arithmetic than by 
logarithms; possibly these numbers might be extended to four digits each, 
if it were only for a single computation. But for multiplying, dividing, 
squaring, cubing, or taking the roots of numbers, it is doubtful if arithmetic 
can ever be used to advantage beyond four significant figures. Where there 
are a number of similar computations, as is quite often the case in surveying, 
there is a decided advantage in using logarithms for even four significant 
figures, for not only will less time be consumed in computing by logarithms, 
but also the liability of mistakes will be lessened and the mental strain on 
the computer will be decidedly decreased. Short arithmetical methods of 
multiplication and division are valuable, but often numbers that have 
enough significant figures to make these methods economical are large 
enough to make the use of logarithms more so. 

The use of logarithms is described in Art. 4*11, 

4*9. Graphical and Mechanical Methods. These methods are of particu- 
lar value in approximately checking more precise computations. In general, 
results may be obtained graphically with less labor than by arithmetic, and 
mistakes are less likely to occur. Frequently, combined graphical and me- 
chanical methods may be utilized in conjunction with algebraic processes. 

For example, earthwork cross-sections may be plotted to scale (graphical), 
the area of the cross-sections may be measured with the planimeter (mechan- 
ical), and the volume of earthwork may be determined by arithmetic. 

Again, the area of a field may be determined by logarithmic computations 
of its partial areas, and by adding its partial areas on the adding machine. 
The result may be checked against large mistakes by use of the slide rule. 

Similarly, unknown lengths and angles which have been algebraically or 
mechanically computed may be approximately checked by plotting the 
known data, measuring the unknown lengths with a scale, and measuring the 
unknown angles with a protractor. 

The most common mechanical aid available is the ordinary 10-in. slide 
rule. This rule greatly facilitates computations involving no more than 
three significant figures and is in every way the equivalent of a three-place 
table of logarithmic functions. Probably no other calculating device yet 
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invented has as wide a range of usefulness, and certainly none other can 
compare with it in the rapidity with which computations can be made. 
The use of the slide rule is described in Art. 4T2. 

For results of more than three significant figures the computing machine 
is coming largely to replace other methods of computing, since the result can 
be obtained more quickly than by any other method. As opportunity pre- 
sents itself, the student should familiarize himself with the operations of a 
computing machine in all the steps of arithmetic. Its use relieves the com- 
puter of the mental fatigue accompanying arithmetical or logarithmic cal- 


culations. The chances of mistakes are greatly decreased. With the 
improved types the operations of multiplication, division, squaring, and 
taking the square root are instantly proved, so that further checking is not 
required. The details of operation vary with the type of machine, but they 
are simple and can be mastered in a few minutes of instruction. Essentially, 
multiplication is accomplished by automatic multiple addition, and division 
by multiple subtraction. 

Another device frequently utilized by the surveyor is the polar planimeter 
(Art. 4T3), It is of great value in finding the areas of figures plotted to 
scale. The precision with which results may be obtained depends upon a 
number of factors but principally depends upon the skill of the operator in 
traversing the lines of the drawing with the tracing point. In general, results 
may be determined to three significant figures, a precision in keeping with 
much of the field data upon which calculations of area are based. It is a 
simple instrument to operate and furnishes the most efficient means of 
determining the area of figures with irregular or curved boundaries. 

4*10. Arithmetical Short Cuts. In multiplying two numbers which are 
not exact quantities (for example, the measured lengths of the sides of a 
rectangular field) the figures in the product beyond the number of sig- 
nificant figures in the multiplicand or in the multiplier (whichever has the 
lesser number of significant figures) are of no particular significance, as has 
already been shown. 

Although the slide rule alone cannot be employed in computations in- 
volving more than three significant figures, it may frequently be used ad- 
vantageously as an aid in the multiplication of numbers containing a larger 
number of places. This is best illustrated by an example : 

Example: Two numbers 1,231.5 and 1,628.7 are to be multiplied and the product 
is to contain five significant figures. By arithmetic multiply 1,600 by 1,231.5. With 
the slide rule multiply 28,7 X 1,231 = 35,300. Add the partial products as shown. 

1,231.5 

1,628.7 

738900 

1231500 

35300 


2,006,700 
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If all the partial products in the above example had been determined by arithmetic, 
the time required to solve the problem would have been more than doubled. 


In general the slide rule may be used to good advantage to find with cer- 
tainty the last two places in any quotient, and if the operator is skillful the 
error in three figures need not exceed Hoo or 0.25 per cent. 

Square Root An approximate method of finding the square root of a 
number is given by the following rule: 

Rule, Divide the number by a quantity whose square is known and is 
roughly equal to the number. The arithmetical mean of the quotient and the 
divisor is approximately the square root of the given number. 

Example 1: V99 := 1 + loj = 9.950 (true value, 9.9499) 

Example 2: ^6146.56 = i + 80^ = 78.416 (true value, 78.400) 

The degree of approximation depends upon the closeness of agreement be- 
tween the true root and the quantity chosen as a divisor, as the preceding 
examples show. 

4*11. Use of Logarithms. The logarithm of a number is the power to 
which some base must be raised to produce the number. In computations 
made by the surveyor the common system of logarithms is employed, for 
which the base is 10.* Hence 

log 10 = log 101 = 1 - log 100 = log 102 = 2 ; 
log 1,000,000 = log 10« =- 6; log 1 = log 10® = 0; 


1 /lO0\ 

log 0.1 = logi - = 0 - 1 =-l = 9 


10 


For any number (except 1) that is not a power of 10, the logarithm is a 
fractional quantity. For example 

log 1.5 = log 10017609 = 0.17609; log 15 = log lO^-^eog = 1.17609; 
log 0.015 = log f — j == log f— -3 j - 1.17609 - 3 = 8.17609 - 10 = 2.17^ 

The whole number of the logarithm is called the characteristic; the decimal 
is called the mantissa. For a number greater than one the logarithm is a 
positive quantity and the value of the characteristic is one less than the 
number of places in the integer of the number. 

* For natural logarithms the base is 2.71828 +. The natural logarithm of any 
number is equal to the common logarithm multiplied by 2.30258 +• 
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For a nuinbGr less than one the logarithm is a negative Quantity, and to 
determine the characteristic the common practice is to deduct from 10 a 
number equal to one more than the number of ciphers to the right of the 
decimal point. When a logarithm is written in this manner, it is understood 
that 10 is to be deducted from it. Instead of writing the logarithm in this 
manner, the characteristic is often shown as a quantity one more than the 
number of ciphers to the right of the decimal point, and a negative sign is 
placed over it The logarithm of 0.0435 may therefore appear either as 

8.63849 or as 2.63849. 

For the same sequence of figures, the mantissa remains unchanged re- 
gardless of the position of the decimal point. Thus the logarithm of 4,350 is 

3.63849 and the logarithm of 0.00435 is 7.63849 or 3.63849. 

The same considerations govern the number of places to be used in 
logarithmic computations as govern those of arithmetic. The number of 
significant figures in the final result should be consistent with its purpose or 
with the precision of the given data, as discussed in Arts. 4-5 to 4*7. The 
number of places in the mantissa of the logarithm should be equal to the 
number of significant figures in the corresponding number which is being 
multiplied or divided. The usual practice is to use a number of places of 
logarithms one greater than the number of places desired in the final result. 

In the ordinary work of the surveyor five places are usually sufiScient, but 
sometimes six places are required. On the more precise surveys, seven 
places and occasionally eight places are necessary. Tables XVIII and XIX 
give logarithms of numbers and of the functions of angles to six places, but 
in using these tables the last figure should be dropped if only five places are 
required. In tables of logarithms of numbers (see Table XVIII) only the 
mantissa is shown and the characteristic, must be supplied by the computer. 
Tables of the logarithmic functions of angles (see Table XIX) show both the 
characteristic and the mantissa. 

4* 11a. Finding Logarithm and Antilogarithm. The process of finding 
the logarithm of a number from tables is best illustrated by an example. 

Example 1: Find the logarithm of 6,458.6 correct to the sixth place. 

In Table XVIII opposite the number 645 the mantissa in the column headed 8 is 
81(K)98, and in the column headed 9 is 810165. The difference between the two (in 
the last places) is 67. The last figure in the given number is 6 and hence the desired 
mantissa is 810098 4- (0,6 X 67). To facilitate the multiplication, the table of pro- 
portional parts at the bottom of the page is given. Opposite 67 the quantity in the 
6 column is 40.2. Hence 0.6 X 67 = 40.2. The mantissa is, therefore, 810098 + 
40 == 810138. The number has four digits to the left of the decimal point, and hence 
the characteristic is 3 and the logarithm is 3.810138. Note that all logarithms be- 
tween two adjacent horizontal broken lines have the same figures in their first two 
places, these figures being shown in the column headed 0. 

The process of finding an antilogarithm, or number whose logarithm is 
known, is the reverse of that just described. 
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Example 2: Find the number whose logarithm is 2.688544. The number is to have 
five significant figures. 

By Table XVIII it is seen that the mantissa of the logarithm of 4881 is 688509 and 
that of the logarithm of 4882 is 688598. The difference between these two mantissas 
is 688598 ~ 688509 — 89; the difference between the given mantissa and that for 
4881 is 688544 — 688509 “ 35. The required number is therefore 4881 + 

By the table of proportional parts opposite 89 find the number nearest 35 (it is 35.6). 
At the head of the colunm the corresponding number is seen to be 4. The characteriS' 
tic is 2, and the number is therefore 488.14. 

If six places were required, it would be necessary to interpolate between 
values given in the table of proportional parts. 

Thus, for the preceding example, in the table of proportional parts the difference 
between 35 and 26.7 is 8.3, and the difference between 35.6 and 26.7 is 8.9. But 
8.3/8.9 = 0.9 (approximately). Therefore, the digit in the sixth place is 9, and the 
number is 488.139. 

This interpolation may also be made by using the table of proportional parts 
directly, merely moving the decimal point one place. Thus the difference of 8.3 
becomes 83, and the nearest value in the table of proportional parts opposite 89 is 
80.1, in the column headed 9. 

4* lib. Multiplication. The product of two numbers is determined by 
adding their logarithms. 

Example 1: 15 X 12 « 10i « X lO' ® = lO* * * number whose log is 2.26 == 180. 

One number is divided by another by subtracting the logarithm of the 
divisor from that of the dividend. 

180 102 *« 

Example 2: — = — — lO^-^* = number whose log is 1.18 = 15. 

12 10 ^®® 

4* lie. Powers. A number is raised to a power by multiplying its log- 
arithm by that power. 

Example 1: 12^ *= =*= number whose log is 4.32 — 21,000 (to two significant 

figures). 

Following is an example of a logarithmic process of raising a number less 
than one to a fractional power: 

Example 2: 0.6324i-7i®o =, lOO.soio-ion.riso « number whose log is (9.8010 - 10) 
1.7180. 

log 9.8010 + log 1.7180 = 0.99127 + 0.23502 = 1.22629 
9.8010 X 1.7180 = 16.838 

0.6324i'^i»o = number whose log is 16.838 - (10 X 1.7180) 

— number whose log is 9.658 
= 0.455 

In the foregoing example the logarithm of a logarithm has been deter- 
mined; for short this is called the log log. 
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441d. Trigonometric Ftinctions. When the loga- 
rithm of a trigonometric function is to be found from 
Table XIX, it should be noted that there are four 
angular values on each page, one at each corner of the 
table. Each angular value is used with the line of 
headings and the column of minutes which are nearest 
to it, as illustrated by the following example: 

Example: From Table XIX, 

log sin 22°12' is 9.577309-10 
log sin 67*^12' is 9.964666-10 
log sin 112°12' is 9.966550-10 
log sin 157n2' is 9.588289-10 


Functions of an angle a greater than 45° can be 
determined conveniently by use of the corresponding 
complement (90° ~ a) or supplement (180° — a) of the 
angle, with due regard to the sign of the corresponding 
function. 

4*12. Use of the Slide Rule. Special books of in- 
struction for each of the several varieties of slide rules 
are issued by the manufacturers. Space will not per- 
mit a detailed discussion of the use of each of these 
rules, but some of the more frequent computations 
which may be performed on all rules of the Mannheim 
type will be described. 

In Fig. 4*3 is shown one style of 10-in. slide rule, on 
the face of which are four graduated scales. The two 
scales on the body of the rule are lettered A and D, and 
those on the slide are lettered B and C. The rectangu- 
lar glass runner may be moved to any position along 
the rule, its setting being indicated by a fine line etched 
on the glass at right angles to the axis of the rule. 

The C and 2> scales are exactly alike and are gradu- 
ated with numbers from 1 to 10 within the 10-in, length. 
The A and B scales are similar to the C and D scales 
but the corresponding graduations are only one-half as 
great. All four of the scales are logarithmic, and if the 
properties and use of logarithms are borne in mind, 
facility in computing with the slide rule will be more 
quickly acquired. On the C and D scales, logarithms 
are to the scale of 1 = 25 cm. The figures shown are 
for the numbers, not the logarithms. The distance 
from a graduation corresponding to a given number to 
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the “ 1 at the left of the C or D scale (ieit index) represents to the scale of 
1 = 25 cm. the mantissa of the logarithm of that number. If the distance 
from the ^‘2’^ graduation to the left index were measured with a 25-cm. 
scale, it would be found to be 0.301 of the length of the scale, which is the 
value of the mantissa of the logarithm of 0.2, 2.0, 2,000, or any number hav- 
ing the same sequence of figures. 

If for any computation the student is uncertain as to which scales should 
be employed, he may make a trial computation with simple numbers or with 
known values of the trigonometric functions or logarithms. 

4* 12a. Multiplication. In logarithmic computations two numbers are 
multiplied together by adding their logarithms. This operation may be 
mechanically performed by using the slide rule as illustrated by the following 
examples: 

Example 1: Multiply 4 by 2. 

Set the runner at 2 on the D scale, move the slide until its left index is at the runner. 
(Graphically the mantissa of 2 has now been laid off.) Move the runner to 4 on the C 
scale. (Graphically the mantissa of 4 has been added to that of 2.) On the D scale 
read 8. 


Example 2: Multiply 8.2 by 7.3. 

Set runner to 8.2 on D scale; right index to runner; runner to 7.3 on C scale; read 
answer 59.9 on D scale. The position of the decimal point is determined by mental 
computation. 


Had the initial setting been made with the left index at 8.2, the result 
would have been off the rule, at a logarithmic distance of 1 to the right of the 
final setting as determined in the example. For a logarithmic change of 1, 
the mantissa, and hence the sequence of numbers, is the same. Therefore 
settings may be made with either index, that one being chosen which will 
bring the final result within the length of the D scale. 

Example 3: Find the product of 8.2, 7.3, 9.1, and 0.151. 

Set runner at 8.2 on D scale; right index to runner; runner to 7.3 on C scale; right 
index to runner; runner to 9.1 on C scale; left index to runner; runner to 151 on C scale; 
read answer 82.3 on D scale. 

4* 12b. Division. Division of one number by another is accomplished by 
finding the difference between their logarithms. Recalling the manner in 
which the logarithmic scales are represented on the slide rule, the'^operation 
of division becomes self-evident. 

Example 1: Divide 8 by 4. 

Set the runner at 8 on the D scale. (The distance from the left index on the D scale 
to 8 on the D scale represents the mantissa of the logarithm of 8.) Set 4 on the C 
scale to the runner. (The distance from 4 to the left index of the C scale represents 
the mantissa of the logarithm of 4.) Set the runner to the left index on the C scale. 
Read the answer 2 on the D scale, (The difference between the mantissas of the log- 
arithms of the two numbers is represented by the distance from 2 on the D scale to 
the left index on the D scale.) 
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In the further examples the following abbreviations will be used: 
A, B, C, and D refer to corresponding scales. 

B is the runner. 

LI is left index. 

MI is middle index. 

RI is right index. 


Example 2: 


48X63 


97 X 15 

Jg to 48 B; 97 C to R; R to 63 C; 15 C toR;R to LI C. Answer, 2.08 B. 


4.12c, Squares and Square Roots. Scales A and B may be used for 
solving multiplications and divisions in exactly the same manner as are the 
C and B scales, but are more generally employed in conjunction with the C 
and B scales for finding the squares and square roots of numbers. 

The logarithmic scale employed in the construction of the A and B scales 
(1 = 12J^ cm.) is one half of that of the C and B scales (1 == 25 cm.). 
Hence if the runner is set to a given number on the B scale, the square of the 
number is given by the runner reading on the A scale, for the effect has been 
graphically to multiply the mantissa by two. 


Example 1: Square 6.23. 

Set B to 6.23 D; read answer 38.8 A, or set J? to 6.23 C; read answer 38.8 B. 


Square root is obtained by setting the runner to the number on the 
A (or B) scale and reading the root on the D (or C) scale. If the integer of 
the number contains an odd number of places (as 4.83; 125; 17,536), the 
runner is set on the left scale; if it contains an even number of places (as 16; 
42.8; 1,174), the runner is set on the right scale. If the number is a decimal 
without ciphers between the decimal point and the first finite figure (as 0.428; 
0.87), or with an even number of ciphers between the decimal point and the 
first finite figure (as 0.0087 ; 0.000064), the runner is set to the number on the 
right scale; if the number is a decimal with an odd number of ciphers between 
the decimal point and the first finite figure (as 0.0426; 0.0000065), the runner 
is set to the number on the left scale. If in doubt, the correct scale to use 
may be found by rough trial, using a round number which is a perfect square 
and which is near to the number under consideration. 

Example 2: Find the square root of 16.4. 

Set R to 16.4 right A; read answer 4.05 B. 

Example 3: 

0.035Vl,l78 

Set E to 0.53 B; 0.035 C to B; E to 14.3 C; LI to E; E to 14.3 C; 1’ 178 right B to 
E; E to EJ; read answer 90.4 B. 

Example; 4: (12.2)%. 

Set E to 12.2 D; LI to R] R to 12.2 Ci LI to E, E to 12.2 on right. B; read answer 
520 B. 
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4*12d. Trigonometric Functions. On the back of the slide is a scale for 
sines (S) to the logarithmic scale of 1 = 12 cm., and one for tangents (T) 
for which the logarithmic scale is 1 = 25 cm. If the slide is removed, turned 
over, and replaced so that the indices of the S and T scales coincide with 
those of the A and D scales, the values of the natural sines of angles between 
0°34' and 90® and of natural tangents between 5®43' and 45® are read directly 
from the A and D scales, respectively. Thus by readings on the A scale the 
sine of 0®34' is seen to be 0,0100, the sine of 5®44' is seen to be 0.100, the sine 
of 30® is seen to be 0.500, etc.; and by readings on the D scale the tangent of 
5°43' is seen to be 0.100, the tangent of 30® is seen to be 0.577, etc. The 
tangent of any angle less than 5®43' may be considered to equal the sine, 
within the precision of the slide rule. Sines of angles less than 0°34' may be 
assumed to be proportional to the angle. On this assumption, since the sine 
of 0®34' is 0.0100, the sine of 0®05' would be X 0.0100 = 0.00147. The 
correct value is 0.00145. 

The values of other trigonometric functions may be obtained by the simple 
relationships of trigonometry, as will be shown in the following examples. 

The trigonometric scales are used principally with the slide in its normal 
position, that is, with the S and T scales underneath so that they are read 
by the back index at the right end of the rule. In the following examples 
the slide is assumed to be in this position. For brevity the letters S and T 
will refer to the sine and tangent scales, respectively, and the reading of 
either of these scales will refer to the reading shown by the index on the back 
and at the right end of the rule. 


Example 1: sin 20®45' (or cos 69°15')* 

Set S to 20®45^* set R to BI on A; read answer 0.354 B, 


Example 2: sec 69°15' (or cosec 20®45'). 


sec 69^^15' = 


1 

cos 69°15' 


1 

sin 20°45' 


Set S to 20*45'; set R to MI (or LI) on B; read answer 2.82 A, 

Example S: tan 20°45' (or cot 69®15'). 

Set 20 ° 45 ' on T; set 72 to RI on D; read answer 0.379 C. 

Example 4: tan 69°15'' (or cot 20°45'). 

tan 69°15' -= cot 20°45' = i— 

tan 20^^45' 

Set 20 ® 45 ' on T; set R to LI on C; read answer 2.64 on D. 

4*12e. Logarithms. Almost every slide rule has a scale divided into 100 
equal major parts. On the rule shown in Fig. 4-3, this scale is on the back 
of the slide and its graduations are numbered from the right end. From 
this scale the logarithm of a number may be found as follows: Set the runner 
on the number on the D scale. Move the slide until the left index is at the 
number, as indicated by the runner. Read the mantissa from the scale of 
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equal parts. This amounts to scaling the distance from the left-hand index 
to the number. 


Example: Find the logarithm of 34.4. Set R to 34.4 D; LI to R; read mantissa 
537 from scale of equal parts. The characteristic is 1; hence the complete logarithm 
is 1.637. 


Some slide rules have a different arrangement of scales from that just 
illustrated. In any case, it is well to check the scales by finding the loga- 
rithm of some simple known number; for example, the logarithm of 5 is 
0.699. 

4* 13, Polar Planimeter. Figure 4-4 shows a polar planimeter with 
adjustable tracing arm. The planimeter is supported at three points: the 
anchor point or pole P, the roller R, and the tracing point T. The arm 
carrying the anchor point is hinged to the frame of the planimeter. On the 
adjustable tracing arm A are graduations which, when set to the index J, 
give known relations between the readings of the planimeter and the area. 



The arm A is clamped in position by the screw at B, and fine settings are 
made by means of the tangent-screw C, The circumference of the drum D 
of the roller R is graduated into 100 parts. At P is a vernier for the roller. 
By means of a worm, the roller when revolving turns the graduated disk F 
in the ratio 10:1. The whole number of revolutions of the roller is read on 
the disk F by means of an index; hundredths of a revolution of the roller are 
indicated by the drum reading at the index of the vernier E; and thousandths 
are estimated by reading the vernier. 

When a plotted area is to be determined, the sheet on which the figure is 
to be plotted is stretched flat and free from wrinkles. The needle tip of the 
anchor point is pressed into the paper in a convenient location, such that the 
entire area can be traversed, and is held down by the weight W, The tracing 


§445] DETEKMINATION OF CONSTANT 63 

point is set at a definite point on the perimeter of the figure, and either the 
roller is set to read zero or preferably an initial reading is taken. The 
perimeter is then completely traversed until the tracing point is brought to 
its original position, and a final reading is taken. Particular care should be 
exercised in returning the tracing point exactly to the point of beginning 
before taking the final reading. The difference between the initial reading 
and the final reading is the net number n of revolutions of the roller: 

71 = final reading — initial reading (1) 

where n is positive, if the net rotation of the roller is forward, and negative, 
if the net rotation is backward. Account must be taken of the net number 
of times the zero graduation of the disk F may have passed the index. The 
area of the figure is computed as described in the following paragraphs. 

For small areas, the anchor point is placed outside the figure. If the figure 
is larger than can be traced in one operation with the anchor point outside, 
it may be divided into smaller figures; however, if there are many large areas, 
faster progress can be made by placing the anchor point inside the figure. 

In order to simplify the discussion, herein the direction of motion of the 
tracing point around the figure is taken as always clockwise unless specifically 
stated to the contrary. For counter-clockwise traversing, the rotation of 
the roller would be the opposite of that for clockwise traversing. 

4*14, Area with Anchor Point outside Figure. The planimeter is so con- 
structed that, when the anchor point is outside the figure and the perimeter 
is traversed clockwise, the final reading will be greater than the initial read- 
ing, and n will be positive. As shown in Art. 4*20, the area A of the figure 
is directly proportional to the number of revolutions, or 

A = Cn (2) 

where C, called the planimeter constant, indicates the area per revolution of 
roller. It is also shown in Art. 4-20 that the value of C is equal to the prod- 
uct of the length of the tracing arm and the circumference of the roller. If 
the length of the tracing arm is fixed, as on many planimeters, C is usually 

10.00 sq. in., and the value is stated either on the top of the tracing arm or 
in the planimeter case. On some instruments, € is stated in metric units. 

Example: The roller of a fixed-arm planimeter having a planimeter constant of 

10.00 sq. in. is set at zero, and the perimeter of a figure is traversed clockwise with 
anchor point outside. The final reading is 2.367. Then the area of the figure is 

10.00 X (2.367 - 0.000) = 23.67 sq. in. 

4*15. Determination of Constant. The value of the planimeter constant 
can be determined by traversing the perimeter of a figure of known area, 
with anchor point outside. Preferably several trials should be made, and 
the average computed for. use. 
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Example: The length of the tracing arm of a planimeter is so set that the roller 
registers 0.893 revolution when the perimeter of a 2 by S-in. rectangle is traversed. 
From Eq. (2), 


11.20 sq.in. 

n 0.893 


If the test figure has straight sides, the tracing point may be guided by a 
straightedge placed along each side. However, tracing the test figure free- 
hand has the advantage that the calibration includes not only the setting of 
the instrument but also the tendency of the operator to keep the tracing 
point on one side or the other of the line. The same practice as that used in 
the calibration should be followed in tracing the perimeter of figures whose 
areas are to be determined. 


An accessory furnished with some planimeters consists of a flat bar at one end 
of which is a needle point; and at the other end is a small hole into which he tracing 
point may be set. The distance between needle point and hole is equal to the radius 
of a circle whose area is 10.00 sq. in. The needle point is pressed into the paper, and 
the planimeter is quickly tested by tracing the circumference of the circle, the tracing 
point being held in the hole of the bar as it is revolved about the needle point. 


If the tracing arm is adjustable, it is set so that some convenient relation 
exists between area and revolutions of roller. The accuracy of the setting 
is then tested by tracing the boundary of a figure of known area, as just 
described; and if necessary, the length of the arm is adjusted by trial until 
the desired relation is established. 

It is not absolutely necessary to determine the instrumental constant. All 
that is necessary is to determine the difference in planimeter readings for a 
known area. Then by proportion, any required area is to the corresponding 
difference in readings as the figure of known area is to its difference in read- 
ings. However, the computation of the constant is so simple that it is 
usually made. 

4* 16, Area with Anchor Point inside Figure. When the tracing arm is 
held in such a position relative to the anchor arm that the plane of the roller 
passes through the anchor point, the tracing point can be made to describe 
completely the circumference of a circle without there being any revolution 
of the roller. This is called the zero circle. It can be shown that, when the 
perimeter of a figure is traversed with the anchor point within the figure, the 
indicated area {A' = Cn') is equal to the difference between the area A of 
the figure and the area Z of the zero circle. The planimeter is so constructed 
that, for clockwise traversing with the anchor point inside the figure, the 

net rotation of the roller will always be | | area of the figure 

than that of the zero circle; hence the final reading will be 


\ greater / 
( less 3 
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1 less { 

1 ■ . ' ■ 

' than the initial reading, and n' will be - 

f positive ) 

1 negative 3 

It follows 

that the area of the figure is 



A = Cn' + Z 


(3) 


with due regard to the sign of w'. 


Example 1: The perimeter of a cross-section is traversed clockwise with the anchor 
point inside the figure, with the length of the tracing arm so set that the planim- 
eter constant is 10.00 and the area of the zero circle is 132.16 sq. in. The initial 
reading is 1.234, and the final reading is 8.703, the net rotation of the roller being 
forward. Then n' = 8.703 — 1.234 = +7.469; and from Eq. (3), 

A = [10.00 X (+7.469)] + 132.16 = 206.85 sq. in. 

Example 2: Conditions as in the preceding example, except that it was observed 
on the disk (F, Fig. 4*4) that the net rotation of the disk was backward and that the 
zero gradtxation of the disk had passed the index once. Then 

n' = 8.703 ~ (10 + 1.234) ^ - 2.531 

and from Eq. (3), 

A = [10.00 X (-2.531)] + 132.16 - 106.85 sq. in. 

Example 3; If in the preceding example the operator had observed that the area 
of the figure was smaller than that of the zero circle and, starting with the same initial 
reading (1.234), had traversed the figure cmnUr-‘dochwuey the net rotation of the 
roller would have been forward, and the final reading would have been 3.765. The 
negative area thus determined would be 10 X (3.765 — 1.234) = 25.31 sq. in.; and 
this area subtracted from that of the zero circle would be 106.85 sq. in. as before. 
Some surveyors prefer to use counter-clockwise rotation in order to avoid backward 
net rotation of -the roller and thus to simplify the observations. Herein, however, 
the discussion and Eq. (3) are based on clockwise traversing. 

4*17. Area of Zero Circle. The area of the zero circle can be determined 
by traversing the perimeter of a figure, once with the anchor point outside the 
figure and once with the anchor point inside. The first determination gives 
the area of the figure {A = Cn), and the second gives an indicated area W 
representing the difference between the area of the figure and the area of the 
zero circle; it follows from Eq. (3) that 

Z ^ Cn- Cn^ = C{n - n') (4) 

where n' is 1 \ if Qf figure is I Sr^ater ) 

( negative ) I ) 

zero circle, as indicated by the direction of rotation of the roller. 

Example: A given planimeter has a constant of 10.00 sq. in. A figure is traversed 
clockwise, first with anchor point outside and then with anchor point indde; the 
observed differences in planimeter readings are 2.124 and —9.537, respectively. 
Then by Eq. (4) the area of the zero circle is 

Z ^ 10.00 X 12.124 - (-9,537)1 = 116.61 sq. in. 


50 COMPUTATIONS [CH. 4 

If the length of the tracing arm is fixed, the area of the zero circle is usually 
stated on top of the tracing arm or in the planimeter case. 

4-18. Figure Plotted at Other Than Full Scale. If a figure is plotted to 
scale other than full size, the required area is computed by multiplying the 
actual area by the product of the horizontal and vertical scaled relationships. 
For example, if a profile is plotted to the scale of 1 in. == 400 ft. (horizontal) 
and 1 in. = 20 ft. (vertical), each square inch on the paper represents 
400 X 20 = 8,000 sq. ft. 

4*19. Precision of Planimeter Measurements. If the relation between 
revolutions and area is established accurately, the errors involved in pla- 
nimeter measurements are accidental (Chap. 5) and are due principally to the 
inability of the observer to follow exactly the boundary of the figure with 
the tracing point. For the same care and skill on the part of the observer, 
the smaller the area, the larger the relative error of measurement. Hence 
it is desirable that the areas be plotted to a scale consistent with the relative 
accuracy with which it is desired to determine areas. Ordinarily, planimeter 
measurements of small areas may be expected to be correct within 1 per cent, 
and measurements of figures of considerable size may be correct within per- 
haps 0.1 or 0.2 per cent. In general, an area determined directly from a 
difference between initial and final planimeter readings may be determined 
to three (or the lower range of four) significant figures; summations of such 
areas (to a given number of decimal places) may have a greater number of 
significant figures. 

In conformity with the precision of planimeter work, observations on the 
roller should be made to 0.001 revolution, and values of area (C, A, and Z) 
should be determined to 0.01 sq. in. The constants C and Z should be the 
mean of several observations. 

4*20. Theory of Planimeter. Mathematical proofs of the theory of the 
polar planimeter by means of the calculus are given in various publica- 
tions. A direct and simple geometric demonstration of the theory is as 
follows: 

In Fig. 4* 5a, the heavy solid lines represent a polar planimeter with 
tracing point T, wheel TF, and anchor point or pole A. The tracing arm 
TW is hinged at E to the anchor arm AH. The length of the portion TH 
of the tracing arm is designated as 2/, the wheel arm HW as P, and the 
anchor arm AH as E. (If, as in some designs, the wheel arm HW is folded 
back on the tracing arm, the relations herein demonstrated still apply.) 

In Fig. 4*56, consider the infinitesimal area TtoO, a portion of the sector 
TAi, which lies just outside the zero circle. If the tracing point is caused 
to traverse the perimeter clockwise, the only permanently recorded rotation 
of the wheel will be that due to the motion from T to t. This is because 
the movement from < to o is offset by the reverse movement from 0 to T, 
and because the wheel does not rotate while the tracing point is moved 
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along the zero circle from o to 0. The heavy dash lines represent the 
planimeter with tracing point at 

As the tracing point moves from T to the wheel moves from W to w, 
partly by rolling and partly by sliding. The rolling component of this 
motion is represented by the line TTs, and the sliding component by the 




line sw. It will now be shown that the area TtoO is in direct proportion 
to the roll of the wheel and is therefore equal to a constant C times the 
number of revolutions n. Reasons for the steps involved in Eqs. (5) to (14) 
are given immediately following the equations. 


AT ■ n AO-Oo 

2 2 

( 5 ) 

AT^ ‘ A l02 • A 

2 2 

( 6 ) 

^ {D + 2LR cos 4> + -2PL - I? - E^) 

( 7 ) 

L • A • (R cos<f) — P) 

( 8 ) 

L • A • F 7 

( 9 ) 

A - AW -cose 

(10) 

L • Ww * cos a 

(11) 

L- Ws 

' (12) 

L’ C' n 

(13) 

C ' n 

(14) 


Eq. (5) : The area of a sector is one half of the product of the radius and the 
subtended arc. 

Eq. (6): An arc, in linear units, is equal to the product of the radius and 
the subtended angle in radians. 

Eq. (7) : The lines AT and AO can be expressed in terms of the dimensions 
of the planimeter, as follows: 
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In Fig. 4* 5a, 

Jf2 = TYi + AV^ 

- (L + cos <l>y + (R sin <i>)^ 

- L2 + 2LR cos (f> + RKgos^ ^ + sin^ 
= L* + 2LR cos 4» + R^ 



In Fig. 4*6, 

JQ2 ^ olF2 + Hf 2 
= (P + L)' + 

^2PL-hD + R^ 

Eq. (8) : Collect term s of E q. (7). 

Eq. (9): In Fig. 4- 5a, If F = ^7 - P = P cos - P. 

Eq. (10) : From geometry of Fig. 4.5a. 

Eq. (11): An arc, in linear units, is equal to the produc t of its rad ius a nd 
the extended angle in radians, hence in Fig. 4- 5c the arc Tfzc = A • ATf = 
A * Aw. Line ]fs is perpendicular to line st;; in the limit, line Ww is arc Ww 
and is perpendicular to line Aw] hence cos a — cos B. 

Eq. (12): From geometry of Fig. 4* 5c. 

Eq. (13) : The roll of a wheel is the product of the length of its circumfer- 
ence c and the number of revolutions n. 

Eq. (14): The two characteristic dimensions of the instrument {L and c) 
are grouped into one instrumental constant C. 

For a figure drawn at natural scale, the planimeter constant C is equal 
to the product of the length of the tracing arm and the circumference of the 
wheel. For figures drawn at other scales, the planimeter constant may 
include the factor for converting actual areas to areas at the given scale; in 
this case the constant is usually designated as C'. 

4*21. Numerical Problems. 

1. How many feet are there in 33^ rods? In 6 chains and 8 links? 

2. How many acres are there in a rectangular field 18.25 rods wide and 920.0 ft. 
long? 
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3. How many significant figures are there in each of the following numbers? 

a. 0.208 d 30.0 X 10« g. 28.46 ± 0 08 

b. 76248.0 e. 0.006 

c. 1.4800 /. 1.04 ± 0.02 

4. Find the product of each of the following series of numbers, using logarithms: 

а. 2.64 X 79.18 X 0.0767 X 1.0028 

б. (3.416)2 X <^72^ 

c. (6.618)H X (68.627)^ 

5. Find the quotient for each of the following series of numbers, using logarithms: 

а. 76.21 49.20 (5-place logs) 

б. 0.4092 -i- 0.006314 

c. 1.4823 16.4917 (6-place logs) 

d. 8.472 tan 42^21' 

6. Compute the log of 27, Vis, and ViS, using only the logarithms of the fol- 
lowing numbers : log 2 = 0.30103, log 3 = 0.47712, log 6 = 0.69897. 

7. If the angles of an approximately equilateral triangle are measured with an 
angular error of 30" and the distances with corresponding precision, how many 
significant figures will there be in the area computed by sines and cosines? 

8. One side of a triangle in a small triangulation system (Chap. 16) is to be used 
as a base line from which the lengths of other sides are to be computed by means 
of sines. The measured length of the base line is 603.82 ft., and it is estimated 
that this length is within 0.05 ft. of the true value. With what precision should 
the angles be measured to correspond, if the values of the angles lie between 50® 
and 70®? How many significant figures will there be in the computed lengths of the 
other sides? 

9. The circumference of a circle 4 in. in diameter is traversed clockwdse, with the 
anchor point of the planimeter outside the figure. The initial reading is 5.637 and 
the final reading is 6.939. What is the planimeter constant? 

10. For a given planimeter set so that the instrumental constant is 10.22, the 
area of the zero circle is 116.24 sq. in. A figure is traversed clockwise with anchor 
point inside. The initial reading is 1.085 and the final reading is 9.632, the net rota- 
tion being backward and the zero graduation of the disk having passed the index 
once. What is the area of the figure? 

11. The tracing arm of a planimeter is set so that the roller reads 0.583 revolution 
for 10.00 sq. in. The perimeter of an area is traversed clockwise first with anchor 
point outside and then with anchor point inside. The corresponding differences in 
readings are 2.095 and —7.786. What is the planimeter constant C? What is the 
area of the zero circle? 

12. The perimeter of a figure is traversed clockwise, with the anchor point inside 
and with the tracing arm set as in the preceding problem. The difference in readings 
is —3.781. What is the area of the figure? 

13. With the tracing arm of the planimeter set as in the preceding problem, a 
figure, for which the vertical scale is 1 in. = 8 ft. and the horizontal scale is 1 in. = 
20 ft., is traversed clockwise with anchor point outside. The difference in planimeter 
readings is 1.932. What is the actual area in square inches? What area in square 
feet does it represent? 

14. For a given polar planimeter, the circumference of the wheel is 2.094 in. For 
use on a map having a scale of 1 in. = 10 ft., it is desired to use a planimeter constant 
C' of 1,000. What is the required length of the tracing arm? 
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4*22. Office Problem. 

Problem 1. Area with Planimeter 

Object. With the polar planimeter, to determine the area of a figure plotted to 
scale. 

Procedure. (1) Set the tracing arm so that one revolution of the roller will bear 
some simple relation to the given scale and unit of measurement. (2) Test the 
accuracy of the setting by traversing a figure of known area, say a 2 by 5-in. rectangle, 
three times. Record the readings to 0.001 revolution. If necessary, adjust the 
tracing arm until the desired relation is obtained. (3) With the anchor point out- 
side, traverse clockwise the perimeter of the figure whose area is to be determined. 
Check the operation. (4) Convert the difference between readings into terms of 
area. (5) Determine the area of the zero circle as described in Art. 4T7. (6) Meas- 

ure the given figure with anchor point inside, and compute the area. (7) Set the 
tracing arm so that the relation between revolutions of roller and area is unknown. 
Determine the difference in planimeter readings for the figure of known area and for 
the given figure. By proportion determine the area of the figure. 

Hints and Precautions. Locate the anchor point so that the roller will stay on the 
paper as the tracing point is moved about the figure. Preferably have the tracing 
arm and the anchor arm nearly perpendicular to each other when the tracing point is 
near the center of the area. See that the paper is free from wrinkles, and that the 
contact edge of the roller is free from dirt. 

REFERENCE 

1. Holman, S. W., Computation Rules and Logarithms,” The Macmillan Company, 
New York, 1906. 



CHAPTER 5 


ERRORS 

6*1. General. In Art. 1-9, reference was made to the necessity of the 
surveyor’s appreciating the errors involved in measurements. Every 
observed or measured quantity contains errors of unknown magnitude due 
to a variety of causes, and hence a measurement is never exact. One of 
the important functions of the surveyor is to secure measurements which 
are correct within certain limits of error prescribed by the nature and pur^ 
pose of the survey. This requires that he know the sources of errors, under- 
stand the effect of the various errors upon the observed quantities, and be 
familiar with the procedure necessary to maintain a required precision. 
Numerous instances could be cited where surveyors of considerable expe- 
rience have displayed an ignorance of this phase of their work which was 
both ludicrous and lamentable. 

In dealing with measurements it is important to distinguish between 
accuracy and precision. As defined by the American Society of Civil Engi- 
neers, accuracy is “nearness to the truth” whereas precision is “degree of 
fineness of reading in a measurement, or, the number of places to which a 
computation is carried.” As defined by the U.S. Coast and Geodetic 
Survey, accuracy is “degree of conformity with a standard” whereas pre- 
cision is “degree of refinement in the performance of an operation or in the 
statement of a result.” From these mutually consistent definitions it 
follows that a measurement may be accurate without being precise, and 
vice versa. For example, a distance may be measured very carefully with 
a tape, to thousandths of a foot, and still be in error by several hundredths 
of a foot because of erroneous length of tape; the measurement is precise 
but not accurate. 

5*2. Sources of Error. Errors arise from three sources: 

1. From imperfections or faulty adjustment of the instruments or devices 
with which measurements are taken. For example, a tape may be too 
long, or a level may be out of adjustment. Such errors are termed instru- 
mental errors. 

2. From the limitation of the human senses of sight and touch. For 
example, an error may be made in reading the angle on the graduated circle 
of a transit or in estimating the tension in a steel tape. Such errors are 
called personal errors. 
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3. From variations in the phono inona of naturo such as toniperaturo, 
humidity, wind, gravity, refraction, and magnetic declination. For ex- 
ample, the length of tape will become greater or smaller according as the 
temperature increases or decreases, and readings of the magnetic needle are 
affected by variations in the magnetic declination. Such errors are called 
natural errors, 

6'3. Kinds of Error. A mistake is an unintentional fault of conduct 
arising from poor judgment or from confusion in the mind of the observer. 
It is quite distinct from the mathematical or physical meaning of error. 
Throughout this text this distinction will be observed. Mistakes have no 
place in a discussion of the theory of errors. They are detected and elimi- 
nated by checking all work. 

The resultant error in a given quantity is the difference between the 
measurement and the true value. If the measurement is too large, the 
error is said to be positive; if too small, the error is said to be negative. 
The resultant error in a measurement is made up of individual errors from 
a variety of sources, some of the individual errors tending perhaps to make 
the measurement too large, and others to make it too small. For a single 
quantity which has been determined by observation, neither the resultant 
error nor any of its individual parts can ever be determined exactly but can 
be fixed within certain probable limits. 

A discrepancy is the difference between two measurements of the same 
quantity (see Art. 5-5). 

A systematic error is one that, so long as conditions remain unchanged, 
always has the same magnitude and the same algebraic sign (which may be 
either positive or negative). If conditions do not change during a series of 
measurements, the error is termed a constant systematic error; for example, 
a line may be measured with a tape which is too short. If conditions change, 
resulting in corresponding changes in the magnitude of the error, it is termed 
a variable systematic error; for example, a line may be chained during a 
period in which the temperature varies. A systematic error always follows 
some definite mathematical or physical law, and a correction can be 
determined and applied. The error may be instrumental, personal, or 
natural. 

An accidental error is an error due to a combination of causes beyond the 
ability of the observer to control and for which it is impossible to make 
correction; for each observation the magnitude and algebraic sign of the 
accidental error are matters of chance and hence cannot be computed as 
can the magnitude and algebraic sign of a systematic error. However, 
accidental errors taken collectively obey the law of probability (see Art. 5-6). 
Since each accidental error is as likely to be positive as negative, a certain 
compensative effect exists; and accidental errors are sometimes called com- 
pensating” errors. Accidental errors are also termed ‘irregular errors^' or 
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'‘erratic errors.” As an example of the occurrence of an accidental error, in 
chaining it is impossible to set the chaining piji exactly at the proper gradu- 
ation on the tape. Accidental errors remain after mistakes have been 
eliminated by checking and systematic errors have been eliminated by 
correction. 

6*4. Systematic and Accidental Errors Compared. The total systematic 
error in any given number of measurements is the algebraic sum of the 
individual errors of the individual measurements. Thus if a distance is 
measured with a tape which is too short, the systematic error due to the 
tapers not being of the standard length would be directly proportional to 
the length of the line. 

Example 1: The length of a line as measured with a 100-ft. tape at 60®F. is 
1,000.00 ft. Later the tape is compared with the standard length and is found to be 
100,021 ft. long. The error in the recorded length of the line is —0.021 X 10 = 
—0.21 ft., and the actual length of the line is 1,000.21 ft. 

The example above illustrates the manner in which a constant systematic 
error increases with the number of observations. The example below illus- 
trates the effect of a variable systematic error. 

Example 2: A line measured with a 300-ft. tape is found to be 1,200.00 ft. long. 
Calculations based upon observations of temperature of the tape indicate that its 
probable length was 299.998 ft. for the first tape length, 300.001 ft. for the second 
tape length, 300.008 ft. for the third tape length, and 300.004 ft. for the fourth tape 
length. The total systematic error due to variation in temperature would therefore 
be the sum of the above errors, or, +0.002 — 0.001 — 0.008 — 0.004 « —0.011 ft., 
and the length of the line would be 1,200.00 + 0.01 = 1,200.01 ft. 

Often a systematic error from one source may be of opposite sign to that 
from another source, so that the resultant systematic error is perhaps smaller 
than any of the errors from individual sources. Thus under a given tension 
and at a given temperature a tape might be of the standard length. Sup- 
pose that for the conditions under which the measurement of a line was 
made a variation from standard in tension in the tape produced an error of 
—0.022 ft. per tape length and a variation from standard in temperature 
produced an error of +0.018 ft. per tape length; the resultant unit error due 
to variations in temperature and tension would be —0.004 ft. 

For many observations the order of procedure is such that systematic 
errors are eliminated, or at least reduced to a negligible quantity. Thus in 
chaining, the error due to temperature change in a steel tape may be nearly 
eliminated by observing the temperature and making correction; and errors 
in leveling due to faulty adjustment of the level may be eliminated by 
balancing backsight and foresight distances. 

Accidental errors, as the name signifies, are purely accidental in character, 
and there is no way of determining or eliminating them in the sense that we 
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may determine or eliminate most systematic errors. Thus, while the effect 
of change of temperature upon the length of a tape can be approximately 
eliminated by calculations based upon physical measurements, there is no 
corresponding method of eliminating the accidental error due to marking 
the ends of the tape on the ground or due to reading the rod in leveling. 
Although accidental errors are as likely to be positive as negative, the error 
for one observation of a quantity is not likely to be the same as for the second 
observation. 

According to the mathematical theory of probability, accidental errors 
tend to increase in proportion to the square root of the number of opportuni- 
ties for error. Thus if the accidental error in measuring one tape length 
were ±0,02 ft., the chances would be even that the total accidental error 
due to measuring 100 tape lengths would not exceed ±0.02 Xv^lOO = 
±0.20 ft. A systematic error of the same magnitude would produce a 
total error of 0.02 X 100 == 2.00 ft. It is thus seen that for any connected 
series of observations of independent but related quantities, the accidental 
errors are of relatively small importance as compared with systematic 
errors of the same magnitude. Though accidental errors cannot be elimi- 
nated, they may be reduced to a small quantity through the use of proper 
instruments and methods. By taking a series of like observations of a 
single quantity, an estimate of the accidental error may be made, as will 
later be shown; but its true magnitude can never be determined. 

The relative importance of systematic errors as compared with accidental 
errors depends upon the nature of the observations, the care exercised by 
the observer, and the instruments and methods of procedure employed. In 
general, the rougher the methods used, the larger the systematic errors as 
compared with the accidental errors. 

5*6. Discrepancy. If a given quantity is measured twice, the difference 
between the two measurements is termed the discrepancy. Frequently, 
quantities measured by the operations of surveying are “checked” by a 
second measurement. If the discrepancy between two such measurements 
is small, it is an indication that no mistakes have been made and that the 
accidental errors are small, but it is not an indication that the systematic 
errors are small. For example, two tape measurements of a line a mile long 
might show a discrepancy of 0.3 ft., but the systematic errors due to such 
causes as temperature, sag of tape, and slope of tape might be 3 ft. 

6*6. Theory of Probability. It has been stated that, by employing 
proper methods, systematic errors may be largely eliminated. Although 
this is true, it is also true that for certain kinds of surveys, particularly 
those of low precision, it is unnecessary and impracticable even approxi- 
mately to eliminate such errors. For the surveys of higher precision special 
effort is made to eliminate systematic errors, and the precision of a measured 
quantity is governed by the accidental error which it contains. To form a 
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judgment of the probable value or the probable precision of a quantity, 
from which systematic errors have been eliminated, it is necessary to rely upon 
the theory of probability, which deals with accidental errors of a series of 
like or related measurements. It is assumed that 

1. Small errors are more frequent than large ones. 

• 2. Very large errors do not occur. 

3. Errors are as likely to be positive as negative. 

4. The true value of a quantity is the mean of an infinite number of like 
observations. 

In practice it is possible neither entirely to eliminate systematic errors 
nor to take an infinite number of observations, hence the value of a quantity 
is never known exactly. However, in the discussions to follow, it is assumed 
that systematic errors are so far eliminated as to be a negligible factor. 

A thorough understanding of the law of probability may be obtained only 
by the study of a text on least squares, but a few of the rules for simpler 
cases of the adjustment of observations and determination of probable 
values and probable errors will be stated here. The theory of probability 
is useful in indicating the precision of results only in so far as they are 
affected by accidental errors and does not in any way determine the magni- 
tude of systematic errors which may be present. 

OBSERVATIONS OF EQUAL RELIABILITY 

6*7. Probable Value. The most 'probable valtce of a quantity is a mathe- 
matical term used to designate that adjusted value which, according to the 
principles of least squares, has more chances of being correct than has any 
other. Determination of the most probable value from a series of measure- 
ments is the principal use which the surveyor makes of the theory of proba- 
bility. 

6* 7a, Same Quantity. For a series of measurements of the same quan- 
tity made under identical conditions, the most probable value is the mean 
of the measurements. 

Example: After all systematic errors have been eliminated, the several measured 
lengths of a line are 1,012.36, 1,012.35, 1,012.38, 1,012.32, 1,012.33, and 1,012.30 ft. 
The most probable value is the mean of the measurements, or 1,012.34 ft. 

5*7b. Related Quantities. For related measurements taken under iden- 
tical conditions, the sum of which should equal a mathematically exact 
quantity, the most probable values are the observed values corrected by 
an equal part of the total error. (This situation can arise only in the case 
of angles about a point or angles in a closed figure.) The correction is in 
proportion to the numher of related measurements and not to the 'magnitude 
of the individual measurements. 
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Example 1: The angles about a point have the following observed values: 
130°15'20", 142°37'30", and 87W40". The sum of the measurements is SbOW'SO"; 
therefore the total error is 30". Since there are three angles, the error is assumed to 
be 10" for each measurement. The most probable values are 


130°15'20" - 10" = 130°15T0" 
142°37'30" - 10" ^ 142°37'20" 
87W'40" - 10" = 

360°00'30" - 30" = 360°00'00" 


For related measurements taken under identical conditions, the sum of 
which should equal a single measurement taken under the same conditions, 
the most probable values are obtained by dividing the discrepancy equally 
among all the measurements, including the sum. If the correction is added 
to each of the related measurements, it is subtracted from the measurement 
representing their sum; and vice versa. 

Example 2: Measurements of three angles about a point 0 are AOB = 12°31''50", 
BOC ~ 37°29'20", and COD = 47°36'30". The measurement of the single angle 
AOD is 97°37'00". The discrepancy between the sum of the three measured angles 
and the measurement of the angle representing their sum is 40". Since the size of 
the errors is independent of the size of the angle, the discrepancy is divided into equal 
parts: = 10". This correction is to be subtracted from measurements of each 

of the angles AOB, BOC, and COD and is to be added to the measurement of the 
angle AOD. The most probable values are: 

AOB = 12®31'50" - 10" = 12°31'40" 

BOC = 37®29'20" ~ 10" = 37°29T0" 

COD = 47®36'30" - 10" = 47°36'20" 

Sum 97°37'40" - 30" - 97'^37a0" ) , , 

AOD - 97°37'00" + 10" = 97°37T0" J 

It is desired to emphasize the fact that the methods illustrated by the 
preceding examples apply only to measurements each of which in a given 
example is made under the same conditions as are all the others, with the 
same instrument, observer, weather conditions, etc. In example 1, the 
probabilities are that the error of measuring any one of the angles is the same 
as that of any other. It is true that the chances of the error in one measure- 
ment being the same as in the others is very small; but it is more probable 
that the errors will each be the same magnitude than that they will be of 
any other assignable value. 

In adjusting several measurements the sum of which should equal a 
single measurement, it should be noted that there is a distinction between 
observations of the character of those cited in example 2 and those for which 
several operations are involved in the measurement of a single quantity. 
If the case illustrated by example 2 involved linear instead of angular meas- 
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urements, application of the method would be limited to distances not 
greater than one tape length* .If distances between adjacent points along 
a line of considerable length were measured with a tape and then if the full 
length of the line were measured in the same manner, it is evident that the 
corrections should be made to depend upon some function of the number 
of applications of the tape, being greater for the full distance than for any 
of its parts, and being greater for long segments of the line than for short 
ones. 

5*8. Probable Error. If a series of like or related observations of a single 
quantity is made, a number of values of the quantity are obtained. The 
differences between these values furnish data from which the probable error 
can be determined. The probable error of a measurement is a mathematical 
quantity giving an indication of precision and does not signify either the 
true error or the error most likely to occur. It is a valid measure of the 
precision of observations only with regard to accidental errors, that is, 
after systematic errors have been reduced to a negligible quantity. 

Probable error is a plus or minus quantity within which limits the actual 
accidental error is as likely as not to fall. In other words, if the probable 
error of a measurement is both added to and subtracted from the observed 
value, the chances are even that the true value of the measured quantity 
lies inside (or outside) the limits thus set. Thus if 6.23 represents the mean 
of several measurements and 0.11 represents the probable error of the mean 
value, the chances are even that the true value lies between the limits 
6.23 — 0.11 = 6.12 and 6.23 4* 0.11 = 6.34. In this case, the quantity 
would be written 6.23 + 0.11. The probable ratio of precision of the meas- 
urement is 0.11 4* 6.23 = 3^7 (approximately). Throughout this chapter 
the discussion of probable errors may, in the case of linear measurements, 
be applied to probable ratios of precision, by converting one method of 
expressing the precision into terms of the other method as desired. 

In the adjustment of observations, the probable error of the most probable 
value of each quantity can be estimated from a series of measurements of 
that quantity; and the probable errors can then be used in computing weights 
and/or the corrections to be applied to related quantities. Consideration 
of probable error is also useful in choosing methods of surveying to produce 
desired degrees of precision. 

5*8a. Same Quantity. It has been .stated that the mean of a series of 
like observations of a single quantity is the most probable value. For the 
purpose of determining the probable error, this mean value is mathemati- 
cally regarded as being the most likely value (based on this series of obser- 
vations), and the difference between each of the individual measurements 
and the mean value is determined. These differences are termed residuals or 
deviations* The theory of least squares demonstrates that the probable error 
is a function of the square root of the sum of the squares of the residuals. 
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Although no attempt to derive the following expressions will here be 
made, it is well to state that they are based upon the hypothesis that a large 
number of measurements of a single quantity has been taken. The results 
of experiments indicate, however, that they may be applied to a limited 
numl^r of observations with good results. It seems doubtful if they can 
be consistently applied to a series of observations containing less than 10 
measurements. 

The probable error of a single observation is calculated by the equation 




( 1 ) 


where is the sum of the squares of the residuals, and n is the number of 
observations. The probable error of a single observation is not used in the 
determination of the most probable value of related measurements, but it 
indicates the degree of precision which may be expected in any single obser- 
vation made under the same conditions. 

The probable error of the mean of a number of observations of the same 
quantity is calculated by the equation 


It is seen that the probable error of the mean is inversely proportional to 
the square root of the number of observations. This relation holds also 
for the approximate equations which follow. 

The probable error of a single observation may be calculated approxi- 
mately by the expression 

E = (approximate) (3) 

V n(n — 1) 

where Sr is the sum of the residuals without regard to signs. 

The probable error of a single observation may be calculated with about 
the same degree of approximation by the equation 


E = 0,845r (approximate) (4) 

where v is the mean value of the residuals without regard to signs. The 
term v is also called the average deviation. 

Since the determination of probable error is at best an approximation, 
in many cases it is permissible (and usually conservative) to take the probable 
error as being roughly equal to the average deviation, or 


E — d (rough) 


(5) 
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Equations (3) to (5) are more convenient to apply than is Eq. (1). 
Whether or not they may be properly used will depend upon the number of 
observations, the distribution of the residuals, and the desired number of 
places in the probable error. 

The following example illustrates the methods of applying the preceding 
equations and indicates the degree of approximation arising through the 
use of Eqs. (3), (4), and (5). 


Example: Following is a series of 10 rod readings which were taken with a wye 
level under identical conditions. The day was calm and cloudy. The instrument 
was set up, and the target rod was held on a point 600 ft, away. Before each reading 
the target was moved and the instrument was leveled. 


Rod reading, ft. 

Vf ft. 

1^ 

2.467 

0.002 

0.000004 

2.460 

0.005 

0.000025 

2,469 

0.004 

0.000016 

2.465 

0.000 

0.000000 

2.471 

0,006 

0.000036 

2.461 

0.004 

0.000016 

2.463 

0.002 

0.000004 

2.466 

0.001 

0.000001 

2.460 

0,005 ! 

0.000025 

2.468 

0.003 1 

0.000009 


= 0.032 

= 0.000136 

Mean = 2.465 

V = 0.0032 



From the values in the tabulation, the probable error of a single observation is: 


By Eq. (1), E = ±0.6745 = ±0.00262 ft. 

By Eq. (3), £? = ± ^ = ±0.00285 ft. 

VlO X9 

By Eq. (4), E = ±0.845 X 0.0032 = ±0.00270 ft. 

By Eq. (5), E = ±0.00320 ft. 


By Eq. (2), using the value of E determined by Eq. (1), the probable error of the 


mean is 


Em =± 


0.00262 

viid 


= ±0.00083 ft. 


The preceding example is illuminating not only as showing the steps made 
in calculating probable errors but also as indicating in a measure the degree 
of approximation introduced by using the approximate expressions for the 
probable error of a single observation. The results of the example have 
purposely been extended to more places than are consistent for the given 
data (see Art. 3*6), in order to make the comparison. 
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In work involving many calculations of probable errors, a decided saving 
in labor will be accomplished if one or another of the approximate formulas 
is used. Except for the observations taken on surveys of high precision, the 
approximate formulas (3) and (4) are sufficiently precise. 

As soon as the residuals are computed, they should be examined in com- 
parison with the average residual. Values corresponding to any unduly 
large residuals, say three or four times the average residual, should be re- 
jected and the computation continued with the remaining values. 

5* 8b. Related Quantities. The probable error of the sum of observa- 
tions, each having the same probable error, is equal to the probable error of 
a single observation multiplied by the square root of the number of observa- 
tions (opportunities for error), or 


Ea = E^n 


( 6 ) 


Equation (6) corresponds to a special case of Eq. (11) in Art. 5*11, in 
which special case all quantities have the same probable error and therefore 
are of equal reliability. (See also Addition’^ in Art. 4-5.) 


Example: If the probable error in measuring one tape length were ±0.01 ft., the 
probable error in the measured length of a line 1 mile long (assuming full 100-ft. tape 
lengths, without breaking chain) would be ±0.01 X = ±0.07 ft. 


OBSERVATIONS OF DIFFERENT RELIABILITY 

5*9. Weight. In the foregoing discussion, it has been assumed that all 
observations are taken under the same conditions and consequently are 
equally reliable. Frequently in surveying, however, it is required to com- 
bine the results of measurements which are not made under similar condi- 
tions and which therefore have different degrees of reliability. In such 
cases it is necessary to consider the degree of reliability, or weight (as nearly 
as it can be determined), that applies to each of the separate measurements. 
For example, suppose that an angle has been measured perhaps at different 
times and by different observers but presumably with equal care; and 
suppose that the results are as follows: 

47°37'40" (one measurement) 

47°37'22" (four measurements) 

47°37'30" (nine measurements) 

If it is assumed that each single reading was made with equal care, then 
it is a logical assumption that the second value (47°37'22'0 has four 
times the reliability of the first value (47'’37'40"), and that the third value 
(47°37'30") has nine times the reliability of the first value. In general 
terms, weights are proportional to the number of observations* For convenience, 
in the example a weight of unity is assigned to the least precise (in this case the 
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first) value; then the second and third values have weights of 4 and 9, 
respectively. Weights are relative or comparative, not absolute; thus the 
numbers 2, 8, and 18 would represent the weights as well as the numbers 1, 4, 
and 9. 

Often weights will be assigned to observations, not according to the 
number of observations, but arbitrarily according to the judgment of the 
observer. For example, he might judge the value of an elevation secured 
from a line of levels run on a calm, temperate day as being two or three 
times as reliable as that secured from another line of levels run over the same 
route but on a windy, cold day. 

If the probable error is known instead of the number of observations, the 
weight can be computed as follows: For observations made with equal care, 
it has been stated that (1) weights vary directly with the number of observa- 
tions and (2) probable errors (of the mean value) vary inversely with the 
square root of the number of observations. It follows that weights are 
inversely 'proportional to the square of the corresponding probable errors, or 


Wi 

W, El 


(7) 


where Wi and W% are the weights to be assigned given measurements and 
El and Ez are the corresponding probable errors. For any number of meas- 
urements, Eq. (7) may be expressed in the form 

WiEl - WtEl = WzEl- • (7a) 

5*10. Adjustment of Weighted Observations. With the weights known, 
as determined by any of the three methods just described, the most probable 
values can be determined. There are two cases: (1) various measurements 
of the same quantity and (2) measurements of related quantities, 

640a. Same Quantity. The most probable value of a quantity for 
which measurements of different reliability have been made is the weighted 
mean. The weighted mean is computed by multiplying each value by its 
weight, adding the products, and dividing by the sum of the weights. 


Example 1: It is desired to determine the most probable value of the angle discussed 
in the preceding article. For each value the number of observations was given, and 
hence the weight is known; the weights are 1, 4, and 9, respectively. In the following 
computation, the labor is reduced by employing only the seconds, which represent 
the differences between the observed values and the common value 47°37'. 


47037^40" X 1 = 47 ° 37 ' 40 '' 

22" X 4 = 88" 

30" X 9 = 270" 

Sum 14 1 398" 


Weighted mean 47°37'28", most probable value. 
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Example 2; Solution a. Lines of levels to establish the elevation of a point are run 
over four different routes. The observed elevations of the point with probable errors 
are given below. 

Line Observed elevation, ft. 

a 721.05 ± 0.02 

j) 721.37 ± 0.04 

c 720.62 ± 0.06 

d 721.67 ± 0.08 


Since the probable errors are given, the weights can be computed from Eq. (7a): 

- Wb4:^ = = WS^ 

or 

Wa = 4Fb - me == imd 
Let Wa ~ 1; then Wb = Ht Wc - H, and Wd = He* 


Each observed elevation is multiplied by its weight, as shown in the following tabu- 
lation: 


Line 

Observed 

elevation 

Weight 

Weighted 

observation 

a 

721.05 

1 

721.05 

h 

721,37 


180.34 


720.62 1 


80.07 

d 

721.67 

He 

45.10 

Sum 



1,026.56 


The most probable value of the elevation is the weighted mean, or the sum of the 
weighted observations divided by the sum of the weights: 

Weighted mean - = 721.10 ft., most probable value 

Solution h. For problems in which the quantities are large, as in the solution 
above, it reduces the labor considerably if differences are weighted, rather than the 
observed values themselves. To illustrate, let us work example 2 by weighting the 
differences between 721.00 and the observed elevations. Also, instead of recording 
the weights as fractions, let us assign them in whole numbers in order to facilitate the 
work of computing. 


Line 

Observed 

elevation 

Less 

721.00 

I 

Weight 

Weighted 

difference 

a 

721 .05 

+0.05 

144 

+ 7.2 

b 

721.37 

+0,37 

38 

+13.3 


720.62 

-0.38 

16 

- 6.1 

d 

721.67 

+0.67 

9 

+ 6.0 

Sum 

i A. .-Av ■ ■ ! 


205 

+20,4 
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The most probable difference between 721.00 and the most probable value of the 
elevation is ( +20.4 /205) - +0. 10 ft. Hence the most probable value of the elevation 
is 721.(K) + 0.10 - 721.10 ft., which is the same as that obtained by solution a. 

In the foregoing example, solution a require multiplications to five places, 
while solution h requires multiplications to only three places. If the slide 
rule is used, the problem may be solved by considering differences in about 
one-third the time that it takes for the solution in which the observed 
values are weighted directly. 

Probable Error of Weighted Mean. By the principles of least squares, it 
is known that the probable error of the weighted mean is 

Example 3: It is desired to determine the probable error of the weighted mean 
computed in example 2. The use of Eq. (8) is considered sufficiently precise for most 
purposes of surveying, although in other fields a method of propagation of error” 
would be used here. 

The computation of Sif and S(W), based on solution a, is indicated by the suc- 
cessive columns of the following tabulation: 


Line 

Observed 

elevation, 

ft. 

V 

i 

W 

Wv^ 

a '. 

721.05 

0.05 

0.0025 

1 

0.(K)25 

6 . 

721.37 

0.27 

0.0729 


0.0182 

c. 

•720.62 1 

0.48 

0.2304 


0.0256 

d 

721.67 

0.57 

0.3249 

Ma 

0.0203 

721 . 10, weighted mean 

SW = 205^44 

= 0.0666 


Then, by Eq. (8), 


5* 10b. Related Quantities. When the sum of measured values having 
different weights must equal a known value, either measured or exact, the 
most probable values are the observed values each corrected by an appro- 
priate portion of the discrepancy or of the total error. The corrections to 
be applied are inversely proportional to the weights, or 


02 Fi 


( 9 ) 


where 0 is the correction to be applied to a measured value of a quantity to 
obtain its most probable value consistent with the related quantities. The 
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measured value itself may have been obtained as the weighted mean of a 
number of observations of the same quantity. As before, the weights may 
be determined from the number of observations, from the probable errors, 
or arbitrarily. 

For any number of related quantities, Eq. (9) may be expressed in the form 


CiWi - C2W2 = CzWz 


(9a) 


Example 1: Two angles AOB and BOC and the single angle AOC are measured 
about a point 0 under identical conditions, with results as given in the following 
tabulation. It is desired to determine the most probable values. 


Angle 

Observed value 

No. of measurements 

AOB 

23°46'00" 

1 

BOC 

59°14'27" 

4 

AOC 

ggOOl'O?" 

1 

6 


The discrepancy between the sum of angles AOB and BOO and the angle AOC 
is 40". The weights are 1, 4, and 6, respectively; hence the comparative corrections 
are 1, My and 3^, respectively. The sum of the comparative corrections is equal to 
^^4 + M 4 + ^4 ^ ^^ 4 ;iu such cases it is said that there are 34 parts of the total 
correction. The total correction in seconds is divided among the angles in proportion 
to the individual comparative corrections (parts); thus the individual corrections are 


Caob = 2^4 X 40" - 28" 

Caoc= ^ 4 X 40 "« 07 " 

Caoo- ^4X40" -05" 

For angles AOB and BOO whose sum was smaller than AOO, the correction is to 
be added; for AOO the correction is to be subtracted. The most probable values are 

AOB = 23°46'00" + 28" - 23°46'28" 

BOC - 59°14'27" + 07" = 59°14'34" 

Sum = 83°01'02" ) , , 

> dipclc 

AOC = 83°01'07'' - 05" = 83°01'02” ) 


Since corrections are inversely proportional to weights, and since weights 
are inversely proportional to the square of the corresponding probable 
errors, it follows that corrections are directly proportional to the square of the 
corresponding probable errors, or 


jE! 


C, 

rpi 

Jtii2 


Oz 


( 10 ) 


Direct use of this relation obviates the determination of weights when 
probable errors are given, and thus simplifies the computations. 

Example 2: Three angles about a point are each measured by a series of observa- 
tions. The mean values with their probable errors are given in the following tabula- 
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tion. Their sum should equal 360®. It desired to determine the most probable 
value of the angles. 

AOB - 130°15'20'' ± 02" 

BOC = 142®37'30" '+ 04'' 

COA « 87°07'40" ± 06" 

Sum = 360°00'30" 


The total error — therefore, the total correction to be made — is 30"; tliat is, Caob + 
Cboc + CcoA = 30", The successive columns of the following tabulation show the 
steps in computing the corrections: 


Angle 

Probable error E 

E^ 

Correction C 

Absolute 

Comparative 

Comparative 

Absolute 

AOB 

02 " 

1 

1 

1 

Hi X 30" = 02" 

BOC 

04" 

2 

4 

4 

^4 X 30" =- 09" 

COA 

06" 

3 

9 

9 

X 30" = 19" 

Sum. . . . 




14 

30" 


The most probable values are, therefore, 

AOB = 130®15'20" ~ 02" * 130®15'18" 

BOC = 142®37'30" - 09" - 142°37'21" 

COA = 87®07'4Q" - 19" := 87®07'21" 

Sum - 360°00'30" - 30" - 360°00'00"; check 

641. Errors in Computed Quantities. The probable error of the sum 
of independenij measurements Qi, , Qn for which the probable errors 

are E\, E 2 , • * • , En, respectively is 

E, ^'^El + El + -- - +Ei ( 11 ) 

The probable error of the difference between two independent measure- 
ments Qi and Q 2 for which the probable errors are Ei and Ei, respectively, 

is 

Ei = ^El + El ( 12 ) 

The probable error of a product of a constant or known quantity K and 
a measured quantity Q, for which the probable error is E, is 

E^ = KE (13) 

If El and Et represent, respectively, the probable errors of lengths Li 
and L 2 , the probable error of the area representing the product of these two 
lengths is 


Ea. 


(14) 
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542. Simmary of Principal Relations. In each of the four cases which 
arise in practice, the most probable value is as shown in the following 
tabulation: 


Measurements 

Most probable value 

Same quantity 

1 

i Related quantities 

Of equal reliability 

Of different reliability 

Mean 

Weighted mean 

Each observed value corrected 
equally 

Each observed value corrected 
by an amount inversely propor- 
tional to its weight 


The corresponding probable errors are as follows: 


Measurements 

Probable error of most probable value 

Same quantity 

Related quantities 

Of equal reliability 

Of different reliability . . 

B„=0.6745 / _ E 

E.=EVn 

\n(w-l) Vn 

=0.6745 1 

'\l(2W)(n-l) 

E.^'^El+El+'-'+El 


Weights to be used in the adjustment of weighted observations are 
determined (1) as being proportional to the number of like observations of 
a given quantity (Wqcw); (2) as being inversely proportional to the square 
of corresponding probable errors {Wccl/E'^)\ or (3) by arbitrary assignment. 

For the adjustment of weighted observations of related quantities, the 
corrections are taken as being inversely proportional to the corresponding 
weights (Coc 1/TF). 

643. Numerical Problems. 

1. The following values were observed in a series of rod readings under identical 
conditions. What is the most probable value? Its probable error? What is the 
probable error of a single measurement (o) as nearly as can be determined and (6) as 
determined by the various approximate relations? 

Rod Readings, Ft. 


3.187 

3.182 

3.179 


3.181 

3.184 

3.176 


3.186 

3.183 

3.178 


3.181 

3.188 

3.179 
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2. Adjust the following angles measured at station 0: 


Angle 

Observed value 

AOB 

46‘*14'45" 

BOC 

74^32*29*' 

COD 

85^*54*38" 

AOD 

206°41'28" 


3. The interior angles of a triangle are observed to be: A = 28®53'58", 
B = 6r05'50", and C == 90°00'00". What is the most probable value of each of 
these angles? 

4. The difference in elevation between two points is determined to be 117.843 ft., 
by leveling over a route in which 18 set-ups are required. It is estimated that the 
probable error of the difference in elevation deterauned at each set-up is 0.003 ft. 
What is the probable error of the total difference in elevation? 

5. The difference in elevation between two points is observed by three indepen- 
dent measurements, with results as follows: 

214.38 ± 6.09 ft. 

214 . 19 ' ± o.oe ft. 

213.86 ± 0.15 ft. 

What is the most probable value of the difference in elevation? Its probable error? 

6. Adjust the angles of problem 2 if weights of 6, 1, 3, and 5, respectively, are as- 
signed to the four angles. 

7. Adjust the angles of problem 3 if weights of 1, and 3, respectively, are as- 
signed to angles A, J5, and C. 

8. A base line is measured in three sections with probable errors of ±0.014, ±0.022, 
and ±0.016 ft., respectively. What is the probable error of the total length? 

9. The sides of a rectangular field are 1193.6 ± 0.6 and 682.7 ± 0.4 ft., respec- 
tively. What is the probable error of the computed area? 

REFERENCES 

1. Fbanklin, W. S., ‘*An Elementary Treatise on Precision of Measurement,*^ 

Franklin and Charles, Lancaster, Pa., 1925. 

2. Goodwin, H. M., Precision of Measurements and Graphical Methods,” McGraw- 

Hill Book Company, Inc., New York, 1920. 

3. Leland, 0. M., Practical Least Squares,** McGraw-Hill Book Company, Inc.,' 

New York, 1921. 

4. Weight, T. W., and J. F. Hayeoed, “The Adjustment of Observations,** D. Van 

Nostrand Company, Inc., New York, 1906. 


CHAPTER 6 


MAP DRAFTING 

6*1. The Drawings of Surveying. It is assumed that the student is 
familiar with the use of the ordinary drafting instruments and with the 
elements of mechanical drawing. Much of the drafting with which the 
student is here concerned calls for a degree of skill and precision of execution 
quite unnecessary on dimensional plans. The beginner is likely to be igno- 
rant of the importance of this fact, and he should realize from the start that 
a consistent relation between the field measurements and the map requires 
great care in plotting. 

The drawings of surveying consist of maps, profiles, cross-sections, and 
(to some extent) graphical calculations; the usefulness of these drawings is 
largely dependent upon the accuracy with which points and lines are pro- 
jected on paper. For the most part, few dimensions are shown, and the 
person who makes use. of the drawings must rely either upon distances as 
measured with a scale or upon angles as measured with a protractor. More- 
over, the drawings of surveying are so irregular and the data upon which 
the drawings are based are in such form that the use of the T-square and 
triangles (as in mechanical drawing) for the construction of parallel and 
right lines is the exception rather than the rule. 

6*2. Map Projection. A map shows graphically the location of certain 
features on or close to the surface of the earth. Since the surface of the 
earth is curved and the surface of the map is a plane, no map can be made 
to represent a given territory without some distortion. If the area is small, 
the earth’s surface may be regarded as plane, and a map constructed by 
orthographic projection, as in mechanical drawing, will represent the 
relative location of objects without measurable distortion. The maps of 
plane surveying are constructed in this manner, points being plotted either 
by rectangular coordinates or by horizontal angles and distances. 

As the size of the territory increases, this method becomes inadequate, 
and various forms of projection are employed to minimize the effect of 
map distortion. The points of control are plotted by spherical coordinates 
through the use of elaborate geographic tables. Since the spherical coor- 
dinates of a point are its latitude and longitude, it is customary to show 
meridians and parallels on the finished map. The maps of states and 
countries, as well as those of some smaller areas, are constructed in this 
manner. The various methods of map projection are discussed in Chap. 32. 
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Eecently, state plane-coordinate systems have been devised whereby, 
even over large areas, points can be mapped accurately without the direct 
use of spherical coordinates (Art. 16*29). 

6*3. Maps. Maps may be divided into two classes: those that become a 
part of public records of land division, and those that form the basis of a study 
for the works of man. The best examples of the former are the plats filed 
as parts of deeds in the county registry of deeds, in most states (Fig. 22*6 ) ; 
and good examples of the latter are the preliminary maps along the proposed 
route of a railroad (Fig. 25*9). It is evident that the dividing line between 
these two classes is indistinct, since many maps might serve both purposes. 

In general the information that should appear on a map that is to become 
a part of a public record includes: 

1. The length of each line. 

2. The bearing of each line or the angle between intersecting lines. 

3. The location of the tract with reference to established coordinate axes, 

4. The number of each formal subdivision, such as a section, block, or lot. 

5. The location and kind of each monument set, with distances to reference marks. 

6. The location and name of each road, stream, landmark, etc. 

7. The names of all property owners, including owners of property adjacent to the 
tract mapped. 

8. The direction of the meridian (true or magnetic or both). 

9. A legend or key to symbols shown on the map, 

10, A graphical sc^e with a corresponding note stating the scale at which the map 
was drawn. 

U. A full and continuous description of the boundaries of the tract by bearing and 
length of sides; and the area of the tract. 

12. The witnessed signatures of those possessing title to the tract mapped; and, 
if the tract is to be an addition to a town or city, a dedication of all streets and alleys to 
the use of the public. 

13. A certification by the surveyor that the plat is correct to the best of his knowl- 
edge. 

14. A neat and explicit title showing the name of the tract, or its owner's name, 
its location, the scale of the drawing (unless this is shown elsewhere) the surveyor's 
name, the draftsman's name, and the date. 

J". 

Of maps made the basis of studies, there are so many Varieties and the 
requirements are so varied that a definite statement of all t&t each should 
include would be impossible. In general, maps of this class show very few 
dimensions (often, not any), the value of the map depending upon the 
correct representation of the location of features of the land rather than 
directly upon field measurements or computed values. Maps of this class 
may be divided into two types: 

1. Those that graphically represent in plan such natural and artificial 
features as streams, lakes, boundaries, condition and culture of land, and 
public and private works. Such maps are often called plans, planimetric 
maps, or plats. 
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2. Those, called topographic maps, that not only include some or all of 
the preceding features but also represent the relief or contour of the ground. 

On these two types of maps should always appear: 

1. The direction of the meridian. 

2. A legend or key to symbols used, if they are other than the common con- 
ventional signs (Figs. 6-5 a~c). , . i 

3. A graphical scale of the map with a corresponding note stating the scale 

at which the map was drawn. „ . ^ 

4. A neat and appropriate title generally stating the kind or purpose of the map, 
the name of the tract mapped or the name of the project for which the map is to be 
used the location of the tract, the scale of the drawing (unless this is shown else- 
whem) the contour interval, the name of the engineer or draftsman or both, and the 

On topographic maps, a statement of the contour interval (Art. 24-8). 

6*4. Kinds of Maps. Maps of large areas, as of a state or country, 
which show the location of cities, towns, streams, lakes, and the boundary 
lines of the principal civil divisions are called geographic maps. Maps of 
this character which show also the general location of some kind of the works 
of man are designated by the name of the works represented. Thus we 
may have a railroad map of the United States or an irrigation map of California. 

Topographic maps indicate the relief of the ground in such manner that 
elevations may be determined by inspection. The relief is usually shown 
by irregular lines, called contour lines, drawn through points of equal eleva- 
tion (Art. 24-6). General topographic maps represent the topographic 
and geographic features, public works, and (to some extent) private works; 
usually they are drawn to a small scale. The quadrangle maps of the U.S. 
Geological Survey are good examples (Fig. 24*7). 

Hydrographic maps show the shore lines, the location and depth of sound- 
ings or lines of equal depth, and often the topographic and other features 
of lands adjacent to the shores. Examples of general hydrographic maps 
are the charts of the U.S. Coast and Geodetic Survey (Fig. 30-6). 

Maps constructed for a specific purpose are usually designated accord- 
ingly. For example, the map made the basis for preliminary studies to 
determine the location of a railroad is termed the “preliminary map,” the 
one showing the alinement of the located line is called the “location map,” 
the one showing the boundaries of rights of way and intersecting land 
lines is designated as the “right-of-way map,” etc. 

In connection with lawsuits regarding automobile or train collisions, falls, 
injuries during construction, and other accidents, the surveyor is sometimes 
called on to prepare a large-scale map for exhibit in the courtroom. While 
the map for this purpose should be extremely simple in character, it should 
include all details that might have a bearing upon the accident. Some of 
these details may be the grade and crown of the roadway; height of curb; 
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depressions; location (at time of accident) of obstructions to traffic or to 
view such as trees, poles, signs, and parked? automobiles; sources of light 
(if at night); and location of points (in plan and elevation) from which it 
is stated that the accident has been witnessed. Colors are sometimes 
employed to make the various features more intelligible to the layman. 

6*5. Scales. The scale of a map is the fixed relation that every distance 
on the map bears to the corresponding distance on the ground. The scale 
must be shown on the map because, dimensions are not given (except for 
boundary lines on land maps). It may be stated either by numerical 
relations or graphically, as follows: 

1. One inch on the drawing represents some whole number of tens, hun- 
dreds, or thousands of feet on the ground, as, 1 in. = 200 ft. This type is 
called the engineer's scale. It is used for most maps for construction pur- 
poses. For geographic maps, often 1 in. on the drawing represents some 
whole number of miles on the ground. 

In another form of this scale, a whole number of inches on the drawing 
represents 1 mile on the ground, as, 6 in. = 1 mi. Geographic, military, 
and land maps frequently exhibit the inches-mile relation. 

2. One unit of length on the drawing represents a stated number of the 
same units of length on the ground, as 1/62,500. This ratio of map distance 
to corresponding ground distance is called the representative fraction. The 
scale is independent of the units of measurement. It is used extensively for 
geographic and military maps. 


Lj 
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Fig. 6*1. Graphical scales. 


3. A graphical scale is a line subdivided into map distances corresponding 
to convenient units of length on the ground. Various forms of subdivision 
are shown in Fig. 6T, in which the top line represents a scale of 1 in. = 40 ft. 
and the two lower scales represent 1 in. = 200 ft. In order to leave the 
main portion of the scale clear, sometimes a finely divided portion extends 
to the left from the zero of the main scale, as shown in the top and bottom 
scales of the figure. On a graphical scale the units of measurement should 
always be stated. 
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The numerical scales described above are subject to error if the drawing 
paper shrinks or swells, as often happens, but this error is not of consequence 
for many uses of the map. An important objection to the use of numerical 
scales alone, however, is that often maps are reproduced in other sizes by 
photographic means. If distances are to be determined accurately from 
the map, a graphical scale should always he shown. If, for convenience, a 
numerical scale is stated, it should be made clear that this is the scale at 
which the map was drawn or published; for example, “Original scale 1 in. = 
200 ft.” When a published map is a considerable enlargement of a map 
drawing or of a published map, that fact should be stated on the enlargement. 

The scale should be shown in or near the title of the map so that it will 
catch the eye readily. 

The magnitude of the scale to which a given map should be drawn de- 
pends on the purpose of the map, and to some degree on the character and 
extent of the tract shown. As a general rule, the scale should be no larger 
than is necessary to represent the location of details with the required pre- 
cision. Maps for engineering projects have scales 
generally ranging from 1 in. == 20 ft. to 1 in. = 800 ft. 
Maps of land subdivisions have scales ranging from 
6 in, — 1 mile to 1 in. = 1 mile. Geographic maps have 
scales of 1 in. = 1 mile to 1 in. = 20 miles or more. 
General topographic maps have scales ranging from 
1/10,560 to 1/250,000. 

For convenience in discussion, maps are herein di- 
vided arbitrarily into those of 

Large scale: 1 in. = 100 ft. or less. 

Intermediate scale: 1 in. = 100 ft. to 1 in. = 1,000 ft. 
Small scale: 1 in. = 1,000 ft. or more. 

6*6. Meridian Arrows. The direction of the me- 
ridian is indicated by a needle or feathered arrow 
pointing north, of sufficient length to be transferred 
with reasonable accuracy to any part of the map. The 
true meridian is usually represented by an arrow with 
full head; the magnetic meridian by an arrow with half 
head. When both are shown, the angle between them 
should be indicated. The general tendency is to make 
needles and arrows too large, blunt, and heavy. A 
simple design is shown in Fig. 6-2. 

Preferably, the top of a map should represent north, 
although the shape of the area covered or the direction of some principal 
feature of a project may make another orientation preferable. 

6*7. Profiles. Longitudinal sections made by projecting the ground 
line upon a vertical surface are known as profiles (Chap. 11). In conjunc- 
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tion with maps, they are of assistance to the engineer in fixing the grades and 
alinement of such works as sewers, railroads, highways, and canals. They 
are also of value in estimating volumes of earthwork. The data from which 
profiles are plotted consist of ground elevations at known distances apart 
along some line, as, for example, the center line of a highway. The ground 
profile is formed by a continuous line drawn through the plotted points. 
In addition to the ground profile there are also shown one or more grade 
profiles and other pertinent information. For example, the profile along 
the center line of a canal would show the ground line and the canal bed and 
probably also the water surface and top of bank. 

Profiles are usually made on profile paper ^ obtainable in standard rulings. 
For each of these rulings, every fifth horizontal line and every tenth vertical 
line is accentuated by making it heavier than the intervening lines. 

6*8. Cross-sections. The calculations of volumes of earthwork are fre- 
quently facilitated by plotting cross-sections of the earthwork to scale 
(Chap. 11). The area of a cross-section is then determined either by means 
of a planimeter or by dividing the figure into triangles and rectangles and 
computing the partial areas. The data for plotting consist of elevations 
and distances either computed or measured in the field. 

Cross-sections may be shown on ordinary paper, are sometimes drawn on 
profile paper, but more often are plotted on cross-ruled paper called cross- 
section paper. The divisions are the same horizontally as vertically. The 
lines marking the half inches or inches are made heavier than the rest. 

6*9. Lettering. Inasmuch as a drawing is likely to be judged by the 
quality of its lettering, it is important that the draftsman* be able to form 
letters with at least a fair degree of skill and to assemble them in such form, 
size, and arrangement as to make the drawing clear and of pleasing appear- 
ance. In machine and structural drawing, simplicity and clearness are of 
primary importance; a considerable portion of the drawings made by the 
map draftsman require in addition a certain artistic quality. This require- 
ment is particularly true of maps which are to be largely used by the public, 
and on such work the draftsman is often justified in expending considerable 
time in adding the quality of beauty to that of utility. This statement 
should not be construed to mean, however, that he is to employ the complex 
forms of letters with scrolls and flourishes to be seen on many old drawings. 
The lettering should be of a style in keeping with the purpose of the drawing. 

For office drawings^ or drawings that are not to be used by the general 
public, the Reinhardt style of single-stroke lettering is employed almost 
entirely in this country. The letters are constructed rapidly and are easy 
to read. Reinhardt letters are made either vertical (Fig. 6* 36) or inclined 
(Fig. 6* 3a). Irregularities of lettering are not so apparent in the slope 
form as in the vertical form. 

Variations of these forms in the matter of increasing or decreasing the 
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horizontal dimensions of the letters (relative to the vertical dimensions) are 
frequently desirable. When the horizontal dimensions are reduced and the 
letters are close together, the lettering is said to be compressed. When the 


ABCDEFGHU 

KLMNOPQ 

RSTUVWXYZ 

abcdefghi/kimn 

opqrstuvwxyz 

1234567890 


ABCDEFGHI 

JKLMNOPQR 

STUVWXYZ 

abcdefghijklmn 

opqrstuvwxyz 

1234567890 


NORMAL NORMAL 

Hickory Tree 10 ff. Excavation 23 cayd. 

COMPRESSeO COMPRESSED 

WASHimOHSfa.7M5.8 RICHARDSON ESTATE 300 Aa 


EXTENDED 

NEVADA 


EXTENDED 

RED RIVER 


Fig. 6- 3a. Reinhardt letters, 
slope form. 

GOTHIC 

ABCDEFGHI 

JKLMNOPQR 

STUVWXYZ 

abcdefghijklmn 

opqrstuvwxyz 

1234567890 

HAIRLINE ANTIQUE 

ABCDEFGHI 

JKLMNOPQR 

STUVWXYZ 

abcdefghijklmn 

opqrstuvwxyz 

1234567890 

Fig. 6 '3c. Gothic and hair-line 
antique lettering. 


Fig. 6'3&. Reinhardt letters, verti- 
cal form. 

ROMAN 

ABCDEFGHI 

JKLMNOPQR 

STUVWXYZ 

abcdefghijklmn 

opqrstuvwxyz 

1234567890 

ITALIC 

ABCDEFGHI 

JKLMNOPQR 

STUVWXYZ 

abcdefghijkhnno 

pqrsluvwxyz 

1234567890 


Fig. 6'3d. Roman and italic 
lettering, 

horizontal dimensions are elongated and the letters are some distance apart, 
the lettering is said to be extended. 

Frequently vertical and inclined lettering including the extended and 
compressed forms may be combined advantageously on a single drawing. 
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Thus the names of streams might be shown in extended slope capitals, the 
names of streets in extended vertical capitals, the names of property owners 
in normal lower-case vertical letters, and notes in compressed lower-case 
inclined letters. 

On drawings where their use is justified, gothic, roman, and italic letters 
may be employed if the draftsman is sufficiently skilled in the execution of 
these styles. 

The gothic alphabet in vertical form is shown in Fig. 6* 3c. Gothic letters 
with a few exceptions are similar to Reinhardt letters, but their lines are 
heavier. To one skilled in the execution of Reinhardt letters the gothic 
style offers no particular difficulties. It is a style which may be employed 
when it is desired that the lettering stand out from the body of the drawing 
to catch the eye quickly. 

Hair-line antique lettering (Fig. 6.3c), a modification of the gothic style, 
may be used when the letters are to be subdued so as not to interfere with the 
general clearness of the dra,wing. As the name indicates, the letters are 
composed of very fine lines, which, with the forms of the capitals, makes it 
a style rather more difficult to execute than is the gothic style. Generally 
only the capitals are employed. 

Roman and italic letters (Fig. 6* 3d) are shaded, and for this reason are 
difficult to construct. Possibly on account of our familiarity with the 
appearance of the perfect form through the printed page, slight deviations 
in roman lettering at once catch the eye, and relatively few draftsmen possess 
the skill to make roman letters that look well on a drawing. Italics are little 
different from roman letters except that they are inclined, but slight devia- 
tions in their form are not so noticeable. Lettering in either the roman or 
italic styles is a relatively slow process, and unless the draftsman is thor- 
oughly familiar with these styles and is a fairly good letterer it is better to 
keep to the simpler forms. 

In map drafting, where the details to be shown are many and are varied 
in character, it often renders the map clearer if a particular style of lettering 
is employed for each class of objects shown. Often the several styles just 
described might be employed on a single map. For example, the topo- 
graphic maps of the U'.S. Geological Survey show the names of civil divisions 
in roman letters, the names of streams and lakes and other hydrographic 
features in italics, the names of mountains, valleys, and other land forms in 
vertical gothics, public works in inclined gothics, and marginal lettering in 
hair-line antique. 

In general, letters should be drawn freehand but should be alined by 
means of guidelines and slope lines. Commercial devices are available for 
quickly and uniformly constructing these lines. Complete lettering guides 
are increasing in use because letters of regular form can be made quickly; 
if the letters are spaced properly, satisfactory lettering can be secured with 
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these guides. Freehand and mechanical lettering should not be used on 
the same drawing. 

Detailed information concerning lettering is to be found in textbooks on 
drawing, but it is perhaps appropriate here to offer a few suggestions on 
freehand lettering to the beginner. 

1. Be sufficiently familiar with the construction of each letter so that its form will 
always appear the same. 

2. It is very important that the slope of letters in a word, sentence, or paragraph 
be uniform. If this is accomplished, a good effect will be secured even though the 
separate letters may be faulty. 

3. The inclination of slope letters should not be excessive. A common slope is 
22®, or 2 in 5, from the vertical. 

4. In order to avoid the appearance of falling over on their faces,” vertical let- 
ters should be sloped slightly backward, about 1 in 24. 

5. Never seek to improve freehand letters by making straight portions by me- 
chanical means. 

6. Three common defects in the lettering of the beginner are: (o) letters of varying 
shape, (b) excessive spacing, and (c) the unequal or apparently unequal spacing of let- 
ters as they appear in words. 

7. Avoid sharp angles in the rounded portions of letters. The curves should be 
smooth. 

8. If spacing is important, do all lettering in pencil as neatly as possible before 
inking in. 

9. Make all the elements of Reinhardt letters by single strokes. Use a pen that 
will produce a line of the required weight at the first stroke. 

10. Follow the same procedure for gothic letters, unless they are unusually 
large. 

11. Do not attempt to make the shaded portions of italic and roman letters by 
single strokes. Outline the letters with a fine pen and fill in the shaded portions. 

12. Make the letters of a size in keeping with their purpose. The names of the 
larger or more important objects should catch the eye quickly; notations concerning 
relatively unimportant details should be inconspicuous. 

13. In lettering drawings which are to be reproduced to a reduced scale, make the 
size and weight of the letters conform to the requirements of the process of reproduc- 
tion. 

14. Leave a generous interval between the letters forming the names of elongated 
or large objects such as streams, streets, lakes, mountain ranges, counties, and rail- 
roads. 

640. Titles. Titles should be so constructed that they will readily catch 
the eye. The best position for the title is the lower right-hand corner of 
the sheet, except where the shape of the map makes it advantageous to 
locate the title elsewhere. The space occupied by the title should be in 
proportion to the size of the map; the general tendency is to make the title 
too large. In general each line should be centered, and the distance between 
lines should be such that the title as a whole will appear well balanced. 
The different parts should be weighted in order of their importance, begin- 
ning with the principal object of the drawing or the name of the area. Only 
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the common styles of letters should be used. A change in the style of 
lettering between different parts is permissible to accentuate the important 
parts of the title, but slope letters and vertical letters should not be included 
in the same title. For the two general types of maps, the items to be in- 
cluded in the title are stated in Art. 6-3. A simpie form of title is shown in 
Fig. 6-4. Revisions of the map should be shown by dated notes at the left 
of the title. 


DEPARTMENT OF THE INTERIOR 
BUREAU OF RECLAMATION 


GRAND COULEE DAM - WASHINGTON 



DRAWN:.. TRACED'. 

CHECKED:. APPROVED:.... 


OCT. 10, 1950 DENVER, COLO. 222- D- 539 


Fig. 6*4. Title for map. 


641. Notes and Legends. Explanatory notes or legends are often of 
assistance in interpreting a drawing. They should be as brief as circum- 
stances will allow, but at the same time should include sufficient information 
as to leave no doubt in the mind of the person using the drawing. A key 
to the symbols representing various details ought to be shown unless the 
symbols are conventional in character. The nature and source of data upon 
which the drawing is based ought sometimes to be made known. For 
example, the data for a map may be obtained from several sources, perhaps 
partly from old maps, partly from old survey notes, and partly from new 
surveys; the surveys have been made with a certain precision; the direction of 
the meridian has been determined by astronomical observation; and eleva- 
tions are referred to a certain datum as indicated by a certain bench mark 
of a previous survey. 

Notes ought to be in such a position on the drawing as to catch the eye 
readily, conditions allowing. A favorable position is the lower portion to 
the left of the title. 

642. Conventional Signs. Objects are represented on a map by signs 
or symbols, many of which are conventional. Some of these are shown in 
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^Good Motor 

Road A Poor Motor or Private 
Smafhscale Maps 
Path or Trait 


^5ingie Track 


Double Track 
RaiiroaddTwo Lines 
Electric 


1 I M I f 1 -4 f -4" 


'IHI i 1 1 n-H i + H - 


{: 


{[n Road or Street ^ 

Tunnel (road or railroad) 

Canals and Ditches 
Aqueducts and Water Pipes { 

Lock (point upstream) 

Bridges 
Dam 
Ford 
Ferry 


Railroad 


electric 

I I - 4- 



Fig. 6* 5a. Conventional signs: works and structures. 
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Figs, 6- 5a-c. A chart of more than three hundred standard symbols adopted 
by the U.S. Board of Surveys and Maps is published and for sale by the 
U.S. Geological Survey, Washington, D. G. The symbols are for works 


Fences *< 


Fence of any kind 
(or board fence) 

Barbed Wire 


Smooth Wire 

Rail 

Hedge 


xStone 


Telegraph or Telephone Line 
Power Line 

Building ( large scale) 
Buildings (small scale) 
City* 

Traverse Station 
Triangulation Station 
Boundary Monument 


— — O— 



T T T T T T 






© 

A 

□ 


BM 

X 

1232 


Bench Mark (and elevation) 

Fig. 6-56. Conventional signs: works, structures, and stations. 

and structures; boundaries, marks, and monuments; drainage; relief; land 
classification; hydrography; aids to navigation; military use; and air 
navigation. 
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Lakes and 
Ponds 


Falls and 
Rapids 
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Deciduous Trees 
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Cultivated Land 


Orchard 
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Grass Marsh (f n genera!) 

Fig. 6- 5c. Conventional signs: hydrography and land classification. 
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For many purposes, it would lessen the usefulness of the map if all the 
objects were shown for which conventional signs are available The size 
of the symbols should be proportioned somewhat to the scale of the map. 

Where the map is on tracing cloth from which prints are to be made, 
ordinarily all features are inked in black. Where the map is made on paper, 
the lakes, rivers, and other hydrographic features (Fig. 6* 5c) are usually 
shown in blue. Often the conventional signs referring to the culture of the 
land are shown in green, and land forms and contour lines are shown in 
brown. When lines of horizontal control are left on the sheet, they are 
usually inked in black. 

643. Drawing the Sjunbols. Grass, The methods described in this article are 
illustrated in Fig. 6*6. The symbol for grass consists of a series of lines drawn 
radially toward a point. The tops of the lines begin on an arc of a circle, and the 
bottoms of the lines terminate on a ground line parallel with the bottom border line of 
the map. The symbol may be composed of three, five, or seven lines or blades. The 
central blade is a straight vertical line; the others are symmetrical on either side and 
may be slightly curved, concave outward. The arc and ground lines may be lightly 
penciled by the beginner, these lines to be erased after the symbol is inked. 

The separate symbols are distributed evenly over the area but they should be 
irregularly spaced so as not to give the appearance of rows. The size and spacing of 
the symbols will depend upon the scale of the map and the area to be covered. 

Fresh Marsh. The symbol for fresh marsh consists of the grass symbol beneath 
which the water surface is shown by either a single or a double line drawn slightly 
longer than the base of the grass tuft. The water-surface lines are drawn with a 
ruling pen and should be parallel to each other and to the base of the map. Other 
water lines may be sparingly filled in between the grass tufts. 

Salt Mairsh. This symbol is shown by the use of closely and evenly spaced lines 
drawn with a ruling pen parallel to the base of the map. On these lines is drawn the 
grass symbol, spaced as in a field or in fresh marsh. 

Trees, Tree symbols may be drawn either in plan or in elevation. The latter 
practice is better adapted to reconnaissance sketches or elevation drawings of a ter- 
rain, whereas on most topographic drawings the symbol shown in plan is more suitable. 
It is common practice to differentiate between deciduous and evergreen trees. 

The symbol in plan for deciduous trees is executed by first drawing an outline as a 
scalloped, broken line to represent the two or three main branches of a tree. The 
inside area is then sparingly filled in with small scalloped, broken lines. Assuming 
that the source of light is from the upper left-hand quadrant, the lower right-hand 
quadrant of the tree in plan would appear to lie in shadow; accordingly the lower 
right-hand quadrant of the symbol may be shaded. In elevation the tree symbol 
is shown as a fairly even, symmetrical, scalloped outline, beneath which the trank is 
represented by a heavy vertical line. Again, the lower right-hand area of the symbol 
is shaded, and the shadow of the tree on the ground may also be sketched on the map. 

To represent evergreen trees in plan, the symbol is drawn as bold lines radiating 
from a central point. The separate symbols should each be composed of five or six 
lines and should be fairly symmetrical and uniform in shape. The representation in 
elevation is drawn as a series of closely spaced horizontal lines beginning with a dot 
at the top and gradually increasing in len^h toward the bottom. Beneath the last of 
these lines the trunk is shown as a heavy vertical line. The area in shadow may be 
sketched on the map. 
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The size of tree symbols « features^ ?T®t°d 

as a dot, and the diameter of the .^“"^di^te-seale maps the symbols can be 
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Contour and 


Pond 
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Stream Lines 


Fig. 6*6. Details of map symbols. 
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beSty sketching the shore line as a heavy line, then drawmg a fine Ime as close as 
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possible to the shore line. Fine lines are then drawn successively, each in close 
conformity with the preceding line, and the spacing between the lines is increased 
uniformly outward from the shore. The conformity between adjacent lines is effected 
by drawing each line so that it makes a series of smooth, intersecting arcs of curves, 
all of which arcs are drawn concave toward the shore. The excellence of the total 
effect depends upon the regularity and the rate with which the spacing increases from 
the shore outward, the uniformity of the space between two given lines, and the 
smoothness of the arcs. The lines may be drawn to fill in the water area completely, 
or if the space is large it may be left without lines near the center. 

For rivers the method is the same as that for lakes, but for small streams the lines 
in the center may be broken occasionally to heighten the effect of an open water sur- 
face. The width of stream is drawn to scale, as nearly as may be. If contours 
are shown in close proximity to the water lines, there is some difficulty in distinguish- 
ing between them unless the map is drawn in colors. This confusion may be reduced 
to some extent by making the stream or shore lines wavy lines in which the lengths and 
amplitudes of the waves are very small. 

Sand. A sand bar or flat is represented by dots evenly spaced over the area. 
The edge of the flat or the shore lines is indicated by a line of closely spaced, relatively 
large dots. Just behind this row, a line of dots, smaller in size, is drawn, each dot 
being placed in a space between two dots on the first line. A third row of dots still 
smaller in size is placed behind the second row. Beyond that line the appearance of 
i-ows should be avoided and the remaining area filled in with dots spaced more or less 
uniformly but being farther apart as the distance from the shore line increases. 

Contour Lines. Contour lines are drawn as fine, smooth, freehand lines of uniform 
width (Chap. 24). Each fifth line is weighted slightly heavier than the others to 
facilitate the reading of elevations on the map. If the contours are spaced closely on 
the map only the fifth contour lines need be numbered; but on areas of low relief 
where the contour lines are spaced widely apart each line may be numbered with its 
elevation. The line is broken to leave a space for the number. So far as practical, 
the numbers are made to be read from the bottom and right-hand side of the map; 
some organizations require that the numbers be faced to read uphill. On large-scale 
maps where the contour lines extend over large areas, it is difficult to maintain an 
even weight of line unless a contour pen (Fig. 6T4) is used. 

6‘i4. Colors Used on Maps. In addition to black, three colors most 
commonly used on topographic maps are as follows: burnt sienna (reddish 
brown) for all land forms, that is, contour lines, hachures, sand, etc.; prussian 
blue for all water features, that is, streams, lakes, marsh, etc. ; and green for 
trees and growing crops. On some maps, the main roads are shown in red. 
The standards most generally used for the hues, tints, and shades of colors 
are those employed by the cartographers of such organizations as the U.S. 
Geological Survey and the U.S. Coast and Geodetic Survey. 

The colors which can be purchased in the market do not match the 
standards mentioned, and the draftsman must either be content with an 
approximation or he may alter the commercial colors by mixing them. 

The fundamental principles of mixing colors are quite simple, but to 
secure the desired tint or shade of a line in practice may require much 
patient experimentation. The number of colors used by the map drafts- 
man is relatively small. 
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The three primary colors are red, blue, and yellow. Any other color 
The three pn ^ . yjng amounts, of these primary colors. 

p-p-. -■» 

Thus a mixtu oranee. These different varieties of colors 

arr^alled hues^'^li a color mixture having a given hue is thinned by adding 
+ f the (olo’r is said to change in Hni. Thus a hue may be given a light 
tinrby adding water, or a darker tint by allowing the water to evaporate 
or bv adLg more pigment. If black pigment is added to a mixture o a 
12 2; the color is said to change in shade. Thus various shades of a 
t n appTired bv addins: various amounts of black pigment. Any clean 
wate^may be used in mixing water colors, but distilled water should be 

15' Fl^ Ss. If a considerable portion of a map is to be covered by 
symbols, it is sometimes best to use a fiat tint or tinge of color spread 
u^formly. This is especially true in the cases of water and timber areas. 

11 tints may be applied to drawing papers but should not be us^ on 
tracing cloth because of the resultant distortion. Such tints should be 
very ifght and evenly applied, but the procedure of tinting is too complex 
to be fully described here. Water colors may be applied quickly and evenly 
bv spraying. Colored tints are sometimes applied to tracinp by the use 
of pencils. This may be done on tracing papers, but on cloth the colonng 
materials frequently spread through the fabric and rum the tracing. The 
effect of a tint may be produced on a tracing by the use of a soft lead pencil. 

6'16. Water Colors and Inks Compared. As regards ease in handling, 
inks are preferable on Hne drawings, that is, those executed with ruling 
and lettering pens; water colors are preferable if a flat tint is to be spread 
with a brush. As regards the quality of color, water colors are more readily 
mhod to secure variations in hue, shade, and tint; and they are not so vivid 
as inks, which condition is usually considered an advantage on maps. As 
^gards permanency, water colors do not fade as do many i^s; but the 
inks are waterproof whereas, of course, water colors are not. With the care 
that should be given to the preservation of a permanent drawing, however, 
this latter consideration should not be given much weight. 

6-17. Drawing Papers. Pencil drawings and temporary drawings are 
often made on a smooth manila detail paper, of which there are several 
grades and weights. For general map work a fairly smooth tough dramng 
mper of uniform texture is desirable. The paper should take ink well and 
should stand erasures without its surface becoming fibrous. For ^rma- 
nent drawings a paper should be chosen that will not discolor nor become 
brittle with age. Drawings to be subjected to hard usage should be con- 
structed on paper that is mounted on muslin.^ Plane-table sheets may be 
mounted on aluminum in order to prevent shrinkage. 

In consideration of the importance of the map, and of the slight expense 
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of the paper in relation to the survey as a whole, it may be considered false 
economy to use any but high-grade papers for mapping purposes. 

6*18. Tracing. A tracing is a drawing in ink or pencil on a transparent 
sheet of paper or cloth, for the purpose of reproduction. 

Tracing paper comes in several grades, all suitable for pencil drawings. 
The better grades, usually processed, are also suitable for ink drawings. 
Tracing papers will not stand repeated erasures well and will become torn 
and cracked unless they are handled carefully. However, they are econom- 
ical and are entirely satisfactory for either preliminary or rough drawings. 

Pencil tracings on paper have recently come into common use for many 
purposes, including reproduction by photography. Clearer contact prints 
can be made by using oiled tracing paper, but oiling the paper reduces its 
toughness. 

Tracing cloth is made from fine linen cloth specially treated to render it 
firm, transparent, and smooth. It is used for drawings of a permanent 
character or for drawings which will be subject to considerable handling. 
The glazed or smooth side is seldom used although it will take ink and stands 
erasures well; the unglazed or rough side is preferred by most draftsmen. 
Pencil drawings on tracing cloth become smudged easily and are seldom 
made. Good grades of tracing cloth will not deteriorate with age, but the 
conventional tracing cloth turns white and wrinkles when touched by water. 
Waterproofed tracing cloth is available. 

Preparatory to making a tracing in ink on cloth, the surface is dusted 
with powdered talc or chalk and is rubbed with a dry cloth; any excess 
powder is removed. 

Erasures of ink on cloth are made with least damage to the surface by 
rubbing lightly with a soft pencil eraser, using an erasing shield. Ordinary 
ink erasers are too abrasive and produce a fibrous surface which does not 
take ink well. Some draftsmen employ a sharp knife to gently scrape or 
pick off the ink on the surface, then use the eraser to remove the ink impreg- 
nating the fibers of the cloth. A rough erased area can be smoothed and 
reconditioned by being rubbed with soapstone or wax and then powdered 
as described above. Pencil lines are removed and the tracing is cleaned 
by rubbing either with artgum or with a cloth saturated in gasoline, cleaner’s 
naphtha, benzine, or carbon tetrachloride. The use of gasoline is said to 
cause tracing cloth to deteriorate more rapidly. 

Ordinarily it is difficult to trace from blueprints, but good results are 
obtained by drawing over glass strongly illuminated from below. This 
method is also used to transfer drawings onto drawing paper which other- 
wise would not be transparent. Making one tracing from another is facil- 
itated by having a sheet of white paper underneath the lower tracing. 

6*19. Reproduction of Drawings, A drawing may be reproduced at the 
same scale by making a contact print from a tracing on processed paper, 
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resulting in a blueprint, a Vandyke print (brown), or a direct hlackline print. 
By direct printing or by reprinting from a Vandyke contact negative, any 
of these prints may be made with white lines on a dark background or with 
dark lines on a white background. 

A drawing may be reproduced in black either at the same scale or at 
different scales (enlarged or reduced), from either drawings or tracings, by 
various photographic processes such as the photostat process, the photo-offset 
methods, and methods employing duplicate tracings from which contact 
prints are made. 

Usually maps and other drawings for general distribution are either 
lithographed or printed from etchings. 

6»20. Blueprints. The most common and economical method of repro- 
duction at the same scale is that of making from the tracing a blueprint, in 
which white lines appear on a blue background. To produce blue lines on 
a white background, the method herein described is followed, except that 
a Vandyke negative (see Art. 6-21) is employed instead of the tracing. A 
blueprint is made by placing the inked side of a tracing next to a sheet of 
glass, placing the sensitized side of processed paper or cloth next to the 
tracing, exposing this side to light, and developing the exposed sheet in a 
bath of water. 

Most blueprints are made on paper, but those likely to be subjected to 
rough handling are often made on a sized cloth. Both blueprint paper and 
blueprint cloth are available in rolls covered with lightproof and moisture- 
proof wrappers. What is said herein regarding paper applies also to cloth. 
In appoarance, the fresh, unexposed paper is a pale greenish yellow. In a 
moist climate, unless carefully protected the paper soon takes on a bluish 
tinge and becomes unfit for use even though unexposed to light. In han- 
dling the paper, it should be protected from atmospheric moisture and from 
exposure to light except during the period of actual printing. 

Although manufactured blueprint paper is so economical that ordinarily no one 
would consider making his own, emergencies may arise when a knowledge of the proc- 
ess of manufacture is of value. A satisfactory blueprint paper can be prepared by 
applying to paper a mixture of equal parts of the following solutions: 

1 part (by weight) of prussiate of potash to 5 parts of water. 

1 part (by weight) of citrate of iron and ammonia to 5 parts of water. 

Either of the two solutions may be prepared in sunlight, but they should be com- 
bined and applied to the paper in a dark room or in a subdued light. The paper is 
placed on a flat surface and the sensitizing solution is spread with a sponge, cloth, 
or cameFs-hair brush, employing long strokes first lengthwise and then crosswise of the 
sheet. Only enough of the solution is applied to wet the surface of the sheet. The 
paper is dried in a dark place and is ready for use. 

Blueprints are made by exposure either to sunlight or to artificial light. 
The electric blueprinting machine is a part of the equipment of many large 
offices. In most cities there are firms who specialize in the making of blue- 
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prints, and most engineers and surveyors having a limited amount of work 
find it more economical and more satisfactory to have their blueprints made 
by commercial firms. 

The proper time of exposure depends upon the intensity of the light and 
upon the quality of the paper and is best determined by trial with small 
pieces of the paper. The rapid papers which are commonly used require 
an exposure of 34 1 i^in. in strong sunlight; others require an exposure 

of 2 to 3 min. On cloudy days, the time of exposure is longer. The sensi- 
tizing formula given herein will produce a slow paper, for which the neces- 
sary time of exposure to sunlight is 5 to 6 min. A larger proportion of citrate 



Fig. 6*7. Blueprint frame. 


will make a faster paper. If underexposed, the body of the print when 
washed will be a pale blue; if overexposed or “ burned, it will be a dark 
mottled blue, and the fine lines of the drawing will be indistinct or missing. 
During the period of exposure the sheet should be square to the rays of 
light. 

An exposed print is developed by washing it in water, preferably in 
subdued light. To avoid streaks and indistinct lines, the print is quickly 
submerged and is agitated until the greenish tinge has disappeared. The 
print is then allowed to soak for 10 to 30 min. The blue of the print will 
be intensified by the addition to the bath of a small quantity of potassium 
dichromate; this solution also tends to overcame the results of overexposure. 
A commercial ^‘no potash paper is available which produces a deep blue 
color when washed in water only. 

After being thoroughly washed and soaked, the print is removed from 
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the bath and is hung to dry in a subdued light. Wrinkles may be removed 
by ironing. 

For methods of making alterations on blueprints, see Art. 6-28. 

A blueprint frame of common design is shown in Fig. 6*7. The glass 
should be clear, preferably a fairly heavy plate. A thick felt or pneumatic 
pad is placed next to the paper. The spring clamps force the hinged back 
against the pad and insure perfect contact between tracing and paper. 

6 ‘ 21 , Vandyke Prints. A print made from a tracing on processed van- 
dyke paper has white lines on a dark-brown background, which is nearly 
impervious to light. The color of the fresh paper is light yellow. The 
operation of exposing the paper is the same as in blueprinting, but the 
necessary time of exposure is considerably greater, usually about 5 min. in 
strong sunlight. The exposure is sufficient when the paper protruding 
beyond the tracing takes on a rich brown color. The exposed sheet is 
washed for about 5 min. in water (in subdued light), becoming lighter in 
color. It is then transferred to a fixing bath consisting of 2 oz. of hypo- 
sulphate of soda to 1 gal. of water. When the print takes on a deep brown, 
it is again washed thoroughly in clear water and is left to soak for 20 to 
30 min. 

The principal use of the Vandyke process is in the making of a negative 
from which blueline positive prints or other contact prints may be made. 
To render the white lines more nearly transparent, the vandyke negative 
may be sponged with a banana-oil compound, but this compound should 
be thoroughly evaporated from the surface before blueprinting is attempted. 
Blueline positive prints are then made by placing the brown surface of the 
Vandyke negative next to the sensitized sheet of blueprint paper, and by 
exposing and washing in the usual manner. Brownline vandyke prints and 
blackline prints are similarly made. 

Prints with a white background are clearer than those with a dark back- 
ground, and additional notations stand out well. As in the case of blue- 
prints, alterations are evident because erasure of the lines damages the 
paper. 

6*22. BlacMine Prints. A blackline contact print on transparent paper, 
called a hlackline tracing, is made from a vandyke negative by a process 
similar to that for blueline prints. Blackline tracings shrink during the 
process of manufacture, and the scale is thereby altered appreciably. How- 
ever, they are economical and are useful for preliminary working drawings 
from which prints are to be obtained. 

A direct hlackline print is made from the tracing by contact printing in 
sunlight or artificial light, using a special sensitized paper. The print is 
developed by applying a chemical furnished by the manufacturer, after which 
it is thoroughly washed in water and is dried. This type of print is increas- 
ing in use, as it has the advantages of printing without a negative, a white 
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background, freedom from excessive shrinkage, and difficulty of alteration 
without detection. 

Blackline reproductions by other processes are described in Arts. 6*24 


to 6*26. 

6*23. Ozalid Prints. Ozalid 'prints with red, blue, or brown lines are 
made, from tracings, on a special sensitized paper by direct contact printing 
in the usual manner. They are developed by being placed in a tight con- 
tainer, which is then filled with ammonia fumes. No washing is required. 

6*24. Photostat Process. A drawing on any kind of paper or cloth may 
be reproduced to any scale by the photostat process, provided the lines are 
of a color which photographs well. The process is widely used, especially 
in the reproduction of pages from books. 

The photostat machine is a modified form of camera. The drawing is 
strongly illuminated by artificial light, and a negative to the desired scale 
is made, in which black lines of the original appear white. By rephoto- 
graphing, a positive is produced in which black lines of the original appear 
black on a white or gray background. 

Large reproductions are considerably distorted near the edges, but in 
the usual sizes the distortion is not great. Reproductions up to 40 by 60 in. 
may be made by this process. 

Photostat reproduction of a blueprint may be made in one operation, 
using the blueprint as the negative. 

6‘26. Photo-offset Process. The photo-offset process, known by various 
trade names, is useful when many prints of a drawing are required. This 
process consists in making a negative to the desired scale by photographing 
the original; from this negative a plate is prepared and mounted for use in 
an offset type of printing press. The prints may be made on any good 
grade of bond paper; they have distinct black lines. For large quantities 
the cost is low. 

6‘26. Duplicate Tracings. Duplicate tracings may be made to any de- 
sired scale on transparent cloth or paper. The lines are black, and the 
reproduction is identical in appearance with the original copy. Additions 
or alterations may be made as readily as on the original. 

6*27. Pencils. For drawings on hard, fine-grained papers the 6H pencil 
is widely used. For very thin lines and for permanent work the 8H is 
occasionally employed. Many drawings on smooth papers are made with 
the 4H pencil. On the soft profile and cross-section papers, lines made 
with a 2H pencil show up well. For coarse tracings made on tracing paper 
a pencil as soft as 2B is sometimes necessary. Drawings made directly on 
the rough side of tracing cloth will show up sufficiently well for inking if a 
2H pencil is used. Lines that are to be traced should in any case be made 
sufficiently heavy to show clearly through the tracing cloth. Many drafts- 
men sharpen one end of the pencil to a wedge point for use in drawing 


110 MAP DKAFTING [CH. 6 

straight lines, and the other end to a conical point for sketching irregular 
lines and for lettering. For any but simple sketches of a few lines, care 
should be taken to choose a pencil which will not smudge readily. 

6‘28. Tnkfi and Colors. The bottled inks commonly used by the map 
draftsman are black, brown, blue, green, and vermilion (see Art. 6*14). 
For line drawings, the waterproof inks are satisfactory. Lines made with 
them will not smudge when rubbed with the moist hand and are not affected 
by the application of liquid tints or washes. The stick India inks are not 
much used but are preferred by some draftsmen for intricate drawings; they 
are prepared for use by being ground and mixed with water. Inks may be 
thinned by adding distilled water or a dilute solution of ammonia. 

Drawings may be tinted with water colors, which are obtainable in a 
variety of colors either in tubes or in pans. The colors are mixed with water 
until the desired tint is produced and are then applied with a camel’s-hair 
brush. Tracings may be tinted by rubbing the rough side with colored 
crayons, but cannot be tinted with a wash as the water will ruin the cloth 
or paper. 

Inks other than black are frequently made from water colors. Few 
bottled colored inks possess sufficient body to be used on tracings from which 
blueprints are to be made. For such work nearly all the darker water 
colors can be mixed sufficiently thick to make lines which will show up well 
on blueprints, and at the same time will flow readily from the pen. Gener- 
ally bottle inks are not regarded as entirely satisfactory for the blue and 
brown lines of colored maps. Better colors are secured through the use of 
Prussian blue and burnt sienna water colors mixed with sufficient water to 
produce the desired tints. 

Alterations on blueprints can be made with a weak solution of caustic 
soda. This is used as an ink to produce white lines. It removes the blue 
color by chemical action. Being a thin liquid, it is absorbed by the fibers 
of the paper and unless applied very sparingly will produce a wide ragged 
line. If a colored line is desired, the solution may be mixed with ink. 
Several solutions of this nature are on the market in bottled form and are 
known as erasing fluids. Alterations on blueprints may also be made by 
using salts of sorrel’^ (potassium acid oxalate, a poison) as an ink. A 
sharp, white line is thus produced which does not spread over the sheet in 
damp weather and which does not turn yellow. Special inks for alteration 
of blueprints are available in white, red, and yellow. 

6*29. Drawing Instruments; Scales. Besides the equipment commonly 
used in mechanical drawing there are several instruments and devices which 
are generally useful in the work of the surveyor and with which the student 
should be familiar. 

Engineers scales are divided into 10 , 20, 30, 40, 50, 60, 80, or 100 parts 
to the inch. Rules thus divided are either flat or triangular in shape and 
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are obtainable in various lengths, commonly 6 and 12 in. The 12-in. tri- 
angular boxwood rule with 10, 20, 30, 40, 50, and 60-ft. scales on its three 
faces (Fig. 6*8) is most commonly used in mapping. It has the advantage 
of compactness. 
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Fig. 6*8. Engineer’s scale, triangular. 


The flat rule with two scales on edges of opposite bevel (Fig. 6-9) is most 
satisfactory to use. Mistakes in plotting or in scaling distances through 
using the wrong scale are much less likely to occur than with the triangular 
rule. 
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Fig. 6*9. Engineer’s scale, flat with opposite bevels. 

The scale graduated to J-fo in. is intended for measuring to the scale of 
10, 100, or 1,000 ft. to the inch, but the divisions are so large that it cannot 
be used for precise plotting. For such work it is better to use the scale 
divided into 50 parts to the inch. Probably Koo in. is as close as distances 
can be plotted by the ordinary methods of drafting. 

For precise drafting, points should be pricked with a fine needle, a reading 
glass should be employed, and distances should be plotted with the eye 
directly above the graduation to which the distance is measured. Under 
these conditions, points can be plotted to 3^oo in. 

6*30. Protractors. The protractor is a device for -laying off and measur- 
ing angles on drawings. The usual form for mapping consists of a full circle 
or semicircular arc of metal, celluloid, or paper graduated in degrees or 
fractions of a degree. ' Protractors are obtainable in sizes from 3 to 14 in. 
in diameter and in a variety of designs. The smaller protractors are usually 
graduated to degrees or one-half degrees; the larger sizes are frequently 
graduated to one-quarter degrees. Some are equipped with verniers read- 
ing to 5 min. or to single minutes, but this refinement adds little either to 
the precision with which angles can be laid off or to the facility with which 
the protractor can be used. Others have radial scales by means of which a 
distance and angle may be plotted at one operation (see Fig. 18*14). Still 
others have one radial arm, and one type for plotting soundings has three 
radial arms (Art. 30*20). 
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Figure 6*10 illustrates the most common form of semicircular metal or 
celluloid protractor. To lay off an angle, the center 0 of the protractor is 
placed at the vertex of the angle, with the edge of the bar coinciding with 
the line to which the angle is referred. A mark is then made on the drawing 
at the proper graduation of the protractor arc, the protractor is removed, 
and a line is drawn joining this mark with the vertex. An angle is measured 
in a similar manner. 




Fig. 6*10. Semicircular protractor. Fig. 6*11. Full-circle paper protractor. 


Protractors with full circles are also in common use. Figure 6*11 shows 
part of a full-circle paper protractor. These are usually printed in 8 and 
14-in. sizes on rectangular sheets of tough paper or bristol board, without 
the graduations being numbered. The 14-in. size is graduated to }i degrees 

and the 8-in. size to degrees. To pre- 
pare such a protractor for use, its grad- 
uations are numbered as desired and it 
is cut either on a circle passing through 
the outer ends of the graduations or on a 
circle of somewhat smaller radius. In 
the former case the outer portion is dis- 
carded and angles are laid off by using 
the inner portion in the manner described 
for the semicircular metal protractor. In 
the latter case the inner portion is dis- 
carded, and angles are laid off by means 
of a straightedge passing through the cen- 
ter of the protractor. The protractor is 
centered and oriented by means of two intersecting lines on the drawing, 
one line being at right angles to the other. 

6*31. Beam Compass. This compass, illustrated in Fig. 6*12, is used for 
drawing the arcs of large circles. The rigidity of the beam compass makes 



Fig. 6*12. Beam compass. 
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it a more reliable instrument than the ordinary compass of the drawing 
set equipped with its extension arm. For the precise drawing of circles 
having radii greater than 0 in., the beam compass should be used. 

A beam compass may be improvised from any thin strip of wood by 
driving a needle through the strip near one end and cutting a V-shaped 
notch in the edge of the strip at the required distance from the needle point. 
The point of a pencil or ruling pen is held in the notch, and the arc is drawn 
as with the regular beam compass. A stretched line or wire may be used in 
a similar manner. 

6*32. Railroad Curves. These are thin strips of cardboard, wood, metal, 
hard rubber, or celluloid, the edges of which are arcs of circles. A number 
on each curve indicates its radius in inches, and sometimes also an addi- 
tional number indicates the degree of curvature for a given scale. With 
these curves, arcs of circles can be drawn without determining the center, 
and the arcs can be drawn with much larger 
radius than could be used with a beam compass. 

6*33. Road Pen. This pen, sometimes also 
called the railroad fen, is used principally for 
drawing two parallel lines either freehand or by 
means of a straightedge or curve. It consists 
of two ruling pens with spring shanks attached 
to a handle, the distance between the two pens 
being controlled by a screw passing through 
the shanks (Fig. 6‘13). Its use greatly facili- 
tates the drawing of parallel lines which are 
curved or irregular. 

6*34. Contour Pen. This pen is useful for 
drawing contours or other freehand curves. The 
pen is connected rigidly to a shaft which turns 
freely in the handle (Fig. 6*14). The point of 
the pen is eccentric with the axis of the shaft 
so that the pen will turn in whatever direction it 
is being drawn on the paper. In use, the handle 
is held vertical, the fingernails of the third and 
fourth fingers of the right hand being in con- 
tact with the paper. The line is generally drawn 
toward the draftsman. 

6*36. Straightedge. For the drawings with which the surveyor is chiefly 
concerned, the T-square will not produce parallel lines with sufiicient pre- 
cision. Moreover, in map drafting the lines are seldom perpendicular or 
parallel to one another. The most satisfactory form of straightedge for 
general office use is of nickel-plated or rustless steel, with one edge beveled. 
Such a straightedge will lie flat on the drawing, its weight makes it less easily 
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displaced than are those of wood, and it will not warp. For all-round use, 
the 42-in. length is satisfactory. 

6-36. Proportional Dividers. For transferring distances from one map 
to another at a different scale, proportional dividers are useful. They 
consist of two legs, each pointed at both ends, which are held together by 
means of a central pivot. When the legs are opened in the form of an X, 
either end of the instrument forms a pair of ordinary dividers. The position 
of the pivot along the legs can be varied to produce any desired ratio of the 
distance between one pair of points to the distance between the other pair 
of points. With the pivot at the fixed setting, distances are taken off one 
map with one end of the proportional dividers, and are laid off on the other 
map with the other end. Graduations along the legs facilitate the setting 
of the pivot to the desired ratio. 



Fig. 6' 15. Drafting machine. 


6*37. Drafting Machine. The drafting machine, one form of which is 
shown in Fig. 6*15, is increasing in use for map drafting, particularly for 
plotting details (Art. 18' 19). It combines ther functions of the T-square, 
straightedge, triangles, scales, and protractor. 

Essentially, the drafting machine eonsists of a mechanical linkage bearing 
a pivoted protractor head to which are attached two mutually perpendicular 
graduated arms. The arrangement is such that each arm remains parallel 
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to its original direction as the protractor head is moved about on the draft- 
ing table; thus, for example, a reference system of rectangular coordinates 
can be established on the drafting sheet by drawing lines along the edges 
of the arms. Further, the protractor head can be oriented quickly in any 
desired direction and clamped, thus enabling lines to be drawn or measure- 
ments to be made in oblique directions. By means of a vernier the pro- 
tractor can be set to 05' or, on some machines, to 01'. The arms are remov- 
able in order that engineer's scales of various graduations and lengths may 
be employed. 
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CHAPTEE 7 

MEAStTREMENT OF DISTANCE 

general methods 

7.1 Distance. In surveying, the distance between two points is under- 
stood to m^n the AomoniJ distance, regardless of the relative elevatron o 

the points In “^rptt 

■ ‘ir- " ? 

thir equivalent on the horizontal projection for use m plotting maps, cal- 

'^'^Various meWiods of determining distance are useful, depending upon the 
delree rf decision required, , the cost, and other conditions On rough 
Tf^oonnaissance for example, a precision of Koo or less may be sufficient 
for the purpose of the survey; on the other hand, certain base lines estab- 
lished by the U.S. Coast and Geodetic Survey have been measured with a 
■nrnbable error of about 1/2,000,000. 

^ Table 7-1 classifies the principal methods of measuring 

to the usual degree of precision obtained. The various methods are dis- 

cussed further in the following articles. 

7‘2. Pacing. The method of pacing furnishes a rapid means of approxi- 
mately checking more precise measurements of distance. It is extensively 
emploW in small-scale mapping, not only for locating details but also m 
trailing with the plane table. It is also used on exploratory or recoi^- 
naissance surveys, the paces of saddle animals sometimes forming the basis 

of measurement. , . . j; 

The precision of the man-pace depends largely upon the experience of the 
individual and upon the character of the terrain over which he is passing. 
In numerous instances, pacing over rough country has furmshed a precision 
of Hoo. Under average conditions, a person of expenence will have little 

difficulty in pacing with a precision of Hoo- 

Many land surveyors estimate distances by the 3-ft. pace, which is some- 
what longer than the natural pace of the average person. ^ Military sketchers 
and many topographers of government surveys maintain a pace that is the 
natural length (about 2 % ft.) or a little shorter. The authors favor the 
pace; since it is a little less than the natural step, allowance can be 
made for uneven ground by lengthening the pace without tiring; and a 
convenient relation exists between the pace and the foot, that is, 40 paces 
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TABiiE 7-1. Gbnebal Methods of Measuring Distance 


Usual 

precision 


Instrument for measuring 
angles with corresponding 
precision 


'100 

Reconnaissance; small- 

to 

'200 

scale mapping; check- 
ing tape measurements 


1/300 

to 

1/1,000 


Location of details for 
mapping; rough trav- 
erses; checking more 
precise measurements 


Hand compass; peep-sight 
alidade 


Transit; telescopic alidade 
of plane table; sur- 
veyor’s compass 


Traverses for land sur- 
1/1,000 veys and for control of 

to route and topographic Transit (angles doubled) 

1/5,000 surveys; ordinary con- 

struction work 


Stadia 


Ordinary 

chaining 


Base-line 

measurement 


1/50,000 

to 

1/1,000,000 


Triangulation of high pre- 
cision for large areas. Repeating theodolite; di- 


city surveys, or long 
bridges and tunnels 


rection instrument 


— 100 ft. Each two paces or double step is called a stride. Thus for the 
234-ft. length of pace the stride would be 5 ft., or there would be roughly 
1,000 strides per mile. 

Paces or strides are usually counted by pressing a tally register, or by 
means of a passometer or pedometer which registers mechanically. The 
passometer is a device about the size of a watch which is attached either to 
the body or to one leg and which registers the number of paces or strides. 
The pedometer is a similar device except that it registers the distance usually 
in miles and fractions thereof. 

The student should standardize his pace by walking over known distances 
both on level ground and on uneven and sloping ground. For further 
suggestions see field problem 1, Art. 7*31. 

7*3. Stadia. The stadia method, described in detail in Chap. 15, offers 
a rapid means of determining distances. Two additional horizontal hairs 


Precision 

chaining 


1/10,000 

to 

1/30,000 


Traverses for city sur- 
veys; base lines for tri- 
angulation of interme- 
diate precision; precise 
construction work 


Transit (angles by repeti- 
tion) 
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are mounted on the cross-hair ring in the telescope of the transit, level, or 
plane-table alidade. The distance from the instrument to a given point 
is indicated by the intercept between the stadia hairs as shown on a gradu- 
ated rod held vertically at the point. The precision of the stadia method 
depends upon the instrument, the observer, the atmospheric conditions, 
and the length of sights. Under average conditions the stadia method will 
yield a precision between 1/300 and 1/1,000. It is particularly useful in 
topographic survejring. 

74. Gradi enter. Where sights are nearly level, the gradienter (Art. 
2*20) can be used to measure distances in a manner similar to that for stadia, 
and with about the same precision. 

7*6. Direct Measurement. The most precise and most common method 
of determining distance is by direct measurement. Formerly on surveys 
of ordinary precision it was the practice to measure the length of lines with 
the engineer’s chain or the Gunter’s chain; for measurements of the highest 
precision special bars were used. Now practically all direct linear measure- 
ments on surveys are made with tapes. 

The engineer’s chain was 100 ft. long and was composed of 100 links each 
1 ft. long. At every 10 links brass tags were fastened, notches on the tags 
indicating the number of 10-link segments between the tag and the end of 
the tape. Distances measured with the engineer’s chain were recorded in 
feet and decimals. 

The surveyor’s or Gunter’s chain was 66 ft. long and was divided into 
100 links each 7.92 in. long. It was formerly much used in land surveying 
on account of the convenient relation between its length and the units of 
land measure. 

1 (Gunter’s) chain — 100 links = 4 rods 

80 (Gunter’s) chains = 1 mile 

10 square (Gunter’s) chains ~ 1 acre 

Distances were recorded in chains and links. 

Measuring with chains was called chaining.” The term has survived 
and is now generally used also to refer to the operation of measuring lines 
with tapes. 

The precision of distance measured with tapes depends upon the degree 
of refinement with which measurements are taken. On the one hand, rough 
chaining through broken country may be less precise than the stadia. On 
the other hand, when extreme care is taken to eliminate all possible errors, 
measurements have been taken with a probable errbr of less than 1/1,000,000. 
In ordinary chaining over flat, smooth ground, the precision is about 
1/3,000 to 1/5,000. 

7*6. Other Methods. Distance may be measured by observing the 
number of revolutions of the wheel of a vehicle. The mileage recorder 
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attached to the ordinary automobile speedometer registers distance to 
0.1 mile and may be read by estimation to 0.01 mile. Special speedometers 
are available reading to 0.01 or 0.002 mile. By driving over a course of 
known length, the mileage recorder may be standardized so that long dis- 
tances can be determined with a precision considerably greater than by 
pacing. 

The odometer j a simple device which registers directly the number of 
revolutions of the wheel, can be readily attached to any vehicle. By meas- 
uring the circumference of the wheel with a tape, the relation between 
revolutions and distance is fixed. On smooth roads the precision may be 
as great as that obtained with the stadia. The odometer is often used on 
plane-table traverses for small-scale maps. 

The distance indicated by either the mileage recorder or the odometer 
is somewhat greater than the true horizontal distance, but under the con- 
ditions for which they are used, neither requires correction except in hilly 
country. A rough correction based on the estimated average slope may be 
applied. . 

Distances are sometimes roughly estimated by time interval of travel^ and 
this method is quite satisfactory for very rough reconnaissance. The 
average time per mile for person at walk, saddle animal at walk, or saddle 
animal at gallop is usually established for several characters of terrain. 

By graphical or algebraic methods, unknown distances may be determined 
through their relation to one or more known distances. These methods 
are used in triangulation and plane-table work. 

7’ 7. Choice of Methods. Practically all important lines, including land 
boundaries, main traverses of horizontal control for extensive surveys, and 
the lines for the location and construction of the works of man, are measured 
with tapes because no other practicable method furnishes the required 
precision. However, much time has been wasted in chaining distances 
that could have been measured with all necessary precision by some less 
laborious method. The advantages of the stadia method have come to be 
more fully appreciated, and linear measurements for many surveys for maps 
are obtained through its use. Each of the methods mentioned in the pre- 
ceding articles has a field of usefulness and may properly be employed when 
it will furnish measurements of the required precision. On the surveys for 
a single enterprise, the authors have found occasion to employ almost all 
these methods to good advantage. 

CHAINING 

7-8. General. The term ‘‘chaining” customarily refers to the operation 
of measuring with the chain or the tape, for the purpose of obtaining the 
horizontal distance between points on or near the surface of the earth. The 
persons who handle the tape are generally called ‘‘chainmen.” The term 
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^‘taping'' is gradually succeeding the term ^‘chaining,” and sometimes the 

operators are called “tapemen.’^ 

7 » 9 . Tapes. Tapes are made in a variety of materials, lengths, and 
weights. Those more commonly used by the surveyor are the heavy steel 
tape, sometimes called the surveyor's tape or the chain tape, and the metallic 
tape. 

The ribbon of the metallic tape (Fig. 7-1) is of waterproofed fabric into 
which are woven small brass or bronze wires to prevent its stretching. It 
is usually 50 or 100 ft. in length and is grad- 
uated to feet, tenths, and half-tenths; it is 
usually % in. wide. It is used principally in 
earthwork cross-sectioning, in location of de- 
tails, and in similar work where a light, flexible 
tape is desirable and where small errors in length 
are not of consequence. Recently a nonmetallic 
tape woven from synthetic yarn and coated with 
plastic has been developed. 

A tape of phosphor bronze is rustproof and is 

Fig. 7*1. Metallic tape. particularly useful when working in the vicinity 
of salt water. 

For very precise measurements, such as those for base lines and in city 
work, the invar tape has come into general use. Invar is a composition of 
nickel and steel with a very low coefficient of thermal expansion, some- 
times as small as one-thirtieth that of steel. Since the compositions having 
extremely low coefficients of expansion may not remain constant in length 
over a period of time, it is customary to use a composition having a larger 
coefficient, say about one eighth to one tenth that of steel. Invar is a soft 
metal, and the tape must be handled very carefully to avoid bends and 
kinks. This property and its high cost make it impracticable for ordinary 
use. 

The steel tape is generally employed for the direct linear measurement 
of all important survey lines. In the United States and Canada the length 
most commonly used is 100 ft., but tapes may also be obtained in lengths 
of 50, 200, 300, and 500 ft.; 1, 2, 3, 5, and 8 Gunter^s chains; and 25, 30, 50, 
and 100 m. The common widths of tape are }i and in. 

Tapes for which the foot is the unit of length are graduated in feet and 
decimals, as follows: For small lightweight box tapes and for some chain 
tapes, graduations are etched every 0.01 ft. throughout the length. Usually, 
however, the heavy chain tapes have graduations with numbers every foot, 
with only the end feet graduated to tenths or hundredths of feet. The 
graduations may be etched or may be stamped on babbitt metal or on brass 
sleeves. Some of the common graduations are shown in Fig. 7-2. Some 
tapes have an extra graduated foot at one or both ends; some have ends 
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graduated so that corrections for slope can be applied directly; and some 
have ends graduated so that temperature corrections can be applied directly. 
Usually the ribbon extends about 6 in. beyond the graduated portion of the 
tape, but for some tapes the ends of the rings mark the zero and last gradua- 
tion. The latter type is not well adapted to precise measurements. Some 
tapes have shoulders at the zero and last graduation to assist in locating 
these points. However, the shoulders are objectionable when chaining 
through brush. 


Fig. 7*2. Steel tap^. 

Tapes for which the Gunter’s chain is the unit of length are graduated in 
links. Metric tapes are graduated either in half-centimeters, with the first 
decimeter graduated in millimeters, or in half-meters, with the first and 
last meter graduated in decimeters. 

Ordinarily rawhide thongs serving as handles are fastened to the rings 
at each end of the chain tape. Wire handles are sometimes used but they 
are objectionable when the tape must be dragged through grass or brush. 
Detachable clamp handles are available for grasping the tape at any point. 

The chain tape may be wound on a reel, but ordinarily the 100-ft. tape 
is done up into a figure 8 and thrown into circular form with diameter about 
10 in., as described in Art. 3*11. 

The steel tape, being elastic, stretches when a pull is applied. It also 
expands or contracts as the temperature changes. Tapes when received 
from the manufacturer are usually quite close to the standard length when 
subjected to a given pull and a given temperature. For the 100-ft. tape 
some manufacturers attempt to furnish the standard length at 08°F. under 
a pull of 10 lb., the tape being horizontal and supported throughout its 
entire length; but among manufacturers there is no uniformity of practice 
in this respect. It is well to have a standard of length available to which 
the tape can be referred occasionally. Many cities have such standards. 
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For a small fee the National Bureau of Standards, Washington, D.C,, will 
standardize a tape for any specified pull and will issue a certificate stating 
its length under the conditions of the standardization test. IH 

Special spring scales are available for applying the proper || 

tension to the tape in the field. Tape levels are also available. || 

Other accessories include equip- || 

▼ ment for repairing and splicing || 

Suggestions for the care and i 

handling of tapes and chaining || 

equipment are given in Art. 3*11. 1 

7‘10. Chaining Pins. Steel ll 

chaining pins, also called survey- ■ 

or^s arrows, are commonly em- || 

ployed to mark the ends of the 11 

tape during the process of chain- ® 

ing between two points more than 
a tape length apart. They are ^ 

usually 10 to 14 in. long. A | 

Fio.7.3. Chamingpina. of eleven pins (see | 

Fig. 7*3). j 

For more precise chaining and for future reference, nails 
may be driven into the earth. I 

7*11. Range Poles. Steel or wood range poles, also called | 

flags, flagpoles, or lining rods, are used as signals to indicate 
the location of points or the direction of lines. They are of 
octagonal or circular cross-section and are pointed at the lower 
end. Wooden range poles are shod with a steel point. The 
common length is 8 ft. Usually |Ke pole is painted with alter- 
nate bands of red and white 1 ft. long (see Fig. 7*4). 

7*12. Chaining on Smooth Level Ground. The procedure 
followed in chaining distances with the tape depends to some 
extent upon the required precision and the purpose of the sur- 
vey. The following represents the usual practice when the 
measurements are of ordinary precision (say, 1 / 5 , 000 ): The | 

tape is supported throughout its length, and the only require- 
ment is that the distance between two fixed points (as the . J 

corners of a parcel of land) be determined. The equipment B 

wall be assumed to consist of one or more range poles, 11 chain- E 

ing pins, and a 100 -ft. heavy steel tape, with the intervals 0 to W 

1 ft. and 99 to 100 ft. graduated in tenths of feet and the re- W 

mainder of the tape graduated in feet. One range pole is placed fig 7 4 
behind the distant point to indicate its location. Range pole 
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The rear ehainman vdth one pin stations himself at the point of beginning. 
The head ehainman, with the zero end of the tape and 10 pins, advances 
toward the distant point. When the head ehainman has gone nearly 100 ft., 
the rear ehainman calls ^‘chain^^ or ^Hape/^ a signal for the head ehainman 
to halt. The rear ehainman holds the 100-ft. mark at the point of begin- 
ning and, by hand signals or by speaking, lines in a chaining pin (held by 
the head ehainman) with the range pole marking the distant point. Dur- 
ing the lining-in process, the rear ehainman is in a kneeling position on the 
line and facing the distant point; the head ehainman is in a kneeling posi- 
tion to one side and facing the line so that the rear ehainman will have a 


clear view of the signal marking the distant point (Fig. 7*5) and so that the 
head ehainman can hold the tape steady. The head ehainman with one 
hand sets the pin vertically on line and a short distance to the rear of the 
zero mark. With his other hand he then pulls the tape taut and, making 
sure that it is straight, brings it in contact with the pin. The rear chain- 
man, when he observes that the 100-ft. mark is at the point of beginning, calls 
^‘stick^^ or ‘‘all right” The head ehainman pulls the pin and sticks it at 
the zero mark of the tape, with the pin sloping away from the line. As a 
check, he again pulls the tape taut and notes that the zero point coincides 
with the pin at its intersection with the ground. He then calls “stuck” 
or “all right” the rear ehainman releases the tape, the head ehainman moves 
forward as before, and so the process is repeated. 

As the rear ehainman leaves each intermediate point, he pulls the pin. 
Thus there is always one pin in the ground, and the number of pins held 
by the rear ehainman at any time indicates the number of hundreds of feet, 
or stations, from the point of beginning to the pin in the ground. 


Fig. 7*5. Chaining on anooth level ground. 
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At the end of each 1,000 ft. (10 stations), the head chainman has placed 
his last pin in the ground. He signals for pins, the rear chainman comes 
forward with the 10 pins he has pulled, both chainmen count them to see 
that none is lost, and the head chainman records the tally. The head 
chainman takes the 10 pins, and the procedure is repeated. The count of 
pins is important, as it is common experience that the number of tape 
lengths is easily forgotten owing to distractions. 

When the end of the course is reached, the head chainman halts, and 
the rear chainman comes forward to the last pin set. The head chainman 
holds the zero mark at the terminal point. The rear chainman pulls the tape 
taut and observes the number of whole feet between the last pin and the end 
of the line. He then holds the next larger foot mark at the pin; and the head 
chainman pulls the tape taut and reads the decimal by means of the finer 
graduations of the end foot. The decimal is counted from the 1-ft. mark. 
Thus the distance in feet between the last pin and the end of the line is 
one less than that indicated by the foot mark held by the rear chainman, 
plus the decimal read by the head chainman. For example, with the rear 
chainman holding at 87 ft. and the head chainman reading 0.68 ft., the 
distance from the last pin is 87 ~ 1 + 0.68 ~ 86.68 ft. The chainmen 
should agree on some system of checking to prevent mistakes. 

For tapes having an extra graduated foot beyond the zero point, it is not 
necessary to subtract 1 ft. as just described. The rear chainman holds the 
next smaller foot mark at the pin, and the head chainman reads the decimal. 

When the transit is set up on the line to be measured, the transitman 
usually directs the head chainman in placing the pins on line. The rear 
chainman maintains a position that will give the transitman an unobstructed 
view, and the head chainman kneels or stands on line facing the transitman. 

On some surveys it is required that stakes be set on line at short intervals, 
usually 100 ft. Sometimes pins are used in chaining as already described, 
each stake being driven by the rear chainman after he has pulled the pin. 
On surveys of low precision the measurements are carried forward by using 
stakes instead of pins, the head chainman setting the stakes and the distance 
being measured between centers of stakes at their Junction with the ground. 
On more precise surveys, measurements are carried forward by setting a tack 
or small nail in the head of each stake. In setting the tack, the head chain- 
man holds the pin (or range pole) on the head of the stake and places it on 
line as directed by the transitman. He pulls the tape taut, making sure 
that one edge is on line by bringing it in contact with the pin. He then 
uses the pin to mark the position of the tack at the zero point of the tape. 
When the tack has been driven, it is tested for line and distance. 

7*13. Horizontal Measurements over Uneven or Sloping Ground. The 
process of chaining over uneven or sloping ground, or over grass and brush, 
is much the same as that just described for level ground. The tape is held 
horizontal, and a plumb line is used by either, or at times by both, chain- 
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men for projecting from tape to pin or vice versa. If the course is downhill, 
the head chainman must plumb from the zero (or other) point on the tape 
to the ground; if uphill, the rear chainman must plumb from the pin to 
the 100-ft. (or other) point on the tape; if uneven, each chainman will find 
it necessary to use a plumb bob. For rough work, plumbing can be accom- 
plished with the range pole. 


Fig. 7*6. Plumbing at downhill end of horizontal tape. 

To secure anything* like the same precision as in chaining over level 
ground, considerable skill is required. Some experience is necessary to 
determine when the tape is nearly horizontal. The tape is unsupported 
for most of its length, and either the pull must be increased to eliminate 
the effect of sag or a correction for sag must be applied. 

Where the slope is less than 5 or 6 ft. in 100, the head chainman advances 
a full tape length at a time; and pins are set by him and collected by the 
rear chainman as described in the preceding article. If the course is down- 
hill, the head chainman estimates when the tape is horizontal Holding 
the plumb line in position at the zero point of the tape and noting that the 
plumb bob clears the ground by a few inches, he pulls the tape taut and is 
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directed to the line by the rear chainman (see Fig. 7-6). When the plumb 
bob comes to rest, he lowers it carefully to the ground and then sets a pin 
in its place. As a check, the measurement is repeated. If the course is 
uphill, the head chainman holds the zero end of the tape firmly on the 
ground and on line. The rear chainman, with plumb line suspended from 
the 100-ft, mark, signals the head chainman to give or take until the bob 
comes to rest over the pin. The head chainman sets a pin, and the measure- 
ment is repeated. 

Where the course is steeper and is downhill, the head chainman advances 
a full tape length and then returns to an intermediate point from which he 
can hold the tape horizontal. He suspends the plumb line at a foot mark, 
is lined in by the rear chainman, and sets a pin at the indicated point. The 
rear chainman comes forward, gives the head chainman a pin, and at the pin 
in the ground holds the tape at the foot mark from which the plumb line 
was previously suspended. The head chainman proceeds to another point 
from which he can hold the tape horizontal, and so the process is repeated 
until the head chainman reaches the zero mark on the tape. At each inter^ 
mediate point of a tape length the rear chainman gives the head chainman 
a pin, but not at the point marking the full tape length. In this manner 
the tape is always advanced a full length at a time, and the number of pins 
held by the rear chainman at each 100-ft. point indicates the number of 
hundreds of feet from the last tally. The process is called '' breaking chain ” 
or “breaking tape.’’ 

To illustrate, Fig. 7*7 represents the profile of a line to be measured in the direction 
of A to Df and A is a pin marking the end of a 100-ft. interval from the point of begin- 
ning. The head chainman goes forward until the 100-ft. mark is at A, where the rear 
chainman is stationed. The head chainman then returns to B where he holds the 



tape horizontal and plumbs from the 83-ft. mark to set a pin at B. The rear 
chainman gives the head chainman a pin and holds the 83-ft. mark at B. The 
head chainman plumbs from the 51-ft. mark and sets a pin at C. The rear chain- 
man gives the head chainman a pin and holds the 61-ft. mark at C. The head chain- 
man plumbs from the zero mark to set a pin at D at the end of the full tape length. 
The rear chainman goes forward but keeps the pin which he pulled at C. 


MEASUEEMENTS ON SLOPE 
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The tape is usually estimated to be horizontal by eye. This commonly 
results in the downhill end’s being too low, sometimes causing a large error 
in horizontal measurement. The safe procedure in rough country is to 
use a hand level. 

In horizontal measurements over uneven or sloping ground, the tape 
sags between supports and becomes effectively shorter. The effect of sag 
can be eliminated by standardizing the tape, by applying a computed cor- 
rection, or by using the normal tension (Art. 7-21). In breaking chain, 
or when the tape is supported for part of its length, the difference in effect 
of sag as between a full tape length and the unsupported length can be 
taken into account roughly by varying the pull. 

7‘14. Measurements on Slope. Where the ground is fairly smooth, 
measurements on the slope may sometimes be made more accurately and 
quickly than horizontal measurements; and slope measurements are gen- 
erally preferred. Some means of determining either the slope or the differ- 
ence in elevation between successive 100-ft. points or breaks in slope is 
required. For surveys of ordinary precision, either the clinometer (for 
measuring slope) or the hand level (for measuring difference in elevation) 
may be used to good advantage. If only the distance between the ends 
of the line is required, the procedure of chaining is the same as on level 
ground, but for each 100-ft. length (or less at breaks in slope) a record is 
kept either of the slope or of the difference in elevation. The horizontal 
distances are then computed from the distances measured on the slope, and 
the horizontal length of the line is determined. 

Where stakes are to be placed every 100 ft., corrections to the slope 
distances may be applied as the chaining progresses, either by mental cal- 
culation or by use of the slide rule. Corrections are much more readily 
calculated than are the horizontal distances themselves, as will shortly be 
demonstrated. Unless the correction is greater than 1 ft., the 100-ft. tape 
with an extra foot on the zero end is particularly useful for measuring on 
slopes, in that the head chainman can first determine the correction for 
slope and in one operation can then lay off the true slope distance to give 
a horizontal distance of 100 ft. Tapes with slope-correction graduations 
at the end are also usefhl. 

Measurements on the slope are preferred for the United States public- 
land surveys. The manual of the U.S. Bureau of Land Management states: 

The most approved method of measurement involves the use of steel ribbon tapes 
from 2 to 8 [Gunter’s] chains in length; in its use in the public-land surveys the tape 
is properly alined and stretched, and the measurements are made on the slope at any 
convenient distance up to the length of the tape as determined by the topography. 
The vertical angles of the lesser slopes are determined by the use of clinonjeters in 
the hands of the chainmen, while the vertical angles of the particularly sharp slopes 
are determined with the transit * * * . It is not considered necessary to exhibit in 
the official field notes any but the true horizontal distances * * * . 
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7-15. Corrections for Slope. For measurements of ordinary precisiou 
where the slope is not greater than about 20 in 100, the correction to slope 
distance to give horizontal distance may be calculated by the approximate 
formula developed below. 



In Fig. 7*8 let s represent the slope distance between two points A and B, 
h the difference in elevation, and d the horizontal distance, all in feet. The 
correction is Ch — s — d. Then 

^ - d^ ^ d)(B ~ d) 

Where the slope is not large s -f d = 2s (approximate) ; making this sub- 
stitution: 

a= 2s(s — d) (approximate) 

and the correction is 

Ca = s ~ d = ~ (approximate) (1) 

JjS 

For the usual case, where s = 100 ft., this formula can be solved mentally, 
and the opportunities for its use are so frequent as to make it worth remem- 
bering, The error introduced through its use is negligible for ordinary 
slopes. The degree of approximation is shown in the following table: 

Difference in elevation per 100 ft. Error due to using approximate formula 
of slope distance, ft. in 100 ft. of slope distance, ft. 


5 

0.0001 

10 

0.001 

15 

0.007 

20 

0.02 

30 

0.1 

40 

0.3 

60 

2.0 


Where the angle of slope is determined, as when using the clinometer, 
Eq. (1) may still be used readily if it is remembered that for small angles 
the difference in elevation per 100 ft. is about 1.75 ft. times the slope angle in 
degrees (tan 1® = 0.0175). Hence, if is the slope angle (Fig. 7*8) in 
degrees and S is the slope distance in 100-/t stations, 

€h — " ~ O.O15^S(0°)2 (approximate) 


( 2 ) 
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The distance S is expressed in 100-ft. stations rather than in feet, in order 
to reduce the number of decimal places in the formula. 

Where vertical angles are measured with sufficient precision so to warrant, 
the horizontal distance may be computed by exact trigonometric formula, 
being most readily computed by determining the slope correction. 

In Fig. 7*8 , 0 is the angle of slope, and s, d, and Ch are as previously defined. 
Then 

Ch = s — d — s s cos d — s(l -- cos 6) — s vers $ (exact) (3) 

If a table of versed sines is not available, they may be readily computed 
from a table of natural cosines (vers 6 — I — cos 6). 

For most cases the correction can be calculated with sufficient precision 
by using the slide rule. Tables and charts giving slope corrections are 
published in various forms. 

Having given the slope distance, to find its horizontal projection, * the 
correction is subtracted. 

For the case where it is desired to set points at a given horizontal distance 
(as 100 ft.) apart, the corresponding slope distance is approximately given by 
adding the correction to the required horizontal distance (see Fig. 7*8). If 
the correction is computed by Eq. (3), for a slope of 10 in 100 the error due 
to this approximation is about 0.002 ft. per 100 ft. and for a slope of 20 in 
100 it is about 0.04 ft. per 100 ft. 

7* 16. Errors in Chaining. Errors in chaining may be attributed to the 
following causes: 

1. Tape Not Standard Length. This produces a systematic error which 
may be practically eliminated by calibrating the tape and applying the 
correction thus determined. The tape may be compared with a standard- 
ized tape or with some permanent standard of length which is established 
locally, 

2. Imperfect Alinement. The head chainman is likely to set the pin 
sometimes on one side and sometimes on the other side of the true line. 
This produces a variable systematic error since the horizontal angle which 
the tape makes with the line is not the same for one tape length as for the 
next. The error cannot be eliminated but can be reduced to a negligible 
quantity by care in lining. Generally it is the least important of the errors of 
chaining. The linear error when one end of the tape is off line a given 
amount can be calculated by Eq. (1), Art. 7T5. For a 100-ft. tape, the 
error amounts to 0.005 ft. when one end with respect to the other is off line 
1 ft., and to only 0.001 ft, when the error in alinement is 0.5 ft. Many 
surveyors use unnecessary care in securing good alinement without paying 
much attention to other more important sources of error. Errors in aline- 
ment tend to make the measured length greater than the true length and 
hence are positive. 
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3. Tape Not Horizontal or Slope of Tape Not Correctly Determined. The effect 
is to produce an error similar to that due to imperfect alinement. With the 
eye it is difficult to estimate slopes or to tell when the tape is horizontal. 
Often slopes are deceptive, even to experienced men; the tendency is to hold 
the downhill end of the tape too low. The authors have Ben inexperienced 
chainmen keeping very careful alinement, yet chaining what they thought 
were horizontal distances on a slope of perhaps 10 per cent. The correspond- 
ing error is 0.5 ft. per 100 ft. or 26 ft. per mile. It is not uncommon to see 
chainmen of considerable experience chaining on slopes as steep as 4 ft. in 
100 ft. without realizing that slope corrections should be made. The cor- 
responding error is 0.08 ft. per 100 ft. In ordinary , chaining this is one of 
the largest of contributing errors. It will not be eliminated by repeated 
measurements, but it can be reduced to a negligible amount by leveling the 
tape by means of either a hand level or a clinometer. 

4. Tape Not Straight. In chaining through grass and brush or when the 
wind is blowing it is impossible to have all parts of the tape in perfect aline- 
ment with its ends. The error arising from this cause is systematic and 
variable, and is of the same sign (positive) as that from measuring with a 
tape that is too short. . If the head chainman is careful to stretch the tape 
taut and to observe that it is straight by sighting over it, the error is not of 
consequence. 

5. Imperfections of Observing. Errors in plumbing, reading the tape, 
and setting the pins are accidental errors; hence the probable error tends to 
vary as the square root of the number of tape lengths. Only the error due 
to plumbing is of real importance; in ordinary chaining through rough coun- 
try where it is necessary to break chain frequently, the probable error per 
tape length may perhaps amount to ±0.05 or ±0.1 ft. for each tape length 
chained. Using the maximum of ±0.1 ft,, the probable error would be 
about ±0.7 ft. per mile. When the required precision is high, errors of 
plumbing can be avoided by chaining on the slope. The probable error of 
setting pins and of observing the tape graduations would perhaps be ± 0.01 
ft. per tape length or ±0.07 ft. per mile; although these errors cannot be 
eliminated their effect on the resultant error is usually not large. 

6. Variations in Temperature. The tape expands as the temperature 
rises and contracts as the temperature falls. Therefore, if the tape is 
standardized at a given temperature and measurements are taken at a higher 
temperature, the tape is too long. For a change in temperature of 15°F., a 
100-ft. steel tape will undergo a change in length of about 0.01 ft., intro- 
ducing an error of about 0.6 ft. per mile. Under a change of 50®F. the error 
would be 1.5 ft. per mile. It is seen that, even for measurements of ordinary 
precision, the error due to thermal expansion becomes of consequence when 
the measurements are taken during extremely cold or extremely warm 
weather, A case is recalled where, at 30®F. below zero, measurements were 
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very carefully established along the track of a railroad and markers were 
placed at intervals permanently to establish the chainage, but no allowance 
was made for the extremely low temperature. Later, when the line was 
rechained for valuation purposes, the error was found to be about 3 ft. per 
mile. Some tapes have a temperature scale at one end by means of which 
the correction for variation in temperature may be made without calculation. 
For temperature corrections, see Art. 7*18. 

7. Variable Tension in Tape. The tape, being elastic, stretches when 
tension is applied. If the pull is greater than that for which the tape is 
standard, the tape is too long; if the pull is less, the tape is too short. The 
error is systematic and of a magnitude depending upon the methods em- 
ployed and the individuals who are chaining. The error is negligible except 
in precise work. For the heavy 100-ft. chain tape a change in tension of 
3 lb. changes the length of the tape about 0.001 ft. For tension corrections, 
see Art. 7*19. 

8. Sag in Tape. This occurs whenever the tape is supported at intervals 
rather than throughout its full length. If the heavy 100-ft. tape weighing 
3 lb. is standardized flat — that is, supported for its full length — and is used 
supported at the ends only, the systematic error per tape length due to sag 
alone is as follows: for a tension of 10 lb., 0.37 ft.; 20 lb., 0.09 ft.; and 30 lb., 
0.04 ft. For sag corrections, see Art. 7*20. 

IV or mol Tension. The stretch of the tape partly offsets the effect of sag. 
For the heavy tape the resultant error for a 30-lb. pull is perhaps 0.03 ft. 
per 100 ft. or 1.5 ft. per mile. With the lighter tapes a pull which can be 
applied without undue exertion can be determined, either by computation 
or by experiment, at which the effect of sag will just offset the effect of 
increase in tension. This is usually called the normal tension (Art. 7-21). 

7*17. Errors and Corrections. Table 7*2 summarizes the various errors 
which have been discussed, together with the procedures which can be 
adopted to eliminate or at least to reduce their effect. The various correc- 
tions are discussed in succeeding articles. It is remarkable that the appar- 
ently simple operation of linear measurement by chaining is affected by so 
many factors. 

It is seen that in ordinary chaining the systematic errors are likely to be 
of much greater magnitude than the accidental errors. Hence the resultant 
error varies as the number of tape lengths or as the length measured. 

When every possible device is employed to detect and to eliminate these 
systematic errors, as in precise base-line measurement, the accidental errors 
of observation become of relatively great importance; for this reason long 
tapes are usually employed. To make corrections for, or to eliminate, 
errors due to sag or to elongation of tape by tension, the pull is observed by 
spring balances; to make corrections for thermal expansion, the temperature 
of the tape is observed by the use of thermometers. 
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In applying corrections to the observed length of a line which has been 
measured with a tape that is too long, the correction is necessarily added. 
In laying out a required distance with a tape that is too long, the correction 
is mUraded from the required distance to determine the distance to be laid 
out. For a tape that is too short, of course, the corrections are opposite in 
direction to those just stated. 

7*18. Correction for Temperature. The coefficient of thermal expansion 
of steel is about 0.0000065 per 1®F. If the tape is standard at a temperature 
of To degrees and measurements are taken at a temperature of T degrees, the 
correction Cx for change in length is given by the formula 

Cx = 0.0000065L(T - To) (4) 

where L is the measured length. 

Errors due to variations in temperature are greatly reduced by using an 
invar tape. 

7*19. Correction for Tension. If a tension greater or less than that for 
which the tape is standardized is used, the tape is elongated or shortened 
accordingly. The correction for variation in tension in a steel tape is given 
by the formula ^ (P - Pq)1 

AE 

where Cp — correction per distance L, in feet 
P = applied tension, in pounds 

Po = tension for which the tape is standardized, in pounds 
L = length, in feet 

A = cross-sectional area, in square inches 
E = elastic modulus of the steel, in pounds per square inch 

The elastic modulus of the steel can be taken as 30,000,000 lb. per square 
inch without error of consequence. The cross-sectional area of the tape 
can be computed from the weight and dimensions, since steel weighs approxi- 
mately 490 lb. per cubic foot; or, for the 100-ft. tape, it is usually sufficiently 
precise to take A, in square inches, as being equal to 0.003 times the weight 
of the tape in pounds. 

Some idea of the effect of variation in tension can be obtained from the 
following example. 

Example: It will be assumed that both a very heavy and a medium-weight tape 
are standard under a tension of 10 lb.; E - 30,000,000 lb. per square inch. The 
cross-sectional area of the heavy tape is 0.010 sq. in. and of the light tape 0.005 sq. in. 
It is desired to determine the elongation due to an increase of tension from 10 to 30 lb. 
For the very heavy tape, 

= 0.0067 ft. 


( 5 ) 


C, = 

For the medium-weight tape. 


30,000,000 X 0.010 

(30 - 10) X 100 
30,000,000 X 0,005 


= 0.0133 ft. 
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The results show that in ordinary chaining the error due to variation in 
tension is of consequence only for light tapes. 

7*20. Correction for Sag, When the tape sags between points of sup- 
port, it takes the form of a catenary. The correction to be applied is the 
difference in length between the arc and the subtending chord. For the 
purpose of determining the correction, the arc may be assumed to be a 
parabola, and the correction is then given by the formula 


24P2 ” 24P2 


( 6 ) 


where C, = correction between points of support, in feet 
w = weight of tape, in pounds per foot 
W — total weight of tape between supports, in pounds 
L = distance between supports, in feet 
P — applied tension, in pounds 

The correction is seen to vary directly as the cube of the unsupported 
length and inversely as the square of the pull. Although the equation is 
intended for use with a level iw^ey it may be applied without error of conse- 
quence to a tape held on a slope up to approximately 10°. 

Following is an example illustrating the variation in correction due to a 
variation in tension, weight of tape, and distance between supports. 


Example: In Table 7-3 are results of calculations for 100-ft. tapes weighing 3 and 
1 ]4, lb,, for pulls of 10 and 30 lb., and for distances between supports of 100 and 25 ft. 
The correction for sag of the 3-lb. tape for a pull of 10 lb. and distance between sup- 
ports of 100 ft. is seen to be roughly 600 times as great as for the 1 3 ^-lb. tape for a 
pull of 30 lb. and distance between supports of 25 ft. Other conditions remaining the 
same, the effect of decreasing the pull from 30 to 10 lb. is to increase the sag correction 
ninefold, and the effect of increasing the distance between supports from 25 to 100 ft. 
is to increase the sag correction sixteen times. An error of 1 lb. in an assumed 
tension of 10 lb. introduces an error of 19 per cent in. the calculated correction for sag. 
Although in measurements of moderate precision this error is not of much consequence 
for the lighter tape and shorter distance between supports, it becomes large for the 
heavy tape and longer distance between supports. Evidently in ordinary chaining, 
where the pull is applied entirely by estimation, it would rarely be the case that the 
chainmen could apply the tension without an error greater than 1 lb. 


The example further illustrates the serious disadvantage of using a very 
heavy tape for horizontal measurements over sloping ground. 

7*21. Normal Tension. By equating the right-hand members of Eqs. (5) 
and (6), the elongation due to increase in tension is made equal to the 
shortening due to sag; thus the effect of sag can be eliminated. The pull 
w^hich will produce this condition, called normal tension Pnj is given by the 
formula 

D _ 0M4Wy/AE 

rn - —===^ {/) 


VP„ - Po 
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This equation is solved by trial. The commonly used type of slide rule 
is convenient, as the following example shows. 

Example: Given the heavy 100-ft. tape of the previous examples; distance between 
supports 100 ft.; E = 30,000,000 lb. per square inch; A = 0.01 sq. in.; Po — 10 lb. 
Determine the tension at which the effect of sag wall be eliminated by the elongation 
of the tape due to increased tension. 

The numerator of the right-hand member is 

0.204 X 3 VO.OIO X 30,000,000 = 335; then = - - -- -- - 

- 10 

Set runner to 335 on D scale; move slide until by inspection Pn — 10 on right B scale 
is at runner, when the C index is at Pn on D scale. The runner reads 41.8 on B scale 
when the C index reads 51.8 on the D scale; hence Pn — 51.8 lb. 

The four values of normal tension are shown in Table 7*3. It is seen that for a 
heavy tape over a long span the use of normal tension would not be practicable. 


Table 7-3. Comparison of Tape Corrections 



Very heavy tape 

Medium-weight tape 

Weight, lb. 

3 

IM 

Distance between 



1 






supports, ft. . . . 

100 

25 

100 

25 

Pull, lb. 

10 

30 

10 

30 

10 

30 

10 

30 

Cs (correction for 









sag) per 100 ft. 
of length, ft 

0.37 

0.042 

0.023 

0.0026 

0.094 

0.0104 

0.0059 

0.00065 

Change in C* for 









1-lb. variation 
in P, ft 

0.07 

0.003 

0.004 

0.0002 

0.018 

0.0007 

0.0011 

0.00004 

Elongation per 









100 ft. owing to 
change in P 
from 10 to 30 i 
lb. (Art. 7*19), I 









ft 

0.0067 

0.0067 

0.0133 

0.0133 

Normal tension 






1 



(Art. 7-21), lb.. 

51.8 

23.2 

28.0 

14.3 


7‘22. Combined Corrections. Whenever corrections for several effects 
such as tension, temperature, and sag are to be applied, for convenience 
they may be combined as a single net correction per tape length. Since the 
corrections are relatively small, the value of each is not appreciably affected 
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by the others, and each may be computed on the basis of the nominal tape 
length. For example, even if the standardized length of a tape were 100.21 
ft., the correction for temperature (within the required precision) would be 
found to be the same whether computed for the exact length or for a nominal 
length of 100 ft. 

Further, the method of adding (or subtracting) the small corrections 
encountered in taping is far more convenient than would be that of mul- 
tiplying (or dividing) by correction factors, since fewer figures are required. 

7*23. Precision of Measurements with the Tape. It would be valuable 
if a definite outline of procedure could be established to produce any desired 
degree of precision in chaining. Unfortunately the conditions are so varied, 
and so much depends upon the skill of the individual, that the surveyor 
must be guided largely by his own experience and by his knowledge of the 
errors involved. Recommended specifications for chaining to produce 
various degrees of precision in transit-tape surveys are given in Art. 14*16. 

The usual practice in rough chaining through broken country is to take 
measurements with the tape horizontal, plumbing from the downhill end, 
breaking tape where necessary, applying tension by estimation, and making 
no corrections for sag, temperature, or tension. The tape is usually 100 ft. 
long and weighs about 2 lb. The discussion of the preceding articles makes 
it evident that the larger errors are likely to arise owing to (1) tape not level, 
(2) sag in tape, (3) variation in temperature, and (4) poor plumbing. Call 
these errors per tape length, respectively, en, Ca, et, and Of these, eh and 

are positive systematic errors, which increase directly with the number 
of opportunities for error, et is probably either positive or negative system- 
atic, and ev is accidental and would therefore increase in proportion to the 
square root of the number of opportunities for error. Let us assume values 
for these errors, neglecting entirely those arising from other sources, and 
estimate the limits of the resultant error e per 1,000 ft. From the preceding 
articles we might perhaps expect the following: 

eh = +0.04 ft., e. == +0.03 ft., et ^±0.01 ft., = +0.05 ft., 

e = 10(+0.04 + 0.03 ± 0.01) ± O.OSVlO = +0.44 to +0.96 ft. 

The corresponding limits of precision are roughly 1/2,300 to 1/1,000. In a 
general way these limits correspond to those usually attained on work of 
the character specified above where no particular effort is made to secure 
precision. The measured lengths of such lines are nearly always consider- 
ably longer than their true lengths, since most of the systematic errors tend 
to make the tape effectively too short (Table 7*2). Hence it may be con- 
sidered good practice either arbitrarily to deduct a reasonable quantity 
from such measurements or to offset the over-all effect by using a pull some- 
what greater than that for which the tape is standardized. If the chaining 
is done during extremely cold weather with inexperienced chainmen who 
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fail to keep the tape taut and who do not use reasonable care in keeping the 
tape horizontal, the precision may be less than >^oo- 

In ordinary chaining over flat, smooth ground the principal errors are 
those due to variation in temperature and to inclination of tape. ^^Flat ^^ 
and “ smooth are relative terms, as here used. Ordinarily the tape, when 
held to the ground, is neither perfectly straight nor horizontal. Frequently 
a difference in elevation of 2 or 3 ft. in 100 will go undetected if the slope is 
smooth. Assuming the error of setting pins as ±0.007 ft. per tape length, 
that due to slope and uneven tape as +0.02 ft., and that due to temperature 
as ±0.01 ft., the limits of precision are roughly 1/3,000 to 1/10,000. Usu- 
ally 1/5,000 is considered good chaining for the conditions stated, but to 
attain this precision a rough correction for variation in temperature must 
frequently be made. Under extreme weather conditions, change in tem- 
perature alone might introduce an error of 1/2,000 or even greater. 

In chaining along a smooth surface such as a paved highway, if slope meas- 
urements are taken with reasonable care, the principal error is that due to 
variation in temperature. For measurements of moderate precision when 
a rough correction for thermal expansion is made without actual observa- 
tions of temperature, the systematic error per 100 ft. due to temperature 
variation might be between ±0.006 and ±0.01 ft. As compared with this, 
the accidental errors due to variations in tension and to marking the ends of 
the tape are of relatively small account. Under these conditions it might 
reasonably be expected that a precision of 1/10,000 to 1/15,000 could be 
maintained. In practice it is generally assumed that a precision of 1/10,000 
is about the maximum that can be obtained without the aid of special 
apparatus. 

For measurements of higher precision the temperature is determined by 
a thermometer attached to the tape, and the tension is regulated through 
the use of a spring balance. Generally the tapes used are light in weight 
so that when unsupported the uncertainty of the effect of sag will be small. 
When measurements are corrected for the accumulative effects of sag, slope, 
etc., the remaining errors are largely accidental in character, though for 
measurements in sunlight there is likely to be an appreciable difference 
between the observed temperature and the actual temperature even though 
the bulb of the thermometer is in contact with the tape. Assuming that the 
sum of all systematic errors in the same direction might be 0.004 ft, per 
100 ft. and that all accidental errors might amount to ±0,007 ft. per 100 ft., 
for a line 1 mile long we might expect a precision of 1/20,000 to 1/30,000. 
Experience indicates that lines of considerable length may be measured 
under the conditions stated above with a precision as high as 1/30,000. 
Along a smooth course such as a railroad or a highway, where measurements 
are taken with the tape supported its full length, this precision may be 
maintained by using moderate care in setting the pins or in otherwise 
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marking the location of the end of the tape on the ground. If the course is 
rolling or rough, it is necessary to employ some device by means of which 
the tape may be suspended and yet held firmly in position while the tension 
is applied and the end marks of the tape are projected to the ground points 
by plumbing; also it is necessary to plumb with great care. 

When steel tapes are used, measurements calling for a very high precision, 
say 1/100,000 to 1/500,000 or higher, are made at night or on cloudy days 
so that uncertainties regarding the temperature of the tape are greatly re- 
duced. For work of this character, the tapes employed are usually 50 meters 
or more in length and are very carefully standardized. The successive 
positions of the forward end of the tape are marked by lines scratched on 
zinc or copper strips fastened to substantial posts. (See also ‘‘Base-line 
Measurement” in Chap. 16.) 

Errors due to variations in temperature are greatly reduced by using an 
invar tape. 

7-24- Mistakes in Chaining. Some of the mistakes commonly made by 
inexperienced chainmen are: 

1. Adding or dropping a full tape length. This is not likely to occur if 
both chainmen count the pins, or when numbered stakes are used, if the 
rear chainman calls out the station number of the rear stake in response to 
which the head chainman calls out the number of the forward stake as he 
marks it. The addition of one or more tape lengths may occur through 
failure of the rear chainman to give the head chainman a pin at breaks 
marking fractional tape lengths. A tape length may be dropped through 
failure of the rear chainman to take a pin at the point of beginning. 

2. Adding a foot. This usually happens in measuring the fractional part 
of a tape length at the end of the line. This distance should be checked by 
the head chainman holding the zero mark on the tape at the terminal point 
and the rear chainman noting the number of feet and approximate fraction 
at the last pin set. 

3. Other points incorrectly taken as 0 or 100-ft, marks on tape. The 
chainman should note whether these marks are at end of rings or on the tape 
itself, also whether there is an extra graduated foot at one end of the tape. 

4. Reading numbers incorrectly. Frequently “68” is read “89” or “6” 
read as “9 j” It is good practice to observe the number of the foot marks on 
each side of the one indicating the measurement, especially if the numbers are 
dirty or worn. Also the tape should be read with the numbers right side up. 

5. Calling numbers incorrectly or so that they are not clearly understood. 
For example 50.3 might be called “fifty, three” and recorded as 53.0. If 
called as “fifty, point, three” or “five, zero, point, three” the mistake would 
not be likely to occur. When numbers are called to a recorder, he should 
repeat them as they are recorded. Whenever a decimal point or a zero 
occurs in a number, it should be indicated by the person calling. 
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Often large mistakes will be either prevented or discovered if the ehain- 
men form the habit of pacing distances or of estimating them by eye. If 
a transit is being used to give line, distances can be checked by reading the 
approximate stadia interval on a flagpole. 

7*25. Surveys with Tape. The survey of a field with the tape is accom- 
plished by dividing the field into triangles and obtaining sufiicient measure- 
ments of the sides, altitudes, and angles of the triangles to permit the compu- 
tation of remaining sides and angles required for plotting and for the calcula- 
tion of areas. Typical field notes for the survey of a field with the tape are 
given in Figs. 7*16 and 7*17. 

Where the measurement of angles is involved, surveying with the tape 
alone is too slow to be used to any great extent except on surveys covering 
small areas. However, often it is convenient to measure an angle or to 
erect a perpendicular with the tape. 

7*26. Measurement of Angles. Angles are measured by the chord 
method, as follows: With the vertex A of the angle a as a center (Fig. 7*9), 
the tape is swung, and pins are set at points a and b where the arc intersects 
the sides AH and AC of the angle. c 

The chord distance ab is measured. 

Then 

( 8 ) 


1 


ab 



2 200 

Angles measured with the tape are usu- 
ally considered as being less accurate 
than those measured with the transit, 
but for very small angles the reverse is 
likely to be true. 

An angle is laid ofl in a similar man- 
ner, making use of the chord relation of Eq. (8). For exaniple, to lay off 
an angle a from line AH with A as the vertex (Fig. 7*9), arcs are swung 
from A and a to an intersection at b. Very small angles can be laid off 
more precisely with the tape than with the transit, by making use of the 
tangent or sine of the angle as described in Art. 13*14. 

7*27. Erecting Perpendicular to Line. For the purpose of locating the 
altitude of a triangle or of laying out a right angle' as for a building corner, 
it is necessary to erect on the ground a perpendicular to an established line. 
This is usually done either by the 3:4:5 method or by the chord-bisection 
method. The 3:4:5 method requires less time, but the chord-bisection 
method is more precise. A prismatic sighting device is available which 
permits the quick and precise erection of perpendiculars without the use of 
a tape or transit. 

Z'A:b Method. To erect a perpendicular to the line AH (Fig. 7*10a'\ 
that will include point C, a point a on line AB is assumed to be on the per- 
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pendicular, and a pin is set at a. With sides a multiple of 3, 4, and 5 ft., 
such as 24, 32, and 40 ft., a right triangle abc is constructed as follows: A 
pin is set on line AB at b, 32 ft. from a. The zero end of the tape is fixed 
with a pin at a, and the 100-ft. end at b. The head chainman moves to c and 
holds the 24-ft, and the 60-ft. marks of the tape in one hand, with the tape 
between these marks laid out so as to avoid kinking. He then sets a pin 
at c. The rear chainman moves from a to h as necessary to check the 


ii 


Fig. 7- 10a. Perpendicular by 
3:4:5 method. 


c^c 

I 




a cr v 


Fig. 7-106. Perpendicular by 
chord-bisection method. 


position of the tape at these points as c is established. He then sights along 
m to C' beside C (usually C will not lie on this prolongation). The perpen- 
dicular distance from € to the line aC' is measured, and the foot a of the per- 
pendicular aC^ is moved along the line AjB by an equal amount, to the point 
a'. If the trial perpendicular aC* fails to include the point C by several feet, 
the process is repeated for a', the new point; otherwise the location of a' 
may be assumed as correct. 

If ground conditions are favorable, the point c may be established by 
striking arcs on the ground with oc = 24 ft. and be — 40 ft. as a radius, 
using a chaining pin. The point c lies at the intersection of the arcs. This 
procedure avoids either fastening or bending the tape. 

A good way of finding the approximate position of the perpendicular is 
to stand on the line AB with arms extended horizontally along the line. 
With eyes closed, bring the arms to the front, palms together; then sight 
along the line of the hands. 

Chord-bisection Method, To erect a perpendicular to the line AB (Fig. 
7*106) that will include point C, the position of the perpendicular is esti- 
mated, and a pin is set at d on this estimated perpendicular, somewhat less 
than one tape length from the line AB. With d as center and length of 
tape as radius, the head chainman describes the arc EF of a circle, setting 
pins at the intersections b and c of the arc with the line AB. The rear 
chainman stationed at A or B determines the location of the intersections 6 
and c on line. The point a is established midway between 6 and c. The 
line ad is prolonged to O' beside C, and the point a is moved if necessary, 
as described for the 3:4:5 method. 

7*28. Irregular Boundary. Where a boundary line is irregular or curved, 
as along a shore line or a winding road, the usual procedure of locating the 
boundary is by means of perpendicular offsets from a straight line run as 



Fig. 7*12- Inaccessible distance (short offset). 
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near the boundary as practicable. For straight portions of the boundary, 
offsets need be taken only at the ends. Where a curved boundary has 
many changes in direction, offsets should be taken at short intervals, which 
will usually be irregular. However, for convenience in calculating areas 
(Arts. 19* 9 to 19* 13), so far as possible the offsets are taken at regular intervals. 

If the distance from the line to the boundary is not more than about 50 ft. 
and the boundary is fairly regular, usually it is sufficiently precise to erect 
the perpendiculars by estimation with the eye. For more precise work, 
the perpendicular may be erected with the tape (Art, 7-27), the transit, the 
compass, or a prismatic sighting device. 

Typical field notes for determining offsets with the tape are given in 
Fig. 7*17. 

7*29. Obstructed Distances. Often it becomes necessary to determine 
the distance between two points where direct chaining is impossible. If 
the points are intervisible, the distance may be determined by swing offsets, 
parallel lines, or similar triangles. If the points are not intervisible, the 
methods employing parallel lines are impossible. 


Fig. 7*11. Swing offset with tape. 


Pa^oMd Lines, If the necessary offset distance from the line A Bis shorty 
perpendiculars A A' = BB' are erected by either method of Art. 7*27 to 
clear the obstacle (Fig. 7*12). The line A'B' is then chained, and its length 
is taken as that of AB. 


Smng Offsets. To find the distance AB (Fig. 7*11) by the swing-offset 
method, the head chainman attaches the end of the tape to one end of the 
line as at B and describes an arc with center B and radius 100 ft. The rear 
chainman stationed at A lines in the end of the tape with some distant 
object as 0 and directs the setting of pins at points a and b where the end 
of the tape crosses line AO. A point C midway between a and h lies on the 
perpendicular CB. A pin is set at C, and the distances BC and CA are 
measured to obtain the necessary data for computing the length of AH. 
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If a Img offset is necessary, the method just described will be inaccurate 
because of the uncertainty of right angles measured with the tape. In such 
a case, a point C (Fig. 7-13) is established to clear the obstacle, such that the 
estimated value of a is less than 45°. The chord length of a for a radius of 



Fig. 7‘13. Inaccessible distance (long offset). 


100 ft. is determined. AC and CD are measured, CD being roughly per- 
pendicular to AB, Ate the angle a is laid off so that CE will be parallel to 
AB. CE is measured, E being any convenient point such that 0 will be 
less than 45°. EB and EF are measured, EF being roughly perpendicular 
to AB. The angle /3 is measured by determining its chord length for a 
radius of 100 ft. The right-angle triangles ADC and BFE are solved for 
AD and FB. AB = AD + CJS? + FB. 

The precision of this method over that of the preceding method is due 
to the fact that the angles laid off are small and that the distances AD and 
BF are computed rather than measured. The reason for computing these 
distances will readily be seen when it is considered that any variation of the 
line DC from the true perpendicular will make little difference in its length 
as compared with the corresponding change of length of AD. To illustrate, 
suppose a (Fig. 7*13) equals 45°, that the true length of AD and CD is 
200 ft., and that D, supposedly on the perpendicular through C, is 10 ft. in 
error. As computed from AC and CD, AD is about 0.3 ft. in error, but its 
measured length would be 10 ft. in error. 


C 



Fig. 7* 14. Obstructed distance (dmilar trian^es). 

Similar Triangles. Let C (Fig. 7*14) be a point from which A and B are 
visible. AC and BC are measured. CD and CE are laid off so that CD 
will bear the same relation to CA that CE bears to CB; that is, CD/C A = 
CE/CB, It will generally be convenient to make this a simple ratio such 
as or The triangles ACB and DCE are similar. DE is measured, 
and AB is computed. 
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7*30. Numerical Problems. 


1. The length of a line as measured with a 100-ft. steel tape is 1,012.3 ft. After- 
ward the tape is compared with the standard and is found to be 0.03 ft. too long. 
Compute the length of the line. 

2. A building 80.00 by 160.00 ft. is to be laid out with a 50-ft. tape which is 0.016 
ft. too long. What ground measurements should be made? 

3. The actual distance between two marks at the City Hall is known to be 100.080 
ft. When a field tape is held on this line, the observed distance is 100.03 ft. What 
is the actual length of the tape? 

4. The slope measurement of a line is 800.0 ft. The differences in elevation be- 
tween successive 100-ft. points, as measured with a hand level, are 1.0, 1.5, 2.5, 3.8, 
4.6, 5.0, 7.5, and 6.2 ft. Determine the horizontal distance. 

5. The slope measurement of a line is 1,246.5 ft. Slope angles measmed with a 
clinometer are as shown below. Determine the horizontal distance, by exact and by 
approximate methods. 


Chainage, ft. 0 300 800 1,000 1,246.5 

Slope angle, degrees ,. . 3^ IH 2H 4 


6. Two points at a slope distance of about 100 ft. apart have a difference in eleva- 
tion of 12 ft. What slope distance should be laid off to establish a horizontal distance 
of 100.000 ft.? Compute by exact and by approximate methods. 

7. Compute the effect of sag per tape length for the two tapes of the example of 
Art. 7*20, using tensions of 20 and 40 lb. and distances between supports of 25 and 100 
ft. 

8. A 100-ft. tape weighing 2 lb. is of standard length under a tension of 12 lb., 
supported for full length. A line on smooth level ground is measured with the tape 
under a tension of 35 lb. and found to be 4,863.5 ft. long. E = 29,000,000 lb. per 
square inch; 3.53 cu. in. of steel weighs 1 lb. Make the correction for increase in 
tension. 

9. A second line is measured with the tape of problem 8, the tape being supported 
at intervals of 50 ft. and the pull being 20 lb. The measured length is 1,823.6 ft. 
Compute the corrections for sag and variation in tension and determine the corrected 
length of the line. 

10. Compute the normal tension for the tape of problem 8, the tape being supported 
at its ends. 

11. Chainmen made two independent measurements of a line 10,000 ft. long. The 
ground was sloping and measurements were taken with the tape horizontal. The 
tape was 100 ft. long, and weighed 3 lb. One of the measurements of the line was 
made by two chainmen supporting the tape at the 0 and 100-ft. marks; the second 
measurement was made by three chainmen supporting the tape at the 0, 100, and 
50-ft. points. The discrepancy between the two measurements was 11.7 ft. Several 
tests with a spring balance indicated that the average pull exerted by the chainmen 
was 20 lb. How much of the above discrepancy might be attributed to the different 
modes of supporting the tape? 

12. For the purpose of establishing monuments in a city, a line along a paved street 
having a grade of 2.5 per cent is measured on the slope. The applied tension is 12 lb., 
and observations of temperature are made at each application of the tape. The 
measured length on the slope is 1,320.64 ft., and the mean of the observed tempera- 
tures is 87.4°P. The 100-ft. steel tape used for the measurements is standardized at 
70“F., supported for full length, and is found to be 0.004 ft. too short under a tension 
of 12 lb. Determine the horizontal length of the line. 
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13. A line through rough country is chained by horizontal measurements and 
found to be 2,450 ft. long. On the average, it was necessary to use the plumb lino 
every 50 ft. If the probable error of plumbing from the end of the tape to the ground 
is ±0.03 ft. in the direction of the line, compute the probable error due to inaccurate 
plumbing. 

14. If, in problem 13, the average slope of the tape when measurements are taken 
is 2 in 100, what error from this source is introduced in the length of the line? 

15. A line roughly 2 miles long along a railroad track is measured with a steel tape, 
and corrections are made for observed temperatures. What error will be introduced 
if the actual temperature of the tape is 2®F. higher than the observed temperature? 
State the error in fractional form with 1 as the numerator- 

16. Assume that an invar tape having a coefficient of thermal expansion of 
0.00000083 per 1®F. is used under the conditions of problem 16. Compute the error 
introduced. 

17. A hedge along the line AB makes direct measurement impossible. A point 
€ is established at an offset distance of 20 ft. from the line AB and roughly equidistant 
from A and B. The distances AC and CB are then chained; AC ~ 1287.2 ft., and 
CB = 1353.0 ft. By an approximate method compute the length of the line AB. 

18. It is desired to measure a distance of approximately 10 miles with a maximum 
permissible error of 1/10,000. The country is rolling (average slopes, 5 per cent) 
and wooded, so that for perhaps half the distance the tape must be held level, unsup- 
ported. Make any other necessary assumptions and write specifications (similar to 
those in Art. 14- 16) for this work. 

7‘31. Field Problems. 

Pkoblem 1. Pacing 

Object. To determine the length of normal pace, to test the reliability of 21^ and 
3-ft. paces, and to determine an unknown distance by pacing. 

Procedure. (1) Walk over an assigned course of known length ten times at an 
ordinary gait, counting the paces each time. Record each observed number in the 
field notebook. Compute the average length of the natural pace and average number 
of paces for 100 ft. (2) With a tape mark a course 30 ft. long, with every 3-ft. 
interval indicated. Walk over this course several times to obtain the proper stride; 
then pace the assigned course with this stride, recording the data and making com- 
putations as previously explained. (3) Follow a similar procedure for a 23^ft. pace. 
(4) Walk over a course of unknown length several times at a natural pace, at a 2H-R. 
pace, and at a 3-ft. pace. Estimate the distance by each method; and then find the 
true distance with a steel tape. Note the error. 

Hints and Precautions. (1) In attempting to walk at a natural rate, avoid the 
general tendency to exceed that rate. (2) Count the paces carefully, estimating to 
the nearest one-tenth pace at the end of the course. (3) Reject observations that 
vary from the mean by more than 3 per cent. (4) Remember that field notes are a 
permanent record and should show clearly all the work done in the field. Plan an 
orderly form of notes and computations in advance. If an observation is rejected, 
draw a line through it, but do not erase. 


Problem 2. Chaining over Level Ground with Tape 

Object. To chain with the 100-ft. steel tape over an approximately level course 
alK>ut 1,200 ft. long, and to check the distance by chaining in the opposite direction. 

Procedure. (1) Set a hub at each end of the line, and set a flagpole about 1 ft. 
beyond the far hub. Follow the procedure indicated in Art. 7- 12, The distance 
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should be read directly to tenths of feet and estimated to hundredths. Record the 
two lengths, and compute the ratio of discrepancy to length. Measurements should 
check within 1/5,000. As a rough check, measure the distance by pacing. 

Hints and I^ecautions. (1) The rear chainman should not hold the tape as he 
moves from station to station; otherwise if he moved too slowly, the head chainman 
would be retarded, and if he moved too fast the chain might become kinked. (2) Be 
careful not to disturb the “stuck’’ pin by allowing the tape to press against it. 
(3) Avoid injury to the tape; always keep it straight while in use. (4) Avoid in- 
consistent errors by checking every measurement. 

Problem 3. Standardization op Tape and Chaining over Uneven Ground 

Object. To standardize the 100-ft. steel tape; to find, by two methods, the hori- 
zontal length of an assigned course about 800 ft. long over uneven ground; and to 
correct for the error in length of tape as determined by the standardization tests. 


i 


Procedure. (1) Standardize the tape before and after the field work, by compar- 
ing it with the official standard of length. Maintain the required pull by means of a 
spring balance. Determine the error with a finely divided scale. (2) Chain the 
course by horizontal measurement after the manner described in Art, 7* 13. Maintain 
a pull estimated to be equal to that used during standardization. For measurements 
in which the line slopes more than 5 or 6 ft. in 100, “break chain.” (3) Correct 
for the error in length of tape by adding to or subtracting from the observed distance, 
the observed error multiplied by the number of tape lengths in the course. Record 
the data in a form similar to that of Fig. 7*15. (4) Chain the course by measure- 
ment on the slope, recording the difference in elevation (to the nearest foot) of each 
100-ft. tape length as determined by a hand level. If sharp breaks in slope occur 
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CHAPTER 8 


measurement of difference in elevation 


general methods 


8-1 Definitioiis. The elevation of a point near the surface of the earth 
is its vertical distance above or below an arbitrarily a^umed ^ 
or curved surface every element of which is normal to the plumb line. The 
level surface (real or imaginary) used for reference is called the datum. A 

level line is a line in a level surface. . , . i .a* + 

The diference in elevation between two points^ is the vertical distance 
between the two level surfaces in which the points he. Leveling is the 
operation of measuring vertical distances, either directly or indirectly, in 
order to determine differences in elevation. 

A homonial line is a straight line tangent to a level surface. ^ 

A veHical angU is an angle between two intersecting lines in a vertical 
plane. In surveying it is commonly understood that one of these lines is 

horizontal. 



In Fig. 8*1 the irregular line represents that profile of the earth^s surface 
in which are the points A and B. The curved lines are level lines represent 
ing the profile of imaginary level surfaces in which the points are locat^. 
In the figure the datum is represented by the lowest curved line. If the 
elevation of point A with respect to the datum is 196 ft. and the difference 
in elevation between A and B is 303 ft. then the elevation of point B is 499 ft. 

The datum most widely used is mean sea level. Some cities have a “city 
datum’’ which may or may not agree closely with mean sea level; thus the 
St. Louis datum might be the low-water stage of the Mississippi River. 
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, CITEVATUBE AND REFRACTION 
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Fig. 8-2. Earth’s curvature and atmospheric refraction. 
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The effect of refraction alone is about O.Oilil or u.uuo 
direction. 
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8*3. Methods- Difference in elevation may be measured by the follow- 
ing methods: 

1. Direct or spirU leveling, by measuring vertical distances directly. 
Direct leveling is the most precise method of determining elevations and 
is the one most commonly used (Art. 8*6). 

2. Indirect or trigonometric leveling, by measuring vertical angles and 
horizontal distances (Art. 8*5). 

3. Barometric leveling, by measuring the difference in atmospheric pressure 
at various stations, by means of a barometer (Art. 8-4). 

Differential leveling (Chap. 9) is the operation of determining differences in 
elevation of points some distance apart, or of establishing bench marks. 
Usually differential leveling is accomplished by direct leveling. Precise 
leveling is a form of differential leveling for which the instruments and 
methods are such as to produce a high degree of precision. 

Profile leveling (Chap. 10) is the operation — usually by direct leveling — 
of determining elevations of points at short measured intervals along a 
definitely located line, such as the center line for a highway or a sewer. 

Direct leveling is also employed for determining elevations for cross- 
sections, grades, and contours. 

A recently developed elevation meter consists of a vehicle on which is 
mounted a mechanical device that integrates the vertical component of any 
longitudinal movement. 

8*4. Barometric Leveling. Since the pressure of the earth’s atmosphere 
varies inversely with the elevation, the barometer may be employed for 
making observations of difference in elevation. If at a given elevation the 
atmospheric pressure always remained constant, or even approximately so, 
the barometric method would be one of considerable precision; but the 
pressure in the course of a day or even in the course of an hour is likely to 
vary over a considerable range. 

Barometric leveling is employed principally on exploratory or reconnais- 
sance surveys where differences in elevation are large, as in hilly or moun- 
tainous country. Under ordinary conditions, elevations determined by 
barometric leveling are likely to be several feet in error. (However, see 
Art. 8* 4a regarding more precise barometric leveling.) 

Usually barometric observations are taken at a fixed station during the 
same period that observations are made on a second barometer which is 
carried from point to point in the field. This procedure makes it possible 
to correct for atmospheric disturbances which could not be readily detected 
if a single barometer were used. 

Computations. The difference in elevation between two points A and B 
is given by Eq. (2), assuming that the mean of the temperatures at A and B 
is and neglecting the effects of humidity and of atmospheric disturb- 
ances. 
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z (uncorrected) = 62,737 log - 62,737 log (2) 

Ha Hb 

where z is the difference in elevation in feet, and ha and h are, respectively, 
the barometer readings (in inches of mercury) at points A and B, Each 
term of the second member represents the elevation of the corresponding 
point above a datum plane of barometric pressure 30 in., or approximately 
at mean sea level. 

For a mean temperature at the two points other than 50°F. and/or average 
conditions of humidity, a proportionate correction is added (algebraically). 
The amount of this correction is determined by multiplying the uncorrected 
difference in elevation, from Eq. (2), by the appropriate factor in the follow- 
ing tabulation: 


Correction Factors for Elevation by Barometer 


Mean 

temp., 

°F. 

Factor 

Mean 

temp., 

°F. 

Factor 

Mean 

temp., 

°F. 

Factor 

0 

-0.1024 

35 

-0.0273 

70 

+0.0471 

5 

-0.0915 

40 

-0.0166 

75 

+0.0575 

10 

-0.0806 

45 

-0.0058 

80 

+0.0677 

15 

-0.0698 

50 

+0.0049 

85 

+0.0779 

20 

-0.0592 

55 

+0.0156 

90 

+0.0879 

25 

-0.0486 

60 

+0.0262 



30 

-0.0380 

65 

+0.0368 


[ 


Example: Given barometer readings at A and B, respectively, of 26.850 and 
28.315 in., and corresponding temperatures of 48 and 72°F. Determine the difference 
in elevation, 

ByEq.(2) 

z (uncorrected) - 3,022.5 — 1,575.0 = 1,447.5 ft. 

From the table, the correction factor for a mean temperature of 60®F. is -f-O 0262. 

1,447.5 X +0.0262 =- +37,9 ft. 
z (corrected) = 1,447.5 + 37.9 - 1,485.4 ft. 

Some mercurial barometers have an auxiliary scale by means of which 
the correction is made mechanically. 

Instruments and Methods, The mercurial barometer is accurate, but it is 
cumbersome and is suitable only for observations at a fixed station. For 
field use, an aneroid barometer is commonly used because it is light and is 
easily transported. The usual type has a dial about 3 in. in diameter, 
graduated both in inches of mercury and in feet of altitude (elevation) ; it 
is compensated for temperature. At a point of known altitude, the pointer 
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a K Tndirect Leveling. In Fig. 8-3, A represents a point of known 
election and B a point the elevation of which is desired. In 
the Lthod of indirect or trigonometric leveling, the vertical angle a at A 
IS measured, and the distance A D is deterimned by t 

ment. Within the limits of ordinary practice AD - AC and a 

Therefore, At = AC tan a 
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The correction h! for curvature and refraction is, by Eq. (l)y 


N = 0.021M2 


where AC is in feet. 


"“(iS)’ 




Fig. 8*3. Indirect, or trigonometric, leveling. (Owing to refraction, the line of sight is 

sli^tly curved.) 


The difference in elevation H is, therefore, 

H = + V = AC tan a + 0.021 

If the vertical angle ^ is now taken from to A, by a similar course of 
reasoning ha = EB tan jS. For the horizontal distances employed on any 
ordinary survey, EB is the equivalent of AC. Therefore. 

ha = AC tan ^ (5) 

and the difference in elevation is 

j? = Ao - V = AC tan |8 - 0.021 (6) 

From Eqs. (4) and (6) it will be noted that when the vertical angle is 
upward or positive the curvature and refraction correction is added; and 
when downward or negative, the curvature and refraction correction is sub- 
tracted. 

Adding Eqs. (4) and (6), 

2H = iha - h') + (h 4- h^) ^ ha -h h 


H = = 4r 


From Eq. (7) may be deduced the general rule that whm vertical angles 
are measured from (and to) each of two 'points whose difference in elevation is 
desired, the difference in elevation is one half of the horizontal distance between 
them m'ultiplied by the sum of the tangents of the angles, and the effect of the 
earth’s curvature and atmospheric refraction is thereby eliminated. In 
precise trigonometric leveling this is the procedure employed. 
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Fio. 8.5. Bireot leveling. (Owing to refraction, the line of sight is slightly curved.) 

If the difference in elevation between the points A and E is designated as 
ffjlld the difference in elevation between E and B designated as H,, 

H^ = ha- K and Hi = h - K 

t, t end As are the vertical distances read at A and B, respectively, and 
find AUre the effects of the curvature of the earth and atmospheric 
Jrfraction for the horizontal distances LA and LB, respectively. 

The difference in elevation H between A and B is then 

If = Ha — Hi = {ha — AO — {h — hi) w 

= ha — hb — K + K 

If the backsight distance LA is equal to the foresight distance LB, then 

A' = AUnd H = ha-h 

tion between P correction for curvature and refraction is 

i^y. to direct leUling, usually the work is so conducted that the 
effect of curvature and refrac- ^ L 3 

tion is reduced to a negligible ^ o Lo o S 

amount (Art. 9*5). ® c 

On lines of direct levels the Pio,. g-e. 

usual ^ ^ established points some distance 

aS. Shose difference in elevation is desired. The symbols In, L„ an a 
1 Owing to refraction, the line of sight is slightly curved, as explained in Art. 8.2. 
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indicate successive positions of the level, not necessarily on a line joining A 
and D. With the level in some convenient position as Li, a backsight is 
taken to point A, and a foresight is taken to some convenient point B, The 
level is then moved ahead to 1 / 2 , a backsight reading is taken to B, and 
then a foresight reading is taken to some accessible point as C. And so 
the process is repeated until the terminal point is reached. 

S*T. Instrmnents. Any instrument commonly used for direct leveling 
has as its essential features a line of sight and a level tube or some other 
means of making the line of sight horizontal (see Art. 2*5). The level tube 
is so mounted that its axis is parallel to the line of sight. The instrument 
used principally is the engineer's level (for essential features, see Chap. 2). 
The architect's level, a modified form of the engineer's level but with a tele- 
scope v/hich is of lower magnifying power and with a less sensitive level, is 
used in establishing grades for buildings. The hand level is a simple and 
useful device for roughly determining differences in elevation. Instru- 
ments which are frequently used for direct leveling, but which are not 
primarily designed for this purpose, are the engineer's transit and the tele- 
scopic alidade of the pZa?ie fahZe. 

The measurements of difference in elevation are determined by sighting 
upon graduated wooden rods, called leveling rods. Other accessories some- 
times used are the rod level, which indicates when the rod is plumb, and 
a metal plate or pin which is useful in establishing temporarily a definite 
and unyielding point on v/hich the rod may be held. 

The two distinct types of the engineer's level are the dumpy level for which 
the telescope tube is permanently fastened to the level bar, and the wye 
level for which the telescope is removable and rests in Y-shaped supports. 
Generally the leveling head is equipped with four leveling screws, but the 
three-screw type is favored by some engineers and surveyors, particularly 
for instruments of high precision. Eeasons for this preference are that the 
three-screw type can be leveled rapidly, requires the use of only one hand, 
and is relatively stable as compared with the four-screw type when the 
latter is not perfectly set.^ The level tube is usually under the telescope 
but may be on top or at the side. A reflecting mirror or similar device, by 
means of which the level tube may be viewed while looking through the 
telescope, is sometimes employed. Sensitive instruments are often pro- 
vided with a micrometer altitude-screw, at one end of the level bar, by 
means of which screw fine settings of the telescope may be made without 
moving the leveling screws. The details of the telescope are constructed 
quite differently by the different makers. 

8*8. Dumpy Level. Figure 8*7 shows the details of a conventional 
dumpy level wdth erecting eyepiece. The telescope A is rigidly attached 

^ On the other hand, the leveling head may rotate slightly, and when one screw is 
turned the elevation changes sli^dy. 
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to the level bar B, and the instrument is so constructed that the optical axis 
of the telescope is perpendicular to the a^ds of the center spindle. The 
level tube C is permanently placed so that its axis lies in the same vertical 
plane as the optical axis, but it is adjustable in altitude by means of a cap- 
stan-headed screw at one end. The spindle revolves in the socket of the 
leveling head D, which is controlled in position by the four leveling screws E. 
At the lower end of the spindle is a ball-and-socket joint which makes a 
flexible connection between the instrument proper and the foot plate F, 


Fig. 8*7. Engineer’s dumpy level. 


When the leveling screws are turned, the level is moved about this joint as 
a center. The sunshade G protects the objective from the direct rays of 
the sun. The adjusting screws iJ for the cross-hair ring are near the eye- 
piece end of the telescope. 

The telescope of the dumpy level usually has a magnifying power of 
about 30 diameters, and the level tube usually has a sensitiveness of 
20 seconds of arc per graduation (2 mm.). 

The name “dumpy level’’ originated from the fact that formerly this 
level was usually equipped with an inverting eyepiece and therefore was 
shorter than a wye level of the same magnifying power. Its advantages 
over the wye level are that it is simpler in construction, has fewer parts 
subject to wear, requires fewer adjustments, and stays in adjustment better. 
It is the type most commonly employed. 
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A modified form of the dumpy level, used for precise work, has the tele- 
scope hinged to one end of the level bar and resting on the point of a mi- 
crometer screw in the other end of the level bar. The level tube is either 
attached to the telescope in the usual manner or at the side or above. The 
'precise level of the U.S. Geological Survey (Fig. 8*8) is a refined form of the 
dumpy level; the telescope has a magnifying power of about 40 diameters, 


Fig. 8'8. Precise level, U.S. Geological Survey type. 

and the level tube has a sensitiveness of 10 seconds of arc per graduation 
(2 mm.). The U.S. Coast and Geodetic Survey also has a precise level 
similar in its essentials to, but differing in detail from, the Geological Survey 
level. 

A form of dumpy level recently developed in America incorporates several 
desirable features for rapid and precise work. The base has three leveling 
screws and is equipped with a circular spirit level for approximate leveling. 
The telescope is of the internal-focusing type and has stadia lines etched on 
a glass diaphragm. It can be '‘tilted,’^ or rotated slightly in the vertical 
plane of its axis, by means of a fulcrum at the vertical axis and a microm- 
eter screw at the eyepiece end of the telescope; thus the line of sight can 
be made horizontal even when the instrument as a whole is not exactly 
level. The telescope level bubble is easily and accurately centered by means 
of a prism system viewed from the eyepiece end of the telescope, by bringing 
the images of the ends of the bubble into coincidence; it is not necessary 
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for the leveler to step to the side of the instrument. Electric illumination 
can be provided for night observations. 

European forms of the dumpy level (Fig. 8*9) incorporate similar features 
and others which render it likely either that their use in North America 
will increase or that American manufacturers will adopt similar improve- 
ments. The instruments are small and light, ranging in weight from 3}^ 



Fig. 8’9. Wild dumpy level with homoiital circle. 


to 7 lb. without tripod. They are very accurate and permit of rapid setting 
up and observing. Their cost is relatively low. The magnifying power 
ranges from 18 to 36 diameters, and the sensitiveness of level tube from 40 
to 6 seconds of arc per 2-mm. graduation. Some levels are equipped with 
a horizontal circle, with graduations on glass, for observing directions. In 
some instruments, a glass plate is mounted in front of the objective in such 

i manner that tilting the plate raises or lowers the line of sight slightly, with- 

out changing its direction, and thus permits readings to be taken on even 
graduations of the rod. The amount of displacement is then read on a 
graduated drum attached to the tilting screw. 

^ 8*9. Wye Level. Figures 8*10 and 8T1 show the details of a wye level 

i with erecting eyepiece. The telescope rests in Y-shaped bearings called 
the wyes. The leg of each wye passes thi’ough the level bar and is secured 
in position by capstan-headed nuts. By means of the nuts on one of the 
wye legs, the wye can be raised or lowered. The telescope is secured in 
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position by the wye clips. When the clips are raised, the telescope may be 
revolved in the wyes or it may be lifted from the wyes and turned end for 
end. The enlarged cylindrical portions of the telescope barrel which rest 
in the wyes are called the rings or collars. The line joining the centers of 
the rings is defined as the axis of the collars The axis of the wyes is a general 
term used to denote a reference line — sometimes actually the axis of the 
collars and sometimes actually the axis of the supports — that represents 
the alinement of the telescope tube in the wye supports. The telescope is 
held longitudinally by a flange on each ring, which bears against the side 
of the wye. When the clips are fastened, the telescope is held from turning 
about its axis by a lug on one of the clips. 

The telescope of the wye level usually has a magnifying power of about 
30 diameters, and the level tube usually has a sensitiveness of 20 seconds 
of arc per graduation (2 mm.). 

The level tube is attached to the telescope and is adjustable in both a 
horizontal and a vertical plane. Other details are much the same as for 
the dumpy level just described. In the instruments shown in Figs. 8*10 
and 8-11, above the leveling head is a collar and a clamp-screw by means 
of which the spindle may be clamped to the leveling head. The tangent- 
screw controls small movements of the level about its vertical axis after the 
clamp-screw is tightened. 

The distinguishing characteristics of the wye level are: (1) the telescope 
may be revolved about its own axis in the wyes and (2) it may be lifted 
from the wyes and turned end for end. These features are of no particular 
advantage in the work of leveling, but they facilitate the making of adjust- 
ments, provided the bearings are not worn. (The wye level can be adjusted 
by one man whereas the dumpy level requires two men.) Each collar of 
the telescope is in contact with the wye at two points shown as 64 in Fig. 8*11. 
At these points the collars become worn and flattened in use so that they are 
no longer cylindrical, nor are they likely to be of the same size or shape; 
furthermore, the bearing points of the wyes may become worn unevenly. 
Under these conditions it is impossible to adjust the instrument correctly 
by the usual methods, and the adjustments are the same as for the dumpy 
level. 

8*10. Locke Hand Level. The Locke hand level is widely used for rough 
leveling. It consists of a metal sighting tube about 6 in. long, on which is 
mounted a level vial as shown in Fig. 8*12. In the tube, beneath the vial, 
is a prism which reflects the image of the bubble to the eye end of the level. 
Just beneath the level vial is a cross-wire which is adjustable by means of 
a pair of screws, the heads of which protrude through the ends of the case 
enclosing the vial; one screw is loosened and the other is tightened. The 
eyepiece consists of a peephole mounted in the end of a slide which fits 
inside the tube and is held in a given position by friction. Mounted on the 
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right half of the inner end of the slide is a semicircular convex lens which 
magnifies the image of the bubble and cross-wire as reflected by the prism. 
Both the object and the eye ends of the tube are closed by disks of plain 
glass so that dust will not collect on the prism and lens. The magnifying 
lens is focused by moving the eyepiece slide in or out. 



Fig. 8*12. Locke hand level. 


In using the level the object is viewed directly through the left half of 
the sighting tube, without magnification, while with the same eye and at 
the same time the position of the bubble with respect to the cross- wire is 
observed in the right half of the field of view. The level is held with the 
level vial uppermost and is tipped up or down until the cross-wire bisects 
the bubble, when the line of sight is horizontal. After a little practice one 
may make observations with greater facility by keeping both eyes open. 
Some observers steady the hand level by holding it against, or fastening it 
to, a staff. Hand levels equipped with stadia hairs are available. 

841. Abney Hand Level and Clinometer. As its name indicates, this 
level is suitable both for direct leveling and for measuring the angles of 



Fig, 8*13. Abney hand level and clinometer. 


slopes. The instrument shown in Fig. 8*13 is graduated both in degrees 
and in percentage of slope, or grade. When it is used as a level, the index 
of the vernier is set at zero, and it is then used in the same way as the Locke 
hand level. When it is used as a clinometer, the object is sighted, and the 



level tube is caused to rotate about the axis of the vertical arc until the 
cross-wire bisects the bubble as viewed through the eyepiece. Either the 
slope angle or the slope percentage is then read on the vertical arc. 
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8*12. LeveEng Rods. These are graduated wooden rods of rectangular 
cross-section by means of which difference in elevation is measured. The 
lower or ground end of the rod is shod with metal to protect it from wear 
and is usually the point of zero measurement from which the graduations 
are numbered. 

The rod is held vertical, and hence the reading of the rod as indicated 
by the horizontal cross-hair of the level is a measure of the vertical distance 
between the point on which the rod is held and the line of sight. 

Rods are obtainable in a variety of patterns and graduations and are 
either in single pieces or in sections which are jointed together or slide past 
each other and are clamped together. Common lengths are 12 and 13 ft. 
In the United States, the rods are ordinarily graduated in hundredths of a 
foot. On some Government surveys the rods are graduated in decimals of 
the meter or the yard. 

The two general classes of leveling rods are: (1) self -reading rods, which 
may be read directly by the leveler as he looks through the telescope of the 
level and (2) target rods, for which a target sliding on the rod is set by the 
rodman as directed by the leveler. 

Suggestions for the care of leveling rods are given in Art. 3* 11. 

8*13. Self-reading Rods. With the self-reading rod, the rodman simply 
holds the rod vertical; the leveler observes the graduation at which the line 
of sight intersects the rod, and records the reading. Observations closer 
than the smallest division on the rod are made by estimation. In most of 
the operations of leveling, the self-reading rod can be read much more 
rapidly than the target rod and with nearly the same precision. It is the 
type most widely used, even for leveling of the highest precision. 

The self-reading rod should be so marked that the graduations appear 
sharp and distinct for any normal distance between level and rod. Most 
commonly the background is white with graduations 0.01 ft. wide painted in 
black as shown in Figs. 8-14 and 8*15; the readings to 0.01 ft. are made on 
the edges of the graduations. The numbers indicating feet are in red, and 
those indicating tenths of feet are in black. This style of graduation is 
satisfactory for self-reading when the length of sight is less than 400 or 
500 ft. For sights of greater length such graduations become hazy, and 
rods with larger blocks of contrasting color are desirable. Many types 
of rods are designed for precise reading at short distances and at the same 
time for clear reading at long distances and are adapted for use either as 
leveling rods or as stadia rods; some of these are shown in Fig. 15- L Figure 
8*18 shows a graduation suitable for leveling with the hand level. 

The Philadelphia rod (Fig. 8-14) is the most widely used of all rods. It 
is equipped with a target and is, therefore, also a target rod. It is usually 
in two sections or strips, the strips being held in contact by two brass sleeves. 
By means of a screw attached to the upper sleeve the two strips may be 
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clamped together in any relative position desired. For readings of 7 ft. or 
less (on a 13-ft. rod) the back strip is clamped in its normal position. For 
greater readings, the rod is extended its full length; the graduations on the 



Fig. 8 * 14 - Fig. 8 - 15 . Fig. 8 * 16 . 

Philadelphia rod. Chicago rod. Florida rod. 


tront face of the back strip are then a continuation of those on the front 
strip. When thus extended, the rod is called a “long” rod. 

The Chicago rod (Fig. 8*15) is in three sections with slip joints. 

The Florida rod (Fig. 8*16) is a one-piece rod 10 ft. long with a tapering 
rib fastened to its back. The cross-hatched portions of the face are in red. 
It is equally well adapted to short and to long sights. 
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Graduated flexible ribbons of enameled and waterproofed fabric are 
available. Such a ribbon attached to a plain wooden strip makes a serv- 
iceable and accurate leveling rod. 

Some rods are provided with a graduated strip of invar steel, in order to 
eliminate the effect of changes in temperature and of changes in length of 
the wooden rod due to changes in humidity. The invar strip is fastened 
at the ends only, and is kept taut by means of a spring. 

8*14, Target Rods. With the target rod, the leveler signals the rodman 
to slide the target up or down until it is bisected by the line of sight. With 
the target clamped, in this position, the rodman, leveler, or both observe 
the indicated reading. Uusally the target is equipped with a vernier 
(Art. 2*18) or other device by means of which fractional measurements of 
the rod graduations can be read without estimation. The principal advan- 
tage of the target rod, in most leveling operations, is that mistakes are less 
likely to occur, particularly if both rodman and leveler read the rod. Under 
certain conditions its use materially facilitates the work; for example, where 
very long sights are taken, where the rod is partly obscured from view, or 
where it is necessary to establish a number of points all at the same eleva- 
tion. However, where it is desired simply to secure readings on points of 
unknown elevation under the normal conditions of leveling, the use of the 
target rod greatly retards progress without adding much, if anything, to 
the precision. 

The Philadelphia rod (Fig. 8*14) previously described is designed as a 
self-reading rod but may also be used as a target rod. Lugs on the target 
engage in a groove on either side of the front strip. For readings on the 
lower half of the rod the target is moved in these grooves to the desired 
position. The reading is made to thousandths of feet by means of a vernier 
attached to the target. Graduations on the back of the rear strip are a 
continuation of those on the front strip and read downwards. On the back 
of the top sleeve is a vernier employed for observations with the rod extended. 
For readings greater than can be taken with the short’' rod, the target is 
clamped at the same graduation on the face of the rod as the reading of 
the vernier on the back of the upper sleeve of the rod (Fig. 2*12, right). 
The rod is then extended until the target is bisected by the line of sight. 
The vertical distance from foot of rod to target is then indicated by the 
reading of the vernier on the back of the rod. 

The New York rod is similar to the Philadelphia rod except in the manner 
in which it is graduated. The background of the scale is not painted, and 
distances from the foot of the rod are indicated by short fine lines at inter- 
vals of 0.01 ft. and by longer lines and numbers at intervals of 0.1 ft. It 
is not a self-reading rod and is employed chiefly in building construction 
for setting grades. The graduations for reading the rod in the extended 
position are on one side of the back strip, and the accompanying vernier is 
cut in the wood of the front strip. 
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The architect's rod \% similar to the New York rod but is graduated iu 
% in. and is equipped with verniers reading to 1^4 in. Its use is confined 
to building construction. 

845. Targets. The usual target 
(Fig. 847) is a circular or elliptical 
disk about 5 in. in diameter, with 
horizontal and vertical lines formed 
by the junction of alternate quad- 
rants of red and 
white. A rectan- 
gular opening in 
the front of the 
target exposes a 
portion of the rod 
to view so that 
readings can be 

taken. The attached vernier fits closely to the rod, its 
zero point or index being at the horizontal line of the target. 
In the figure a retrograde vernier is shown, but both retro- 
grade and direct verniers are in common use. The mi- 
crometer target is equipped with a slow-motion device for 
fine settings (Fig. 844). The angle target faces in two 
directions, each half being perpendicular to the other. 

846. Topographer^s Rod. This rod (Fig. 848) is es- 
pecially adapted for use on topographic surveys where the 
contours are located directly with the hand level. The 
distinguishing features of the rod are graduations num- 
bered in either direction from a point near the middle of 
the rod, and an adjustable base by means of which the zero 
point on the rod may be fixed at the height of the observ- 
er’s eye above the ground. The rod is graduated in half- 
feet and numbered each foot. The numbers are large and 
I the graduating marks are heavy so that they can be readily 

I distinguished at considerable distances. Readings to 

tenths of feet are made by estimation. Usually the rod 
J is a home-made device, and frequently the feature of the 
adjustable base is not incorporated, the rod being so grad- 
Fio. 8-18. uated that for one particular person the zero point is at 
Topographer’s rod. the proper distance from the base. 

The hand leveler, by standing with the base of the rod 
held at his toe, makes the proper adjustment to bring the zero point to his 
eye. The rod reading for any given position of the rod therefore indicates 
the distance above or below the point on which the hand leveler stands when 
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the observation is made. The hand level is sometimes fixed at the top of a 
stick about 5 ft. long. 

Some surveyors prefer to use a rod similar to that just described except 
that it is graduated upward from the base. 

8‘17. Rod Levels. The rod level is an attachment for indicating the 
verticality of the leveling rod. One type (Fig. 8*19) consists of a circular 

or ^‘bulFs-eye’^ level vial mounted on 
a metal angle or bracket which either 
is attached by screws to the side of 
the rod or is held against the rod, as 
desired. 

Another type consists of a hinged 
casting, on each wing of which is 
mounted a level tube. When both of 
the bubbles are centered, the rod is 
plumb. The hinge makes it possible 
to fold the level compactly when it is 
not in use. 

8‘18, Turning Points. A metal plate 
or pin which will serve temporarily as 
a stable object on which the leveling 
rod may be held at turning points is a 
useful part of the leveling equipment 
for careful lines of differential levels. 
The iron pin shown in Fig. 8*20o is 
adapted for use in firm ground. Often 
a railroad spike is used. 

In soft ground the steel plate of 
Fig. 8*206 makes a satisfactory turning 
point. The plate is also adapted for 
Fig. 8-19. Rod level. where the ground is so solid as to 

make driving the pin impossible or at 
least impracticable, as along highways. Under these conditions the plate 
with the dogs at its corners acts as a tripod, no special attempt being made 
to secure bearing between the lower surface of the plate and the ground. 

8*19. Setting Up the Engineer’s Level. The engineer’s level is placed in 
a desired location, with the tripod legs well spread and firmly pressed into 
the ground and with the tripod head nearly level. If the set-up is on a 
slope, it is preferable to orient the tripod so that one of its legs extends up 
the slope. The telescope is brought over one pair of opposite leveling 
screws, and the bubble is centered approximately; then the process is 
repeated with the telescope over the other pair. By repetition of this 
procedure the leveling screws are manipuiated until the bubble remains 
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centered, or nearly so, for any direction in which the telescope is pointed. 
If the instrument is in adjustment, the line of sight is then horizontal. 

Suggestions for the care and handling of the level are given in Art. 3*11, 
and suggestions for leveling the instrument, in Art. 2*8. 



Fig. 8- 20a. Turning point. 


Fig. 8-206. Turning plate. 


8*20. Reading the Rod. For observations to hundredths or thousandths 
of feet, the rod is held on some well-defined point of a stable object. The 
rodman holds the rod vertical either by observing the rod level or by esti- 
mation. The leveler revolves the telescope about the vertical axis until 
the rod is about in the middle of the field of view, focuses the objective for 
distinct vision, and carefully centers the bubble. If the self-reading rod 
is used, the leveler observes and records the reading indicated by the line 
of sight, that is, the apparent position of the horizontal cross-hair on the 
rod. As a check he again observes the bubble and the rod. If the target 
rod is used, the procedure is identical except that the target is set by the 
rodman as directed by the leveler. 

For leveling of lower precision, as when rod readings for points on the 
ground are determined to the nearest 0.1 ft., the observations usually are 
not checked, and proportionally less care is exercised in keeping the rod 
vertical and the bubble centered, always bearing in mind the errors involved 
and the precision with which measurements are desired. 
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Fig. 8*21. Waving the rod. 


If no rod level is used, in calm air the rodman can plumb the rod accu- 
rately by balancing it upon the point on which it is held. By means of the 
vertical cross-hair the leveler can determine when the rod is held in a vertical 
plane passing through the instrument, but he cannot tell whether it is tipped 
forward or backward in this plane. If it is in either of these positions, the 
rod reading will be greater than the true vertical distance, as illustrated by 
Fig. 8*21. To eliminate this error, the rodman slowly swings the rod 
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forward and backward as indicated by the figure, and the ieveler takes the 
least reading, which occurs when the rod is vertical This movement is 
called waving the rod. The larger the rod reading, the larger the error due 
to the rod’s being held at a given inclination; hence it is more important to 
wave the rod for large readings than for small readings. Further, when- 
ever the rod is tipped backward about any support other than the front 
edge of its base, the graduated face rises and. an error is introduced; for 
small readings this error is likely to be greater than that caused by not waving 
the rod. 

ADJUSTMENT OF THE LEVEL 



8*21. General. Regardless of the precision of manufacture, ail levels 
(as well as other surveying instruments) in process of use require certain 
field adjustments from time to time. It becomes an important duty of 
the surveyor to test his instrument at short intervals and to make with 
facility such adjustments as are found necessary. General features of the 
care and adjustment of instruments are given in Chaps. 2 and 8. 

In some instances one adjustment is likely to be altered by, or depends 
upon, some other adjustment made subsequently. For example, lateral 
movement of the cross-hair ring may likewise produce a small rotation, and 
the lateral adjustment of the level tube depends upon the vertical adjust- 
ment, Hence if an instrument is badly out of adjustment, related adjust- 
ments must be repeated until they are gradually perfected. 

8‘22. Desired Relations in Dumpy Level. For a dumpy level in perfect 
adjustment the following relations should exist (see Fig. 8*22): 

1. The axis of the level tube should be perpendicular to the vertical axis. 

2. The horizontal cross-hair should lie in a plane perpendicular to the ver- 
tical axis, so that it will lie in a horizontal plane when the instrument is level. 

3. The line of sight should be parallel to the axis of the level tube. 
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Fig. 8*22. Desired relations between principal lines of dumpy level. 

Also the optical axis, the axis of the objective slide, and the line of sight 
should coincide; but for the type of level commonly used in the United 
States, the optical axis and the axis of the objective slide are permanently 
fixed perpendicular to the vertical axis by the manufacturer, and no pro- 
vision for further adjustment is made. For adjustment of the adjustable 
type of objective slide, see Art. 8*26. 
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8*23. Adjustment of Dumpy Level. The parts capable of and requiring 
adjustment are the cross-hairs and the level tube. The basis for adjust- 
ments is the vertical axis. The adjustments are as follows: 

1. To Make the Axis of the Level Tube Perpendicular to the Vertical Axis, 
Approximately center the bubble over each pair of opposite leveling screws; 
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Fig. 8-23. 


then carefully center the bubble over one pair. Revolve the level end for 
end about its vertical axis. If the level tube is in adjustment, the bubble 
will retain its position. If the tube is not in adjustment, the displacement 
of the bubble indicates double the actual error, as shown by Fig. 8*23. If 
(90° — a) represents the angle between the vertical axis and axis of level 
tube, then when the bubble is centered the vertical axis makes an angle of 
a with the true vertical. When the 
level is reversed, the bubble is dis- 
placed through the arc whose angle 
is 2a. Hence the correction is the 
arc whose angle is a. Make the cor- 
rection by bringing the bubble half- 
way back to the center by means of 
the capstan nuts at one end of the 
tube. Relevel the instrument with 
the leveling screws, and repeat the 
process until the adjustment is per- 
fected. Usually three or four trials 
are necessary. As a final check, 
the bubble should remain centered 

over each pair of opposite leveling g.24, 

screws. 

2. To Make the Horizontal Cross-hair Lie in a Plane Perpendicular to the 
Vertical Axis {and Thus Horizontal When the Instrument Is Leveled). Sight 
the horizontal cross-hair on some clearly defined point (as A, Fig. 8*24) 
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and rotate the instrument slowly about its vertical axis. If the point 
appears to travel along the cross-hair, no adjustment is needed. 

If the point departs from the cross-hair and takes some position as A' 
on the opposite side of the field of view, loosen two adjacent capstan screws 
and rotate the cross-hair ring until by further trial the point appears to 
travel along the cross-hair. The instrument need not be level when the 
test is made. 

3. To Make the Line of Sight Parallel to the Arcfs of the Level Tube (Two- 
peg Test). Method A. Set two pegs 200 to 300 ft. apart on approximately 
level ground. Set up and level the instrument in a location such that the 
eyepiece is 3^ in. or less in front of the rod held on one of the pegs as at A, 
Fig. 8*25. With the rod held at A, take a rod reading a by sighting through 



A 


Fig. 8*25. Two-peg test, Method A. 



the objective end of the telescope (with the eyepiece next to the rod). The 
cross-hairs will not be visible, but the field of view will be so small (one or 
two hundredths of a foot) that its center may be determined within one or 
two thousandths of a foot by holding the point of a pencil on the rod; and 
this may with sufficient precision be called the true rod reading. 

Move the rod to the other peg B, and take a rod reading b with level at 
At in the usual manner. 

Move the instrument to B, set up as before, and take rod readings c 
and d. 


If e ~ dd' represents the error in the line of sight for the distance A to 
B, then considering first the rod readings taken with the instrument at A, 
the true difference in elevation is 

True diff. el. = a — (6 — e) (10) 

and considering the rod readings with the level at B is 

True diff. el. - (d — e) — c (11) 

Adding Eqs. (10) and (11) there results 


True diff. el. « 


(g — h) (d — c) 
2 
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It should be carefully noted that Eqs. (12) and (13) must be solved with 
due regard to signs; otherwise, if the error of adjustment should happen 
to be greater than the difference in elevation of the two pegs, the mean 
difference will not be the true difference in elevation. A sketch should 
always be drawn. 

Strictly speaking, the effect of the earth^s curvature and atmospheric 
refraction (see Art. 8*2) should be added to the correct rod reading d'. 
For a length of sight of 200 ft. this correction would amount to approxi- 
mately 0.001 ft., and for 300 ft. approximately 0.002 ft. These quantities 
are so small as to be negligible in ordinary leveling. 

Instead of viewing the near rod through the objective end of the tele- 
scope, the level may be set up a short distance (say, 6 or 8 ft.) beyond each 
near rod and the near-rod reading observed in the customary manner. 
The adjustment should be considered as a first approximation and should 
be repeated for precise results. 

The advantages of Method A are: (1) the computations are relatively 
simple and (2) the objective slide is in the same position for the two sights; 
thus a possible error in sighting (see Art. 8*26) is eliminated. 

Method B. Set two pegs 200 to 300 ft. apart on approximately level 
ground, and designate as A the peg near which the second set-up will be 
made (Fig. 8*26); call the other peg B, Set up and level the instrument at 
any point M equally distant from A and B, that is, in a vertical plane 
bisecting the line AB. Take rod readings a on A and 6 on B; then {a — 6) 
will be the true difference in elevation, since any error would be the same 
for the two equal sight distances Lm- Due account must be taken of signs 
throughout the test. 


Equation (12) shows that the true difference in elevation is the mean 
of the difference between rod readings taken with the instrument at A 
and the difference between those taken with the. instrument at B. 

If the two differences in elevation thus determined are equal, that is, 
if (a — 6) == (d — c), the line of sight is in adjustment. If not, the correct 
rod reading at A for instrument with position unchanged at B is 

d' = c + true diff. el. (13) 

The adjustment is made by moving the cross-hair ring vertically until the 
line of sight cuts the rod at d'. The preceding steps are then repeated as a 
check on the accuracy of the adjustment. 


Example 1: With level at A, observed readings are: a - 4.086 and 5 = 2.705; with 
level at B, c = 3.871 and d = 5.542. Then by Eq. (12) the true difference in eleva- 

. . (4.086 - 2.705) -b (5.542 - 3.871) , .. j 

tion IS -r = 1.526 ft., with B indicated as being 

higher than A. The correct rod reading for a horizontal line of sight with instrument 
still at B would be 3.871 + 1.526 = 5.397 ft. 
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Move the instrument to a point P near A, preferably but not necessarily 
on line with the pegs; set up as before, and measure the distances La to 
A and Lb to B, Take rod readings c on and d on P. Then (c — d), 
taken in the same order as before, is the indicated difference in elevation; 
if (c — d) = (o — 6), the line of sight is parallel to the axis of the level 
tube, and the instrument is in adjustment. If not, (c — d) is called the 




“false’’ difference in elevation, and the inclination (error) of the line of 
sight in the net distance (Lb — La) is equal to (a — b) — (c — d). 

By proportion, the error in the reading on the far rod is - - 



[(a — 6) — (c — d)]. Subtract algebraically the amount of this error from 
the reading d on the far rod to obtain the correct reading d' at B for a hori- 
zontal line of sight with the position of the instrument unchanged at P. 
Set the target at d' and bring the line of sight on the target by moving the 
cross-hair ring vertically. 


Example 2; With level at M, the rod reading a is 0.970 and h is 2.986; the true 
difference in elevation (a — &) is then 0.970 — 2.986 = —2.016 ft., with B thus 
indicated as being lower than A, With level at P, the rod reading c is 5.126 and d 
is 7.018; the false difference in elevation (c — d) is then 5.126 — 7.018 = —1.892, 
with B again indicated as being lower than A. The distance La is observed to be 30 
ft., and Lb to be 230 ft. The inclination of the line of sight in (230 — 30 = 200) ft. 
is (—2.016) — (—1.892) = —0.124 ft. The error in elevation of the line of sight at 
the far rod is (1^/200) X (—0.124) = —0.143 ft. The correct rod reading d' for a 
horizontal line of sight is 7.018 — (—0,143) = 7.161 ft. 

As a partial check on the computations, the correct rod reading c' at A 
may be computed by proportion; the difference in elevation computed from 
the two corrected rod readings c' and d' should be equal to the true differ- 
ence in elevation observed originally at M. 

Example 3: In the preceding example, the error in elevation of the line of sight at 
the near rod is (30/200) X (—0.124) = —0.019 ft. The correct rod reading c' is 
5.126 — (—0.019) = 5.145 ft. The “false” difference in elevation is 5.145—7.161 = 
—2.016 ft., which is equal to the true difference in elevation; hence the computations 
are checked to this extent. 



8*24. Desired Relations in Wye Level. For a wye level in perfect adjust- 
ment, the following relations should exist (see Fig. 8*27): 

1. The axis of the level tube should lie in the same plane with the axis 
ofthewyes.^ 

2. The axis of the level tube should be parallel to the axis of the wyes. 

3. The horizontal cross-hair should lie in a plane perpendicular to the 
vertical axis, so that it will be horizontal when the instrument is level. 

4. The line of sight should coincide with the axis of the wyes, so that it 
will be parallel to the axis of the level tube. 

^ Herein the term “axis of the wyes’* is used to denote a reference line — also called 
the “axis of the collars” or “axis of the supports” — ^which represents the alinement 
of the telescope tube in the wye supports. 
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As in Method A, a sketch should always be drawn. Also, theoretically 
a correction for earth^s curvature and atmospheric refraction should be 
added numerically to the final rod reading d', although in practice it is 
usually considered negligible. 

Some surveyors prefer to set up at P within 6 to 8 ft. of A and to consider 
[(a h) — (c — d)] as being the total error in elevation, to be subtracted 
directly from d. This serves as a first approximation; the procedure for 
the set-up at P is then repeated. The amount of computation is thus 
reduced, but the amount of field work is increased. 

The advantages of Method B are that in no case is it necessary to take 
a rod reading by projecting from the eyepiece, and that it is not necessary 
to set up on a line through AB. 

Precise Level. For the precise type of dumpy level (Art. 8-8), the screws 
controlling the cross-hair ring are usually protected by a metal sleeve so 
that they cannot be disturbed, and the line of sight is made to coincide 
with the optical axis by the manufacturer and is supposed to require no 
further attention. The only field adjustment consists in making the axis 
of the level tube parallel to the line of sight. This is performed by the two- 
peg method as just described, except that the line of sight is set on the true 
rod reading by means of the micrometer screw, and then the bubble is 
centered by means of the capstan nuts at one end of the level tube. 
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Fig. 8*27. Desired relations between principal lines of wye level. 
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5. For convenience in leveling, the axis of the level tube (and hence the 
axis of the wyes) should be perpendicular to the vertical axis. 

Also, the optical axis and the axis of the objective slide should coincide 
with the line of sight. For the type of level commonly used in the United 
States, the optical axis and the axis of the objective slide are permanently 
fixed by the manufacturer, and no provision for further adjustment is made. 
For adjustment of the adjustable type of objective slide, see Art. 8*26. 

8*25. Adjustment of Wye Level. 1. To Make the Axis of the Level Tube 
Lie in the Same Plane with the Axis of the Wyes, Raise the wye clips, level 
the instrument, and rotate the telescope a few degrees in the wyes. If the 
desired relation exists, the bubble will remain centered. 

If the bubble moves, bring it back to the center by means of the lateral 
adjusting screws at one end of the level tube. 

2, To Make the Axis of the Level Tube Parallel to the Axis of the Wyes, 
Raise the wye clips, level the instrument carefully, lift the telescope from 
the wyes, and turn it end for end. If the desired relation exists, the bubble 
will remain centered. 

If the bubble moves, the displacement is double the error (Fig. 8*23). 
Hence bring it back halfway to the center by means of the vertical adjust- 
ing nuts at one end of the level tube. Relevel the instrument by means of 
the leveling screws, and repeat the process until the adjustment is perfected. 

3. To Make the Horizontal Cross-hair Lie in a Plane Perpendicular to 
the Vertical Axis {and Thus Horizontal When the Instrument Is Level), This 
adjustment is the same as adjustment 2 for the dumpy level. For some 
instruments the adjustment may be made by rotating the telescope in the 
wyes instead of rotating the cross-hair ring in the barrel of the telescope. 

The telescope is then fixed in the desired 
position by means of an adjustable stop at- 
tached to one of the wyes. 

4. To Make the Line of Sight Coincide 
with the Axis of the Wyes {and Thus Parallel 
to the Axis of the Level Tube), Raise the 
■wye clips, sight the intersection of the cross- 
hairs on some well-defined point, and clamp 
the vertical axis. Revolve the telescope 
180® (about its own axis) in the wyes. If 
the line of sight still remains on the point, ‘ 
the desired relation exists. 

If not, adjust the cross-hair ring until the 
line of sight takes a position midway be- 
tween its two former positions (see Fig. 8*28). Repeat the process until 
the proper relation is obtained. The adjustment is made by manipulating 
opposite screws, first bringing one cross-hair and then the other to what 



Fig. 8 * 28 . 
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is estimated to be its correct position. If the required movement is large, 
however, it is best to loosen two adjacent screws slightly before attempting 

tn aline the cross-hairs. ^ „ 7 Trr n 

5 To Make the Axis of the Level Tube (and Thus the Axis of the Wtjes) 

Pervendictdar to the Vertical Axis. Inasmuch as the preceding adjustments 
Lave established parallelism or coincidence between the axis of the level 
tube the line of sight, and the axis of the wyes, this adjustment does not 
add to the precision of observations. The adjustment makes it possible, 
Lwever, to level the instrument so that the bubble will remain centered 
for any direction in which the telescope may be pointed. 

Level the instrument, and revolve the telescope end for end about the 
vertical axis. If the bubble moves, its displacement is double the error 
Uee Fie 8-23). Bring it back halfway to the center by means of the cap- 
stan nuts controlling the vertical position of one of the wyes. The adjust- 
ment is seen to be identical with that of the level tube of the dumpy level, 
with the exception that, for the wye level, both the telescope and the level 

tube are moved in a vertical plane. , , . • x t, 

Tf orn Collars. When either the collars or the bearing points become 
worn the adjustments just described are inadequate, and the two-peg test 
Lst’ be made as for the dumpy level. The common procedure is first 
to perform the adjustments for the cross-hairs in the usual inani^ mabng 
the line of sight coincide as nearly as may be with the axis of the wyes. The 
true difference in elevation between two points having been determined by 
fee two-peg test, the line of sight is then set to the proper rod reading for 
a horizontal line with the leveling screws, and the bubble is centered by 

means of the capstan nuts at one end of the level tube. 

8-26 Adjustable Objective SUde. The adjustments of the level with 
adjustable objective slide are identical with those just described, but in 
addition the objective slide may occasionally require attention. The screws 
Sn rolling the inner ring through which the slide passes are usually slot- 
Teaded and are protected by a metal sleeve, which when unscrewed exposes 
the screwheads to view. The ring may be moved laterally in the same 
manner as the cross-hair ring. Assuming that the telescope 
properly constructed and that the objective has not been disturbed, the 
optical axis and the axis of the slide will coincide. 

Tr, Wo- R .29 let P, be some distant point on the axis of the wyes. Let 
In Ks* ^ ^ nViiP'ct.ivB slid.6» and O1O2 mprcscnti & SGcond posi” 

sent one position of the axis of t ^ o ^ ^yes. Suppose Oi and Ox repre- 
tion after the telescope the'^^bjective when it is 

^nt ^he figtire it is evident that there will be one positionof the m- 

focused on Pi. From the ngure ^ telescope in its normal position 

tersection of the “''“f the line of sight will continuously strike the 

and H’ when It is rotated t neXr the intersection of the cross-hairs 

az'srS.ivit » .h. o. I. 
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other words, the test of adjustment 4 of Art. 8*25 may be satisfied at a given distance 
and yet neither parallelism nor coincidence between the line of sight and the axis of 
the wyes is assured. 



Fig. 8-29. 


Suppose the cross-hairs have been so adjusted that the line of sight will continu- 
ously remain on a distant point Pi, that their intersection is at if, and that the line of 
sight passes through the center of the objective at Oi. If now the objective is 
focused for a short distance (say 15 or 20 ft.) the objective will be drawn out to the 
position Oi and the line of sight will be defined by the line HO 2 P 2 . If the axis of the 
objective slide is out of adjustment as indicated in the figure, the line of sight will fall 
at Pi when the telescope has been rotated 180° in the wyes. Hence, after the cross- 
hairs have been adjusted as previously described for a distant point, sight on an object 
a short distance away and rotate the telescope 180° in the wyes. If the line of sight 
remains on a point, the objective slide is in adjustment. If not, a correction of one 
half the apparent error is to be applied by moving both the cross-hair ring and the 
objective-slide ring. The separate amount that each ring should be moved depends 
on a number of factors and is not readily calculated. Hence the corrections are ap- 
plied by estimation until the condition is satisfied that the intersection of the cross- 
hairs should remain on a point for both a long and a very short distance. Figure 8*29 
indicates the directions in which the intersection of the cross-hairs and the center of 
the objective must be moved to place them on the axis of the wyes. When the objec- 
tive is to be moved in one direction, the objective-slide ring must be moved in the 
other. 

8*27. Adjustment of the Hand Level. The simplest procedure is to hold 
the hand level alongside an engineer's level that has been leveled and sighted 
at some well-defined point. The line of sight of the hand level should 
strike the same point when the bubble is centered. 




Line ofSighi 
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Fig. 8-30. Adjustment of the hand level. 


The Locke level is adjusted by means of the screws at the ends of the 
level tube, which screws move the cross-wire defining the line of sight. 
The Abney level is adjusted by raising or lowering one end of the level tube 
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until the bubble is centered, the index having first been set at zero on the 
graduated arc. 

The hand level, even if not in adjustment, may be used to establish a 
horizontal line by employing the principle of the two-peg test (Art. 8*23). 
Let A and B (Fig. 8-30) be two posts, tiees, or other convenient objects on 
nearly level ground. The level is held at C and with bubble centered is 
sighted to the point D. The level is then held at D, and the point E is 
established in a similar manner. The distance EC represents double the 
error. The point F established halfway between E and C is therefore on 
the horizontal line through Z). 

8*28. Numerical Problems. 

1. What is the combined effect of the earth^s curvature and mean atmospheric 
refraction in a distance of 300 ft.? In a distance of 3,000 ft.? In a distance of 6 
miles? In a distance of 60 miles? 

2. An observer standing on a beach can just see the top of a lighthouse 15 niiles 
away. The eye height of the observer above sea level is 5.7 ft. What is the height 
of the lighthouse above sea level? 

3. Two points, A and B, are each distant 2,000 ft. from a third point from which 

vertical angles to A and B are taken. The vertical angle to A is and that to 

B is -h0°32'. What is the difference in elevation between A and B? 

4. Let A be a point of elevation 100.00 ft., and let B and C be points of unknown 
elevation. By means of an instrument set 4.00 ft. above B, vertical angles are ob- 
served, that to A being — 1®55' and that to C being -l-3°36'. If the horizontal dis- 
tance AB is 1,500 ft. and the horizontal distance BC is 5,000 ft. what are the ele- 
vations of B and C, making due allowance for earth's curvature and atmospheric 
refraction? 

5. Two points, A and B, are 1,000 ft. apart. The elevation of A is 615.03 ft. 
A level is set up on the line between A and B and at a distance of 250 ft. from A. 
The rod reading on A is 9.15 and that on B is 2.07. Making due allowance for curva- 
ture and refraction, what is the elevation of B? What would be the magnitude and sign 
of the error introduced if the correction for curvature and refraction were omitted? 

6. Two points, A and B, are 400 ft. apart, and the elevation of A is 615.037 ft. 
A level is set up on line and distant 100 ft. from A in the direction of B. The rod 
reading on A is 5.812 and on B is 7.358. What is the elevation of B, neglecting the 
correction due to curvature and refraction? What are the magnitude and the sign 
of the error introduced by not considering the effect of curvature and refraction? 

7. A sight is taken with an engineer’s level at a rod held 300 ft. away, and an initial 
reading of 6.323 ft. is observed. The bubble is then moved through five spaces on 
the level tube, when the rod reading is 6.589 ft. What is the sensitiveness of the 
level tube in seconds of arc? What is the radius of curvature of the level tube if one 
space is 2 mm? 

8. Through the telescope of a level the magnified image of the portion of the rod 
between 5.00 and 5.20 apparently covers the unmagnified image between 2.1 and 8.3. 
What is the magnifying power of the telescope? 

9. Design (a) a direct vernier and (5) a retrograde vernier reading to thousandths 
of feet, each space on the rod being equal to 0.005 ft. 

10. Design a direct vernier and a retrograde vernier, both reading to >^2 hi., for 
an architect’s rod graduated to ^ in. Draw a neat sketch of each vernier and a por- 
tion of the rod for a reading of 21^2 hi., with graduations shown and labeled. 
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11. On a rod graduated to 0.25 in., a retrograde vernier is to read to hundredths 
of inches. State the following: (a) length of one vernier space, (b) number of spaces 
on the vernier, (c) number of spaces on main scale corresponding to full length of 
vernier scale, (d) least count of vernier. For a rod reading of 10.37 in., what division 
on the vernier will be in line with a scale division? 

12. The diameter of the field of view of a level is 5.25 ft. when the rod is 300 ft. 
from the objective. What is the angular width of the field of view? 

13. If the rod were inclined forward 0.4 ft. in a length of 13 ft., what error would 
be introduced in a rod reading of 5.0 ft.? Compute by an approximate and by an 
exact method, and compare results. 

14. In the two-peg test of a dumpy level by Method A, the following observations 
are taken: 



Instrument 

Instrument 


at A 

at B 

Rod reading on A 

4.937 

3.077 

Rod reading on B 

6.736 

4.752 


What is the true difference in elevation between the two points? With the instru- 
ment in the same position at B, to what rod reading on A should the line of sight be 
adjusted? What is the error in the line of sight for the distance A to 

15. In the two-peg test of a dumpy level by Method B, the following observations 
are taken: 



Instrument 

Instrument 


at M 

at P 

Rod reading on A 

3.612 

1.862 

Rod reading on B ' 

3.248 

0.946 


M is equidistant from A and B; P is 40 ft. from A and 240 ft. from B. What is the 
true difference in elevation between the two points? With the level in the same posi- 
tion at P, to what rod reading on B should the line of sight be adjusted? What is the 
corresponding rod reading on A for a horizontal line of sight? Check these two rod 
readings against the true difference in elevation, previously determined. 

8*29. Field Problems. 

Peoblem 1. Magnifying Power of Telescope 

Object. To determine the number of diameters an object viewed through the 
telescope is magnified. 

Procedure. (1) Sight at the rod held erect about 15 ft. in front of the instrument. 
(2) With both eyes open turn the instrument until the images, as seen by the naked 
eye and as seen through the telescope, appear to fall one upon the other. (3) Com- 
pare 0. 1 ft. on the rod as seen through the telescope with a space as seen with the naked 
eye. The number of tenths apparently covered on the unmagnified image is the 
magnifying power of the telescope. 
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Hints and Precautions. (1) Some practice will probably be necessary before the 
student is able to see both images at the same time. First sight the image through 
the telescope; then, still keeping the image in sight, look at the rod with the other eye. 
After a little practice both images will appear distinct. Turning the level slightly, if 
necessary, will cause the unmagnified image to fall upon the magnified image. For 
observation select the tenth on the magnified image which is located wholly in the 
field of vision. Observe the reading of the upper line of this tenth on the unmagnified 
image, and then observe the lower. The difference of these readings in tenths of feet 
will be the magnifying power. 

Problem 2. Radius of Curvature of Level Tube 

Object. To determine, in the field, without the use of special apparatus, the 
radius of curvature of the level tube of transit or level. 

Procedure. (1) Hold the rod on a solid point 300 ft. from the instrument. With 
one end of the bubble at a division near the end of the level tube, take a careful rod 
reading to the nearest 0.001 ft. Note the exact position of each end of the bubble. 
(2) Manipulate the leveling screws until the other end of the bubble falls near the 
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Fig. 8-31. Student field notes for adjustment of dumpy level. 


other end of the tube. Take another rod reading, and measure the exact distance 
traversed by each end of the bubble. (3) Determine the bubble movement (this 
should be expressed to the nearest 0.001 ft.) and the difference between the two rod 
readings. (4) In this manner obtain a series of five bubble movements and their 
corresponding rod readings. (5) Compute the radius of curvature by the following 
formula: R = (b/t)D, in which R is the radius of curvature, D is the distance from 
the instrument to the rod, b is the mean of the five bubble movements, and t is the 
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mean of the five ® ^ 

of the level tube in seconds of ate. 


(6) Compute the value of one division 
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CHAPTEU 9 

DIFFERENTIAL LEVELING 

9-1 General. The operation of leveling to determine ‘^e «levatioM of 
Doints some distance apart is called differM hoehng. Usually this m 
^ r>ii=>.prl hv direct leveling. Differential leveling requires a senes of 

red TOdlnS b.«k to 8 poml of k«ow« .lovolion 8«d forwud to 8 pomt of 

unknown elevation. — ■ 



Fig. 9-1. U.S. Coast and Geodetic Survey bench mark. 

? Tl^’ benAmlrt haveCn estabUshed by various other F^era^ 
Similarly, bench marts nave interests as railroads and 

,l.», 8nd » 8 m«p 8 l .gonoo. ^ 1„8„ h, .8. M 

water companies, so that the surveyor uas 

some point of known elevation. 
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differential leveling 

m«- 9-n consist of bronze plates set m 
The Coast Survey bench marl« (Fi|9 ) 3, level. 

.tone or concrete and ^^^ 1 ® character. Other objects fre- 

Those of the other agencies ^e of the ground, 

street curbs. pnterorise, levels are run from some initial 

For any survey or ^ elevLion to scattered points in desirable 

bench mark of known or ^sume^ e 1 ^ be 

has been recorded, the points become bench 

two bench marks, upon " Pom i ^^6 r<i 

are taken. It may be a pm p tt may be any stable 

by the rodman after observations hav the turn- 

" ‘S,‘ in Oi. ~l«. W »» ”«”» ” “'*• °' 

Sr "Chi,. r‘. hn... e..v..l.., 

A hackdgkl (B.S.) is a rod g though not always, it will 

as a bench mark or a P“back^along tL line, hence the name. A 

be taken with the level sighting back_ along 

Jit? ' A teiw is Smet4es called If'he line of sight of the 

The height of inetrumeni (H.I.) is the elevation 

telescope when ^be “en* - backsight, foresight, and height 

In surveying with the tra"srt, t 

of instrument have “eW d ® M.i represents a point of known eleva- 
9-4. Procedure. In F^. 9 A ti- P , , mark to be established 

tion (bench mark), and^B.^ ^*jepr the elevation of B.M.ii. 

some distance Away. . g^jj^e convenient location. 

The rod is held at B.M.i. and ^be lev^ ^P ^ in such 

as L„ along the geiieral route Bf; ^ble, but no attempt is made 
a location that a clear rod rea,ding backsight is taken 

to keep on the direct line joining directed by the leveler, 

„ B,M... Th. ™dm.n .!,» •>>. »6. •( 

chooses a turning point T. .1 a- t> lyr to B.M. 2 . It Is desirable, but 
the telescope along J Li-T.P.i, be approximately 
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rod is held on the turning point, and a foresight is taken. The leveler then 
sets up the instrument at some favorable point, as L 2 , and takes a back- 
sight to the rod held on the turning point; the rodman goes forward to 
establish a second turning point T.P. 2 ; and so the process is repeated until 
finally a foresight is taken on the terminal point B.M. 2 . 

(HL 746.36 



Fig. 9*2. Differential leveling. 

It is seen in Fig. 9*2 that a backsight added to the elevation of a point on 
which the backsight is taken gives the height of instrument, and that a 
foresight subtracted from the height of instrument determines the elevation of 
the point on which the foresight is taken. Thus if the elevation of B.M.i 
is 721.05 ft. and the B.S. is 7.11 ft., then the H.I. with the instrument set 
up at Li is 721.05 4- 7.11 = 728.16. And if the following F.S. is 1.24 ft., 
the elevation of T.P.i is 728.16 — 1.24 = 726.92 ft. Also the difference 
between the backsight taken on a given point and the foresight taken on 
the following point is equal to the difference in elevation between the two 
points. It follows that the difference between the sum of all backsights 
and the sum of all foresights gives the difference in elevation between the 
bench marks. 

Since normally the level is at a higher elevation than that of the points 
on which rod readings are taken, the backsights are often called ^^plus’^ 
sights and the foresights minus sights and are so recorded in the field 
notes. Sometimes, however, in leveling for a tunnel or a building it is 
necessary to take readings on points which are at a higher elevation than 
that of the H.I. In such cases the rod is held inverted, and in the field 
notes each such backsight is indicated with a minus sign and each foresight 
with a plus sign. 

When several bench marks are to be established along a given route, each intermedi- 
ate bench mark is made a turning point in the line of levels. Elevations of bench 
mfl r ks are checked sometimes by rerunning levels over the same route but more often 
by “tying on” to a previously established bench mark near the end of the line or by 
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roturning to the initial bench niark. A line of levels that ends at the point of begin- 
ning is called a level circuit The final observation in a level circuit is therefore a 
foresight on the initial bench mark. If each bench mark in a level circuit is also a 
turning point and the circuit checks within the prescribed limits of error, it is regarded 
as conclusive evidence that the elevations of all turning points in the circuit are cor- 
rect within prescribed limits. In a level circuit any bench mark might be established 
by a foresight and the line of levels might be continued without taking a backsight 
on the point, provided some other object were used as a turning point. The fact 
that a level circuit checks is no indication that the elevation of a bench mark is cor- 
rect unless it has been employed as a turning point. 


In Art. 8*6 it has been shown that, if a foresight distance were equal to 
the corresponding backsight distance, any error in readings due to the 
earth's curvature and to atmospheric refraction (under uniform conditions) 
would be eliminated. 

9*6. Balancing Backsight and Foresight Distances. In ordinary leveling 
no special attempt is made to balance each foresight distance against the 
preceding backsight distance. Whether or not such distances are roughly 
determined and approximately balanced between bench marks will depend 
upon the desired precision. The effect of the earth's curvature and atmos- 
pheric refraction is slight unless there is an abnormal difference between the 
backsight and foresight distances. The effect of instrumental errors is 
likely to be of considerably greater consequence with regard to the balanc- 
ing of these distances. No matter how carefully the adjustments have been 
performed, the chances are that there is not absolute parallelism between 
the line of sight and the axis of the level tube, so that if the instrument were 
perfectly leveled, the line of sight would be inclined always slightly upward 
or always slightly downward. Evidently the error in a rod reading due to 
this imperfection of adjustment would be proportional to the distance from 
the instrument to the rod, and for a given distance would be of the same 
magnitude and sign for a backsight as for a foresight. Since backsights 
are added and foresights are subtracted, it is clear that instrumental errors 
of this nature are eliminated if, between bench marks, the sum of the back- 
sight distances is made equal to the sum of the foresight distances. 

In ordinary leveling no special attempt is made to equalize these distances 
if there is assurance that the instrument is in good adjustment. Normally, for 
levels run over flat or gently rolling ground, the line of sight will fall within 
the length of the rod regardless of the position of the instrument, and the 
distance between instrument and rod is governed by the optical qualities 
of the telescope. When the leveler moves forward to set up beyond the 
point where the rod is held, he generally paces or estimates by eye a distance 
he assumes to be about the proper maximum length of sight; and when the 
rodman moves forward, he similarly estimates the proper distance from the 
instrument to the next turning point which he establishes. 

In leveling uphill or downhill the length of sight is usually governed by 
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the slope of the ground. In order that maximum distances between turn- 
ing points may be obtained and hence progress be most rapid, the leveler 
sets up the instrument in a position such that the line of sight will intersect 
the rod near its top if the route is uphill, or near its bottom if the route is 
downhill; and he directs the rodman to a similarly favorable location for 
the turning point. In leveling uphill or downhill, a balance between fore- 
sight and backsight distances can be obtained with a minimum number of 
set-ups by following a zigzag course. 

Although between bench marks at the same (or nearly the same) elevation 
the backsight and foresight distances will tend to balance in the long run, 
regardless of the character of the terrain, it is instructive to note that in 
levels which are run between two points having a large difference in eleva- 
tion, a very small inclination of the line of sight may normally be expected 
to produce a marked error unless some attempt is made to balance back- 
sight and foresight distances. 

Consider two points 40 miles apart, one being, say, at sea level and the other at an 
elevation of 5,000 ft.; the intervening ground is of a fairly uniform slope averaging, 
say, 2^ ft. in 100 ft., so that, starting from the lower point, the backsights would be 
near the top of the rod (say, at 11.5 ft.) and the foresights would be near the bottom 
(say, at 1 ft.). If the instrument were placed directly between turning points and the 
telescope were 4.5 ft, above the ground at each set-up, the backsight distance would 
on the average be about twice as great as the foresight distance, hence the effect 
of any error in the line of sight would be twice as great for backsights as for foresights. 
Suppose that, when the bubble was exactly centered, the line of sight was inclined up- 
ward 0.002 ft. in 100 ft. (fair adjustment). Then, due to this error alone, the sum of 
backsights would be about 2% ft. too large and the sum of foresights would be about 
1)^ ft. too large; hence the calculated elevation of the terminal bench mark would be 
approximately 1.3 ft. too great. This is an error considerably larger than would 
ordinarily be permissible except in rough leveling. The example is not an extreme 
case for some sections of the country. It serves to illustrate how a relatively small 
error in adjustment may produce a large systematic error in elevation when back- 
sight distances are consistently larger than foresight distances, or vice versa; and, 
further, that under certain conditions it is not good practice to neglect the balancing 
of these distances, at least roughly, even for leveling of relatively low precision and 
with a level in fair adjustment. 

It is also to be observed that the effect of the earth’s curvature and 
atmospheric refraction may be considerable under the conditions of the 
example just cited, even though the lengths of sight are within the range of 
those ordinarily used in leveling. 

Thus, if the backsight distances were 300 ft. in length and the foresight distances 
were 160 ft. in length, the constant error per set-up of the instrunient due to curvature 
and refraction would be 0.0014 ft., or for the distance of 40 miles approximately 0.7 ft. 
This is about the maximum error that would be permissible in ordinary leveling (see 
Art. 9-12). For the example, both the error due to imperfect adjustment and that 
due to curvature and refraction combined happen to be of the same sign, hence the 
resultant error from these two sources is 2.0 ft. 
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Considering the fact that no instrument is likely to be in perfect adjust- 
ment and further that the effect of curvature and refraction is not a negligible 
quantity^ it is clear that for leveling of moderately high precision it is neces- 
sary to equalize backsight and foresight distances between bench marks; 
hence these distances become a part of the record of the leveling operations. 
In less refined leveling, distances are usually determined by pacing; in pre- 
cise leveling; they are usually measured with the stadia or the gradienter. 

The effect of curvature and refraction cannot be entirely eliminated by 
making the sum of the foresight distances equal to that of the backsight 
distances; rather it is necessary that each foresight distance be made equal 
to the corresponding backsight distance. 
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Fig. 9-3. Differential-level notes. 


9*6. Differential-level Notes, For ordinary differential leveling when 
no special effort is made to equalize backsight and foresight distances 
between bench marks, usually the record of field work is kept in the form 
indicated by Fig. 9*3, in which the levels from B.M.i to B.M .2 are the same 
as shown by Fig. 9*2. The left-hand page is divided into columns for 
numerical data, and the right-hand page is reserved for descriptive notes 
concerning bench marks and turning points. In the same horizontal line 
with each turning point or bench mark shown in the first column are all 
data concerning that point. The heights of instrument and the elevations 
are computed as the work progresses. Thus, when the backsight (7.11) 
has been taken on B.M.i it is added to the elevation (721.05) to determine 
the H.L (728.16). The height of instrument is recorded on the same line 
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with the backsight by means of which it is determined. When the first 
foresight (1.24) is observed, it is recorded on the line below and is subtracted 
from the preceding H.I. (728.16) to determine the elevation of T.P.i (726.92). 
And so the notes are continued. Usually at the foot of each page of level 
notes the computations are checked by comparing the difference between 
the sum of the backsights and the sum of the foresights with the difference 
between the initial and the final elevation, as illustrated at the bottom of 
Fig. 9*3. Agreement between these two differences signifies that the addi- 
tions and subtractions are correct but does not check against mistakes in 
observing or recording. 

Bench marks should be briefly but definitely described and should be so marked 
in the field that they can be readily identified. They are usually marked with paint 
or with crayon that will withstand the effects of the weather. When the bench mark 
is on stone or concrete the position is often indicate<iby a cross cut with a cold chisel. 
A bench mark may or may not be marked with its elevation. Whenever there might 
arise any question as to the exact position of the point on which the rod was held, 
its nature should be clearly indicated in the notes. A description of turning points 
is of no particular importance unless the points are on objects that can be identified 
and might therefore become of some value in future leveling operations. Such 
points are usually marked with crayon and very briefly described in the notes. 

When backsight and foresight distances are to be balanced, the form of 
notes is the same, except that these distances are usually recorded in the 
last column of the left-hand page, with the backsight distances in the left 
half of the column and the foresight distances in the right half. The cumu- 
lative excess or deficiency of foresight over backsight distance is noted for 
each turning point and bench mark. 

9*7. Mistakes in Leveling. Some of the mistakes commonly made in 
leveling are: 

1. Confusion of numbers in reading the rod, as for example, reading and 
recording 4.92 when it should be 3.92. The mistake is not likely to occur 
if the numbers on both sides of the observed reading are noticed. 

2. Recording backsights in foresight column, and vice versa. 

3. Faulty additions and subtractions; adding foresights and subtracting 
backsights. Such mistakes will be detected if the difference between the 
sum of the backsights and the sum of the foresights is computed. 

4. Rod not held on the same point for both foresight and backsight. 
This is not likely to occur if the turning points are marked or otherwise 
clearly defined. 

5. Not having the Philadelphia rod fully extended when reading the long 
rod. Before a reading on a turning point is taken, the clamp should be 
inspected to see that it has not slipped. 

6. Wrong reading of the vernier when the target rod is used. 

7. Not having target set properly when the long rod is used. For the 



DIFFEEENTIAL leveling I-®®’ 

■ should be set to read exactly the same 

hTc^olStfleu the .od is shoit. 

9.8. PrecUe Differential ^'^^““^^sidere^here^ 

practiced on government * of which a relatively high degree of precision 

r £ « « - -• ™‘- 

Geodetic leveling is described in Art. 16-31. 


Fig. 9*4. Precise leveling. 


-—EBtBSrBSiSS 

available. The rod should have 

*^STvershoSr4'e“Spped with s^ haim in .addition to t^mgularcm^^^^^ 

^ouTdteofltrmpytJ^SnvS^e^e^^^ 





§9*9] LEVELING WITH TWO SETS OF TXJENING POINTS 191 

occur. To eliminate as far as possible the ejffects of any change in atmospheric 
refraction, settlement of the tripod, or warping of the level, it is desirable that the 
shortest possible time elapse between a backsight and the succeeding foresight. 
The backsight and foresight distances are determined preferably by stadia or gra- 
dienter but sometimes by pacing and are balanced very closely between bench marks. 
If the instrument is not equipped with a reflecting mirror, an assistant should keep 
the bubble centered while the leveler is making the observations; the assistant also 
acts as a recorder. For stadia readings all three horizontal hairs should be read by 
estimation to thousandths of feet, and the readings should be recorded. The mean 
of the readings for the three hairs is taken as the correct rod reading for each sight. 
The interval between the reading of the upper hair and that of the lower hair is a 
measure of the distance from instrument to rod. 

Excellent results have been obtained by employing two rods and two rodmen, each 
occupying alternate turning points (of the same set). In order further to eliminate 
possible systematic errors the order of readings may be interchanged at alternate 
set-ups of the level; that is, at one set-up the backsight may be observed before the 
foresight, and at the next set-up the foresight may be determined before the back- 
sight. This would be practicable only when two rodmen are employed. 



Fig. 9-5. Precise-level not^. 


Figure 9-5 shows a suitable form for numerical data, with distances observed by 
stadia. A portion of the right-hand page can be reserved for explanatory notes as in 
the notes of Fig, 9-3. 

9*9. Leveling with Two Sets of Turning Points. This method was formerly used 
extensively on some government surveys, where two rods and two rodmen were 
generally employed. For this reason levels run in this manner are often designated 
as “double-rodded^’ lines. A single rod may be used with nearly as good results, 
although the speed will be considerably lessened. The advantage of the method does 
not lie so much in the increased precision over using one set of turning points as in 
checking the levels as the work progresses. Hence it is particularly useful in running 
levels that do not close on points of known elevation. The target rod has generally 
been used, but the self-reading rod may be employed equally well. 

Two sets of turning points are established so that at each set-up of the level two 
independent backsights and two independent foresights are taken. The turning 
points on one line are usually a foot or more higher than corresponding points on the 
other line, so as to eliminate the possibility of making the same mistake in reading 
the foot marks on both rods. When two rodmen are employed, one gives readings 
for points along the ^^high’’ line and the other for points along the “low^’ line. 
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An appropriate form of notes is illustrated by Fig. 9-6. The observations are seen 
to give two independent determinations for the height of instrument at each set-up. 
Were it not for errors of observation these should exactly agree. If at any 

set-up the discrepancy between the two H.L’s shows a material variation from the 
discrepancy between H J.’s for the preceding set-up, observations are repeated. In 
careful leveling the maximum allowable variation between the discrepancies at 
two successive set-ups is usually two or three thousandths of a foot. Normally the 
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Fig. 9*6. Notes for double-rodded line. 

difference between H.I.'s may be expected to increase as the length of the line in- 
creases, and hence the two independent determinations of the elevation of a bench 
mark along the route may be expected to show a difference which in general will 
increase with the distance from the point of beginning. Thus in the notes, the dis- 
crepancies between the two H.I.'s are seen to be successively 0.002, 0.005, 0.007, 
0.004, and 0,006. The variations between the discrepancies for succeeding set-ups 
are therefore 0.003, 0,002, 0.003, and 0.002. On the right-hand page of the notes are 
computations for checking the additions and subtractions. The difference between 
the total of all backsights and the total of all foresights is double the difference in 
elevation between the initial and final bench marks. 

It is desirable that both rods be read on the terminal bench marks. Intermediate 
bench marks are employed as turning points on either of the two lines. When the 
discrepancy between H.I.’s becomes sufficiently large to be of consequence, the 
elevation of each bench mark is adjusted to conform to the mean of the two heights 
of instrument for the set-up from which a foresight to the bench mark was taken. 

0*10. Reciprocal Leveling. On occasion it becomes necessary to deter- 
mine accurately the relative elevations of two intervisible points a consider- 
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the distance from the instrument to the rod ana to g 

mm^=m 

The amount of the error arising from this source for a particular case 

''Se^iStfimptfect adjustment of the instrument is .niininrmed by 
adjusting the instruLnt and by balancing backsight and foresight distances. 

In precise leveling this error is also further reduced by ^ 

I' Parallax. This condition produces an accidental error. It can 

practically eliminated by careful focusing. i,,^t,i„ht and 

3 Earth’s Curvature. This produces an error only when backsight and 
foresight distances are not balanced. Under ordinary conditions these 
ktances do not tend to vary greatly, and whatever resultant error arises 
from this source is accidental in nature and in ordinary leveling ^ 
as to be of no consequence. When backsight distances are consistently 
made greater than foresight distances, or vice versa, a systematic error ot 
considwable magnitude is produced, particularly when the are long. 

The effect is the same as that due to the line of sight being inclined. The 
error varies as the square of the distance from instrument to rod and hence will 
be eliminated not merely by equalizing the sum total of backsight wid fo e- 
sight distances between bench marks but rather by balancing each length 
of foresight by a corresponding length of backsight* 

4. Atmospheric Refraction, This varies as the square of the distance, 
but under normal conditions is only about one-seventh of that due to the 
earth's curvature, and its effect is opposite in sign. It is Visually considered 
together with the earth's curvature, but though the effect of the latteyvill 
be entirely eliminated if each backsight distance is made equal to the follow- 
ing foresight distance, the atmospheric refraction often changes rapidly and 
greatly in a short distance. It is particularly uncertain when the line ot 
sight passes close to the ground. Hence it is impossible to eliminate entirely 
the effect of refraction even though the backsight and foresight distances 
are balanced. In ordinary leveling its effect is negligible. In leveling of 
greater precision the change in refraction can be minimized by keeping the 
line of sight well above the ground (say, at least 2 ft.) and by taking the 
backsight and foresight readings in quick succession. In the long run the 
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error is accidental, but over a short period, as a day, it may be systematic. 
So-called heat waves are evidences of rapidly fluctuating refraction. Errors 
from this source can be reduced by shortening the length of sight until the 
rod appears steady. 

5. Variations in Temperature. The sun^s rays falling on top of the tele- 
scope, or on one end and not on the other, will produce a warping or twisting 
of its parts and hence may influence rod readings through temporarily dis- 
turbing the adjustments. Although this is not of much consequence in 
leveling of ordinary precision, it may produce an appreciable error in more 
refined work. The error is usually accidental, but under certain conditions 
it may become systematic. It is practically eliminated by shielding the 
instrument from the rays of the sun. 

6. Rod Not Standard Length. This produces a systematic error that 
varies directly as the difference in elevation and bears no relation to the 
length of the line over which levels are run. The error can be eliminated 
by comparing the rod with a standard length and applying the necessary 
corrections. The case is analogous to measurement of distance with a tape 
that is too long or too short. If the rod is too long, the correction is added 
to a measured difference in elevation; if the rod is too short, the correction 
is subtracted. 

Most manufactured rods are nearly of standard length, but where large 
differences in elevation are to be determined, few rods are near enough to 
the standard that corrections can be ignored in precise work. 

If the rod is worn uniformly at the bottom, an erroneous height of instru- 
ment is shown at each set-up, but the error in backsight is balanced by that 
in the following foresight, and no error results in the elevation of the fore- 
sight point. 

7. Expansion or Contraction of the Rod. Owing to change in moisture 
content or change in temperature the leveling rod may expand or contract. 
The resultant error is systematic. Wood when well-seasoned and painted 
will shrink or swell but little in the direction of the grain. Likewise its 
coefficient of thermal expansion is small. The error is of no particular con- 
sequence in ordinary leveling. For precise leveling, gage points may be 
established by inserting metal plugs in the rod, and corrections for shrinkage 
may be determined by observing any change in distance between the gage 
points. Corrections for thermal expansion may be based upon observed 
temperatures of the rod, as indicated by an attached thermometer, the 
temperature being recorded in the notes. 

8. Rod Not Held Plumb. This condition produces rod readings that are 
too large. In running a line of levels uphill or downhill it becomes a sys- 
tematic error, inasmuch as the backsights are larger than the foresights, or 
nee versa. Over rolling or level ground the resultant error is accidental 
since the backsights are, on the average, about equal to the foresights. The 
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This refers to turning points that are not 
11 /lAfinpd A flat rough stone, for example, does not make a good turn- 
nnint for nrecise'leveling for the reason that no definite point exists on 
wWch to hold the rod, which is not likely to be held in the same position 
f V. IV, hncksiffht and foresight. Errors from this source are accidental. 
°\(>° SettUment of Tripod or Turning Points. If the tripod settles in the 
interval that elapses between taking a backsight and the following ore- 
sight the foresight will be too small and the observed elevation of the fo_r- 
wlrd turning point will be too large. Similarly, if a turmng point settles in 
The Intval'bLeen foresight and backsight read ngs, the height o instru- 
ment as computed from the backsight reading will be too great. ^ 
seen that by the normal leveling procedure, if either the level or the turn g 
point settles, as may occur to some extent when leveling over ^ 

Lor will be systematic and the resulting elevations will always be too high. 

Few occasions arise when turning points cannot be so selected or estab- 
lished as to eliminate the possibility of settlement, but care should be aken 
not to strike the bottom of the rod against the turmng point between sights. 

On the other hand, some settlement of the instrument is nearly certain 
to occur when leveling over muddy, swampy, or thawing ground or over 
melting snow. The errors due to such settlement can be patly reduced 
by employing two rods and two rodmen, one rodman setting the turmng 
point ahead while the other remains at the turning point in the rear. Back- 
Lht and foresight readings can then be made in quick succession. _ Small 
errors remaining from this source can be made accidental by reversing the 
order of sights at alternate set-ups, as described in Art. 9 -^ 

11. Bubble Not Exactly Centered at Instant of Sighting. ^ This produces an 
accidental error which tends to vary as the distance from instrument to rod. 
Hence the longer the sight, the greater the care that should be observed in 

leveling the instrument. , ^ . -n ..7 

12. Inability of Observer to Read the Rod Exactly or to Set the Target Exactly 
on the Line of Sight, This causes an accidental error of a magnitude depending 
upon the instrument, weather conditions, length of sight,^ and observer. It can 
be confined within reasonable limits through proper choice of length of sight. 

Summary, From the errors just listed it will appear that under norinal 
conditions the important errors are accidental, provided the proper leveling 
procedure is observed. (See also the summary in Table 9 ^ 1 .) Hence the 
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Table 94 . Errors in Leveling 


Source 

Type 

Cause 

Remarks 

Procedure to 
eliminate or reduce 

Instrumental 

Systematic 

Line of sight not 
parallel to axis of 
level tube 

Error of each sight 
proportional to 
distance® 

Adjust instrument, 
or balance sum of 
backsight and 
foresight dis- 
tances 

Rod not standard 
length (through- 
out length)* 

May be due to man- 
ufacture, mois- 
ture, or tempera- 
ture- Error usu- 
ally small 

Standardize rod and 
apply corrections, 
same as for tape 

Personal 

Accidental 

Parallax 


Focus carefully 

Bubble not cen- 
tered at instant 
of sighting 

Error varies as 
length of sight 

Check bubble before 
making each sight 

Rod not held plumb 

Readings are too 
large. Error of 
each sight pro- 
portional to 
square of inclina- 
tion® 

Wave the rod, or 
use rod level 

Faulty reading of 
rod or setting of 
target 


Check each reading 
before recording. 

1 For self-reading 
rod, use fairly 
short sights 

Faulty turning 
points 


Choose definite and 
stable points 

Natural 

Accidental 

Temperature 

May disturb adjust- 
ment of level 

Shield level from 
sun 

Earth’s curvature 

Error of each sight 
proportional to 
square of dis- 
tance® 

Balance each back- 
sight and fore- 
sight distance; or 
apply computed 
correction 

Atmospheric refrac- 
tion 

Error of each sight 
proportional to 
square of dis- 
tance® 

Same as for earth’s 
curvature; also 
take short sights, 
well above 
ground, and take 
backsight and 
foresight readings 
in quick succes- 
sion 

Systematic 

Settlement of tri- 
pod or turning 
points 

Observed eleva- 
tions are too 
high 

Choose stable loca- 
tions; take back- 
sight and fore- 
sight readings in 
quick succession 


® The error of each sight is systematic, but the resultant error is the difference between 
the systematic error for foresights and that for backsights; hence the resultant erior tends 
to be accidental, 

^ Uniform wear of the bottom of the rod causes no error. 
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resultant error may be expected to vary as the square root of the number of 
set-ups of the instrument or as the square root of the distance. Experience 
in general bears out this conclusion, and for this reason it is customary to 
express limiting errors of leveling in terms of the square root of the distance 
in miles, kilometers, or other unit of measure. It has been demonstrated, 
however, that on very long lines of precise levels, the errors are propor- 
tional to some power of the distance between one half and one, indicating 
that in spite of every precaution there are certain small systematic errors 
which cannot be eliminated by any known method of procedure. 

9*12 Precision of Differential Leveling. This depends perhaps upon 
more factors than does any other operation of surveying. Although it is 
influenced by the instrument employed, it depends chiefly upon the care 
and skill of the leveler and upon the degree of refinement with which the 
work is executed. Other conditions remaining the same, the error for a given 
length of line will tend to vary as the number of set-ups above a certain 
minimum, hence the precision may be expected to be lower in hilly country 
where the sights are limited to short distances than in flat country where 
normal backsight and foresight distances are employed. Above a certain 
length of sight, however, the error of reading the rod increases very rapidly 
with the distance; therefore the precision will be lower for long sights than 
for those of normal length. Likewise, owing to erroneous length of rod, 
unequal refraction, and other causes, the precision of leveling between two 
points of large difference in elevation is likely to be lower than between two 
points the same distance apart, at or near the same elevation. Atmospheric 
disturbances also bear an important relation to the precision attainable. 

Although conditions are so variable that no hard and fast rules can be 
laid down by means of which a desired precision can be maintained, practice 
indicates that under average conditions, with a level in good adjustment, 
the maximum error may be kept within the limits shown below. Usually 
the average error will be materially less. 

1. Rough leveling j such as that practiced on rapid reconnaissance or pre- 
liminary surveys. Sights up to 1,000 ft. in length. Rod readings to tenths 
of feet. No particular attention paid to ba lancing backsight and foresight 
distances. Maximum error in feet, ± 0.4 V distance in miles. 

2. Ordinary leveling^ such as that necessary in connection with the loca- 
tion and construction of railroads, highways, and most other engineering 
works. Sights up to 500 ft. in length. Rod readings to hundredths of 
feet. Backsight and foresight distances roughly balanced when running 
for long distances uphill or downhill, but no attention paid to these distances 
when sights of normal length can be se cured. Turning points on solid 
objects. Maximum error in feet, ± O.lVdistance in miles. 

3. Excellent leveling for important city bench marks, or for the principal 
bench marks on extensive surveys. Sights up to 300 ft. in length. Rod 
readings to thousandths of feet with either the target rod or the self-reading 
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tances from the point of beginning ar , , 

Co - 7 


■ Ecj 


and 




( 1 ) 
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Example: The accepted elevation of the initial bench mark B.M.i of a level circuit 
is 470.46 ft. The length of the circuit is 10 miles. The final elevation of the initial 
bench mark as calculated from the level notes is 470.76. The observed elevations 
of bench marks established along the route and the distances to the bench marks from 
B.M.i are as shown in the third and second columns of the accompanying tabulation. 
The most probable values of the elevations of these intermediate points are required. 


Point 

Distance 
from B.M.i, 
miles 

Observed 
el, ft. 

Correction, 

ft. 

Adjusted 
el, ft. 

B.M.i 

0 

470.46 

0.0 


B.M.a. 

2 

780.09 

-0.06 

780.03 

B.M.i 

5 

667.41 

-0.15 

667.26 

B.M.c 

7 

644.32 

-0.21 

544.11 

B.M.i 

10 

470.76 

-0.30 

470.46 


Ec == 470.76 ~ 470.46 -+0.30 ft. 

ByEq.(l), 

Oa-^-Ho X0.30 --0.06 ft. 

Cb X0.30 --0.15 ft. 

Cc = ~Ko X 0.30 - -0.21 ft. 

These corrections subtracted from the corresponding observed elevations 
give the adjusted elevations as tabulated above. It is to be noted that, 
if the error of closure is positive, all corrections are to be subtracted, and 
vice versa. 

The same principles apply to the adjustment of elevations of bench marks 
on a line of levels run between two points whose difference in elevation has 
previously been determined by more accurate methods and is assumed to 
be correct. 

9 ‘14. Levels over Different Routes. A somewhat similar problem occurs 
in the adjustment of the elevation of a bench mark which is established by 
lines of levels run over several routes. For a point established in this manner 
there will be as many observed elevations as there are lines terminating at 
the point. Assuming that the probable error of each of the individual 
observed values varies as the square root of the length of the line of levels 
by means of which the determination is secured, then the weight to be applied 
to a given observed elevation will vary inversely as the length of the corre- 
sponding line. The most probable value of the elevation will then be the 
weighted mean of the observed values. The following example illustrates 
the procedure in securing the most probable value by weighting differences, 
rather than by weighting the observations themselves (see Art. 5* 10a, 
example 2, solution h). 
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Example: Lines of levels between B.M.i and B.M.a are run over four different 
routes. The length of the lines and the observed values of the elevation of B.M .2 are 
tabulated below. It is required to determine the most probable value of the elevation 
ofB.M. 2 . 


Route 

Length, 

miles 

Observed 
el., B.M .2 

Biff, el, 
less 640.00 

Weight 

Weighted 

difference 

a • 

2 

640.72 

0.72 


0.36 

h,... 

4 

640.56 

0.56 

Vi 

0.14 

c 

10 

641.08 

1.08 

Via 

0.11 

d 

20 

640.26 

0.26 

Ho : 

0.01 





2 = ifio 

X = 0.62 


The weights may be represented by the reciprocals of the corresponding distances 
as shown. The products of the weights and the differences are shown in the last 
column of the table. The weighted mean is the sum of the weighted differences 
divided by the sum of the weights, or 

Weighted mean difference = ~ 

and the most probable value of the elevation of B.M .2 is 
640.00 + 0.69 = 640.69 ft. 

If bench marks were established along any of the lines joining B.M.i and 
B.M. 2 , the elevations of these bench marks in turn would require adjust- 
ment after the most probable value of the elevation of B.M .2 kad been 
determined. This would be done by assuming that the adjusted value of 
B.M .2 represented the correct elevation and then proceeding as previously 
explained (Art. 9*13) for a line closing on the point of beginning. 

9- 16. Level Net. Where elevations of bench marks in an interconnecting 
network of level circuits are to be adjusted, the method of least squares 
may be employed (see references at end of chapter). This method involves 
the solution of as many equations of condition as there are separate figures 
in the net. 

A simpler and equally precise method is that of successive approximations. 
It consists in adjusting each separate figure in the net in turn, with the 
adjusted values for each circuit used in the adjustment of adjacent circuits; 
• the process is repeated for as many cycles as necessary to balance the values 
for the whole net. Within each circuit the error of closure is normally dis' 
tributed to the various sides in proportion to their lengths, as previously 
explained. The following example shows a method of solution suggested 
by Professor Bruce Jameyson. 
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Fig. 9*7. Adjustment of level net. 


Example: Fig^ Ke 

AEDA, and EABE. Along toS bench marks; the sign 

the observed difference m eleva i J difference in elevation corresponds with 

the direction indicated by the arrows. Within 
each circuit are shown its length and the 
error of closure computed by summing up 
the differences in elevation in a clockwise 

direction. . . 

Table 9-2 shows the computations required 
to balance the net. For each circuit are 
listed the sides, the distances (expressed in 
miles and in percentages of the total), and the 
differences in elevation. For circuit BCDEB 
the error of closure is -0.40 ft. This is dis- 
tributed among the lines in proportion to their 
lengths; thus for the Hne BC the correction is 
1^0 X 0.40 or 0.17 X 0.40 - 0.07 ft., with 
sign opposite to that of the error of closure. 
The corrections are applied to the differences 
in elevation to obtain the values of “ corrected 
difference in elevation” shown in the seventh column. The line Z)^ in circuit BCM 
ifthe rniraTthe line ED in circuit AEDA. Hence, in listing the differences m 
elevation for circuit AEDAy the difference in elevation for ED is 
observed value (27.16), but a^ the adjusted value (27 08) 

annosite sien The error of closure for circuit AEDA is then +0.25 it. ine error 

J^Sributed as before. Similarly, in circuit EABE the Cvole II 

for EA md BE are the adjusted values from the previous circuits. In ^ 
the Droc^ for Cycle I is repeated, always listing the latest values from previously 
combing the new error of closure. And so the cycles are 

continued until the corrections become zero. 

The order in which the various circuits and lines are taken is immaterial, 
although the optimum order may reduce the number of cycles required. It 
is advisable to begin with the circuit having the largest error of closure. 
If desired, the computations may be based on the corrections rather than 
on the differences in elevation as shown. The sides of a given circuit, or a 
given circuit as a whole, may be weighted as desired. The elevations of 
intermediate bench marks are adjusted as described in Art. 9-13. 

946. FTtimerical Problems. 

1. A line of differential levels was run between two bench marks 20 miles apart, 

and the measured difference in elevation was found to be 2,163.4 ft. Later the rod 
whose nominal length was 13 ft. was found to be 0.003 ft. too short, the error being dis- 
tributed over its full length. Correct the measured difference in elevation for errone- 
ous length of rod. , . j 

2. Suppose that the levels of problem 1 had been run by using a rod which was 
0.003 ft. too short owing to wear on the lower end. What would have been the error f 

3. Suppose that the line of levels of problem 1 were continued to form a circuit 
closing on the initial bench mark. What error of closure due to erroneous length ot 
rod would be expected? 


Table 9 - 2 . Adjustment op Level Net 
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4. Differential levels were run from B.M.i (el. 470.07 ft.) to B.M.a, a distance of 
100 miles. The backsight distances were 400 ft. in length and the foresight distances 
were 200 ft. in length. The elevation of B.M .2 as deduced from the level notes was 
3,652.74 ft. Compute the error due to earth’s curvature and atmospheric refraction, 
and correct the elevation of B.M. 2 , 

5. The levels of problem 4 were rerun using an average backsight distance of 
200 ft. and an average foresight distance of 100 ft. The elevation of B.M .2 as deduced 
from the level notes was 3,651 .38. Compute the error due to curvature and refraction 
and correct the elevation of B.M. 2 . 

6. Suppose that the instrument used in running the levels of problems 4 and 5 was 
out of adjustment, so that when the bubble was centered the line of sight was inclined 
0.001 ft. upward in a distance of 100 ft. Correct the observed results of problems 4 
and 6 for inclination of line of sight. 

7. A line of levels 10 miles long is run over thawing ground. Backsight and fore- 
sight distances average 300 ft. in length. What error would be introduced and what 
would be the sign of the correction to be applied to the elevation of the terminal bench 
mark if sights were taken in their normal order, and the average settlement of the 
instrument was 0.004 ft. between the backsight reading and the following foresight 
reading? Suppose that at alternate set-ups the order of reading were reversed, what 
would be the error of the line of levels? 

8. If in running levels between two points the rod were inclined 0-3 ft. in a height 
of 13 ft., what error would be introduced per set-up when backsight readings averaged 
12 ft. and foresight readings averaged 1 ft? 

9. If levels are run from B.M.i (el. 2,000,00 ft.) to B. M .2 (observed el. 3,000.00 ft.) 
and the rod is on the average 0.2 ft. out of plumb in a height of 12 ft., what error is 
introduced owing to the rod’s not being plumb? What is the correct elevation of 
B.M.2? 

10. Suppose that in problem 9 both bench marks were at the same elevation. 
What would be the error? 

11. The error of closure of a level circuit 100 miles long is 0.53 ft. The average 
length of sight is 250 ft. If all systematic errors have been eliminated, what is the 
probable error per set-up of the level? What is the probable error of a single observa- 
tion of the rod? 

12. If sights average 200 ft. in length and the probable error of a single observation 
is 0.004 ft., what is the probable error of running a line of levels 25 miles long? 100 
miles long? 

13. Complete the differential-level notes shown below. Perform the customary 
check: 


Station 

B.S. 

H.I. 

F.S. 

El. 

B.M.I 

6. a 



416.23 

T.F.i 

9.25 


7.36 


T.P.a 

11,48 


3.12 


T.P.3 

8.30 


2.98 


B.M.2 

12.29 


4.37 


T.P.4 

7.73 


5.16 


T.P.6 

8.24 


3.38 


T.P.e 

10.66 


0.47 


B.M.3 



4.33 
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14. Complete the differential-level notes shown below. Determine the error of 
closure of the level circuit and adjust the elevations of B.M.2 and B.M.3, assuming 
that the error is a constant per set-up. 


Station 

B.S. 

H.I. 

F.S. 

El. 

B.M.I 

4.127 



100.000 

T.P.i 

3.831 


9.346 


T.P.2 

4.104 


10.725 


T.P.3 

2.654 


12.008 


B.M.2 

4.368 


7.208 


T.P.4 

6.089 


6.534 


T.P.fi 

8.863 


4.736 


B.M.3 

12.356 


2.100 


T.P.6 

10.781 


3.662 


T.P,7 

12.365 


4.111 


B.M.I 



9.059 



15. Lines of differential levels are run from B.M.i to B.M.g over three different 
routes. Following are the lengths of the routes and the observed elevations of B.M. 2 . 
Determine the most probable value of the elevation of B.M. 2 . 


Route 

Length, miles 

El. of B.M .2 

a 

10 

742.81 

6 

16 

742.58 

c 

40 

743.27 


16. The following data are for a level net whose perimeter (reading clockwise) is 
ABCDEFA. Within the net, a line of levels extends from B to F and from 0 to E. 
The elevation of A is 100.00 h. Adjust the elevations by the method of successive 
approximations. 


Circuit 

From 

To 

Distance, 

Diff. el, 

miles 

ft. 


A 

B 

40 

+17.47 

ABFA 

B 

F 

35 

-10.87 


F 

A 

52 

- 6.26 


B 

C 

33 

-fll.88 

BCEFB 

C 

E 

\ E 

F 

16 

26 

- 8.48 
-14.01 


F 

B 

1 35 

+10.87 


C 

D 

27 

-16.36 

CDEC 

D 

E 

34 

+ 7.59 


E " 

C 

16 

+ 8.48 
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Problem 1. Differential Leveling with Engineer’s Level and 
Self-reading Rod 

Object. To determine the elevations of points in an assigned level circuit. 

Procedure. Follow the procedure outlined in Art. 9*4. Keep notes as explained 
in Art. 9*6. Estimate rod readings to thousandths of feet. Check each rod reading 
by recentering the bubble and taking a second observation. Close the circuit and 
compute the error of closure. 

Hints and Precautions. (1) Test for parallax (see Art. 2*10). (2) Look at the 
bubble just before taking each reading, and glance at it again just after, to be sure 
that it has not moved. The observer should stand in such a position that this will 
be possible without moving his feet. (3) Be sure the rod is held vertical while a 
sight is being taken; keep the foot of the rod free from dirt. (4) When the Phila- 
delphia rod or similar rod is extended (long rod), it should be firmly clamped in the 
proper position; and between rod readings the rodman should examine it to see that 
no slip has occurred. Do not let the long rod down “on the run.” (5) Slowly wave 
the rod toward and from the instrument when the long rod is used and take the least 
reading on the rod. (6) Remember that the reading is recorded opposite the station 
number of the station on which the rod is held and has nothing to do with the instru- 
ment station. (7) Check all computations by showing that the difference between 
the sum of the backsights and the sum of the foresights equals the difference in eleva- 
tion between the initSl and terminal stations. (8) Give a clear and concise descrip- 
tion of each bench mark and its location, on the right-hand page in line with numerical 
notes concerning that bench mark. (9) Make the sum of backsight distances be- 
tween bench marks equal the sum of foresight distances as nearly as conditions will 
conveniently permit, to eliminate the effect of imperfect adjustment of the instrument 
and of curvature of the earth and atmospheric refraction. (10) There should be a 
definite, well-understood system of signals between the leveler and the rodman (see 
Art. 3-10). (11) The rodman should choose the position of the turning point with 
an eye to simplicity of field operations. 


Problem 2. Differential Leveling with Engineer’s Level and 
Target Rod 

Object To determine the elevation or difference in elevation of points assigned. 

Procedure. The procedure differs from the preceding problem only in that the 
rodman sets the target as directed by the leveler. Both men read the rod from the 
attached vernier to the nearest 0.001 ft. The field notes are kept by the leveler as 
explained in the preceding problem. In more precise leveling, the rodman in a 
separate book records the rod readings and the backsight and foresight distances 
(in paces) and, by observing the cumulative excess or deficiency of foresight distances 
over backsight distances as he goes along, roughly balances these distances between 
bench marks. Compare the results of this method with those of the preceding prob- 
lem. Note the relative errors of closure of the circuits and the time required for each 
method per set-up of the instrument. 

Hints and Precautions. In addition to those for problem 1 : (1) The leveler should 
make his signals easily distinguishable, holding his hand well up to raise the target 
and well down to lower the target. It is not necessary to wave the hand. (2) The 
rodman should move the target rapidly at first until the opposite signal is given by the 
leveler; he should then move it slowly until the leveler indicates that it is in the proper 
position by the “all right” signal (extending arms horizontally). (3) After the 
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target is clamped, the rod should be waved slowly toward and from the leveler, 
particularly when the long rod is used. If the horizontal line on the target appears 
above the horizontal hair, the target should be lowered. (4) When the long rod is 
used, the target must be clamped to read exactly the reading of the vernier on the 
back of the rod when the rod is short. (5) The record of backsight and foresight 
distances is kept in the right-hand column of the left-hand page of the field notebook. 
The column is headed “Dist.’' and is subdivided into and “F.S.’’ A cumular 

tive excess of 11 paces, for example, of foresight distances over backsight distances is 
noted as “ +11” directly above each foresight distance. 


Pboblem 3. Reciprocal Leveling 

Object. To determine precisely the difference in elevation between two points 
(B.M.a and B.M.6) on opposite sides of a wide stream or ravine. 

Procedure. (1) Set up the level in such a position that rod readings can be taken 
on each bench mark. (This usually necessitates the instrument's being much closer 
to one point than to the other.) Carefully take a series of five consecutive readings 
on B.M.a. The mean of these is to be used as a backsight. (2) Take 10 careful 
readings on B.M.6, the distant point. The mean of these readings is to be used as a 
foresight. (3) Set up the level on the opposite side of the stream in such position 
that the distances from the instrument to a and h are respectively the same as the 
distances to 6 and a from the former position of the instrument. Take a series of 
readings on the near and distant points as before. (4) The difference between the 
mean of the backsight readings on b and the mean of the foresight readings on a from 
this series will also give a difference in elevation between the two points. (5) The 
mean of the two differences in elevation secured from the two settings of the instru- 
ment should be the correct difference. The precaution given in regard to the two- 
peg method (Art. 8*23), namely, that Eqs. (13) and (14) must be solved algebraically, 
should be given special attention in this case. (6) If the stream or ravine is imagi- 
nary, run a line of differential levels between the two points and note the discrepancy. 

Hints and Precautions. (1) Be sure that the bubble is exactly centered at the 
time of each reading. The effect of bubble displacement will be particularly great on 
long-distance readings. For distant sights both the bubble and the target should be 
moved and reset after each observation. (2) If the instrument can be set up near 
the bench mark used as a backsight, only one observation need be taken to that point. 


Problem 4. Test of Precision op Setting Level Target 

Object. To determine the probable error of setting the level target at distances of 
100, 300, and 600 ft. from the instrument, and to determine what length of sight will 
give best results in running a line of levels. 

Procedure. (1) Set the level in position to permit a 600-ft. sight. Drive stakes 
solidly at 100, 300, and 600 ft. from the instrument (distances by pacing). (2) Take 
a series of 10 consecutive rod readings on each stake, reading the target vernier to the 
nearest 0.001 ft. Center the bubble and reset the target at each observation. 
(3) Compute the mean rod reading for each distance. (4) Record in the column for 
residuals the difference between each rod reading and the mean of all the rod readings 
for each distance. (5) Compute the probable errors of each set of observations 
(see Chap. 5). (6) From the probable error of a single observation at 100, 300, and 
600 ft., compute the probable error in running a line of levels of any given length 
when the sights are in one case all 100 ft, long, in a second case all 300 ft. long, and in 
a third case all 600 ft. long. 
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Hints and Precautions. (1) The bubble should be moved and then recentered 
after each rod reading. (2) The rodman should move the target several inches 
between observations and reset it without prejudice, as directed by the instrument- 
man. (3) Note carefully the effect of distance or length of sight upon the precision 
of rod readings. In considering the effect of distance upon the precision of a line of 
levels, it must be remembered that three times as many 100-ft. sights are necessary 
as 300-ft. sights, and that the probable error of a line of levels varies as the square 
root of the number of set-ups. 
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CHAPTER 10 

PROFILE LEVELING; CROSS-SECTIONS; GRADES 


10*1. Profile Leveling. The process of determining the elevations of 
points at short measured intervals along a fixed line is called profile leveling. 
During the location and construction of highways, railroads, canals, and 
sewers, stakes or other marks are placed at regular intervals along an estab- 
lished line, usually the center line. Ordinarily the interval between stakes 



is 100 ft. or some simple subdivision thereof, such as 50 or 25 ft. The 100-ft. 
points, reckoned from the beginning of the line, are called full stations, and 
all other points are called plus stations. Each stake is marked with its 
station and plus. Thus a stake set at 1,600 ft. from the point of beginning 
is numbered ‘46” or “16 + 00,” and one set at 1,625 ft. from the point of 
beginning is numbered “16 + 25.” Elevations by means of which the 
profile may be constructed are obtained by taking level-rod readings on the 
ground at each stake and at intermediate points where marked changes in 
slope occur. 

Figure 10* 1 illustrates in plan and elevation the steps in leveling for pro- 
file. In this case stakes are set every 100 ft. according to the common prac- 
tice in highway and railway location. The instrument is set up in some 
convenient location not necessarily on the line (as at Li), the rod is held on 
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a bench mark (B.M. 28, El. 564.31), a backsight (1.56) is taken, and the 
height of instrument (565.87) is obtained as in differential leveling. Read- 
ings are then taken with the rod held on the ground at successive stations 
along the line. These rod readings, being for points of unknown elevation, 
are foresights regardless of whether they are back or ahead of the level, in 
the forward direction of the line. They are frequently designated as inter- 
mediate foresights to distinguish them from foresights taken on turning points 
or bench marks. The intermediate foresights (0.7, 2.9, • • • , 11.0) subtracted 
from the H.L (565.87) give ground elevations of stations. When the rod has 
been advanced to a point beyond which further readings to ground points 
cannot be observed, a turning point (T.P.i) is selected, and a foresight (11.63) 
is taken to establish its elevation. The level is set up in an advanced posi- 
tion (Z/ 2 ), and a backsight (0.41) is taken on the turning point (T.P.i) just 
established. Rod readings on ground points are then continued as before. 
The rodman observes where changes of slope occur (as 609 4-50, 610 4“ 
40, • * • , 610 4- 65), and readings are taken to these intermediate stations. 
The ^^plus,” or distance from the preceding full station to the intermediate 
point, is measured by pacing or with a tape or the rod according to the 
precision required. 

It is seen that elevations are carried forward in the same manner as in leveling to 
establish bench marks, that is, by a succession of turning points. The care exercised 
in taking observations on turning points depends upon the distance between bench 
marks, the elevations of which have been determined previously, and upon the re- 
quired precision of the profile. For a ground profile usually the backsights and fore- 
sights are read to hundredths, and no particular attention is paid to balancing back- 
sight and foresight distances; the intermediate foresights to ground points are read 
to tenths of feet only. Occasions arise when it is desirable or necessary to determine 
intermediate foresights to hundredths of feet, for example, in securing the profile of 
railroad track or of the water grade in a canal; rod readings on turning points are then 
generally taken to thousandths of feet, and backsight and foresight distances are often 
balanced. 

As the work of leveling for profile progresses, bench marks are generally 
established to facilitate later work. These are made turning points wherever 
possible. To check the elevation of turning points, which is a desirable 
measure, it is sometimes necessary to run short lines of differential levels 
connecting the main line of profile levels with bench marks previously 
established by some other survey (for example, the bench marks of the U.S. 
Geological Survey); often the only means of checking is to run a line of 
differential levels back to the point of beginning. It is evident that the 
checking of turning points makes cumulative mistakes in the profile im- 
possible, but does not detect mistakes in the individual intermediate fore- 
sight readings and hence in the elevations of individual ground points. 
The only manner in which a profile can be absolutely checked is by rerun- 
ning profile levels over the line. Except on work of more than ordinary 
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importance, the effect of an occasional error in the elevations of points on 
the profile is not of sufficient moment to justify the additional work which 
this course would make necessary, and if turning points are checked, it is 
regarded as sufficient. 


Fig. 10*2. Profile-level notes. 

10*2. Profile-level Notes. The notes for profile leveling may be re- 
corded as shown in Fig. 10*2, where foresights to turning points and bench 
marks are in a separate column from intermediate foresights to ground 
points. The values shown in the notes are the same as those illustrated in 
Fig. 10*1. 

It will be observed that the notes for turning points are kept in the same manner 
as for differential leveling. H.I.'s and elevations of turning points are ordinarily 
computed as the work progresses. The difference between the sum of the backsights 
and the sum of .the foresights taken between any two bench marks or turning points 
along the line should equal the difference in elevation between these points, which 
check is applied to each page of notes, as in differential leveling. 

The computations shown at the foot of the notes of Fig. 10*2 check all 
computations for H.I.'s and elevations of T.P.*s on the page and thus for 
the notes shown the difference between the sum of all backsights and the 








m 
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sum of all foresights is equal to the difference in elevation between B.M.28 

and the last H.L 

The intermediate foresights taken from any given H.L are recorded on 
lines below that on which the H.I. is shown and above that on which the 
succeeding H.I. is shown, so that elevations of ground points are always 
obtained by subtracting the corresponding intermediate foresights from 
the preceding H.L For obvious reasons these elevations are recorded to 
the number of decimal places contained in the intermediate foresights regardless 
of the number of places in the H.L 



Fig. 10*3. Crosa-seetion notes. 

The right-hand page is reserved for concise descriptions of bench marks 
and for other items of moment. For example, in the notes of Fig. 10-2 the 
stream and highway crossings are noted, either of which might materially 
influence the elevation of the roadbed at these points. Occasionally simple 
sketches are employed in conjunction with the explanatory notes. 

10*3. Cross-section Levels. Frequently in connection with problems in 
drainage, irrigation, grading of earthwork, location and construction of 
buildings, and similar enterprises, the shape of the surface of a piece of land 
is desired. This may be obtained by staking out the area into a system of 
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squares and then determining the elevations of the corners and of other 
points where changes in slope occur. The. lengths of the sides of the squares 
are usually 100 ft. or some simple subdivision thereof, such as 50 or 25 ft. 
Directions of the lines may be obtained with either the tape or the transit, 
distances may be laid off with the tape or by stadia, and elevations may be 
determined with either the engineer’s level or the hand level, all depending 
upon the required precision. The data secured by a survey of this character 
may be employed in the construction of a contour map (see Art. 24*9). 

Figure 10*3 illustrates a suitable form of notes. The elevations are 
carried forward, and the rod readings on ground points are determined as 
in profile leveling. The sketch on the right-hand page of the notes shows 
the area divided into 100-ft. squares, the lines running in one direction being 
numbered and those running in the other direction being lettered. The 
coordinates of a given corner may then be stated as the letter and number 
of the two lines intersecting at the corner. Thus Jl-8 is a point at the 
intersection of the A line and the 8 line. The coordinates of a point not at 
the corner of a square are designated by its letter and plus in one direction 
and its number and plus in the other direction. Thus {B + 50)-7 is a 
point 50 ft. from line B toward line C, and on line 7; and E-(5 -h 40) is a 
point on line JSf, 40 ft. from line 5 toward line 6. 

When the engineer’s level is used, it is set in any convenient location and 
a backsight is taken on a point of known elevation; turning points are 
established as each new set-up is required. Rod readings to ground points 
are taken to tenths of feet, as in profile leveling. 

In rough, wooded country where long sights cannot be obtained and where approxi- 
mate elevations (say, to the nearest half-foot or foot) will answer the purpose, more 
rapid progress may be secured by using the hand level and topographer’s rod (see 
Arts. 25-13 and 25*14). Usually the elevations of one or more stations on each cross- 
section line are accurately determined with the engineer’s level. These stations then 
serve as vertical control points to which cross-section levels run with the hand level 
may be tied. 

104. Preliminary Route Cross-sections. Preliminary surveys for rail- 
roads, highways, and canals are often made by running a chained traverse 
line along the proposed route, stations being established by stakes set every 
100 ft., as illustrated by the full line of Fig. 10*4. The elevations of the 
stations are then determined by profile leveling, as already described. To 
furnish data for location studies and for estimating volumes of earthwork, 
it is customary to determine the shape of the ground on both sides of the 
traverse line, by running levels over crosslines at right angles to the traverse. 
Usually the crosslines intersect the traverse at each station, as indicated 
by the dash lines of the figure. The direction of short crosslines is laid off 
by eye; that of long crosslines by means of a compass, transit, right-angle 
mirror, or other suitable instrument. The elevations may be determined 
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lo-s. General. Four general situations arise in connection with field 
measurements to determine volumes of earthwork: 

1. Excavaiim to Predetermine Surface. A pven basement 

filled to a predetermined surface, for example, in excavating the basement 
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for a building or in grading a piece of land. Cross-sections may be taken 
as described in Art. 10*3; though usually the sides of squares at the corners 
of which stakes are set will be less than 100 ft., sometimes as small as 10 ft. 
When the grade of the finished surface has been established, the cut or fill 
at each station will be known, and the volume of earthwork can be computed. 

2. Excavation for Trench, A trench is to be excavated, as when a sewer 
or pipe line is to be laid. Profile levels are run along the proposed line. 
When the grade of the bottom of the trench has been fixed, the cut at each 
station can be computed. With the necessary width of the trench at top 
and bottom and also its depth at each station known, the volume of excava- 
tion can be calculated. 

3. Borrow-pit Cross-sections, An irregular mass of unknown volume is 
to be excavated at a given site. For example, earth is excavated from 
borrow pits to furnish material for railroad and highway fills and canal 
banks, gravel is dug from pits and banks, and stone is blasted from quarries. 
It becomes necessary to determine the shape of the surface at the site both 
before and after the material has been removed (see Art. 10*6). 

4. Road or Canal Cross-sections. Earth must be cut or filled to a given 
grade line along some route as a highway, railroad, or canal, and, further- 
more, must have a prescribed shape of cross-section (see Arts. 10*7-10*11). 



10*6. Borrow-pit Cross-sections. Sufficient data for the calculation of 
the volume of a borrow pit or similar excavation can be obtained by taking 
cross-sections of the site before and after the material has been removed. 
When the site for a borrow pit has been fixed, a base line (as AB, Fig. 10*6) 
is established in a position where it will remain undisturbed by the future 
excavation. At regular intervals (such as 10, 25, or 50 ft.) along the line, 
stakes are set and crosslines through these points are established as shown 
in the figure. Frequently a stake is set at the far end of each crossline to 
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fix the extreme limits of the excavation. Levels are then run over the cross- 
lines, rod readings to tenths of feet being taken at frequent intervals (so 
that surface irregularities will be measured accurately), and distances being 
measured from the base line. When the material has been removed, the 
crosslines are reestablished and levels are rerun over such portions as are 
Included within the lines of excavation. A few additional measurements 
are necessary where the ends of the borrow fall between crosslines. The 
difference between the original cross-section and the final cross-section 
shows the area cut at each crossline, from which the volume can be calculated. 

10‘7. Final Road Cross-sections. Figure 10*7 illustrates the elemental 
lines of typical highway or railroad cross-sections in cut and in fill. The 
center line of the roadbed is located by center stakes set every 100 ft. (some- 
times every 50 ft.), and profile levels are run as described in Art. lOT. The 



profile is plotted, and the grade line of the subgrade (that is, the roadbed 
upon which the pavement is placed in the case of the highway or upon 
which the ballast is placed in the case of the railroad) is established on the 
sheet with the plotted profile. The center cut or fill to be made at each 
station is then equal to the difference between the elevation of the ground 
line (as determined by the profile levels) and the elevation of the grade line 
(as established on the profile). 

Prior to actual construction, final cross-sections are taken at full stations, 
at points where the line runs from cut into fill, and at such plusses as are 
necessary to provide reliable data upon which calculations of volume may 
be based. Also, as a guide to those who are to do the grading, slope stakes 
(Art. 10*11) are set opposite each center stake at the points marking the 
intersection of the side slopes with the natural ground surface, and both 
center and slope stakes are marked with the cut or fill (the distance above or 
below subgrade) at the point where the stake is driven. 

The rough subgrade is usually a plane surface, transversely level but on 
highway curves perhaps superelevated. On a given road the subgrade is 
of uniform width in cut and of uniform but usually a smaller width in fill; 
still a third width may be used where the section is partly in cut and partly 
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in fill. The finished cross-section may be sloped vanously to provide 
shoulders, drainage, and rounded corners, as illustrated by Fig. 10-8. 

The side slopes are plane surfaces of constant slope for a given material 
of excavation. The rate of the side slope is stated m terms of the Mmber 
of units measured horizontally to one unit measured vertically. Thus a 

2 to 1 slope indicates a slope which in a horizontal distance of 2 ft. nses (or 
falls) 1 ft. The slope most commonly employed for cuts or fills through 
ordinary earth is m to 1. For coarse gravel, the slope is often mad^e 1 to 
1; for loose rock, H to 1; for solid rock, M to 1; for soft clay or sand, 2 or 

3 to 1, 



Field Methods. Level readings for final cross-sections are usually taken 
with the engineer’s level, and distances to the right or to the left of the 
center stake to points where observations are taken are measured with a 
metallic tape. The hand level may be employed either for all observations 
in rough country or to extend the observations beyond the limits which 
can be observed from a given set-up of the engineer s level. In rough 
country a slope board consisting of a long board with a spirit level at each 
end may be used for leveling. Rod readings and distances are observed to 
tenths of feet. Cross-sections may be taken by measuring slope distances 
and vertical angles (Art. 26-13). 

Prior to going to the field the leveler secures a record of elevations of 
ground points as obtained from the profile levels, and also the elevation of 
the established grade at each station. In the field, the instrument is set 
up in any convenient location, and the H.I. is obtained by a backsight on 
a bench mark. As a check on the profile levels, the rod is held on the 
ground (sometimes on a short wooden peg driven flush with the ground) at a 
given station, a foresight is taken, and the cut or fill is computed and marked 
on the back of the stake. A crossline through the station is established as 
described in Art. 10-4. On each side of the center line, rod readings and 
distances from the center are taken to points of marked change in slope 
along the cross-section until the estimated location of the slope stake is 


FINAIi CROSS-SECTION NOTES 


219 


§ 10-8] 

reached. Here the rod is moved up or down the slope until by trial the 
measured distance from the center stake is made equal to the computed 
slope-stake distance for the particular cut or fill indicated by the rod read- 
ing; then the slope stake is set at this point (see also Art. 10-11). 

If the ground is level in a direction transverse to the center line, the only 
rod reading necessary is that at the center stake, and the distance to the 
slope stake can be calculated once the center cut or fill has been determined; 
such a cross-section is called a level section. When rod readings are taken 
at each slope stake in addition to the reading taken at the center, as will 
normally be done where the ground is sloping, the cross-section is called a 
three-level section. When rod readings are taken at the center stake, the 
slope stakes, and at points on each side of the center at a distance of half 
the width of the roadbed, the cross-section is called a five-level section, A 
cross-section for which observations are taken to points between center 
and slope stakes at irregular intervals is called an irregular section (see also 
Art. 11*8). Where the cross-section passes from cut to fill, it is called a 
side-hill section, and an additional observation is made to determine the 
distance from center to the grade point; that is, the point where the sub- 
grade will intersect the natural ground surface. A peg is usually driven to 
grade at this point, and its position is indicated by a guard stake marked 
"grade.’’ In this case also, cross-sections are taken at additional plus 
stations as described in the following article. 

10-8. Final Cross-section Notes. Figure 10-9 illustrates a suitable form of final 
cross-section notes. The left-hand page is seen to be essentially the same as for 
profile leveling except that a column is added for grade elevations. Some engineers 
prefer to have the notes read up the page, but in this case the computations are not so 
convenient as in the form shown. In some notebooks the columns for B.S., H.I., 
and F.S. are omitted and in the first three columns are shown the station, elevation, 
and grade. This arrangement provides additional space for classification of material 
or for computation of cross-section areas and earthwork volumes. 

The notes are for a portion of the line for which profile-level notes are shown in 
Fig. 10*2. The cross-section levels are seen to check the elevations of stations as 
determined by the profile levels within 0.1 or 0.2 ft., which is as close as can be ex- 
pected. The cross-section notes on the right-hand page are in line with the station 
to which they refer. They illustrate a portion of a line passing from cut into fill 
where the slope is such ,that three-level sections are adequate. Cross-sections are 
taken at 608 + 25 where the left edge of the roadbed passes from cut to fill, at 608 4- 
90 where the center line passes from cut to fill, and at 609 + 20 where the right edge 
of the roadbed passes from cut to fill. The cross-sections at 608 4- 90 and 609 are 
side-hill sections. It is seen that cuts or fills are shown, rather than elevations, and 
that the cut or fill and the distance out for each point is expressed in a form resembling 
that of a fraction; the numerator of the fraction (cut or fill) and the denominator 
(the distance out) are the coordinates for which the origin is the midpoint of the 
roadbed at subgrade. The values in columns marked “ right or “left*' are for 
points at which the slope stakes are driven. If five-level or irregular sections were 
necessary, the values would be recorded between those for the center and the slope 
stakes. 
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Fig. 10‘9. Cross-section notes for final location of railroad. 

10*9. Canal Cross-sections. Canal cross-sectioning is carried out in a 
manner similar to that for highways and railroads. Three cases commonly 
arise: 

1* Canal All in Cut Requires no artificial banks. The field work is 
the same as for a road, slope stakes being set at the intersections of the side 
slopes with the actual ground surface. 


S/ope SM/ces>, 


CenferofBank 


CenhrSiake 


Slope SlofkeSs^ 


Cenhr of Bank 


\ Cana! Bed „ / 

Fig. 10-10. Canal cross-section. 


2. Canal with Two Banks. Cross-sections partly in cut and partly in fill. 
Figure 10*10 illustrates this form of section. Stakes marking the center line 
of the canal are placed, and profile levels are run as in railroad or highway 
work. The cross-section party takes cross levels and sets center stakes 











221 

R 1040 ] FILLS 

Ind slope stakes for each bank. The distance from canal center to bank. 

slope stakes depend upon the cut or fill and must 

Side Hill. The case is similar to a highway or railroad (m 
, L S taf,. th. d.wri.iU ,dd= .« .b^ • 

..dip. .tak* fo. thU b..* bbov. Th, 

canal bed is (or should be) always m out for its full width. 



«.d.. c..»dFm.. 

i“?srrs;x.d^*b/ 

leveler computes the “h i - ri of grade = grade 

ing called the ground rod is taken. Th has 



-n- 1 n 1 0 ;= o diimilar illustration for a cross-section in fill. It is clear 

,bSK. H I T.irgid.T.t j) tb. «' " ‘b« “r »?• 

-ui S thfl'e »i;i. tt. H.I. i. F-i. (»•* « “ » 

the sum of the grade rod and the ground rod. 


222 PROFILE leveling; cross-sections [ch. 10 

1041. Setting Slope Stakes. The process of setting slope stakes requires 

tcIs^SriTh iTrtlTbed or canal bed, d the measured distance from 
center to slope stake, s the side-slope ratio (ratio of horaontal distance to 
Trop or rise)! and h the cut (or fiE) at the slope stake, then by Fig. 10-13 
when the slope stake is in the correct position (at C) 

d^^ + ha ( 1 ) 

2 

■p«™nlp. This example for a cut illustrates the steps involved in establishing the 

wound rod = 6.6 ft.; h = grade rod - ground rod = 15.2 -6.6 - 8^6 jt I he 

be 18.2"ft.; hence the rodman should 

go farther out. 



For a second trial the rod is held atB; ground rod = 8.8 
ground rod = 15.2 - 8.8 = 6.4 ft,; («7/2) + hs = 10.0 + 9.6 - 19.6 tt. iJiemeas 

ured value of d* is 22.5 ft.; hence the rod is too far out, s _ ^ o r. . ^ o _ 

Eventually by trial, the rod will be held at C; ground rod - 7.8 ft., h 15.2 ^ 

7 8 - 7.4 ft. ; (J/2) + /ts = 10.0 + 7.4 X M - 21.1 ft. The me^ured value of d m 
21 1 ft hence this is the correct location for the slope stake. In the notes the coordi- 
niiL of tS“8take are given by the expression c7.4/21.1, but the trial observa- 
tions are not recorded. 

Slope stakes are set side to the line, sloping outward in fiU and inward 
in cut. On the back of the stake is marked the station number. On the 
front (side nearest the center line) are marked the cut or fill at the stake, 
and sometimes the distance from center to slope stake. The numbers read 

down the stake. 

In cut, some organizations set the slope stakes at a fixed distance, say, 
2 ft., back from the edge of the dope. The cut marked on the stake applies 
to the elevation of the ground at the stakes thus offset. 
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If cuts and fills are only a few feet deep, sometimes the slope stakes are 
omitted, and the stakes used for alinement are also employed as reference 
elevations for grade (see Art. 28*6). 


A special “tape ” rod has been devised, with a continuous metallic tape passing over 
rollers near the top and bottom of the rod, which renders unnecessary the subtraction 
of the ground rod from the grade rod. Further, for a given width of roadbed and 
given slope, a specially graduated tape may be used which solves mechanically the 
expression {w/2) + hs. Although these special devices are useful and time-saving, 
they are seldom employed. 

GRADES 

1042. General. The operation of leveling for grades is similar to profile 
leveling. After the grade line has been established on the profile, the grade 
elevation for each station is known. Leveling for grades is started from a 
bench mark and is carried forward by turning points. The grade rod to 
be employed in setting a given grade stake to grade is computed by sub- 
tracting the grade elevation from the H ,1. The rodman starts the stake 
and holds the rod on its top. The leveler reads the rod and calls out the 
approximate distance the stake must be driven to reach grade. The rod- 
man drives the stake nearly the desired amount, and a second rod reading 
is taken; and so the process is continued until the rod reading is made equal 
to the grade rod. The top of the stake is usually marked with crayon to 
indicate that it is at grade. Sometimes the rod is moved up or down the 
side of the stake until the grade rod is read, when the position of grade is 
indicated by a crayon mark or a nail driven into the stake at the foot of the 
rod. When points are established a given distance above or below grade, 
the process is the same, except that the distance to grade is indicated either 
on the grade stake or on a guard stake nearby. Usually grade elevations 
are determined to hundredths of feet. 

The notes are kept as in profile leveling except that the right-hand column 
of the left-hand page is for grade elevations. Also when the stakes are not 
driven to grade, a record is kept of the cuts or fills (that is, the vertical 
distances from established points to the actual grade line). 

The distance between points at which grade is established depends upon 
the character of the work and upon whether the grade is uniform (straight 
line in profile) or on a vertical curve. On track construction, grades are 
usually given at each 100-ft. station but are sometimes given at every 50 ft. 
on vertical curves. For pavements and sewers, grade is generally estab- 
lished every 50 ft. if the grade is uniform and every 25 ft. or even every 10 ft. 
if the grade is on a vertical curve. 

10*13. Shooting-m Grade. Unless the grade is level, the methods described in the 
preceding article necessitate computing the grade rod for every station which is 
established at grade. Likewise, if grade is established at any intermediate point the 


224 PROFILE leveling; cross-sections [ch. 10 

chainage of which has not been previously determined, the plus of the new station 
must be measured before the grade rod can be calculated. 

When the line is tangent (straight in plan) and the grade is uniform for a consider- 
able distance, the work of setting grade stakes may be facilitated by “shooting-in” 
the grade in the manner now to be described. Let A and B be two stations some 
distance apart (say, 800 to 1,000 ft.) on tangent, between which stations a uniform 
grade is to be established. A line of differential levels is run to include both A and 
B, and stakes are driven to grade, or to a fixed distance above or below grade, at these 
points. The level is then set up close to B with one pair of foot screws in line with A 
and, with the rod held on the stake, a reading is obtained by sighting through the 
objective end of the telescope. The rodman next holds the rod on A, and the leveler 
moves the telescope in a vertical plane (by means of the foot screws if a level is used, 
or by means of the altitude tangent-screw if the transit is used) until the horizontal 
cross-hair appears to cut the rod at the reading previously obtained with rod at B, 
Neglecting the effect of the earth’s curvature and atmospheric refraction (which will 
be of no consequence for the distances suggested above), the line of sight is now a 
uniform distance above the uniform grade for all points between A and B, Hence 
the grade at any intermediate station is established by observing the same rod read- 
ing, the instrument, of course, remaining undisturbed for the interval during which 
the intermediate stakes are being set. As a check, it is well to sight again to A before 
the instrument is moved, in order to detect any displacement of the line of sight. 

When the grade is nearly level, as is often the case for drainage works, the process 
described above may be simplified. The sensitiveness of the bubble may be deter- 
mined as described in field problem 2 of Art. 8*29, and the number of spaces on the 
level tube corresponding to various rates of grade may be computed. By means of 
the bubble the line of sight may then be inclined at the same slope as the grade line. 

1044. Grades with Gradienter. When grades are to be established with 
a level equipped with a gradienter (Art. 2*20), the elevations are carried 
forward by direct leveling, as described in the preceding article, the instru- 
ment always being set up near a station on the line. After the H.I. for a 
given set-up has been determined, the gradienter drum is set to read zero 
when the instrument is level. The line of sight is then made parallel with 
the grade line by turning the gradienter until it reads the desired grade. 
Thus, if one turn of the screw inclines the line of sight 1 per cent and the 
gradienter drum is divided into 100 parts, a 1.2 per cent grade would be 
laid off by one full turn and 20 spaces as indicated by the drum graduations. 
Since the line of sight is parallel to the grade line, the grade rod for the sta- 
tion at which the level is set up is also the grade rod of any other station in 
the direction in which the instrument is pointed. For points in advance of 
the level, the gradienter must be set to a reading equal and opposite to that 
for points in the rear. 

1046. Contour Leveling. A contour is an imaginary line connecting 
points of equal elevation on the surface of the earth (see Art. 24*6). In 
topographic surveying the engineer’s level, in conjunction with other instru- 
ments, is sometimes employed for the direct location of contours. Also in 
connection with the surveys for reservoir sites, levels are usually run to 
establish the proposed shore line. The process of establishing lines of this 
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character consists in carrying a line of levels forward by turning points and 
in finding, by trial, a series of ground points at the required elevation. 

Proposed shore lines are usually defined by stakes set at long intervals 
where the shore contour is straight and at short intervals where it is irreg- 
ular or curved. A line of levels is run approximately along the contour. 
At each set-up the contour rod (the difference between the elevation of the 
H.I. and the elevation of the contour) is computed. The rodman proceeds 
along the line giving rod readings at critical points. At each point he is 
directed up or down the slope until the leveler reads the contour rod. Here 
a stake is set. In topographic surveying the process is essentially the same, 
except that no stakes are set (see Art. 25*15). 


10*16. Establishing Grade Contours. In connection with the preliminary 
surveys for highways and canals in hilly or mountainous country where the general 
route lies along a side hill, often levels are run to establish points along some required 
grade. The irregular line Joining such points is termed a grade contour. H a level 
(or transit) with gradienter is available, the simplest method is to follow the same 
procedure as in contour leveling (Art. 10-15), except that for both turning points and 
ground points the gradienter is set so that the line of sight is at the required grade. 
For rough surveys, the clinometer inay be used. 

Generally rod readings are taken only to points where there is a noticeable change 
in the direction of the grade contour. The level should be in such a location that the 
ground points will not deviate greatly from the straight line Joining the instrument 
and the adjacent turning points. Often in rough work the only intermediate ground 
point between turning points is at or near the level, and the rod readings for turning 
points are taken with rod held on the ground. 

In more careful work, as when the grades are nearly level, the elevations may be 
carried forward as in differential leveling (that is, bubble centered when backsights 
and foresights are taken to turning points) and distances may be measured by stadia; 
at the same time the grade contour is located as described above. The stadia dis- 
tances and the elevations determined by differential leveling offer a means of checking 
the grade contour at any point. 

If the level is not equipped with a gradienter, unless the grade is nearly level so 
that the required slope can be laid off with the bubble, the grade contour must be 
established by the more laborious method of direct leveling, distances being measured 
by stadia or by pacing and a new grade rod being computed for each point at which a 
stake is driven, as described in Art. 10-12. 

10* 17. Vertical Curves. On highways and railways, in order that there 
may be no abrupt change in the vertical direction of moving vehicles, adja- 
cent segments of differing gradient are connected by a curve in a vertical 
plane, called a vertical curve. Usually the vertical curve is the arc of a 
parabola, as this form is well adapted to gradual change in direction and as 
elevations along the curve are readily computed. The length of vertical 
curve depends upon several conditions, being in general greater for railroads 
than for highways, and increasing with the difference in grade between 
adjacent segments. The maximum allowable change in grade per station 
is usually governed by specifications. The length of the vertical curve 
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90 - 3 87, and the station at C is 90 + 3 = 93. The elevation of A is 100.00 — 

3 X 0.80 == 97.60, and the elevation of C is 100.00 — 3 X 0.40 = 98.80 ft. 

The elevation of the mid-point D of the long chord AC is the mean of the elevations 
A and C: 

3^(97.60 + 98.80) == 98.20 ft. 

The mid-point E of the vertical curve is midway between D and the vertex B: 

^(98.20 -I- 100.00) = 99.10 ft. 

The offset from vertex to curve is 

100,00 - 99.10 = 0.90 ft. 

The tangent offsets at stations 89 and 91 are 

I X 0.90 = 0.40 ft. 

and the offsets at stations 88 and 92 are . 

P 


3 * 


X 0.90 - 0.10 ft. 


The elevations of points on curve are then determined as shown in the following 
tabulation: 


Station 

II 

00 

88 

89 

90 

91 

92 

93 = C 

Elevation of tangent 

97.60 

98.40 

99.20 

100.00 

99.60 

99.20 

98.80 

Tangent offset 

0.00 

0.10 

0.40 

0,90 

0.40 

0.10 

0.00 

Elevation of curve. . 

97.60 

98.30 

98.80 

99.10 

99.20 

99.10 

98.80 


A convenient check is afforded by computing the *' second differences” between 
the elevations of consecutive points on the curve, since for a parabola these should be a 
constant. For the example just given, the following tabulation illustrates the com- 
putations: 



Elevation, ft. 

1 Biff., 
ft. 

Second 
diff., ft. 

Stations 

Back 

station 

Forward 

station 

87-88 

97.60 

98.30 

+0.70 

0.20 

88-89 

98.30 

98.80 

+0,50 

0.20 

89-90 

98.80 

99.10 

+0.30 

0.20 

90-91 

99.10 

99.20 

+0.10 

0.20 

91-92 

99.20 

99.10 

-0.10 

0.20 

92-93 

99.10 

98.80 

-0.30 
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. . or Sag. The location and elevation of the 

“■ it «' “ i> ‘ 

“ wJ.: Tto g.».»l Ik" » 

y - ax^ 

Th. »« «f otang. in .lop. •! tk* “"S'"* *” * 

Eq. (2) with respect to x, or 


^ = 2 ax 

dtC 


(3) 


If . is in stations, the constant 2a is the change in grade per station. 



The slope at the summit S is zero (Fig. 10-15), and the slope at the point 
of tangency C is equal to the grade Gj so tha 

(4^ 

2ax ^ G OT X y/ 

The change in grade 2o either is known or can be readily computed from 

“ S is determined by solving the general 

equation for y at that point. The elevation of the summit is then com- 
puted by subtracting the tangent offset from the elevation of the corre- 

SDOndiug point on the tangent. ^ 

^hus in the example of Art. 10-17, the change in grade per station is 

2 a = 0.20. By Eq. (4), 

3 . — ^ = 5:^2 =r 2.00 stations 
^ 2 a 0.20 

The station at the summit is 93 ~ 2 = 91. By Eq. ( 2 ), 
y = ax2 - 0.10 X 2.002 == 0,40 ft. 

The elevation at the summit is 99.60 - 0.40 = 99.20 ft. 
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1049. Numerical Problems. 


1. Complete the profile-level notes shown below: 



2. The width of roadbed of a proposed railroad is 24 ft. in cut, and the side slopes 

are At a given station the elevation of grade is 515.75. For obtaining the 

cross-section at the station the H.I. of the level is 528.32. The ground rod at the 
center stake is 6.5. Compute the grade rod and the center cut. The rod reading at 
the right slope stake is 1.2 and at the left slope stake is 10.9. Compute the cut and 
the distance out to each slope stake. 

3. Make a page of cross-section notes for a highway running from cut into fill. 
The grade of the highway is 4.0 per cent, width of roadbed 24 ft. in cut and 18 ft. in 
fill, and side slopes 1)^ to 1. Show observations at center and slope stakes and at 
grade points. 

4. Make a page of notes for establishing grades of top of rail from station 750 to 
station 762. Elevation of grade at station 750 is 381.6; grade from station 750 to 
station 758 is —0.6 per cent; grade from station 758 to station 762 is —0.4 per cent; 
elevation of bench mark near station 750 is 378.47. Do not consider the vertical 
curve. 

5- The radius of curvature of the level tube of a level is 75 ft. and one space on the 
tube is equal to Ko hi. How many spaces will the bubble have to be displaced from 
the center to make the line of sight parallel with a grade rising 1.5 ft. per mile? 

6. On a highway a —6.0 per cent grade meets a -i-4.0 per cent grade at station 
67 -f- 50 and at elevation 516.32. The maximum allowable change in grade per sta^ 
tion is 2.5. Compute the elevations of stations at 50-ft. intervals along a vertical 
curve connecting the two grades. Compute the station and elevation of the lowest 
point on the curve. 

10 *20. Field Problems. 

Pkoblem 1. Pkofile Leveling for a Hoad 

Object. To determine the elevations necessary for plotting the profile of a line. 

Procedure. (1) Lay out the assigned length of line with numbered stakes every 
100 ft. (2) If no bench mark is given, select some permanent point as a bench mark, 
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assuiiiing aw elevation such that no station will fall below the datum. (3) Adapt to 
the field conditions encountered the procedure indicated in Arts. 10-1 and 10-2. 
(4) Keep the notes in the form of the sample notes (Fig. 10*2). 

Hints and Precautions. (1) Read the rod carefully to the nearest 0.01 ft. on 
bench marks and turning points, and quickly to the nearest 0.1 ft. on ground points- 
(2) Take rod readings on the ground at all full stations and at such other points on 
line (plus stations) as are necessary to obtain a sufficiently accurate profile. In 
general these plus stations will be at points where the slope of the ground changes 
noticeably and at highways, railroads, and streams. (3) Bench marks should be 
established every 1,500 or 2,000 ft. if the line is long. These should be placed at 
some distance to one side of the line, in such positions that they are not likely to be 
disturbed during construction. All bench marks should be well described in the 
notes. It is customary to mark the number and elevation on each bench mark at 
the time it is established. (4) Make the computations for turning points as the 
work progresses, and check each page of notes as soon as it is filled. 


Problem 2. Profile Leveling for a Pipe Line 

Object. To prepare the line of a proposed sewer or water main for construction. 
It is assumed that the line has already been run and that center stakes marked with 
station and plus have been set every 25 or 50 ft. Ground pegs are to be set to give 
line and grade for ditchers and pipelayers. 

Procedure. (1) Opposite each stake on the line and far enough from the line to 
insure its not being disturbed by the excavation, drive a short peg (or spike) flush 
with the ground, and beside this peg drive a stake marked (on the side away from the 
line) with the station number of the center stake and the offset of peg from center 
stake. (2) Start from a bench mark as in problem 1 and take profile readings on the 
ground pegs to the nearest 0.01 ft. Keep notes in the form of the sample notes of 
Fig. 10-2, except that additional columns are required for offsets of pegs from center 
line, grade elevations, and cuts. Complete the level work as in problem 1. (3) 

Roughly plot the profile, fix the grade of the bottom of the trench, and determine 
the amount of cut at each station. (4) Mark the cut, expressed in feet and inches, 
to the nearest in., on the front of each side stake (facing the line). 

Hints and Precautions. (1) Take rod readings on the turning points with greater 
care than on the ground pegs. (2) Mark all stakes to read down the stake. Center 
stakes should be driven with the marked side toward the beginning of the line. Side 
stakes should be driven side to the line in order that they will not be confused with 
center stakes. (3) In paved streets or hard roads it is impossible to drive stakes or 
ground pegs; and spikes, chisel marks, or paint marks are used instead. The spikes 
are driven flush with the road surface. In order that they may be found without 
difficulty, their position with respect to more prominent objects is carefully recorded. 


Problem 3. Setting Slope Stakes; Cross-sections 

Object To prepare a proposed highway or railroad for grading, and to obtain 
data for calculating earthwork. 

Procedure. (1) Prom the level notes of problem 1 plot a profile and fix a grade 
such that the amount of cut will approximately balance the amount of fill. (2) Drive 
short pegs flush with the ground against the center stakes and on the side farthest 
from the beginning of the line. Run profile levels over the line of pegs, checking tne 
elevations obtained with those of problem 1, and mark on the back of each center 



FIELD PKOBIiEMS 


231 


- * AJCiJJi/ j. 

.. /^qQorF47 Keep field notes in th^form of 

stake the cut or fill at that point, “ ?l^fthVide slopes of 1 Kc to 1. Opposite 
TV 1 A Q AssuniG roadway 20 ft. ‘j^ci nf line set slope stakes at 

a!h Center itikt rt right angles to t of L round 

no ntfwhere the side slope of the " “XSng towaxd the center line if in cut 
??;ese stokes should be dri^" ^ ^’should be marked on the side facing the 

location of such pegs by stakes marke gr 



CHAPTER 11 


PLOTTING PROFILES AND CROSS-SECTIONS; VOLUMES OF 
EARTHWORK 

PROFILES AND CROSS-SECTIONS 

11*1. Plotting Profiles. Usually the profile is plotted on regular 'profile 
papety which is ruled with vertical lines at intervals of or 3^ in. and with 
horizontal lines at intervals of or Ko The general practice is to 
begin the profile at the left end of the sheet; the station numbers thus increase 
from left to right. The horizontal and vertical scales to be employed depend 
upon the purpose of the profile. If the profile is to be used for fixing grades, 
as for a railroad or highway, a scale of 1 in. = 400 ft. (horizontal) and 
1 in. = 20 ft. (vertical) is frequently used; if it is to be made the basis of 
earthwork calculations, as for a sewer or pipe line, a scale as large as 1 in. = 
40 ft. (horizontal) and 1 in. = 4 ft. (vertical) may be required. The ver- 
tical scale is exaggerated because the vertical distances on the ground are 
relatively small as compared with the horizontal distances. 

Figure IM illustrates, to reduced scale, a portion of the profile for a 
proposed railroad. In this illustration only the accentuated horizontal 
lines are sho.wn except for a small area at the top of the profile; the distance 
between these accentuated lines represents a difference in elevation of 5 ft. 
The space between vertical lines represents a horizontal distance of 100 ft. 
The numbered heaviest horizontal lines indicate multiples of 50 ft. in eleva- 
tion, and the heaviest vertical lines indicate multiples of 10 stations count- 
ing from the beginning of the line. In the original drawing, the size of the 
small squares was in., the vertical scale was 1 in. = 20 ft., and the hori- 
zontal scale was 1 in. = 400 ft. 

The profile is plotted from the profile-level notes or from elevations taken 
from a contour map (Chap. 24). The ground line is formed by drawing a 
fine through the plotted points. Usually this , is done freehand, as the 
elevations are plotted. The profile should not be a succession of straight 
lines between adjacent points, for this does not represent the actual varia- 
tion in the ground; on the other hand the profile at the summits and depres- 
sions should not be unduly rounded, for on the drawing such points are 
exaggerated in sharpness on account of the exaggerated relation between 
horizontal and vertical scales. Figure 11-1 illustrates the irregular form 
of the profile. 

Notes on the profile show the station and plus of important objects, as 
streams and roads, crossed by the line. Such notes are placed directly 
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above the points on the profile to which they refer. Generally an aline» 
meiit diagram is drawn near ’the bottom of the sheet, with points on the 
diagram directly below corresponding points on the profile. ^ In this way a 
ready comparison between profile and plan may be made without referring 
to the map. The alinement diagram indicates the location of tangents, 
curves, and changes in direction of the line, but it is not a true plan view, 
except when the line is straight. The diagram at the bottom of Fig. 11- 1 is 
a suitable form for a railroad, highway, or similar line. Sometimes the 
directions of land lines, streams, and other objects crossed by the line are 
indicated on the alinement diagram. 

Sometimes general drawings show the profile on the same sheet with the 
map or plan of the line, as illustrated in Fig. 11*2. Such an arrangement 
is convenient for purposes of comparison in that the general relation between 
plan and profile may be seen at a glance. 

In highway work it is common practice to plot the plan and profile on 
the same sheet, as illustrated in Fig. 26*1. The sheets, called '‘Federal 
aid sheets,*^ are of a standard size (border line 22 by S3M in*) with the profile 
portion ruled 4 by 20 or 2 by 10 to the inch. 

11.2. Fixing Grades. The ground profile furnishes the basis for the study of 
economic grade elevation. Although the factors influencing the choice of grades 
will not 1>€ discussed here in detail, it is pertinent to mention some of them. In the 
location of highways or similar routes, maximum permissible rates of grade are 
usually established by considerations of traffic (Chap. 26). Likewise the elevation of 
grade is fixed within narrow limits at certain governing points, as at terminals and at 
stream, highway, and railway crossings. Conforming to these limitations, between 
such governing points the grade is fitted to the ground until so far as possible the 
volume of earthwork in cuts will balance that in adjacent fills. For sewers and 
drains certain minimum permissible grades are established by considerations of flow, 
and these with the profile of the ground and elevations of governing points (such as 
connections with mains, depths of basements, etc.) fix the grade. 

Between the points at which the elevation of grade is fixed, grade lines are estab- 
lished on the profile until by trial a satisfactory solution is obtained. Rates of grade 
and stations of points of change in grade are then fixed, and the corresponding eleva- 
tions of points of change are computed. Field and office work are simplified if rates 
of grade are expressed in an exact decimal, as 2.5 per cent or 0.65 per cent, and not 
fractionally, as 2^ (2.333 + ) per cent or (0.225 +) per cent. The grade line 
may be a succession of straight lines abruptly changing direction at grade intersec- 
tions, or if the changers in grade are considerable, it may be a series of straight lines 
connected by vertical curves at the summits and depressions. The selected grade 
line is showm on the profile as illustrated by Fig. IM. The points of change are 
marked by small circles, and on vertical lines through these points are shown their 
elevations (and plusstjs if they do not fall at full stations). The rates of grade are 
shown just above the grade line or on dimension lines, as illustrated in the figure. 

11*3. Finishing the Profile. The profile is finished in ink. If it is to be 
blueprinted, all lines are shown in black; otherwise the grade line and the 
numerical notes pertaining to it are generally shown in red and the remainder 
of the sheet is inked in black. Sometimes the alinement diagram with its 
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Fig. 11*2. General map and profile. 

and explanatory notes whieh are written vertically on the profile are ordi- 
narily placed so as to be read from the right end, though some engineers 
prefer them to read from the opposite end so that as the profile is unrolled 
with the zero end toward the body the notes will appear right side up. 

114. Other Profiles. The profiles discussed in the preceding articles are of value 
in showing the relation between grade and the natural ground and are useful in fixing 
grades and estimating volumes of earthwork. In connection with construction, 
profiles are also frequently employed to portray graphically the progress of the work. 
For example, in railroad and highway construction an estimate is made of work done 
during each month; that is, the volume of earthwork moved, the amount of track or 
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pavement laid, etc., are calculated from fieldi measurements. When the monthly 
estimate has been completed, the progress profile is brought up to date by tinting 
the portions completed with a particular color assigned for the month, also by showing 
within or adjacent to each tinted area the volume of earthwork or other quantity 
involved. Pavement or track laid, right-of-way fences completed, culverts, bridges, 
constructed may be designated by appropriate colored symbols on the alinement 

diagram. mi. 

For some kinds or work, as for subways and foundations, profiles showing not only 
the surface line but also the various subterranean strata are made. Points for the 
subsurface profiles are plotted from bonng records, and full lines joining corresponding 
points indicate the upper and lower limits of the cfe-^erai subsoils. The various strata 
are then indicated in the profile either by tinting with contrasting colors or by using 
appropriate symbols. 

11*5. Plotting Cross-sections. Irregular cross-sections for earthwork 
are commonly drawn to scale on regular cross-section paper which is ruled 



Fm. 11*3. Plotted cross-sections. 


usually with 10 divisions to the inch in both directions. Governing points 
of the cross-section are plotted either from the cross-section notes or from 
the data of a topographic map (Chap. 24). These points are essentially 
coordinates, with the origin on the center line at the grade line. The sur- 
face may be indicated either by an irregular line or by a series of straight 
lines connecting the points. The scale to be used depends upon the pre- 
cision with which it is desired to calculate the cross-sectional area. For 
large cross-sections a scale of 1 in. = 10 ft. both horizontally and vertically 
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is common. If the cross-sections are shallow, sometimes the vertical scale 
is exaggerated, as for profiles. 

The cross-section for the first station of the route is usually placed in 
the upper left corner of the sheet, and successive cross-sections are placed 
one below the other (Fig. IT 3). The cross-sections in the illustration were 
drawn at a scale of 1 in. = 10 ft. horizontally and vertically. Below each 
cross-section is shown its station number. Within each cross-section is 
shown its calculated area in square feet, and between successive cross-sec- 
tions is shown the calculated volume of earthwork in cubic yards. The 
coordinates may or may not be noted on the sheet. Some engineers place 
the first cross-section in the lower left corner of the sheet, show the elevation 
of the ground line at each station, and place the notations at. locations other 
than those shown in the figure. The fixed portions of cross-sections may 
be drawn by means of a templet. 

The cross-sections may be inked, but since they are generally used only 
in the office they are commonly shown in pencil. 

Sometimes cross-sections are plotted on the same sheet with the profile, 
in which case the horizontal scale of the cross-section is made larger than 
that of the profile. 


EARTHWORK CALCTJLATIONS 

11*6. Areas of Regular Cross-sections; Level Section. Regular cross- 
sections are cross-sections for which levels are taken at one point on each 
side of the center line. Level and three-level sections are regular. Areas 
of regular cross-sections are readily determined by numerical calculations 
without plotting. For purposes of computing earthwork the areas are 
calculated in square feet. 

For a trench the cross-sectional area at any point is determined by multi- 
plying the average of the top and bottom widths by the depth. 

The same method of calculation may be applied to level cross-sections 
for highways and railroads; if d is the 
distance to either slope stake from 
the center, w is the width of the road- 
bed, and c is the center cut or fill, 
then the area A of the level section 
is 

+ 0 ) 

11*7. Three-level Section. A three-level section may be divided into 
four triangles, as shown in Fig. 11*4. Then from the figure the area A is 

A I ‘ J I 



Fig. 114. Three-level section. 
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or 

A = |(A, + /tr) +|(dl + dr) (2) 

Rule: Multiply the sum of the distances to the slope stakes by one-half the 
center cut or fill; to this add the product of one-fourth the width of the roadbed 
and the sum of the side heights. The result is the cross-sectional area. 



11*8. Areas of Irregular Road Cross-sections. Figure 11-5 represents 
an irregular road cross-section. The cross-section notes give C the cut (or 
fill) at the center stake A, and distances from center to, and cuts at, points 
E, Fj G, and H. The method indicated here is an adaptation of the general 
method for computing areas by means of coordinates (Art. 19-4). In this 
case the cross-section notes provide the x and y coordinates for each vertex 
of the section (the origin being at 0) if the expression 0/ {w/2) is supplied 
for the two vertices M and AT, and if algebraic signs, plus and minus, are 
used to designate directions to the right and left of the origin, respectively. 

In the usual form the notes are recorded as follows: 

Hi C h h 

D 2 Di 0 di d% 

Then, as just stated, if the algebraic signs and the coordinates of M and N 
are supphed, the coordinates of the section appear as follows: 

0 Ht El C hi h^ 0 
_ w —Dt —Di 0 -fdi +^2 , w 

2 "^2 

The calculation of the area will be made more convenient if now the oppo- 
site algebraic sign is placed on the opposite side of each lower term. The 
coordinates then appear thus: 

0 Hz Hi 0 hi hz 0 

__ H 4« ""-OaH- —‘Did" 0 -j-dg— , w 

2 T- -f 2 
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The area may now be computed by the following rule: 

Rule: Multiply each upper term by the algebraic sum of the two adjacent 
lower terms, using the signs facing the upper term. The algebraic sum of these 
products is double the area of the cross-section. 

Example : Below are the notes for an irregular cross-section; the width of the 
roadbed is 20 ft.; the cross-sectional area is to be calculated by the preceding rule. 
The coordinates 0/ (w/2) are recorded, and the double opposite algebraic signs are 
supplied as shown: 

0 2.4 4.2 6.1 8.3 10.2 0 

-10+ -13.6+ -10.0+ 0 +15.0- +26.3- +10- 

2.4 X (+10.0 - 10,0) = 0.0 sq. ft. 

4.2 X (+13,6 - 0) = + 57.1 sq. ft. 

6.1 X (+10.0 + 15.0) =+152.5 sq. ft. 

8.3 X (0 + 26.3) = +210.0 sq. ft. 

10.2 X (-15.0 + 10.0) = - 51.0 sq. ft. 

Double area = +368.6 sq. ft. Area = 184.3 sq. ft. 

For sidehill sections, where the road is partly in fill and partly in cut, the 
cross-sectional are'as may be calculated conveniently by dividing the section 
into partial areas consisting of trapezoids and triangles. 

When cross-sections are bounded by curved lines or are very irregular 
they are usually plotted as described in Art. 11*5, and the areas are deter- 
mined either by subdividing the cross-section into rectangles and triangles 
and calculating the area of each, or with greater facility by traversing the 
perimeter of each cross-section with a polar planimeter (Art. 4*13). Few, 
if any, cases arise where the areas of plotted cross-sections for earthwork 
cannot be determined by planimeter with a precision as high as that which 
is justified by the nature of the field measurements. 

Volumes of Earthwork. Volumes of earthwork are calculated by 
a variety of methods, depending upon the nature of the excavation and of 
the data. Where cross-sections have been taken along a route, their areas 
are determined as described in preceding paragraphs, and the volumes of the 
prismoids between successive cross-sections are calculated either by the 
method of average end areas or by the prismoidal formula. The same 
procedure may be followed for borrow pits and similar excavations, or — if 
elevations are observed at the same points before and after excavating — ^the 
volume may be calculated by dividing it into vertical truncated prisms. Esti- 
mates for grading are frequently based upon a topographic map showing the 
contours for the undisturbed ground and contours for the ground as it will 
appear when grading has been completed; the volume is conveniently 
determined by dividing it into prismoids with horizontal bases and sloping 
sides. Methods of computing volumes of earthwork by the use of contours 
are described in Art. 24*18. 

Total volumes are almost invariably expressed in cubic yards. 
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1140 . Volume of Borrow Ht. Figure 11-6 illustrates the plan view of a 
borrow pit, observations having been taken at the intersections of full lines. 
The numbers written diagonally are the cuts in feet. The full lines are seen 
to divide the pit into volumes of triangular, rectangular, and trapezoidal 
cross-section. 



Actually the upper and lower surfaces are warped, but for earthwork 
calculations they are assumed to be plane and thus the volumes are assumed 
to be truncated prisms. The volume of a triangular truncated prism (as 
abc) is V = {A/Z){hi + ^2 + hz) in which A is the horizontal sectional area 
and h, and hz are the corner heights. 

Obviously any rectangular prism (as defg) may be divided into triangular 
prisms by either of two diagonal planes; but unless there are considerable 
variations in the corner heights, the error introduced by assuming the 
volume to be a rectangular truncated prism is inconsiderable as compared 
with errors due to undetected or neglected irregularities in the ground sur- 
face. Under these conditions the volume is determined by multiplying the 
average of the corner heights by the horizontal sectional area. Where it is 
clear that the method just mentioned would introduce an error of conse- 
quence in the computed volume, the triangular prisms to be considered are 
indicated in the field notes. Thus in the volume jklm the dotted line km is 
shown on the sketch to indicate that the shape of the ground warrants cal- 
culating volumes of the triangular prisms jkm and klm. For similar reasons, 
the volume nopgrs is divided into one rectangular and two triangular prisms. 
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If several adjacent rectangular prisms have the same horizontal section 
(that is, the same horizontal dimensions), they are computed as one solid, 
as follows: Multiply each corner height by the number of prisms of the same 
horizontal section in which it occurs; sum up the values thus determined, 
and multiply by the horizontal sectional area of a single prism. The 
product divided by four gives the volume of the solid. 

Example: The accompanying tabulation shows the computations for the borrow 
pit of Fig. 11-6. The computations demonstrate the rule stated in the preceding 
paragraph. Thus uvha is seen to be made up of three 25 by 35-ft. rectangular prisms. 
Adding the corner heights by starting at a and proceeding clockwise around the figure, 
we have 2.3‘ + 3.4 + 2(3.3 + 3.0) + 2.7 + 2.9 + 2(2.4 + 2.0) = 32.7 ft. as shown 
in the first line of the second column. In the tabulation the individual volumes are 
shown to the nearest 10 cu. ft., and the final volume is given to the nearest cubic yard. 
To compute volumes of earthwork to decimals of a cubic yard, as is sometimes done, 
is absurd when one considers that small irregularities in the ground surface between 
points at which elevations are taken would doubtless make a difference of several 
cubic yards between the actual and the computed volume. When volumes are large, 
calculations to the nearest 10 or even to the nearest 100 cu. yd. may be as exact as the 
nature of the field measurements will justify. 


Volume op Boerow Pit 


Prism 

S Cor. ht., ft. 

Area, sq. ft. 


Volume, cu. ft. 

uvha 

32.7 

25 X 35 

XM 

7,150 

vxjqsh 

161.9 

25 X 25 

XH 

25,300 

xymj 

59.9 

25X30 

xH 

11,230 

nors 

13.0 

25X21 

XM 

1,710 

Mm 

■ 7.1" 

12 X30 i 

XJi 

850 

jkm 

7.7 

7X30 

XM 

540 

kjt 

8.5 

7 X 25 

XM 

500 

ni 

8.9 

2.5X25 

XM 

190 


9.1 

2.5X14 

XM 

100 

pgr 

9.2 

2 X 14 

XM 

90 

opr ■ 

9.6 

2 X 25 

XM 

160 

cm 

10.3 

10.5X25 

XM 

900 

hm 

10.3 

6X25 

XM 

520 

abc 

8.8 

6X35 

XM 

620 


Total 49,860 cu. ft. 

or 1,847 cu. yd. 


1141. Volumes by Average End Areas. The common method of deter- 
mining volumes of excavation along the line of highways, railroads, canals, 
and similar works is that of end areas* It is assumed that the volume 
between successive cross-sections is the average of their areas multiplied 
by the distance between them, or 

F = I (li + A,) 


( 3 ) 
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where F is the volume (cubic feet ) of the prismoid of length I (feet) between 
cross-sections having areas (square feet) Ai and Az- If cross-sections are 
taken at full 100-ft. stations, the volume in cubic yards between successive 
cross-sections Ai and A2 (square feet) is 

Vy = 1.85(Ai 4- A 2 ) (4) 

Formulas (3) and (4) are exact only when Ai = A 2 but are approximate 
for Ai $ I 2 . As one of the areas approaches zero, as on running from cut 
to fill on side-hill work, a maximum error of 50 per cent would occur if the 
formulas were followed literally. In this case, however, the volume is 
usually calculated as a pyramid; that is, volume == H of base X length. 
Considering the fact that cross-sections are usually a considerable distance 
apart and that minor inequalities in the surface of the earth between sec- 
tions are not considered, the method of average end areas is sufficiently 
precise for ordinary earthwork. 

Where heavy cuts or fills occur on sharp curves, the computed volume 
of earthwork may be corrected for curvature, but ordinarily the correction 
is not large enough to be considered. 

Iht2. Volumes by the Prismoidal Formula. It can be shown that the 
volume of a prismoid is 

V = UAi + 4:A., + A,) (5) 

D 

where I is the distance between end sections, Ai and A 2 are the areas of the 
end sections, and Am is the middle area or area halfway between the end 
sections, all in units of feet. Am is determined by averaging the correspond- 
ing linear dimensions of the end sections and not by averaging the areas 
Ai and A 2 . The use of the formula is best illustrated by an example. 


Example: Following are shown the three-level cross-section notes for two stations 
100 ft. apart. The width of the roadbed is 20 ft., and the side-slope ratio is 13^:1. 


Station 

Cross-section 

Area, 

square 

Volume, 

cubic 





L 

C 

R 

feet 

yards 

115 

c4.0 

c6.0 

C12.0 

212 


16.0 

0 

28.0 








575 

no 

c2 0 

c3.0 

c8.0 

103 


13 0 

0 

22.0 


Mid-section 

c3.0 

c4,5 

clO.O 



14.5 

0 

26.0 

154 
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The volume of earthwork between the two stations is to be calculated by the pris- 
moidal formula. Below the regular cross-section notes are shown those for the mid- 
section obtained by averaging the values given for sections at stations 115 and 116. 
In the Column headed “Area, square feet/’ are areas of cross-sections computed 
by formula (2), Art. 11*7. Then by the prismoidal formula given above 

F = 10% (212.0 + 4 X 154.0 + 103.0) = 15,520 cu. ft. or 575 cu. yd. 

Although the prismoidal formula gives the true volume of a prismoid, 
the difference between results obtained through its application and values 
obtained by the method of average end areas is not large except where the 
change in cross-section is abrupt. 

For the foregoing example the volume computed by average end areas is 583 cu. yd., 
and the difference between the results obtained by the two methods is 8 cu. yd. or 
about 1.4 per cent. As an example of the magnitude of the error in volume introduced 
by apparently insignificant variations of the surface, suppose that between the two 
cross-sections given in the above example a sag takes place gradually until at station 
115 -f- 50 it amounts to 0.5 ft. over a width of 20 ft., thus forming two wedges of error 
with a base of 10 sq. ft. and a length of 50 ft. The volume of these two wedges is 
2 X % X 10 X 50 = 500 cu. ft. = 18 cu. yd., and the error is more than twice as 
great as the error due to computing the volume by average end areas instead of by 
the prismoidal formula. To one familiar with field conditions it is evident that much 
larger surface irregularities than those cited above are likely to go unnoticed unless 
more tba .n the usual care is taken in field measurements. 

It may be concluded that, so far as volumes of earthwork are concerned, 
the use of the prismoidal formula is justified only when cross-sections are 
taken at short intervals, when the observations are so conducted that small 
surface deviations will be measured, and when the areas of successive cross- 
sections differ 'widely. 

The use of the prismoidal formula usually results in computed volumes 
of earthwork that are smaller than those computed by the method of average 
end areas. For excavation under contract the basis of computation should 
be understood in advance, otherwise the contractor will usually claim (and 
obtain) the benefit of the common method of end areas. 

1143. Prismoidal Correction. It can be shown that the difference be- 
tween two volumes computed by the two methods, for the prismoids de- 
fined by three-level sections, is given by the equation: 

C, = 0.309(i7o - ~ Di) (6) 

where Cv ~ difference in volume, or the correction, in cubic yards, for a 
prismoid 100 ft. long 

Hq — center height at one end section, in feet 

Hi = center height at the other end section, in feet 

Do = distance, in feet, between slope stakes at the end section 
where the center height is Ho 

Di == distance, in feet, between slope stakes at the other end section 
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€v is known as the prismoidal correction; it is subtracted algebraically from 
the volume as determined by the average-end-area method to give the more 
nearly correct volume as determined by the prismoidal formula. 

Example: For the prismoid of Art. 1M2, the prismoidal correction is 

C. - 0.309(6.0 - 3.0) (44.0 - 35.0) - 8.3 cu. yd. 

which is consistent with the difference (583 — 575 = 8 cu. yd.) between the volumes 
obtained by the average-end-area method and the prismoidal formula, respectively. 

1144. Volumes from Road Profiles. Preliminary estimates of earth- 
work for highways, railroads, and canals made prior to the location of the 
route are based upon the preliminary profile. If the side slopes were ver- 
tical, the volume of any cut or fill would be a direct function of the area 
between grade line and ground line on the profile. As the side slopes are 
inclined, the volume in cut or fill increases at a relatively greater rate than 
does the depth; hence (except for the purpose of rough estimates) the area 
representing cut or fill on the profile cannot be directly taken as a measui^e of 
volume, as would be the case for a trench. For very rough estimates the 
profile area of any given cut or fill may be measured with the planimeter and 
divided by the length to obtain the average depth of cut (or fill) at the center 
line. The area of a level section having this average cut or fill is then com- 
puted, and the area is multiplied by the length of cut (or fill) to obtain the 
volume of earthwork. 

Example: The length of a given cut is 1,650 ft., and the profile area between ground 
line and grade line is 18,500 sq. ft. The roadbed is 20 ft. wide and the side slopes are 
IM to 1. It is desired to determine roughly the volume of earthwork. 

Average depth of cut is = 11.2 ft. 

1,650 

For a level section the distance to slope stake is 


d^-^cs = 10.0 + 1J4 X 11.2 = 26.8 ft. 
z 

The cro^sectional area of the average section is 

A = c + d) “ 11.2(10.0 + 26.8) = 412 sq. ft. 

The total volume is, therefore, 

412 X 1,650 , 

y == 25,200 cu. yd. 

At 


For less approximate calculations the cut or fill at each full station is 
scaled from the profile, and the corresponding volume per station is cal- 


245 


§1M5] DETEKMINATION OF VOLUMES OF EABTHWOEK 

culated for a level section whose depth is the scaled cut (or fill). The level 
section at each station is assumed to exist over a length of 100 ft. (50 ft. 
in advance and 50 ft. back of the station). The total volume for a given 
cut or fill is obtained by summing up the volumes per station obtained in 
the manner just described. Tables of volumes (cubic yards) per 100 ft. for 
various widths of roadbed, side slopes, and depths of cut or fill are given in 
texts on highway and railroad surveying. If such a table is not available, 
volumes may be conveniently determined by constructing a diagram showing 
cuts or fills as ordinates and volumes in cubic yards per 100 ft. as abscissas. 
Volumes may also be determined by means of a scale graduated in cubic 
yards per 100 ft. of length for various depths of cut or fill, the scale being 
applied to the profile. 

The foregoing method may be modified by constructing an earthwork diagram, 
either on the sheet with the profile or on a separate sheet, the ordinates of the diagram 
being in cubic yards per foot of length and the abscissas being distances along the 
line in feet. When the diagram is on the profiile sheet, any convenient horizontal 
line is chosen as the base from which ordinates are measured, those above the base 
representing volumes in cut and those below representing volumes in fill. The hori- 
zontal scale is made the same as for the profile. The vertical scale is some convenient 
scale, as 1 in. =20 cu. yd. per foot, depending upon the magnitude of the volumes 
involved. At each full station and at each plus where the direction of the profile 
changes abruptly, the distance between grade line and ground line is scaled, the 
volume per foot of length for a level section of corresponding depth is determined from 
tables or from a diagram, and this volume is plotted as an ordinate to the earthwork 
diagram. The diagram is completed by drawing an irregular line through the points 
thus plotted. The area under the diagram (at the scales used in plotting) gives the 
volume in cubic yards. Thus, if the horizontal scale is 1 in. = 400 ft. and the vertical 
scale is 1 in. = 20 cu. yd. per foot, then 1 sq. in. on the paper is the equivalent of 
400 X 20 = 8,000 cu. yd. 

11*16. Precision of Determination of Volumes of Earthwork. It is in- 
structive to consider the probable errors which affect the determination of 
earthwork quantities. These may be discussed in relation to each of the 
three general methods commonly used: (1) volumes computed from data 
obtained in setting slope stakes, (2) volumes computed from irregular cross- 
sections, and (3) volumes estimated from contour maps (Art. 24*18). 

The measurements taken to compute earthwork quantities include hori- 
zontal measurements, usually taken with a metallic tape, and vertical 
measurements, taken with a level and rod. These measurements are sub- 
ject to accidental errors due principally to marking the ends of the tape, 
to reading the rod, and to variations in the elevation of the ground surface 
where the rod is held. The size of these errors will vary greatly under 
various field conditions, but to illustrate the principles involved, a probable 
error of +0.05 ft. will be assumed for each measurement, that is, for each 
horizontal (tape) and vertical (rod) reading. It is believed that this value 
is a reasonable assumption for average field conditions. 
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Since the horizontal distances are usually much greater than the vertical 
distances, it is evident that the percentage of error in horizontal measure- 
ments is much less than in the vertical measurements. Hence, errors in 
computed volumes result for the most part from errors in cuts and fills. 
And since the magnitude of the errors is independent of the magnitude of 
the distances themselves, the percentage of error in the final result is greater 
for small volumes than for large volumes. 

1. Vdumes from Slope-stake Data. The principles stated above may be illustrated 
in the case of volumes computed from slope-stake data by the following table. The 
roadway is assumed to be 20 ft. wide, with side slopes of to 1. Volumes are com- 
puted for sections 100 ft. long. 


Average 
cut or 
fill, ft. 

Area, 

: sq. ft. 

Probable error 
in area 

Volume, 
cu. yd. 

Probable error 
in volume 

Value, 
sq. ft. 

Per cent 

Value, 
cu. yd. 

Per cent 

2.0 

46 

±0.7 

1.5 

170 

±1.8 

1.1 

4.0 

104 

±0.8 

0.8 

385 

±2.1 

0,5 

5.5 

155 

±1.0 

0.6 1 

574 

±2.6 

0.5 

12.6 

485 

±1.5 

0.3 

1,794 

±3.9 

0.2 


An inspection of this table shows: (1) that the percentage of error in the area and 
in the volume varies inversely wdth the depth of the cut or fill; (2) that the magnitude 
of the probable error is not important as compared with the probable errors due to 
variations over the ground surface; and (3) that the probable errors indicate an uncer- 
tainty of one or more in the last unit of the computed quantities. Hence it will be 
consistent to carry one decimal place in intermediate computations of areas and vol- 
umes; but it is absurd to record values beyond the last whole unit, either of areas or of 
volumes. 

2. Volumes from Irregular Cross-sections. The remarks of the preceding paragraph 
regarding roadway volumes apply equally well to borrow-pit volumes. Since the 
shapes of borrow pits are more irregular than those of roadways, however, and since 
two rod readings are required at each point, it may be expected that the computed 
volume for a shallow borrow pit will be affected by a larger percentage of error than a 
corresponding volume in a roadway. On the other hand, the readings are usually 
taken at small intervals (25 to 50 ft.), hence the errors due to irregularities in the 
ground surface are not so great as in the case of roadways; and since many readings 
are taken, the law of accidental errors tends to reduce the percentage of error in the 
total volume. 

Assuming a probable error of ±0.05 ft. for a single rod reading, the total probable 
error for the borrow pit shown in Fig. 11 -6 is ± 2.4 cu. yd. The volume is 1,847 cu. yd. 
and the probable error is 0.1 per cent, which is about one half as large as the error in 
the roadway volume of 1,794 eu. yd. given above. 

3 . Volumes from Contour Maps, llie errors of determining volumes from contours 
depend upon t he scale of the map, the contour interval, and the precision with which 
contours are shown. The larger the scale and the smaller the contour interval, the 
more reliable are the computed volumes. Under the usual conditions, scales of 50 to 
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KX) ft. to the inch and contour intervals of 1 or 2 ft. may render estimates correct 
within 5 or 10 per cent, depending upon the magnitude of the grading operations. 
Rough estimates are sometimes made from maps showing 5~ft. contours, but unless 
the cuts and fills are deep and the grading is on a large scale, the relative error involved 
is likely to be great. Where the ground is gently sloping and the cuts and fills are 
shallow, reliable estimates of volume cannot be made unless the contour interval is 
very small. A contour interval of ft. is often employed for such work, 

11»16. Numerical Problems. 

1. Plot a profile for data given in numerical problem 1 of Chap. 10, between sta- 
tions 179 and 186. Use a horizontal scale of 1 in. = 100 ft. and a vertical scale of 
1 in. = 4 ft. 

2. Following are the notes for cross-sections at stations 109 and 110. The width 
of the roadbed is 24 ft.,- and the side slopes are 2 to 1. Compute the areas of the two 
sections. 


Station 

Cross-section 


109 

c2.4 

cl.2 

cO.4 

16.8 

0.0 

12.8 

110 

cl2.2 

c9.2 

c4.8 

36.4 

0.0 

21.6 


3. Following are the notes for an irregular road cross-section. The width of the 
roadbed is 24 ft. and the side slopes are IH to 1. Calculate the cross-sectional area 
by the three methods of Art. 11*8. Compare the results. 

c4.2 c6.8 cll.2 C14.4 cl6.8 cl8.4 

18.3 12.0 0 10.0 25.0 39.6 

4. Compute the volume in cubic yards between stations 109 and 110 of problem 2. 
Use both the average-end-area method and the prismoidal formula. Note the dis- 
crepancy in percentage between volumes as determined by the two methods; also 
compare the difference in volumes with that obtained by Eq. (6). 

6. What error in volume between station 109 and station 110 of problem -4 would 
be introduced if the recorded cuts at centers and slope stakes were 0.1 ft. too great? 
What is the error in terms of percentage of the volume by average end areas? 

6. Suppose that between the two stations in problem 4 a sag gradually takes 
over a width of 24 ft., becoming a maximum of 1 ft. at 109 +• 50. What error, in 
cubic yards, is introduced in the computed volume? 

7. Compute the volume in cut and in fill for the given cross-sections between 
stations 62 and 64. The roadbed is 24 ft. wide in cut and 20 ft. wide in fill, and the 
side slopes are 1 to 1, Tabulate the data in the following form: “Station,” “Cross- 
section,” “Area,” and “Volume.” Use the prismoidal formula. 


Station 


CrossHseetion 


62 

c2.6 

c4.8 

c6.4 


15.9 

0.0 

21.6 


63 

0.0 

c3.1 

c4.4 


12.0 

0.0 

18.6 


63 + 25 

/4.6 

16.9 

0.0 

0.0 

c23 

15.9 


64 

/7.2 

/4.8 

0.0 

cl.8 

20.8 

0.0 

6.0 

14.7 
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8. Solve problem 7 by the method of average end areas, computing the volume 
of pyramids by the relation, volume = H (area of base times length). 

9. In plan, a borrow pit is 76 by 135 ft. Before and after excavation, levels are run 
and offsets are measured from stations along one of the 135-ft. sides. The computed 
cuts are shown in the following table: 



Sta. 

0 + 50 

Sta. 

0 + 75 

Sta. 

1 +00 

Sta. 

1 + 15 

Sta. 

1 +35 

0.0 

4.5 

6.2 

4.7 

0.0 

10.6 

9.7 

7.9 

8.4 

2.5 

8.7 

8.7 

9.4 

8.4 

3.6 

1.9 

7.6 

6.8 

6.3 

0.0 


Compute the volume by the method described in Art. 11-10. 

10. A given fill for a railroad is 1,350 ft. long. The profile is plotted at the hori- 
zontal scale of 1 in. = 400 ft. and at the vertical scale of 1 in. = 20 ft. The perimeter 
of the area between ground line and grade line is traversed clockwise with anchor point 
outside, employing a planimeter set so that 1 revolution of the roller is eqiial to 10 sq. 
in, on the paper. The difference in readings is 0.269. What is the average depth of 
the fill in feet? Estimate roughly the volume of the fill in cubic yards, assuming a 
level section of the average depth, roadbed 18 ft. wide, and side slopes 13 ^ to 1. 

1147. Office Problems. 

Pkoblem L Plotting Profile 


Object. To plot a profile from level notes, and to fix the grade line for a highway, 
railroad, pipe line, or similar work. 

Procedure. (1) Choose a horizontal and vertical scale in keeping with the purpose 
of the profile. (2) Examine the field notes to determine the range between points of 
maximum and minimum elevation. Number each of the heaviest horizontal lines of 
the profile paper with its elevation. Near the foot of heavy vertical lines record the 
100-ft. station numbers, these numbers increasing from left to right, and being 
multiples of ten for small scales. (3) From the profile-level notes plot the profile. 
Through the plotted points draw a freehand curve. Show the names of streams and 
roads crossed, directly above their crossings on the profile. Check the profile and 
ink it with hUck ink. (4) Fix the grade line. At each change of grade draw a small 
circle and indicate the elevation (and plus if it does not fall at a full station) of each of 
these points on a vertical line directly under or over the small circle. On the grade 
line, rec^ord the rates of grade as shown in Fig. 1 1 • 1 . Ink, in red, the grade line and ail 
lines and mimh(‘rs nffemng to it. (5) Near the bottom of the paper indicate in 
black ink the horizontal aliriement, using a scdieme similar to that shown in the figure. 
(0) Make a title .showhig the name and Io<^ation of the work, the horizontal and verti- 
cal scale, the date, and the name of the draftsman. 

Hints and Precautions. (1) The profile should be checked by reading elevations 
and stations from the profile, not from the level notes. Two men can work together 
to good advantage— one reading the notes while the other plots the profile; when 
checking the profile, they should exchange places. (2) Avoid the common mistake 
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^ ,1 nf fnminff Doints and bench marks as ground elevations, by 

of ^Itions of turning points and bench marks in the field notebook mth 

enclosing the eleva -- of line can be obtained if the profile is inked 

a circle (3) A 7Xr than with a lettering pen. The draftsman 

Snot rml^d off the summits and depressions by an undue amount. 

PE0BMM 2. PnoTTiNO Cboss-sbctions; Quantities or Eabthwobk 

Tn nlot cross-sections of a roadway from field notes and to calculate 
quaS oUaithwork. It is assumed that the cross-section notes give cut or fill 

rate '^‘'“®'®7n°Sginning near the upper left corner of a sh^t or roll of cross- 
procedure. (1) Bepnm g horizontal and vertical lines as grade and 

section paper, Aoose ^ coordinates plot the cross-section notes of the firat 

center lines. number of spaces out from the center and up from the grade 

station, counting the numne p Usually the scale used on such 

line corresponding 0 r ^ ^ j,. or smaller Mark 

work IS 1 in. - in ^ one y with those of corresponding points in the 

tee plotted pointe^b^en™^^^^^^ P SP^„ ^e 

notes. Draw straight lines „ Outside and iust below the cross-section 

original ground, ^Sn n^ At a convenient dUtance 

and near the center line, f “H„7,!,nMhe n^^ctlon in 4milar manner. (3) When 
below and on the s^e center i , p section a little farther to the right and 

w) cic.- 

at the top of the sneet, ana m w j within the section (as, 123 sq. ft.), 

late the area pf ®^®^7®*'7J^etered (5) Compute volumes by both prismoidal 

Irregular seoUons may 1"® volume of each prismoid between its 

and ^verage-end-^ea methods and sh^^^^^^ ^ eut 

^ Make an appropriate tte 

references 
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MEASUREMENT OF ANGLES AND DIRECTIONS 

124. Location of Points. As previously stated, the purpose of a survey 
is to determine the relative locations of points on or near the surface of the 
earth. The location of a point is fixed if measurements are made of (1) its 
direction and distance from a known point, (2) its direction from two known 
points, (3) its distance from two known points, or (4) its direction from one 
known point and its distance from another. If the relative locations of 
points as seen in horizontal projection are desired, the field^ operations 
involve the measurement of horizontal distances, as described in Chap. 7, 
and the determination of direction in the horizontal plane. In addition, 
if the relative elevations of points are required, they are determined by one 
of the methods of leveling described in Chaps. 8 to 11. 

For horizontal projection or plan, the direction of any line (as defined by 
two points) is determined by horizontal angular measurements between the 
line and some reference line. For vertical projection, the direction of one 
point with respect to another is defined by the vertical angle between the 
plane of the horizon and the line joining the two points. In general, there- 
fore, the angular measurements of surveying are either horizontal or vertical, 
or approximately so. 

When the angle between two points is mentioned, it is understood to 
mean the angle between the projections in the horizontal plane of two lines 
passing through the two points and converging at a third. Thus at 0 
(Fig. 124a) the angle between B and € is the horizontal angle BOC. The 
vertical angle to a point is its angle of elevation or depression from the 
horizontal; as measured from some point of reference, the angle is positive 
or negative according as the observed point is above or below the horizontal 
plane passing through the point of reference. Thus the vertical angle to a 
point B as measured from A is positive if B is higher than A. Measurement 
of vertical angles as applied to indirect leveling was briefly considered in 
Chap. 8 and will be described more in detail in Art. 1345. The present 
chapter treats only of angles and directions in the horizontal plane. 

124. Meridians. The relative directions of lines connecting survey 
points may be obtained in a variety of ways. Figure 124a shows lines 
about a point. The direction of any line (as OB) with respect to an adja- 
cent line (as OA) is given by the horizontal angle between the two lines (as a) 
and the direction of rotation (as clockwise). The direction of any line (as 
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OC) with respect to a line not adjacent (as OA) is not given by any of the 
measured angles but may be computed by adding the intervening angles 
(as a 4" 

Figure 12* 1& shows the same system of lines but with all angles measured 
from a line of reference OM, The direction of any line (as OA) with respect 
to the line of reference (as OM) is given by the angle between the lines (as 1) 
and its direction of rotation (as clockwise). The angle between any two 
lines (as AOC) is not given directly, but may be computed by taking the 
difference between the direction angles of the two lines (as Z3 — Z1 = 


ZAOC). 




In the first case, it will be noted that a given angle denotes the direction 
of a line with respect to an adjacent line. In the second case, a given angle 
denotes the direction of a line with respect to a fixed line of reference. In 
surveying, angular measurements may fall under either of these general 
cases. The fixed line of reference may be any line in the survey, or it may 
be purely imaginary. It is termed a meridian. If it is arbitrarily chosen 
without special reference to the points of the compass, as is often the case, 
it is called an assumed meridian; if it is a true north-and-south line passing 
through the geographical poles of the earth, it is called a trvs nieridian; or 
if it lies parallel with the magnetic lines of force of the earth as indicated by 
the direction of the magnetic needle, it is called a magnetic meridian, 

12 ‘3. True Meridian. The true meridian is determined by astronomical 
observations to be described in a later chapter (see also Art. 12T0). For 
any given point on the earth its direction is always the same, and hence 
directions referred to the true meridian remain unchanged regardless of 
time. The lines of most extensive surveys, and generally the lines marking 
the boundaries of landed property, are referred to the true meridian. 

12*4. Magnetic Meridian. The direction of the magnetic meridian is 
that taken by a freely suspended magnetic needle. The magnetic poles are 
at some distance from the true geographic poles; hence in general the mag- 
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netic meridian is not parallel to the true meridian. The location of the 
magnetic poles is constantly changing; hence the direction of the magnetic 
meridian is not constant. However, the magnetic meridian is employed 
as a line of reference on rough surveys where one or another of the several 
forms of magnetic compass is used, and often in connection with more pre- 
cise surveys in which angular measurements are checked approximately by 
means of the compass. It was formerly used extensively for land surveys. 
It is determined as described in Art, 12T0. 

12‘5. Mimetic Needle. Any slender symmetrical bar of magnetized 
iron when freely suspended at its center of gravity takes up a position 
parallel with the lines of magnetic force of the earth. In horizontal pro- 
jection these lines define the magnetic meridian. In elevation, the lines 
are inclined downward toward the north in the Northern Hemisphere, and 
downward toward the south in the Southern Hemisphere. Since the bar 
takes a position parallel with the lines of force, it becomes inclined with the 
horizontal. This phenomenon is called the magnetic dip. The angle of dip 
varies from 0° at or near the equator to 90® at the magnetic poles. The 
needle of the magnetic compass rests on a pivot. To counteract the effect 
of dip, so that the needle will take a horizontal position when directions are 
observed, a counterweight is attached to one end (the south end in the 
Northern Hemisphere). The counterweight usually consists of a short piece 
of fine brass wire wound about the needle and held in place by spring action. 
So long as the needle is used in a given locality and so long as it loses none 
of its magnetism, it will remain balanced. When for any reason it becomes 
unbalanced, it is adjusted to the horizontal by sliding the counterweight 
along the needle. At the mid-point of the needle is a jewel which forms a 
nearly frictionless bearing for the pivot. 

12*6. Magnetic Decimation. The angle between the true meridian and 
the magnetic meridian is called the magnetic declination. If the north end 
of the compass needle points to the east of the true meridian, or in other 
words, if the direction of rotation from the true meridian to the magnetic 
meridian is clockwise, the declination is said to be east (Fig. 12* 13);, if 
the north end of the needle points to the west of the true meridian, the 
declination is said to be west. 

If a true north-and-south line is established, the mean declination of the 
needle for a given locality can be determined by compass observations 
extending over a period of time. The declination may be estimated with 
sufficient precision for most purposes from an isogonic chart of the United 
States; specific values for a particular locality can be obtained from the 
U.S. Coast and Geodetic Survey. 

12*7. Isogonic Chart. This chart (Fig. 12*2) shows lines of equal declina- 
tion for the date January 1, 1950, as based upon observations made by the 
U.S. Coast and Geodetic Survey at stations widely scattered throughout the 
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country. The agonic line, or line of zero declination, is the Heavy, solid, 
irregular line which extends in a southeasterly direction from the Great 
Lakes. The solid isogonic lines when east of the agonic line mark the 
paths where the declinations were on the given date 1° west, 2° west, etc.; 
similarly, those west of the agonic line show the routes along which the 
declinations were T east, 2° east, etc. Thus in the northern part of Maine 
the declination is seen to be 26° west, and in the northern part of Washing- 
ton, 23° east. 

12‘8. Variations in Magnetic Declination. The magnetic declination 
changes more or less systematically in cycles over periods of (1) approxi- 
mately 300 years, (2) 1 year, and (3) 1 day, as follows: 

1. Secular Variation. Like a pendulum, the magnetic meridian swings 
in one direction for perhaps a century and a half until it gradually comes 
to rest, and then swings in the other direction; and as with a pendulum 
the velocity of movement is greatest at the middle of the swing. The 
causes of this secular variation are not well understood. In the United 
States, it amounts to several degrees in a cycle. In Fig. 12-2 are shown by 
dash lines the annual rates of change in the secular variation for the year 
1950, On account of the magnitude of the secular variation, a knowledge 
of its behavior is of considerable importance to the surveyor, particularly 
in retracing lines the directions of which are referred to the magnetic merid- 
ian as it existed years previously. When variation is mentioned without 
further qualification, it is taken to mean the secular variation. 

2. Annual Variation. This is a periodic annual swing distinct from the 
secular variation. For most places in the United States, it amounts to less 
than 01'. 

3. Daily Variation. This is a periodic swing of the magnetic needle 
occurring each day. For points in the United States the north end of the 
needle reaches its extreme easterly swing at about 8 a.m. and its extreme 
westerly swing at about 1 p.m. The needle generally reaches its mean 
position between 10 and 11 a.m. and between 6 and 10 p.m. In Table VIII 
are given for each hour of the day the average values of variation for several 
places in North America. These values change slightly from year to year and 
are greater in summer than in winter. In general, the higher the latitude, 
the greater the range in the daily variation. The average range for points in 
tlie United States is less than 08', a quantity so small as to need no con- 
sideration for most of the work for which the compass needle is employed. 

4. Irregular Variations. These are due to magnetic disturbances. 
They cannot be predicted but are most likely to occur during magnetic 
storins, when the Aurora Borealis is to be seen. They may amount to a 
degree or more, particularly at high latitudes. 

12‘9. Local Attraction. Objects of iron or steel, some kinds of iron ore, 
and currents of direct electricity alter the direction of the lines of magnetic 
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force in their vicinity and hence are likely to cause the compass needle to 
deviate from the magnetic meridian. The deviation arising from such local 
sources is called ioca^a^^rac^^on. In certain localities, particularly in cities, 
its effect is so pronounced as to render the magnetic needle of no value for 
determimng directions. Local attraction is not likely to be the same at 
one point as at another, even though the points be but a short distance 
apart. The steel tape, chaining pins, axe, and small objects of iron or steel 
that are on the person are sources of local attraction which may be avoided 
but which when overlooked frequently introduce serious errors. By 
methods later to be described (Art. 12-23), the magnitude of local attraction 
can usually be determined, and directions observed with the compass can be 
corrected accordingly. 

12*10. Establishing the Meridian. The true meridian is established by 
astronomical observations, as described in Chap. 21. Any of the celestial 
bodies whose astronomical position is known may be observed, but those 
commonly observed by surveyors are the sun and Polaris (the North Star). 
For surveys of ordinary precision the transit is employed. 

On compass surveys, in order to determine the magnetic declination, 
sometimes the true meridian is established by ranging two plumb lines with 
Polaris, usually when the star is at elongation (farthest east or farthest west). 
If the time is accurately known, the observations are sometimes made when 
the star is at culmination (directly above or below the pole and hence on 
the meridian). One plumb line is suspended from some convenient high 
point, and a stake with tack representing the north point of the meridian 
is set beneath the bob. At a distance of 15 or 20 ft. south of the plumb line 
two stakes are set, one on each side of the estimated position of the meridian, 
and a piece of stout string is stretched between nails driven in their tops. 
A second plumb line is suspended from the stretched string. When the 
time of elongation or culmination approaches, the observer moves the 
second plumb line, keeping the two plumb lines in line with the star until 
the time of elongation or culmination has been reached. A stake with tack is 
set beneath the second plumb line. If the star is at culmination, the tacked 
stakes define the true meridian; if the star is at elongation, the true meridian 
is established by laying off an angle from the established line equal to the 
azimuth of the star as given in Table V. If the observation is made at 
western elongation, the angle is turned clockwise; if made at eastern elonga- 
tion, the angle is turned counter-clockwise. The times, of elongation and 
culmination of Polaris may be taken from published astronomical tables, 
such as Table IV, the latitude and longitude having been approximately 
determined from a map. 

The first plumb line will usually need to be illuminated with an artificial light. 
To dampen the swing, the plumb bob may be immersed in water. For some minutes 
preceding and succeeding the instant of elongation the star appears to move vertically, 
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a meridian— either true, magnetic, or assumed— and let OA, OB, OC, and OD 
be lines whose directions with respect to the meridian are desired. The 
line OA is in the northeast quadrant and makes an angle of 37° in that 
quadrant with the meridian. The bearing of OA is read North 37° East 
and is written N37°E. The bearings of OB, OC, and OD are, respectively, 
S62°E, S50°W, and N20°W. In all cases values of bearing angles lie be- 
tween 0° and 90°. If the direction of the line is parallel with the meridian 
and north, it is written as N0° or due North; if perpendicular to the meridian 
and east, it is written as N90°E or due East, 

Bearings are called true hearings, magnetic hearings, or assumed hearings 
according as the meridian is true, magnetic, or assumed. 

In Fig. 12*36, if the observed bearing of OA is N37°E and the angle 
AOB = 81°, then the calculated bearing of OB is S62°E. 

12*13. Azimuths. The azimuth of a line is its direction as given by the 
angle between the meridian and the line, measured in a clockwise direction 
usually from the south point of the meridian. In astronomical observations 
azimuths are generally reckoned from the true south; in surveying, some 
surveyors reckon azimuths frond the south point and some from the north 
point of whatever meridian is chosen as a reference, but on any given sur- 
vey the direction of zero azimuth is either always south or always north. 
Azimuths are called tru>e azimuths, magnetic azimvihs, or assumed azimuths 
according as the meridian is true, magnetic, or assumed. Azimuths may 
have values between 0° and 360°. 
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Pig. 12*4a. Azimuths from south. Fig. 12-46. Azimuths from north. 


In Fig. 12* 4a azimuths measured from the south point are Az. OA = 217°, 
Az. OB - 298°, Az. OC - 50°, and Az. OD = 160°; or in Fig. 12*46, in 
which are shown the same lines with azimuths measured from the north 
point, Az. OA - 37°, Az. OB = 118°, Az. OC = 230°, and Az. OD = 340°. 
In Fig. 12* 4a if the observed azimuth of OA as reckoned from the south is 
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217® and the observed angle AOB is 81®, then the calculated azimuth of 
OB is 298®. 

Azimuths may be calculated from bearings, or vice versa, preferably with 
the aid of a sketch. For example, if the bearing of a line is N16®E, its 
azimuth (from south) is 180 + 16 196®; and if the azimuth (from south) 

of a line is 285®, its bearing is 360 — 285 = S7 5®E. 

In some special cases, the term azimuth’^ is used in the sense of a bearing 
and, therefore, may be taken either clockwise or counter-clockwise, as in 
“azimuth of Polaris” (Art. 21*25) or “azimuth of the secant” (Fig. 23*7). 

12*14, Deflection Angles. The angle between a line and the prolonga- 
tion of the preceding line is called a deflection angle. Thus in Fig. 12*5 if 



Fig. 12*6. Deflection angles. 


AB is the preceding line, the deflection angle to the line BC is as indicated. 
Deflection angles are recorded as right or left according as the line to which 
measurement is taken lies to the right (clockwise) or left (counter-clockwise) 
of the prolongation of the preceding line. Thus in Fig. 12*5 the deflection 
angle at B is 22®R, and at C is 33®L. Deflection angles may have values 
between 0® and 180®, but usually they are not employed for angles greater 
than 90®. In any closed polygon the algebraic sum of the deflection angles 
(considering right deflections as of sign opposite to left deflections) is 360®, 

If the bearing of any line is known and the deflection angles are observed, 
the bearings of other lines may be calculated. Thus in the figure the bear- 
ing of A R is given as N80®E, hence the bearing of JSC is 180 — 80 — 22 ~ 
S78®E. 

12*15. Angles to the Right. Angles may be determined by clockwise 
measurements from the preceding to the following line, as illustrated by 
Fig. 12*6. Such angles are called angles to the right or azimuths from back 

Urn, 



12*16. Interior Angles. In a closed polygon the angles inside the figure 
between adjacent lines are called interior angles. If n is the number of 
sides in a closed polygon, the sum of the interior angles is (w — 2) 180®. 
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12* 17. Traverses. The succession of straight lines connecting a succes- 
sion of established points along the route of a survey is called a traverse or 
traverse line. The points defining the traverse line are called traverse stations 
or traverse points. Distances along the line between successive points are 
determined either by direct measurement or by stadia. At each point 
where the traverse changes direction an angular measurement is taken. If 
the traverse forms a closed figure, as, for example, the boundary of a parcel 
of land, it is called a closed traverse; if it does not form a closed figure, as, for 
example, the line for a highway, it is called an open traverse or continuous 
traverse. Traverses are also designated according to the purpose of the 
survey, the field instrument or method employed, or the kind of angular 
measurements observed. Thus a preliminary traverse means a traverse 
forming the basis of the preliminary survey, a transit-stadia traverse means 
one for which the angles are measured with the transit and distances with 
the stadia, and an azimuth traverse means one for which the observed angles 
are azimuths. 

Generally deflection angles are employed on open traverses where the 
change in direction of the line is less than 90° at each traverse station. For 
the location of highways, railroads, canals, etc., angular measurements are 
nearly always taken by deflection angles. Azimuths are widely used on 
topographic surveys and similar surveys where a large number of details 
are located by angular measurements from the traverse stations. Ordinarily 
the interior angles of traverses run to establish the boundaries of land are 
observed. Traverses by bearings are rarely run except on rough surveys 
where the magnetic compass is employed, though magnetic bearings are 
generally observed as a rough check on deflection angles, azimuths, or inte- 
rior angles determined by more precise methods. 

For details of the methods of traversing, see Chap. 14. Traversing is 
the method of surveying in most common use where favorable routes are 
available. 

12-18. Triangulation. Where the lines of a survey form triangular 
figures whose angles are measured and whose distances are determined by 
trigonometric computations, the operation of making the necessary field 
observations is called triangulation. The simplest case is that of a single 
triangle, one of whose sides is of known length. If any two angles of the 
triangle are measured, sufficient data are obtained for computing the lengths 
of the other two sides. Furthermore, if the third angle is measured, the 
angular measurements may be checked. 

A triangulation system is made up of a series of triangles so connected 
that, having measured the angles of the triangles and the length of one line, 
the length of other lines may be computed. The line of known length, upon 
which all computed distances are based, is called a base line, 

Triangulati^n is often necessary in connection with traversing where the 


260 MBASUEEMENT OP ANGLES AND DIEECTIONS [CH. 12 

4 - nnp nr more lines is impossible. Simple triangula- 
£r?sTrso”Jed Lr the location of tunnel shafts and bridge piers. A 
triangles or quadrilaterals affords a convenient means of 
bating Ste on opposite sides of a stream. Groups of polygons are suit- 
able or tL survey of an area. Generally an extensive tnangulation system 
S ^s that for a large city or a state, is composed of a combination of 

simple triangles, polygons, and quadrilaterals. The advantage 

For details of the methods of tnangulation, see Chap. 16. The advantage 
of triangulation over traversing Ues in the small number of hnear measur^ 
ments that are necessary; the disadvantage lies in the Skater amount 
comnuting required. Triangulation is superior to the method of traversing 
whTe Sermin offers many obstacles (such as hiUs, vegetation, or marsh) 

*°mrMeteods of Determining Angles and Directions. Angles are 
commonly measured by means of the transit, but may ^ 
means of the tape, plane-table alidade, sextant, or magnetic compass (see 
also Table 7*1). Directions are observed with the magnetic compass. 

1. Transtt. The use and adjustment of the engineer s traiisit a e - 
scribed in the Mowing chapter. The essential features of the transit here 
to be considered are (1) a horizontal circle, graduated in ^^yeh 

be rotated and which may be clamped in any position, (2) a 
Ly be rotated inside the graduated circle and which 
reading the graduated circle, and (3) a telescopic line of sight which is 

C 



attached to the vernier plate, rotates with it, and may be rotated in altitude. 
By means of the verniers the graduated circle on most instruments can be 
reld to the nearest minute of arc, and on some precise transits to the nearest 

10". (See also Art. 2*3.) , 1 , 1 . » 

If the angle ABC in Fig. 12-7 is to be measured, the transit is set at R 

The index of the vernier is set at zero on the graduated circle, and a sigh 
is taken to A. The graduated circle is clamped in position, and the line of 
sight is turned to C. Since the vernier plate is moved with the hnecf sight, 
it is rotated through the angle ABC and hence the vernier reads the angle. 
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If the azimuth of BC is to be observed (and the circle is graduated from 0® 
to 360° in a clockwise direction), the backsight to A is taken with the vernier 
set to read the azimuth of the line BA. When the line of sight is rotated 
to C, the vernier reading will be the azimuth of the line BC. If the deflection 
angle at B is to be observed, a backsight is taken on A with the vernier set 
at 0°, the line of sight is rotated first in altitude (plunged) to point in the 
direction of BD, and then is rotated in azimuth until the point C is sighted; 
the vernier then reads the deflection angle DBC. 

In running a traverse, as ABODE (Fig. 12-8), angular measurements are 
made at successive stations. If an error occurs in any angle, as ABC^ then 
the observed or calculated directions of all succeeding lines in the traverse, 



as BC, CD, and DE, will be affected by the amount of the error. If the 
error at B is CBC', then J5C', C'D', and D^E^ indicate the observed or calcu- 
lated directions of the following lines. 

2. Tape. If the sides of a triangle are measured, sufficient data are 
obtained for computing the angles. Although for most surveying work the 
angles are measured directly, there are occasions where angles may be deters 
mined with sufficient precision by tape measurements; and for very small 
angles greater precision can be obtained by taping than by ordinary meas- 
urement with the transit. The simple method commonly employed is 
described in Art. 7-26. The error in the computed value of the angle 
depends, on the care with which the points are established and on the pre- 
cision with which the measurements are taken; for acute angles on level 
ground it need not exceed 05' or 10'. For angles greater than 90° the corre- 
sponding acute angle is observed. The method is slow and is generally used 
only as a check or when other instruments are not available. 

3. Plane Table. Angles may be graphically determined by means of the 
plane table and alidade, the use and adjustments of which are described in 
Chap. 17. The plane table consists essentially of a drawing board mounted 
on a tripod in such manner that it can be leveled and can be revolved in 
the horizontal plane. The essential feature of the alidade is a straightedge, 
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nf ci^ht Fieure 12*9 illustrates tlie use of the 
plaL tobleTorthe graphical determinaticn of the angle AOB. The plane 
£ t wh h is fasteLd a sheet of drawing paper is set over the ground 
Snt 0 A point 0 on the paper is plotted over the point on the ground. 
With the straightedge through 0, a sight is taken to A and a line is drawn. 
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Fig. 12-9. Plane table. 

Point B is sighted and a similar Hne is drawn. The two lin^ on the paper 
are parallel to corresponding Unes on the ground and hence define the angle 
AOB. The plane table is extensively employed in topographic mapping, 
for which work the graphical representation of angles is sufficient and the 

numerical values of the angles are not desired. . 

4 Sextant The sextant, though used pnncipally by the navigator, is 
sometimes employed by the surveyor, particularly on hydrograpluc survejra 
(see Chap. 30). Its use is described in Art. 30- 16. The advantage of the 
sextant over other instruments lies in the fact that, through its use, an 
angle may be measured while the observer is on a moving object; hence, 
angles may be read from the boat from which soundings are taken. The 
angle measured is in the same plane as the two points sighted and the tele- 
scope, and hence, in general, is not a horizontal angle. In the situations 
where the sextant is used in surveying, however, the angle may generally 
be considered to be horizontal without appreciable error. The angle ac- 
tuary measured has its vertex not at the eye but at the intersection of 
the two sight rays; for small angles this intersection is at a considerable 
distance back of the observer. Hence the sextant is not an instrument of 
precision for small angles, say, less than 15°, nor for short distances, say, 

less than 1,000 ft. ■ , j • 

5 Magnetic Compass. The use of the magnetic compass is described in 
the following articles. The compass is useful alone in making rough surveys 
and is useful on the transit as a means of approximately checking horizontal 
angles measured by more precise methods. 

12-20. Direction with Magnetic Compass. The essential features of the 
compass used by the surveyor are (1) a compass box with circle graduated 
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from 0° to 90° in botli directions from the N and S points and usually having 
the E and W points interchanged as illustrated in Fig. 12* 10^ (2) a line of 
sight in the direction of the SN points of the compass box, and (3) a magnetic 
needle. When the line of sight is pointed in a given direction, the compass 
needle (when pivoted and brought to rest) gives the magnetic bearing. 


N 

A 

W — 
5 


Fig. 12-10. Magnetic compass. 

Thus in the figure the bearing of AB is N60°E. If the N point of the com- 
pass box is nearest the object sighted, the bearing is read by observing the 
north end of the needle. 

The varieties exhibiting the three features just mentioned are: 

1. Various pocto compmses, which are generally held in the hand when 
bearings are observed; used on reconnaissance or other rough surveys. 

2. The surveyors compasSr which Is 
mounted usually on a light tripod or 
sometimes on a Jacob's staff (a pointed 
stick about 5 ft. long) ; formerly much 
used on all kinds of land surveying, 
but now little employed except for 
forest surveys. 

3. The transit compass^ a compass 
box similar to that of the surveyor's 
compass, mounted on the upper or 
vernier plate of the engineer's transit 
(Chap. 13). 

12 '21. Pocket Compasses. Figure 12-11 
illustrates one pattern of the pocket com- 
pass for which the line of sight is given by 
a line on the inside of the cover. An ob- 
servation is taken by laying the cover back 
and holding the compass so as to sight along the line inside the cover. When this 
line of sight is in the proper dii’cction, the needle is given time to come to rest. It is 
then raised and clamped in position by depressing a pin, the compass is lowered, and 
the hearing is read. 
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The BnintoE pocket transit shown in Fig. 12*12 is designed primarily as a hand 
instrument but may also be used on a tripod or a Jacob’s staff. Inside the cover is a 
mirror A ; at B is a folding peep sight. The cover is tilted until with the eye at B the 
reflected image of the compass circle is visible. At C a portion of the mirror glass is 

without silver, and a line is etched on the glass 
in line with the N and S points of the com- 
pass and the peep sight B. The peep sight 
and the etched line define the line of sight of 
the instrument. An observation is taken by 


Fig. 12*12. Bninton pocket transit. 


Fig. 12* 13a. Surveyor’s compass. 


holding the peep sight to the eye and viewing the distant object through the plain 
glass at C. When the proper direction is obtained, the compass is leveled by centering 
the bubbles of the two level tubes as seen in the mirror. When the needle comes to 
rest, the bearing is observed by means of the mirror; or if desired the needle may be 
clamped by depressing the pin at Z>, and the compass may be lowered and read 
directly. Another method of observing a bearing is to hold the pocket transit in the 
hand a convenient distance below the eye, viewing it as in the figure and turning it 
about in a horizontal plane until the image of the object defining the far end of the 
line is bisected by the line etched on the mirror. The bearing is then read. 

The Brunton pocket transit is also used as a hand level or a clinometer. When 
so employed, it is held on edge and one of the bubbles is centered by means of a 
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thumb nut not visible in the figure. Vertical angles are read by means of the 
graduated arc F and the vernier G. Its use is so nearly like that of the Abney level 
(Art. 8-11) that no further description is necessary. 

The 'prismatic compass is similar in principle to the Brunton transit, except that it 
has a floating card dial and that a prism is employed instead of a mirror. 

12*22. Surveyor’s Compass. This consists of a compass box to opposite 
sides of which are fastened vertical sight vanes (Fig. 12*13o). The box is 
rigidly connected to a vertical spindle which is free to revolve in a conical 
socket. Below the spindle is a leveling head consisting of a ball-and-socket 
joint, by means of which the compass may be leveled; the upper portion of 
the socket is a thumb nut which is tightened until the ball is held securely 
by friction. The leveling head may be screwed onto a wooden tripod or a 
Jacob’s staff. Within the compass box is a circular, or bull’s eye,” level. 



Fig. 12- 136. Declina- Fig. 12* 13c. Declination set off on 
tion east. compass circle. 

The compass is provided with a screw for lifting and clamping the needle 
and with a screw for clamping the vertical spindle. The compass needle is 
counterweighted as described in Art. 12*5. The compass circle is graduated 
usually in half-degrees, and bearings may be read by estimation to 05' or 10'. 

In order that true bearings may be read directly, some compasses, as the 
one shown in the illustration, are so designed that the compass circle may 
be rotated with., respect to the box in which it is mounted. When the circle 
is in its normal position, the line of sight as defined by the vertical slits in 
the sight vanes is in line with the N and S points of the compass circle, and 
the observed bearings are magnetic. If the circle is turned through an 
angle equal to the magnetic declination, the observed bearings will be true, 
as is evident from Fig. 12* 13c. If the declination is east, as in the figure. 
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the circle is rotated clockwise with respect to the plate; if the declination is 
west, counter-clockwise. 

When the direction of a line is to be determined, the compass is set up 
on line and is leveled. The needle is released, and the compass is rotated 
about its vertical axis until a range pole or other object on line is viewed 
through the slits in the two sight vanes. When the needle comes to rest, 
the bearing is read. Ordinarily the sight vane at the end of the compass 
box marked is held next to the eye; in this case the bearing is given by 
the north end of the needle. 

The following suggestions apply to compass observations: At each observation 
the compass box should be tapped lightly as the needle comes to rest, so that the needle 
may swing freely. In order not to confuse the north and south ends of the needle 
when taking bearings, the observer should always note the position of the counter- 
balancing wire (which is on the south end). Since the precision with which angles 
may be read depends on the delicacy of the needle, special care should be taken to 
avoid any jar between the jewel bearing of the needle and the pivot point- Never 
move the imtruinent withovi making certain that the needle is lifted and damped. 

Sources of magnetic disturbance such as chaining pins and axe should be kept away 
from the compass while a reading is being taken. Care should be taken not to pro- 
duce static charges of electricity by rubbing the glass; a moistened finger pressed 
against the glass will remove such charges. Ordinarily the amount of metal about 
the person of the instrumentman is not largo enough to deflect the needle appreciably, 
put a change of position between two readings should be avoided. 

Surveying with the compass is usually by traversing (Art. 12-17). Only 
alternate stations need be occupied, but a check is secured and local attrac- 
tion is detected if both a backsight and a foresight are taken from each 
station. Unlike a transit traverse, in which an error in any angle affects 
the observed or calculated directions of all following lines, an error in the 
observed bearing of one line in a compass traverse has no effect upon the 
observed directions of any of the other lines. This is an important advan- 
tage, especially in the case of a traverse having many angles. Another 
advantage of the compass is that obstacles such as trees can be passed 
readily by offsetting the instrument a short measured distance from the line. 

Field notes for a closed compass traverse are kept in a form similar to 
that of Fig. 12-14. The declination was set off on the compass so that 
bearings were referred to the true meridian. (See example of Art. 12-24 
for related computations.) 

12-23. Correction for Local Attraction. If local attraction from a fixed 
source exists at any station in a traverse, both the back and the forward 
bearings taken from that station will be affected by the same amount. Dis- 
regarding for the time being the accidental errors due to observing, it is 
probable that the terminal points of any line, as AB, are free from local 
attraction if the back bearing from B is the reverse of the forward bearing 
from A. Keeping in mind that the calculated angle between the forward 
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Fig. 12‘14. Notes for compa^ survey. 

and back lines from any station can be determined correctly from tbe 
observed bearings taken from that station regardless of whether or not the 
needle is affected locally, the direction free from local attraction may be 
chosen as a basis, the traverse angles may be computed from observed 
bearings, and — starting from the unaffected line — the correct bearings of 
successive lines may be computed. 
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Example 1: From the observed bearings of an open traverse in the accompanying 
tabulation, it is seen that points A and B are free from local attraction since the back 
and forward bearings of AB are opposite. Hence the correct forward bearing of BC 
is S60°E. The angle at C, computed from the observed bearings taken at that point, 
is 180 — 62 — 31 = 87°; and this value of the angle is correct (excluding errors of 
observation) regardless of local attraction. The correct forward bearing of CD is, 
therefore, 180 ~ 60 - 87 « S33°W. 

Some surveyors find it more expedient to consider the magnitude and 
direction of the error due to local attraction and then to make corrections 
to observed bearings without computing the traverse angles. 

Example 2: For the observed bearings of example 1 it is seen that the correct back 
bearing of BC is N60°W and that the observed back bearing is N62°W. The local 
attraction at C is, therefore, 2° clockwise (as may be seen from a sketch), and the cor- 
rection to any observed bearing taken with the compass at C is 2° counter-clockwise. 
The observed forward bearing of CD is S31°W, and the corrected forward bearing of 
CD is, therefore, 31 4" 2 — S33°W. In similar manner the local attraction at D is 
found to be 3° clockwise. 


Owing to errors of observation there are likely to be discrepancies between 
the observed forward and back bearings of lines, even though no local attrac- 
tion exists. If the discrepancies are small and apparently not of a system- 
atic character, it is reasonable to assume that the errors are due to causes 
other than local attraction. 

12*24. Adjustment of Closed Compass Traverse, When the compass 
traverse forms a closed figure, the angle method of example 1, Art. 12*23, 
may be extended to include the effect of observational errors, as follows: The 
interior angle at each station is computed from the observed bearings; the 
computed value will be free from local attraction as previously described. 
The sum of the interior angles should equal (n ~ 2) 180® in which n is the 
number of sides in the traverse. Since the error of observing a bearing is 
accidental, the error of closure of the traverse (as indicated by the sum of 
the computed interior angles) is assumed to be distributed equally, and the 
interior angles are corrected accordingly. The bearings are then adjusted 
by starting from some line whose observed bearing is assumed to be correct 
and by computing the bearings of successive lines by means of the corrected 
interior angles. 


Example: The observed bearings and computed interior angles for the compass 
traverse of Fig. 1244 are shown in Fig. 1245a, in which the short vertical lines repre- 
sent the compass needle. The sum of the interior angles is 25' less than the correct 
value of 540°(X3'; hence 05' is to be added to each of the five interior angles to correct 
for observational errors. The corrected interior angles are shown in Fig. 12455, in 
which the short vertical lines represent the true meridian. Since line AB had the 
same observed back bearing as observed forward bearing, both ends of that line are 
assumed to be free from local attraction, and the bearing of A B is taken as being cor- 


rect. Using the corrected interior angle at B, the corrected forward bearing of BC 
is then 180°00' - 30°40' - 65°35' = S83°45'E. The corrected back bearing of BC 
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must be the same as the forward bearing, just computed. At C, the corrected for- 
ward bearing of CD is 83°45' — 82°35' = N 1®10'W. In this manner the computa- 
tions are continued around the traverse. As a check, the forward bearing of the 
initial line AB is computed from the corrected back bearing AE of the preceding line 
and the corrected interior angle at A. 




Fig. 12* 15a. Observed bearings and com- Pig. 12*155. Corrected bearings computed 
puted interior angles. from AB and corrected interior angles. 

If the error in the sum of the interior angles is greater than 05' or 10' times 
the number of angles, it is probable that a mistake in reading the compass 
has occurred, and the field measurements should be repeated. If the error 
is within permissible limits but cannot be divided equally among the angles 
in amounts of 05' or 10', the greater corrections (in multiples of 05') should 
be applied arbitrarily to those angles for which the conditions of observing 
were estimated to be the least favorable. The precision of the compass 
measurements does not justify computations with a precision closer than 
multiples of 05'. 

If two or more of the traverse lines appear to be free from local attraction, 
as indicated by the agreement between forward and back bearings, one of 
these lines is arbitrarily chosen as the “best line,^' and the computation of 
corrected bearings is referred to this line. If none of the lines is free from 
local attraction, that line is chosen which has the least discrepancy between 
forward and back bearings; and its forward bearing is assumed to be correct. 

12*25. Sources of Error; Adjustment of Compass. 1. Needle Bent. If 
the needle is not perfectly straight, a constant error is introduced in all 
observed bearings. As shown by Fig. 12* 16a, one end of the needle will 
read higher than the correct value whereas the other end will read lower; 
for each observation the error can be eliminated by reading both ends of 
the needle and averaging the two values. The instrument can be corrected 
by straightening the needle with pliers. 

2. Pivot Bent. If the point of the pivot supporting the needle is not at 
the center of the graduated circle, there is introduced a variable systematic 
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error, the magnitude of which depends on the direction in which the compass 
is sighted. For one direction, the error is zero; for a direction 90° thereto, 
it is a maximum. In this case also, one end of the needle will read higher 
than the correct value whereas the other end will read lower (Fig. 12*165); 
for each observation the error can be eliminated by reading both ends of 
the needle and averaging the two values. The instrument can be corrected 
by bending the pivot until the end readings of the needle are 180° apart for 
any direction of pointing. 



3. Plane of Sight Not Vertical, or Graduated Circle Not Horizontal, This 
introduces a systematic error, but it is usually so small as to be of no con- 
sequence. However, the sight vanes may become bent so that, even though 
the instrument is leveled, an appreciable error is introduced particularly if 
the line of sight is steeply inclined when taking a bearing. The vanes may 
be tested by leveling the compass and sighting at a plumb line. The adjust- 
ment of the level tubes may be tested by reversal, as described for the transit 
in Art. 13-26. 

4. Sluggish Needle, The needle is not likely to come to rest exactly on 
the magnetic meridian. This produces an accidental error which is often 
of considerable magnitude. As the needle comes nearly to rest, tapping 
the glass with some light object will produce vibrations which tend to pre- 
vent the needle from sticking to the pivot. If the needle is '^weak,” it may 
be remagnetized by drawing its ends over a bar magnet, from the center to 
the ends of the magnet. The south-seeking end of the compass needle is 
drawn over the north-seeking half of the bar magnet, and vice versa. On 
each return stroke the needle should be lifted well above the magnet. If 
the pivot point is blunt, it may be sharpened by rubbing it on a fine-grained 
oilstone. 

5. Reading Needle. The inability of the observer to determine exactly 
the point on the graduated circle at which the needle comes to rest is gener- 
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ally the source of the most important and largest accidental error in compass 
work. To read the needle accurately requires that its ends should be in 
the same plane with the horizontal circle and that the eye of the observer 
be above the coinciding graduation and in line with the needle. If the needle 
dips perceptibly, its counterweight should be adjusted. Other conditions 
being equal, the longer the needle, the smaller the error of observing. With 
the 64n. needle used on many surveyor's compasses, the probable error 
need not exceed ± 05'; with the or 4-in. needle on the engineer’s transit, 
the probable error is likely to be as much as ± 10'. 

6. Magnetic Variations, Undetected deviations of the magnetic needle 
from whatever cause are the source of the largest and most important sys- 
tematic errors in compass work. It is largely because of such variations 
that the compass, no matter how finely constructed, is not a suitable instru- 
ment for any except rough surveys. Deviations due to local attraction can 
be detected and corrections can be applied as described in the preceding 
articles. Particular care should be taken to keep iron or steel objects away 
from the compass while it is in use, and the observer should if possible 
remain on the same side of the instrument. Also the needle may be attracted 
by static charges of electricity on the glass cover. These charges may be 
removed by touching the glass with a moist finger. 


12- 26. Numerical Problems. 

1. The magnetic bearing of a line is S47®30'W and the magnetic declination is 
12®10W. What is the true bearing of the line? 

2. The true bearing of a line is N18°17W and the magnetic declination is 7®12'E. 
What is the magnetic bearing of the line? 

3. In an old survey made when the declination was 2°10W, the magnetic bearing 
of a given line was N35®15’E. The declination in the same locality is now 3°15'E. 
What are the true bearing and the present magnetic bearing that would be used in 
retracing the line? 

4. Following are the observed magnetic bearings of a compass traverse: AB, 

N37°45'E; BC, N84°30'E; CD, S66"40'E; DE, S79WE; EF, Compute 

the deflection angles. 

5. Following are deflection angles of traverse A to F: B, 37°2I'L, C, 12®39'L; 
D, 63°31'R; E, 14°07'L. The true bearing of AB is S37°66’E. Compute the bearings 
of the remaining lines. 

6. For the traverse of problem 4, the deolination is 7°15'E. Compute the true 
azimuths reckoned from the north point. 

7. For the traverse of problem 5 compute the true azimuths reckoned from the 
south point. 

8. The interior angles of a five-sided closed traverse are as follows: A, 

B, 96°32'; C, 142°54'; D, 132° 18'. The angle at E is not measured. Compute the 
angle at E, assuming the given values to be correct. 

9. (a) What are the deflection angles of the traverse of problem 8? (6) What 
are the computed bearings if the bearing of AB is due north? 

10. The following azimuths are reckoned from the north: AB, 187“12'; BC, 273®47'; 
CD, 318°48'; DE, 0°48'; EF, 73°00'. What are the corresponding bearings? What 
are the deflection angles? 
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11. Following are the deflection angles of a closed traverse: A, 85°20'L; B, IO'^H'R; 
C, 83°32'L; D, 63°27'L; E, 34°18'L; F, 72‘’56'L; G, 30'^45'L. Compute the error of 
closure. Adjust the angular values on the assumption that the error is the same for 
each angle. 

12. In triangulating across a river a base line AB of the triangle ABC has a meas- 
ured length of 536.27 ft.^ and the angles at A and B are respectively 87°32' and 68°48'. 
Compute the distance AC. 

13. Below are bearings taken for an open compass traverse. Correct for local 
attraction. 


Line 

Forward bearing 

Back bearing 

AB 

N37°15'E 

S36°30'W 

BC 

S65°30'E 

N66°15'W 

CD 

S31°00'E 

N31°00'W 

DE 

S89°15'W 

N89°45'E 

EF 

N46°30'W 

S46°45'E 

FG 

N15°00'W 

S14°45'E 


14. The following are bearings taken on a closed compass traverse. Compute 
the interior angles and correct them for observational errors. Assuming the observed 
bearing of the line A B to be correct, adjust the bearings of the remaining sides. 


Line H 

Forward bearing 

Back bearing 

AB 

S37°30'E 

N37°30'W 

BC 

S43°15'W 

N44°15'E 

CD 

N73°00'W 

S72°15'E 

DE 

N12°45'E 

S13°15'W 

EA 

N60°00'E 

S59°00'W 


12* 27. Field Problems. 

Pkoblem 1. Detebmination of Magnetic Declination 

Object To determine the magnetic decimation with the surveyor’s compass. 

Procedure. (1) See that the compass is in good adjustment. (2) Set the com- 
pass over one end of a true meridian that has been determined by astronomical 
observations, sight along the line, and clamp the compass in that position. (3) By 
means of the tangent-screw, move the compass circle until the needle reads zero. 
(4) From the declination arc read the declination to the nearest minute; record the 
declination and the time of observation. (5) Take observations as before, every 
5 min. over a period of half an hour or more, resetting the line of sight and compass 
circle for each observation. (6) If possible take a series of observations at about 
the same time on each of several days, (7) Determine the most probable value of 
the declination for the hour of observation, and the probable error of a single observa- 
tion and of the mean (see Art. 5*8a), (8) Determine the mean declination by adding 
to or subtracting from the observed declination the average daily variation (Table 
VIII) for the place nearest the place of observation. 

Hints and l^ecautions. (1) Between 6 and 7 p.m. is usually the best time for 
taking magnetic observations, because at this time the magnetic declination reaches 
approximately its mean value for the day, as will be seen by examining Table VIII. 
Between 10 and 1 1 a.m. the declination also reaches its mean value, but the rate of 
change is more rapid at this time. (2) If the compass circle has been turned in a 
clockwise direction the declination is east. If the daily variation is positive for the 
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time of the observation, the north end of the needle is deflected more to the eastward 
than when the declination is at a mean. Hence, the mean is determined by alge- 
braically subtracting the daily variation from the observed declination, east being 
considered as positive and west as negative. 

Problem 2. Survey op Field with Surveyor’s Compass and Tape 

Object. To find the true bearing and length of each side of an assigned field, using 
the surveyor’s compass and 66-ft. chain tape. 

Procedure, (1) On the compass set off the magnetic declination for the place 
where the survey is to be made, in order that true bearings may be read directly; 
if this cannot be done, observe the magnetic bearings and convert them to true bear- 
ings later. (2) Set up at one corner A of the field, lower the needle, and sight along 
the line AB, with the south end of the compass box nearer the eye. As the needle 
comes nearly to rest, tap the compass lightly with a pencil. When the needle 
becomes stationary, read the north end, estimating the bearing to the nearest 05'. 
(3) Take a back bearing from A, (4) Chain the line AB and record the distance in 
chains to the nearest link. (5) Set up the compass at B. Observe the back bearing 
of the line AB and the forward bearing of the line BC. Chain the distance BC. 
(6) Continue in the same manner around the field, taking both back and forward 
bearings from each point and chaining the lines. (7) Compute the interior angles 
of the field from the back and forward bearings measured at the vertex of each of the 
angles, and correct the observed Bearings for local attraction and/or errors of ob- 
servation (see sample notes, Fig. 12-14). (8) If magnetic bearings have been ob- 
served, apply the magnetic declination to convert them to true bearings; add a 
column in the field notebook for true bearings. 

Hints and Precautions. (1) The upright sight vanes are usually unlike, the one 
to be attached nearer the north point of the compass box being marked for reading 
vertical angles, and the one nearer the south point being fitted with peep sights. 
It is well to bear this in mind, both when assembling the compass and when using it 
in the field. (2) Be sure to set off the declination in the correct direction. 

Problem 3. ’ Hetracing Survey with Compass and Tape (Two Adjacent 
Corners Known) 

Object. To retrace property lines from the notes of an old compass survey. 
The bearings given in the original notes are magnetic, and the declination at the time 
of the original survey is unknown. Two adjacent corners of the plot can still be 
Identified. 

Procedure. (1) Measure the length of the known side and compare it with the 
original. (2) By proportionate distances compute the lengths of the other sides in 
terms of the re-survey tape. (3) Set up the compass at one end of the known line, 
sight along the line, and clamp the compass. (4) Release the needle, and as it 
comes to rest move the compass circle by means of the tangent-screw until the 
original bearing is read. (5) Proceed to lay out the field, chaining distances in 
terms of the re-survey tape as computed above and laying off the original bearings. 
Examine the ground for rotted stakes or other evidence that would have precedence 
over bearings and lengths of sides. (6) Reference the new corners by bearings and 
distances to nearby permanent objects, 
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THE ENGINEER’S TRANSIT 
DESCRIPTION 

134. General. The engineer’s transit is sometimes called the ''universal 
surveying instrument” by reason of the wide variety of uses for which it is 
adapted. It may be employed for measuring and laying off horissontal 


Fia. 13*1. Engineer’B transit. 


angles, directions, vertical angles, differences in elevation, and distances, 
and for prolonging lines. Though the transits of the various instrument 
makers differ somewhat as to details of construction, they are much alike 
in their essential features. Figure 13*1 is a photograph of an engineer’s 
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When the lower plate is rotated, the outer spindle revolves in its socket 
in the leveling head. The outer spindle carrying the lower plate may be 
clamped in any position by means of the lower clamp-screw. Similarly, the 
inner spindle carrying the upper plate may be clamped to the outer spindle 
by means of the upper clamp-screw. After either clamp has been tightened, 
small movements of the spindle may be made by turning the corresponding 
tangent-screw. The axis about which the spindles revolve is called the 
vertical axis of the instrument. 

I^evel tubes called plate levels are mounted at right angles to each other 
on the upper plate. They are provided for leveling the instrument so that 
the vertical axis will be truly vertical when observations are made. Four 
leveling screws, or foot screws, are threaded into the leveling head and bear 
against the foot plate; when the screws are turned, the instrument is tilted 
about the ball-and-socket joint. When all four screws are loosened, pres- 
sure between the sliding plate and the foot plate is relieved, and the transit 
may then be shifted laterally with respect to the foot plate. From the end 
of the spindle and at the center of curvature of the ball-and-socket joint is 
suspended a chain with hook for the plumb line. The instrument is mounted 
on a tripod by screwing the foot plate onto the tripod head. 

The telescope is fixed to a transverse horizontal axis which rests in bearings 
on the standards. The telescope may be rotated about this horizontal axis 
and may be fixed in any position in a vertical plane by means of the tele- 
scope clamp-screw; small movements about the horizontal axis may then 
be secured by turning the telescope tangent-screw. Fixed to the horizontal 
axis is the vertical circle, and attached to one of the standards is the vertical 
vernier. Beneath the telescope is the telescope level tube. 

Attached to the upper plate is the compass box, the details of which are 
the same as for the surveyors compass described in Art, 12*22. If the com- 
pass circle is fixed, its N and S points are in the same vertical plane as the 
line of sight of the telescope. The compass boxes of some transits are so 
designed that the compass circle may be rotated with respect to the upper 
plate, so that the magnetic declination may be laid off and true bearings 
may be read. At the side of the compass box is a screw, or needle lifter, 
by means of which the magnetic needle may be lifted from its pivot and 
clamped. 

Summing up the several features: (1) the center of the transit can be brought over 
a given point by loosening the leveling screws and shifting the transit laterally; 

(2) the instrument can be leveled by means of the plate levels and the leveling screws; 

(3) the telescope can be rotated about either the horizontal or the vertical axis; 

(4) when the upper clamp-screw is tightened and the telescope is rotated about the 
vertical axis, there is no relative movement between the verniers and the horizontal 
circle; (5) when the lower clamp-screw is tightened and the upper one is loose, a rota- 
tion of the telescope about the vertical axis causes the vernier plate to revolve but 
leaves the horizontal circle fixed in position; (6) when both upper and lower clamps 
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are tightened the telescope cannot be rotated about the vertical axis; (7) the telescope 
can be rotated about the horizontal axis and can be fixed in any direction in a vertical 
plane by means of the telescope clamp- and tangent-screws; (8) the telescope can be 
leveled by means of the telescope level tube, and hence the transit can be employed 
as an instrument for direct leveling; (9) by means of the vertical circle and vernier, 
vertical angles can be determined and hence the transit is suitable for trigonometric 
leveling; (10) by means of the compass, magnetic bearings can be determined; and 
(11) by means of the horizontal circle and vernier, horizontal angles can be measured. 

13*2. Types of Transit. There are several modifications of the instru- 
ment just described. A transit without vertical circle and telescope level 
tube is called a plain transit. One without compass and having U-shaped, 
one-piece standards, but otherwise the same as that illustrated in Fig. 13* 1, 
is often called a city transit. 

Another type employs three leveling screws (Art. 8*7), two opposite 
vertical verniers which are movable, a striding level, and a telescope tan- 
gent-screw with gradienter (Art. 2*20). 

The vertical verniers are attached to the casting forming the vertical-circle guard 
which is so mounted that it may be rotated about the horizontal axis. Attached to 
the guard is the vertical-vernier level. When its bubble is centered, a line through 
the zeros of the two verniers is horizontal. An arm of the casting projecting down- 
ward bears against the vertical-vernier tangent-screw. The vertical-vernier bubble 
can be centered by turning the tangent-screw. When it is centered, the vertical- 
vernier readings give correct vertical angles, regardless of whether or not the plates 
are leveled. The movable vertical vernier with control level, as just described, is a 
feature of considerable value in topographic surveying where a large number of verti- 
cal angles are observed from a single set-up. 

The striding level is considerably more sensitive than the plate levels and is espe- 
cially useful when horizontal angles are measured between points having a large dif- 
ference in elevation. At each end of the striding-level tube are wyes which rest on the 
horizontal axis. When the bubble of the striding level is centered by means of the 
foot screws of the transit, the horizontal axis is truly horizontal and hence the line of 
sight (if in adjustment) will revolve in a vertical plane. 

Grades are laid off by first leveling the telescope and then turning the gradienter 
screw through the required number of divisions. For the use of the gradienter in 
profile leveling, see Arts. 2*20 and 10-14. 

The name repeating theodolite is often given to instruments of the general 
type of the one just described but designed Tor surveying of high precision 
(Art. 16*12). Such instruments are generally larger and heavier in con- 
struction and have circles more finely graduated and levels more sensitive 
than the ordinary transit. Permanently attached magnifying glasses are 
usually provided for reading the verniers. Usually the instrument has no 
compass. An optical centering device, called an optical collimator, may be 
used instead of the plumb line. (See following article.) 

The mining transit is similar to the engineer’s transit except that an 
auxiliary telescope is attached either to one end of the horizontal axis or 
to the top of the main telescope. The use of the auxiliary telescope is 
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described in Art. 29*7. The vertical circles of many mining transits are 
graduated on the edge rather than on the side. Other modifications are 
a vertical arc of 180°, taking the place of the full vertical circle, and the 
reversion telescope level, which makes it possible to level the telescope with 
the tube above, as well as in its normal position below, the telescope. 

The Federal specification for the type of transit most commonly used is 
given in Ref. 3 at the end of this chapter. Information helpful in the pur- 
chase of an instrument may be gained by study of this specification. 


Fig. 13*3. Gurley onensecond theodolite, U.S. Corps of Engineers type. 

13*2a. European Type. A European type of transit, the use of wMch is 
increasing in America, combines a high degree of precision with facility of 
operation and lightness of weight. A transit of this general type, recently 
developed in America for the U.S. Corps of Engineers, is shown in Fig. 13*3. 

The horizontal and vertical circles of the European transit are read by 
means of an optical micrometer, in accordance with directions furnished 
by the various manufacturers. Each reading is obtained automatically as 
the mean of two readings at opposite points of the circle and is, therefore, 
free from errors due to eccentricity. Transits are available reading directly 
or 01" and reading by estimation to 0.1' or 0.1". The horizontal 
and control levels are all observed from the eye end 
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of the instrament, so that the observer does not need to walk around it. 
The weight (without tripod) is about 10 lb., as compared with about 16 lb. 
for the ordinary transit. 

Other features of the European transit are as follows: The stadia dia- 
phragm has a stadia interval factor of 100.0. The telescope is of the inter- 
nal-focusing type, so that the stadia constant C is zero. All motions are 
enclosed, so that the instrument is dustproof and moistureproof. The only 
field adjustments are those of the levels, which are similar to those for the 
conventional transit. There are three leveling screws. Provision is made 
for night lighting. An optical centering device (collimator) is used instead 
of the plumb line, as follows: With the instrument level; the operator sights 
through the collimator and shifts the instrument on the tripod head until 
the line of sight coincides with the point over which the instrument is to 
be centered. 

13*3. Level Tubes. The sensitiveness of the several spirit levels of the 
transit should be such as to produce a well-balanced instrument and hence 
should correspond to the fineness of graduation of the circles and the optical 
properties of the telescope. If the levels are more sensitive than necessary 
to maintain this balance, time is wasted in centering the bubbles; if less 
sensitive than necessary, the precision of measurements is less than it 
should be for the transit as otherwise designed. 

The plate levels of the ordinary transit reading to 01' usually are alike in 
sensitiveness and have a value of about 60" per 0.1-in. graduation, or about 
75" per 2-mm. graduation. When horizontal angles are measured between 
points nearly in the same horizontal plane, it can be shown that no appreci- 
able error is introduced even if the bubbles are some distance off center. 
On the other hand, where there is a large difference in vertical angle between 
the points sighted, a small displacement of the bubble in the tube that is 
parallel to the horizontal axis causes a relatively large error in the horizontal 
angle. For some transits this level tube is more sensitive than the one perpen- 
dicular to the horizontal axis, but instruments designed for high-grade work 
are often equipped with a 20" or 30" striding level which is employed for 
leveling the horizontal axis whenever sights are sharply inclined. 

The telescope bubble has a sensitiveness of 20" to 30" per 0.1-in. gradual 
tion, depending upon the magnifying power of the telescope. The sensitive- 
ness of the vertical-vernier control bubble should depend upon the least 
reading of the vernier; for a vertical circle reading to 01', a level tube having 
a sensitiveness- of 30" or 40" per 0.1-in. graduation is commonly employed. 
For further details concerning level tubes see Arts. 2-5 to 2*7. 

13 '4. Telescope. The telescope of the transit is similar to that of the 
engineer's level (Art. 2*9). When the transit is used as an instrument for 
direct or trigonometric leveling, any point on the horizontal cross-hair is 
used in sighting; when the transit is used for establishing lines, measuring 
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angles, or taking bearings, any point on the vertical cross-hair is used. 
Most instruments are equipped with stadia hairs (see Chap. 15), which are 
usually mounted in the same plane with the cross-hairs. The magnifying 
power ranges from 18 for small instruments to 30 for larger ones designed 




(6) Horizontal circle numbered 0 to 360. (c) Horizontal circle numbered 0 to 360 and in 

quadrants, (dt) Horizontal circle numbered 0 to 360 and 360 to 0. 


for precise work. For the transit, as for the level, the erecting eyepiece is 
generally employed; but the superior optical properties of the inverting 
eyepiece make it the favorite of some surveyors, and it is the type used in 
instruments of precision. For the relative merits of the inverting and erect- 
ing eyepieces, see Art. 2*15. Some telescopes are of the internaWocusing 
type (Art. 2*9). 

13*6. Graduated Circles. The vertical circle has two opposite zero 
points and is graduated usually in half degrees, the numbers increasing to 
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90° in both directions from the zero points, as illustrated in Fig. 1 3* 4a. 
When the telescope is level, the index of the vernier is at 0°. 

The horizontal circle is likewise usually graduated in half degrees, but 
may be graduated to 20'. It may be numbered from 0° to 360° clockwise 
(Fig. 13*46), 0° to 360° clockwise and 0° to 90° in quadrants (Fig. 13*4c), or 
0° to 360° in each direction (Fig. 13*4d). Most surveyors prefer the number- 
ing system illustrated in Fig. 13*4d. Usually the numbers slope in the 
direction of reading. 

The horizontal circles of transits designed for work of moderately high 
precision are graduated to 20' or to 15'. Those for repeating theodolites 
are often graduated to 10'. 

13-6. Verniers. The verniers employed for reading the horizontal and 
vertical circles of the transit are identical in principle with those for the 
target rod (Art. 2*18). Practically all transit verniers are of the direct 
type. Figure 2*13 shows the usual type of double direct vernier reading to 
minutes. 



Fig. 13*5, Double direct vernier reading to 30 seconds. 

Figure 13*5 illustrates a double direct vernier; one space on the circle is 
20' and 40 spaces on the vernier are equal to 39 on the circle. The least 
count is, therefore, 20'/40 ~ 30". Reading clockwise, the angle is 49° 40' 
+ 10' 30" = 49° 50' 30". Reading counter-clockwise the angle is 130° 00' 
+ 09' 30" = 130° 09' 30". 


Vernier 



Fig. 13-6. Folded direct vernier reading to 20 seconds. 


Figure 13*6 represents a folded direct vernier reading to 20". The full 
length of the vernier is employed for reading angles in either direction. The 
circle is graduated to 20', and 60 spaces on the vernier are equal to 59 on 
the circle. The vernier is read from the index toward either of the extreme 
divisions and then from the other extreme division in the same direction to 
the center. The index of the vernier and its 20' mark are the same. In 
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the illustration, the vernier reads 0®00'00". The folded vernier is employed 
where the length of the corresponding double vernier would be so great as 
to make it impracticable. Vernier 



Fig. 13*7. Single vernier reading to 10 seconds. 


Figure 13-7 represents a single vernier adapted to circles numbered clockwise 
from 0*^ to 360°. One space on the circle is equal to 10', and 60 spaces on the vernier 
are equal to 59 on the circle. Hence, the least count of the vernier is lO'/OO *= 10" 
In the illustration, the vernier reads 355°00'00". This type of vernier and circle 
graduation is employed on some repeating theodolites. 

A double vernier reading to decimals of a degree is sometimes used. One space 
on the circle is equal to and 50 spaces on the vernier are equal to 49 on the circle; 
hence the least count of the vernier is 50 == Koo'" = 0.005°. This and similar 
decimal verniers are designed to eliminate the necessity of transposing degrees, 
minutes, and seconds in trigonometric calculations. 

13*7. Eccentricity of Verniers and Centers. All transits have two ver- 
niers for reading the horizontal circle, their indexes being 180® apart. The 
one nearest the upper clamp and tangent-screw is known as the A vernier, 
and the opposite one is known as the B vernier. The verniers are attached 
to the upper plate and are adjusted by the instrument maker so that they 
are much nearer to being truly 180® apart than their least count. Failure 

of the two verniers to register readings ex- 
actly 180® apart on the circle may be due 
to either or both of two causes: 

1. Eccentricity of Verniers. The verniers 
may have become displaced so that a line 
joining their indexes does not pass through 
the center of rotation of the upper plate. 
The error will be the same for all parts of 
the graduated circle. 

2. Eccentricity of Centers. The spindles 
may have become worn or otherwise dam- 
aged so that the center of rotation of the 
upper plate does not coincide with the 
geometrical center of the graduated hori- 
zontal circle. There will be one setting on 
the graduated circle for which the indexes 

are exactly 180° apart (first position, Fig. 13-8), and 90® therefrom there 
will be another setting for which the verniers fail to register 180® apart by 
a maximum amount (second position, Fig. 13-83. 


rVerrier 



Fig. 13*8. Eccentricity of centers. 
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To correct either of these defects requires the services of an instrument 
maker, but neither defect limits the precision with which angles may be 
determined. Taking the mean of the two vernier readings (A and B ver- 
niers) eliminates errors due to either or both types of eccentricity. Further, 
if the verniers only are eccentric, no error is introduced in an angle so long 
as the same vernier is used for making the final reading as for making the 
initial setting. 


USE OF THE TRANSIT 

13*8. General. The succeeding articles describe the elementary proc- 
esses employed in running lines and in measuring horizontal and vertical 
angles with the transit. Transit surveys are considered in detail in Chap. 14. 

The process of taking magnetic bearings with the transit is the same as 
with the surveyor's compass. The transit may be employed for runmng 
direct levels in the same manner as with the engineer’s level, the telescope 
level bubble being centered each time a rod reading is taken. 

The operation of reversing the telescope by rotating it about the horizontal 
axis is called “plunging the telescope.” When the telescope level tube is 
below, the telescope is said to be in the normal or direct position; when the 
level tube is above, the telescope is said to be in the inverted or reversed 
position. 

Signals generally applicable to transit work are given in Art. 3*10. Sug- 
gestions for the care and handling of the transit are given in Art. 3*11. 

13*9. Setting Up the Transit. Ordinarily the transit is set over a definite 
point, such as a tack in a stake. For centering the transit, a plumb line is 
suspended from the hook and chain beneath the instrument. First the 
transit is placed approximately over the point. Each tripod leg is then 
moved as required to bring the plumb bob within 34 in. of being over the 
tack, with the foot plate nearly level and with the shoe of each tripod leg 
pressed firmly into the ground. The instrument is leveled approximately 
by means of the leveling screws. Then two adjacent leveling screws are 
loosened, and the instrument is shifted laterally until the plumb bob is 
exactly over the tack. The length of the plumb line is changed as neces- 
sary to make the bob just clear the tack. The leveling screws are tightened 
to a firm, but not tight, bearing. The instrument is leveled by means of 
the leveling screws and the plate levels, each level tube being first brought 
parallel to a pair of opposite leveling screws (Art. 2*8). Both bubbles are 
brought approximately to center, and then each bubble is centered carefully. 
The telescope is tested for parallax (Art. 2*10) before observations are 
begun. 

The operation of setting up and leveling the transit expeditiously requires 
on the part of the instrumentman a skill that is acquired only with practice. 
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Just before the transit is taken up, the instrument is centered on the foot 
plate, the leveling screws are roughly equalized, the upper motion is clamped, 
the lower motion is either undamped or is clamped lightly, and the tele- 
scope is pointed vertically up and is clamped lightly. 

1340. Measuring a Horizontal Angle. If a horizontal angle, as AOB^ 
is to be measured, the transit is set up over 0. The upper motion is clamped 
with one of the horizontal verniers near zero, and by means of the upper tan- 
gent-screw the vernier is set at 0°. The telescope is sighted approximately 
to A, the lower motion is clamped, and by turning the lower tangent-screw 
the line of sight is set exactly on a range pole or other object marking the 
point. The upper clamp is loosened, and the telescope is turned until the 
line of sight cuts B, The upper clamp is tightened, and the line of sight is 
set exactly on B by turning the upper tangent-screw. The reading of the 
vernier which was initially set at 0° gives the value of the angle. It is 
convenient to consider the lower motion of the transit as a protractor, and 
the upper motion as a straightedge. 

Following is a list of suggestions: 

1. Make reasonably close settings by hand so that the tangent-screws will not 
need to be turned through more than one or two revolutions. 

2. Make the last movement of the tangent-screw clockwise, thus compressing the 
opposing spring (see Art. 2*19). 

3. When reading the vernier, have the eye directly over the coinciding graduation, 
to avoid parallax. It is also helpful to observe that the graduations on both sides of 
those coinciding fail to concur by the same amount. 

4. As a check on the reading of one vernier, the other vernier may be read also. 
Or, check readings may be taken at each end of the vernier scale; these differ from the 
vernier reading by a value which is constant for the given type of vernier. 

5. The plate bubbles should be centered before measuring an angle, but between 
initial and final settings of the line of sight the leveling screws should not be disturbed. 
When an angle is being measured by repetition (Art. 13-13) the plate may be releveled 
after each turning of the angle before again sighting on the initial point. 

6. The flagman should stand directly behind the range pole, holding it lightly with 
the fingers of both hands, and balancing it on the tack or other mark indicating the point. 

7. In sighting at a range pole the bottom of which is not visible, particular care 
should be taken to see that it is held vertical. When the view is obstructed for a 
considerable distance above the point to which the sight is taken, use a plumb line 
behind which a white card is held. For short sights a pencil or ruler held on the point 
makes a satisfactory target. Where the lighting is poor, the sight may be taken on 
a flashlight. 

8. When a number of angles are to be observed from one point without moving the 
horizontal circle, the instrumentman should sight at some clearly defined object that 
will serve as a reference mark and should observe the angle. If occasionally the 
angle to the reference mark is read again, any accidental movement of the horizontal 
circle will be detected. 

9. Whenever an angle is doubled, if the instrument is in adjustment, the two read- 
ings should not differ by more than the least count of the vernier. A greater discrep- 
tocy, if confirmed by repeating the measurement, will indicate that the mstrument 
is out of adjustment. 
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1341. Laying Off a Horizontal Angle. If an angle AOB is to be laid off 
from the line OA, the transit is set up at 0, one vernier is set at 0°, and the 
line of sight is set on A. The upper clamp is loosened, and the vernier plate 
is turned until the index of the vernier is approximately at the required 
angle. The upper clamp is tightened, and the vernier is set exactly at the 
given angle by means of the upper tangent-screw. The point B is then 
established on the line of sight. 

1342. Common Mistakes. In measuring horizontal angles, mistakes 
often made are: 

1. Turning wrong tangent-screw. 

2. Failing to tighten clamp- 

3. Confusing numbers on the horizontal scale, as reading from the outer row when 
the angle turned is indicated by numbers on the inner row. 

4. Reading angles in the wrong direction. 

5. Dropping 30' or 20' by failure to take the full scale reading before reading the 
vernier; for example, with a circle graduated to 30' calling the angle 21°14' when it 
is actually 21®44', the vernier reading being 14'. 

6. Reading the vernier in the wrong direction. 

7. Reading the wrong vernier. 

1343. Measuring an Angle by Repetition. One of the advantages of the 

transit not possessed by other instruments is that a horizontal angle may 
be mechanically multiplied and the product read with the same precision 
as the single value. Thus, with the ordinary transit having verniers reading 
to single minutes, an angle for which the true value is between the limits 
30°00'30" and 30°01'30" will be read as 30®01', and the limits of possible 
error will be ± 30". If the true angle is multiplied six times on the hori- 
zontal circle, the product, likewise read to the nearest minute, might be 
180°04', its true value being within the limits 180®03'30" and 180®04'30"; the 
limits of possible error, so far as reading the vernier is concerned, will like- 
wise be ± 30". Dividing the observed product 180°04' by 6, the single 
value becomes 30°00'40" for which the limits of possible “reading" error 
are ± 30" 6 = ± 05". This method of determining an angle is called 

measurement hy repetition. The precision with which an angle can be meas- 
ured by this method varies directly with the number of times the angle is 
multiplied or repeated up to six or eight; but the precision is not appreciably 
increased by more than six or eight repetitions on account of lost motion in 
the instrument and on account of accidental errors such as those due to 
setting the line of sight. 

To repeat an angle, as AOB, the transit is set up at 0, and the single value 
of the angle is observed as previously described. The vernier setting is 
left unaltered, the instrument is turned on its lower motion, and a second 
sight is taken to the first point, as A. The upper clamp is loosened, and 
the telescope is again sighted to B. The angle has now been doubled. In 


286 tttTC enginebb^s tkansit [ch. 13 

this way the process is continued until the angle has been multiplied the 
required number of times. The vernier is read, and the value of the angle 
is determined by dividing the difference between initial and final readings 
by the number of times the angle was turned. To obviate mistakes, this 
value is compared with the angle observed at the completion of the first 
turn. 

The exact procedure to be employed in measuring an angle by repetition 
depends somewhat upon the desired precision. When the method is em- 
ployed primarily as a check, the angle is doubled usually without revers- 
ing the telescope between repetitions. 

When it is desired to increase the precision a moderate amount, usually 
the angle is multiplied four or six times, half of the observations being made 
with the telescope in the normal position and half with it in the inverted 
position, and both verniers are read. Certain instrumental errors, such as 
those due to eccentricity and to nonadjustment of the horizontal axis, are 
eliminated in this manner. 

When a high degree of precision is necessary, several sets of perhaps five 
repetitions are taken with the telescope normal, and these sets are dupli- 
cated by others taken with the telescope inverted. To eliminate errors of 
graduation, settings are so made that readings are distributed over various 
parts of the circle and verniers; and to eliminate eccentricity, both verniers 
are read. Furthermore, special care is taken to manipulate the instrument 
in such a way that systematic errors due to lost motion in the clamps and 
to other causes will be eliminated. 

If precise results are to be obtained, the instrument must be manipulated with 
care. The plate bubbles should be kept centered, but the leveling screws should not 
be disturbed except between repetitions. When turning on the lower motion, the 
hands should be in contact with the lower plate, and when turning on the upper mo- 
tion, they should be in contact with the upper plate, and not the telescope. The last 
motion of the tangent-screws should be clockwise or against the opposing spring. To 
eliminate the effect of twist in the tripod, after each repetition the instrument should 
be rotated on its lower motion in the same direction that it was turned on its upper 
motion; that is, the direction of movement should be either always clockwise or al- 
ways counter-clockwise. Owing to the possibilities of unequal settlement of the 
tripod and of unequal expansion of the parts of the telescope, it is desirable that the 
observations be made as rapidly as consistent with careful work. So far as possible, 
the instrument should be protected from sun and wind. 

Sample notes for measuring the angles about a point by repetition are 
shown in Fig. 13-9. For each angle, five repetitions'^ are taken with tele- 
scope normal and five with telescope inverted, always measuring clockwise. 
The vernier is set at zero at the beginning but not thereafter; the error of 
closure (called the “horizon closure") is thus obtained directly as a check 
on the computations, and errors in setting the vernier are avoided. Rough 
computations on the right-hand page serve as a check on the number of 



Fig. 13-9. Notes for measuring angles by repetition. 


repetitions and detect appreciable mistakes in turning the wrong tangent- 
screw. The recorded value for five repetitions is used only as a check; and 
the B vernier is used only as a check, except with regard to the number of 
seconds. The final adjusted values of the angles (to the nearest second) are 
recorded on the sketch, for ready reference in further computations. 

13*14. Laying Off an Angle by Repetition. If it is desired to establish an 
angle with greater precision than that possible by a single observation, the 
methods of the preceding article may ^ 

be employed in the following manner: 

In Fig. 13*10, OA represents a fixed 
line and AOB the angle which is to be 
laid off to establish the line OB. The 

transit is set up at 0, the vernier is ' 3 

set at 0®, and a sight is taken to A. "" —i?' 

The vernier is set as closely as possible 13.10. 

to the given angle and a trial point B' 

is established with the line of sight in its new position The angle AOB* is 
then measured by repetition, and the line OB' is measured. The angle AOB* 
must be corrected by an angular amount B*OB to establish the true angle 
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AOB, The correction, which is too small to be laid off accurately by 
angular measurement, is applied by offsetting the distance B'B = OB' tan 
(or sin) B'OB, thus establishing the point B beside B\ It is convenient to 
remember that the tangent or sine of 1' = 0.0003 (very nearly). As a 
check on the work, the angle AOB is measured by repetition. 

Example: Suppose that an angle of 30°00' correct to the nearest 05'' is to be laid 
off and that the transit to be employed reads to the nearest 01'. Let the total value 
of AOB' after six repetitions be 180'’02', correct, say, to the nearest 30 ". Then the 
measured value of AOB' is 180°02' 4- 6 = 30®00'20" correct to the nearest 05 ", and 
the correction to be applied to AOB' is 20". Suppose that OB' = 400 ft. Then the 
length of the offset B'B equals tan 20" X 400 ft. = 0.0001 X 400 = 0.04 ft. 

13 'IS. Measuring a Vertical Angle. The vertical angle to a point is its 
angle of elevation (+) or depression (— ) from the horizontal. The transit 
is set up and leveled as when measuring horizontal angles. 

For a transit having a fixed vertical vernier, the plate bubbles should be 
centered carefully. The telescope is sighted approximately at the point, 
and the horizontal axis is clamped. The horizontal cross-hair is set exactly 
on the point by turning the telescope tangent-screw, and the angle is read 
by means of the vertical vernier. 

For a transit having a movable vertical vernier with control level, the 
telescope is sighted on the point as described above, the vernier control 
bubble is centered, and the angle is read. 

In ordinary trigonometric leveling, vertical angles are taken by sighting 
usually at a leveling rod, the line of sight being directed at a rod reading 
equal to the height of the horizontal axis of the transit above the station 
over which the transit is set up. In precise trigonometric leveling, the dis- 
tance between stations is usually great, and vertical angles are measured 
with a theodolite by sighting at points defined by signals erected at the 
distant stations. 

For leveling with the transit, for astronomical observations, or for meas- 
urement of horizontal angles requiring steeply inclined sights, usually it is 
desired to level the transit with greater precision than that which is possible 
through the use of the plate levels. In such cases, first the transit is leveled 
by means of the plate levels in the usual manner. With the telescope over 
one pair of opposite leveling screws, the bubble of the telescope level is 
centered by means of the telescope tangent-screw. The telescope is rotated 
end for end about the vertical axis; the bubble is then brought halfway 
back to center by means of the leveling screws, the plate levels being dis- 
regarded. The process is repeated for both pairs of opposite leveling screws 
until the bubble of the telescope level remains centered for any direction of 
pointing. 

13»16. Bouble-sighting. For a transit having full vertical circle, sights 
to determine vertical angles can be taken with the telescope either normal 
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or inverted. The method of douhte^nghtiTig consists in reading once with 
the telescope normal and once with it inverted, and taking the mean of the 
two values thus obtained. It eliminates the effect of certain instrumental 
errors (Art. 13-28) and reduces the personal error of observation. 

The method of double-sighting is used, for example, in astronomical 
observations and in similar measurements of vertical angles to distant 
objects. In traversing, a similar result is obtained by measuring the ver- 
tical angle of each traverse line from each end, with the telescope the same 
side up for the two observations, and taking the mean of the two values 
thus obtained. 

13-17. Index Error. Index error is the error in an observed angle due to 
(1) lack of parallelism between the line of sight and the axis of the telescope 
level, (2) displacement (lack of adjustment) of the vertical vernier, and/or 
(3) for a transit having a fixed vertical vernier, inclination of the vertical 
axis. If the instrument were in perfect adjustment and were leveled per-' 
fectly for each observation, there would be no index error; however, in 
practice these conditions seldom exist. 

The effect of index errors due to lack of adjustment of the instrument can 
be eliminated either by double-sighting for each observation or by apply- 
ing to each observation a correction determined (by double-sighting) for 
the instrument in its given condition of adjustment. For the common type 
of transit having a fixed vertical vernier, the effect of imperfect leveling 
cannot be eliminated by double-sighting, but—provided the line of sight is 
in adjustment — for each direction of pointing a correction can be deter- 
mined (as described later) and applied. Often it is more convenient to 
apply the correction than to insure that the instrument is perfectly adjusted 
and leveled. 

The index correction is equal in amount but opposite in sign to the index 
error. Thus, if the observed vertical angle is +12° 14' and if the index 
error is determined to be +02', the correct value of the angle is +12° 14' 
“ 02' =+12° 12'. Methods of determining the index error (and, there- 
fore, the correction) are given in the following paragraphs: 

1. Lack of Parallelism between Line of Sight and Axis of Telescope Level. 
If the axis of the telescope level is not parallel to the line of sight and if 
the vertical vernier reads zero when the bubble is centered (Fig. 13- 11a), 
an error in vertical angle results. This error can be rendered negligible 
for ordinary work by careful adjustment of the instrument (Art. 13-26, 
adjustment 6). The combined error due to this cause and to displacement 
of the vertical vernier (see following paragraph) can be eliminated by double- 
sighting, The index error due to the two causes can be determined by 
comparing a single reading on any given point with the mean of the two 
readings obtained by double-sighting to the same point. Thus, if the 
observed vertical angle to a point is +2°58'30" with telescope normal and 
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is ~2°55'30" with telescope reversed, the index error for readings with tele- 
scope normal is (4‘2°58'30" — 2®55'30'0/ 2 =4'130 . 

2. Displacement of Vertical Vernier. Displacement of the vertical vernier 
(Fig. 13-115) introduces a constant index error. The error can be rendered 
negligible by careful adjustment (Art. 13-26, adjustments 6 and 6a). The 
combined index error due to this cause and to lack of parallelism between 
the line of sight and the axis of the telescope level can be eliminated by 
double-sighting; or the combined error can be determined as described in 
the preceding paragraph. For a transit having a fixed vertical vernier, the 


(a) fh) (c) 

Fig. 13-11. Sources of error in measurement of vertical angles. 

error due to displacement of the vertical vernier alone can be determined 
—provided the line of sight is in adjustment — by leveling the transit care- 
fully, leveling the telescope, and reading the vertical vernier. For a transit 
having a movable vertical vernier with control level, the error due to dis- 
placement of the vertical vernier alone can be determined by leveling both 
the telescope level and the vernier level, and reading the vertical vernier. 

3. Inclination of Vertical Axis. For a transit having a fixed vertical 
vernier, any inclination of the vertical axis (Fig. 13"Uc) due to erroneous 
leveling of the instrument introduces an index error which varies with the 
direction in which the telescope is pointed and which is equal in amount 
to the angle through which the fixed vertical vernier is displaced about the 
horizontal axis while the instrument is directed toward the point. This 
index error can be rendered negligible by careful leveling of the transit 
before each observation, making sure that the plate-level bubbles remain 
in position for any direction of pointing. It is not eliminated by double- 
sighting, since the condition causing the error is not changed by reversal 
(and plunging) of the instrument (see Fig. 13* 11c). If the line of sight 
and the vertical vernier are in adjustment, the index error due to inclination 
of the vertical axis alone can be determined for each direction of pointing 
by leveling the telescope and reading the vertical vernier. 

When a series of horizontal and vertical angles is to be measured from a given sta- 
tion, recentering the plate bubbles necessitates taking a new backsight (and thus 
additional work} before additional horizontal angles can be measured correctly, yet 
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the plate bubbles may be considerably displaced without appreciably affecting the 
correctness of horizontal angles. Often it involves less work to make the index correc- 
tion for vertical angles than to relevel the instrument each time the plate-level bubbles 
are seen to be displaced. 

For a transit having a movable vertical vernier with control level, any 
moderate inclination of. the vertical axis does not introduce an appreciable 
error in vertical angles, provided the instrument is in adjustment and pro- 
vided the vernier control level bubble is centered each time an observation 
is made. On topographic surveys or similar work where many horizontal 
and vertical angles are to be observed, the use of the movable vertical 
vernier with control level results in a considerable saving of time as compared 
with that required when the instrument is equipped with a fixed vertical 
vernier. 

13*18. Prolonging a Straight Line. If any straight line &s A B (Fig. 
13*12) is to be prolonged to P (not already defined upon the ground), which 
is beyond the limit of sighting distance or is invisible from A and B, the line 
is extended by establishing a succession of stations C, D, etc., each of which 

A ^ c D p 



Fig. 13-12. Prolonging a straight line. 

is occupied by the transit. Any of the following three methods may be 
employed but the second method is usually the most convenient. Lines 
may also be prolonged without the use of a transit, by means of a prismatic 
sighting device. 

Method 1. The transit is set up at A, a sight is taken to B, and a point 0 
is established on line beyond B. The transit is moved to a sight is taken 
to C, and point D is set on line beyond C. Thus the process is continued 
until point P is set. 

Method 2. The transit is set up at B, and a backsight is taken to A. 
With both upper and lower motions clamped, the telescope is plunged, and a 
point C is set on line. If the line of sight is perpendicular to the horizontal 
axis, as it will be if the instrument is in perfect adjustment, it will generate 
a vertical plane as the telescope is revolved, and the point C will lie on the 
prolongation of AB. The transit is moved to (7, a backsight is taken to jB, 
the telescope is plunged, and D is established beyond C; and thus the process 
is repeated until point P is set. 

If the line of sight is not perpendicular to the horizontal axis of the transit, as the 
telescope is plunged (say, from the inverted to the normal position), the line of sight 
will generate a portion of a cone whose vertex is at the center of the instmment and 
two of whose elements are AB and BC'; and C' will not lie on the true prolongation 
of AB. If the instrument is set up at O', a backsight taken to B with the telescope 
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inverted as before, and the telescope plunged to the normal position, a second and 
similar cone is generated and D' will not lie on the prolongation of BC'. Thus, if the 
line is extended by the method outlined and all backsights are taken with the tele- 
scope in one position (either normal or inverted), the points established will lie along 
a curve instead of a straight line, and each segment of the line will be deflected in the 
same direction (to the right or to the left) by double the error of adjustment of the 
line of sight. On the other hand, if, say, at the even-numbered stations B, O, F, 
etc., backsights were taken with the telescope inverted and at odd-nunibered stations, 
C, Ey etc., backsights were taken with the telescope nori^l, a zigzag line would be 
established with some points on one side of the line joining the terminals and some 
perhaps on the other. By the first procedure, the angular error becomes systematic 
in character, and by the second procedure it becomes accidental. Generally where 
only a few set-ups are required and the instrument is known to be in reasonably good 
adjustment, no particular attention is paid to the procedure to be followed; but 
where there is a large number of set-ups and the line is long, the latter procedure 
is employed. 

Method 3. This method, known as ''double-sighting,^' is employed if 
the instrument is in poor adjustment or if it is desired to establish the line 
with high precision. If the line AB (Fig. 13*13) is to be prolonged to some 
point Pj the transit is set up at B and a backsight is taken to A with the 
telescope in, say, its normal position. The telescope is plunged, and a point 



Fig. 13-13. Double-Lighting to prolong line. 


C' is set on line. The transit is then revolved about its vertical axis, and a 
second backsight is taken to A with the telescope inverted. The telescope 
is plunged, and a point C" is established on line beside C'. It is evident 
that C will be as far on one side of the true prolongation of AjB as C" is on the 
other, Midway between C' and C", a point C is set defining a point on the 
correct prolongation of AB. In a similar manner the next point D is estab- 
lished by setting up at C, double-sighting to B, and setting points at 
i)', D", and D. Thus the process is repeated until the desired distance is 
traversed. 

13*19, Prolonging a Line past an Obstacle. Figure 13*14 illustrates one 
method of prolonging a line AB past an obstacle where the offset space is 
limited. The transit is set up at A, a right angle is turned, and a point C 
is established at a convenient distance from A. Similarly the point D is 
established, the distance BD being made equal to AC. The line CD, which 
is parallel to AB, is prolonged; and points B and F are established in conven- 
ient locations beyond the obstacle. From E and F right-angle offsets are 
made, and G and H are set as were C and D; GH then defines the prolonga- 
tion of AB. The distance AHis determined by measuring the length of the 



Fig. 13- 15, Prolonging line past obstacle by angles. 

might often be in wooded country, the line CD is prolonged to some point, 
as Ff from which the obstacle can be cleared; and so a zigzag course is 
followed until it is possible to resume traversing on the direct prolongation 
of the main line AB. As compared with the method described in the pre- 
ceding paragraph, this method is more convenient in the field, but it requires 
computation to determine the length BD. However, if the angle a is small, 
say, not greater than a degree or so, often it will be sufficiently precise to 
take the distance along the main line as equal to that along the auxiliary 
lines. 

13*20. Running a Straight Line between Two Points. If the terminal 
points A and B of a line are fixed and it is desired to establish intervening 
points on the straight line joining the terminals, the method to be employed 
depends upon the length of the line and the character of the terrain. Three 
common cases are considered below: 


Fig. 13-14. Prolonging line past obstacle by perpendicular offsets. 

Another method of prolonging a line AB past an obstacle is illustrated by 
Fig. 13*15. A small angle a is turned off at B, and the line is prolonged to 
some convenient point C which will enable the obstacle to be cleared. At C, 
the angle 2a is turned off in the reverse direction, and the line is prolonged 
to D, with CD made equal to BC. The point D is then on the prolongation of 
AB; and BB, the further prolongation of AB, is established by turning off 
the angle a at D. If there were another obstacle between D and E, as there 
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lines AB, DE, and GE, If the chainage is to be carried forward with pre- 
cision, it is necessary to erect the perpendiculars AC, BD, etc. with greater 
than ordinary care; and if the line is to be prolonged precisely, it is essential 
not only that the offset distances be measured carefully but also that AB 
and EF, the distances between offsets, be as long as practicable. 
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Case 1. Terminals Intervisibh, The transit is set up at A, a sight is taken 
to B, and intervening points are established on line. 

If the intervening points thus established were to lie in the same plane with the 
center of the instrument and the terminal point B, they would define a truly straight 
line regardless of whether or not the horizontal axis of the transit were truly hori- 
zontal. If the horizontal axis is inclined with the horizontal, the line of sight will 
not generate a vertical plane as the telescope is revolved; and thus if it is necessary 
to rotate the telescope about the horizontal axis in order to set the intervening 
points, the points thus established will not lie on a truly straight line (as seen in plan 
view) joining the terminals. 

Ordinarily the vertical angles through which it is necessary to rotate the telescope 
will be small, and if the horizontal axis is in fair adjustment and the plate bubbles are 
centered, the error arising from this source is^ negligible. Occasionally, however, 
when the intervening points are to be set with high precision or when the adjustment 
of the instrument is uncertain and the vertical angles are large, the intervening 
stations are set by double-sighting. 

Case 2. Terminals Not Intervisihle, but Visible from an Intervening Point 
on Line. The location of the line at the intervening point C is determined 
by trial, as follows: In Fig. 13-16, A and B represent the terminals both of 


C' 



C" 

Fig. 13*16. Balancing in. 


which can be seen from the vicinity of C. The transit is set up on the esti- 
mated location of the line near C, a backsight is taken to A, the telescope 
is plunged, and the location of the line of sight at B is noted. The amount 
that the transit must be shifted laterally is estimated; and the process is 
repeated until, when the telescope is plunged, the line of sight falls on the 
point at J5; this process is known as ^‘balancing in.” The location of the 
instrument should then be tested by double-sighting; the test will also dis- 
close whether or not the line of sight and the horizontal axis are in adjust- 
ment. 

If the instrument were in perfect adjustment, its center would be on the true line 
joining AB. On the other hand, if the line of sight were not perpendicular to the 
horizontal axis, a cone would be generated by the line of sight when the telescope was 
plunged, as explained in Art. 13*18; also if the horizontal axis were not truly horizon- 
tal, the line of sight in its rotation would not generate a vertical plane, as explained 
under case 1. Hence, if the transit were not in adjustment, its center might be at 
C' and still the line of sight would bisect B when the telescope is plunged. 

To locate the intermediate point truly on line, trials are made first with the tele- 
scope in, say, its normal position for backsights to A, until an intermediate point, 
as C'j is determined. Then a second series of trials is made with the telescope in- 
verted for backsights to A, until the corresponding point C" is located. Then, for 
reasons previously explained, the true line is at C, halfway between C' and O”. 
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Other intermediate points naay then be established by setting up the transit at C 
and proceeding as in case 1. 

Case 3. Terminals Not Visible from Any Intermediate Point, AB 
(Fig. 13*17) represents a straight line along which it is desired to establish 
intermediate points, the character of the ground being such that it is not 
possible to find any one intermediate location from which both terminals 
are visible. By one or more of the methods previously explained, a straight 
line, called a random line, is run from A in the estimated direction of B. In 



Fig. 13*17. Random line. 


the figure, AX is such a random line, and C and D are stations established 
during the process of extending it. The transit is set up at D and sighted 
toward X. The tape is swung about B as a center, and the offset distance 
BE from the point B to the line DX is determined by sighting at the tape 
through the transit and taking the least reading (that is, by a swing offset). 

The exact location of point E on the line AX is then established (see 
next paragraph), the length AX is measured, and the angle a which the 
random line makes with AB is computed by the equation tan a = BE/AE. 
The transit is again set up at A, a sight is taken to C, the computed value of a 
is laid off, and the line is run toward B, intermediate stations as F and G 
being established at desired points. With the transit at G, a backsight is 
taken to F, the telescope is plunged, and the linear offset error at B is noted. 
If the error is sufficiently large to be of importance, the points at F and G 
are corrected by linear measurements so as to place them on the true line, 
the correction being made proportional to the distance from the terminal A 
to the point. Thus the offset correction at F is to AF as the error at B is 
to AB. Points on the random line, as C and D, can be transferred to the 
true line by the same method. 

If the offset distance *BB is short compared with the length of the line AB, the 
degree of approximation in locating E on the line AX is small; hence E may be 
located by estimation with sufficient precision. If the offset distance BE is long, 
the degree of approximation is fairly large, since the tape may be swung through a 
considerable arc in the vicinity of the perpendicular without materially changing 
the offset reading; hence E needs to be established by a more exact method. Usually 
the transit is set up at E', the estimated location of E] a perpendicular E'Y is laid 
off from the line AX; and the distance from this perpendicular E'Y to B is meas- 
ured by a swing offset. This offset gives the distance from E' to E along the line AX 
so that a perpendicular at E will pass through B. 

Usually the angle between the random line and the line AB is so small that com- 
putation of the length of AB by use of the five-place tables of natural functions 
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Of angles to e^Tt ?enSh&“S c^l 

745) may be used with P trianele The angle a need not be computed, 

Lthe die" 1 te^is ean be established by an offset from the random line 
AX at any convenient distance from A, 

13.21. Detennimng an Inaccessible Distance. This involves triangula- 

+* VcAA Art 1248). Three simple methods are described below. 

^^Upfhad 1 * AB (Fig 1348a) represents a line whose length cannot be 

. 1 xi- - A nTi \ 


convenient puuiu ~ , j 

transit is set up at C, and the angle ACB is observed. 

ACB. 


Then AB = AC tan 




Method 2 An approximate method sometimes used m reconnaissanc^ 
whTre the distant pLt A is accessible, is as follows: With the transit at B 
(Fk 13-18o) any convenient distance AC (as 100 ft.) is lai ° ’ 

lith the angle BAC made a right angle either by ®®hmation or by one 
the methods of Art. 7-27. The angle ABC is measured. Then AB - AC 

3. This method is applicable when trigonometric tables are not 
available. In Fig. 13486, AB represents the line whose length is t 
determined. AC is established as in method 1. The transit is srt up at C, 
a sight is taken to B, and the direction of CD is fixed by laying off an ang^e 
of 90°. The point D is established at the intersection of this line and the 
prolongation of the line BA, as described in Art. 13-22. The lengtta AC 
Ld AD are measured. By geometry AABC is similar to AACD. Hence 

Fol mrth^fl and 3 it is desirable that the distance AC be not less than 
one half the distance AB, otherwise the errors of measurement will produce 
a relatively large error in the computed distance. 

13-22. Intersection of Lines. The point of intersection of two hues as 
AB and CD (Fig. 1349) is established as follows: One of the lines, Aif, is 
prolonged (Art. 13-18), and points P' and P" are established a short dis- 
tance on opposite sides of the estimated location of the prolongation of CD. 
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A string is stretched between P' and P". The line CD is prolonged until it 
intersects the string at P. A point set at P marks the intersection of the 


two lines. 




13* 23. Setting a Monument. Often it is desired to set a subsurface monu- 
ment to mark permanently a point on a transit survey. In such a case the 
location of the surface point established by the survey is well referenced 
(Art. 14*17), preferably by the intersection of two lines. When the monu- 
ment is set and the subsurface mark is to be established, a string is stretched 
along each of the two reference lines. The location of the mark on the monu- 
ment is projected below the surface by plumbing from the intersection of 
the two strings. If desired, a batter board or other frame may be set over 
the surface mark for the purpose of plumbing from a surface mark to a 
subsurface mark, or vice versa. Detailed information regarding the con- 
struction and setting of monuments is given in reference 1 of Chap. 16. 

13*24. Measuring an Angle When Transit Cannot Be Set at Vertex. 
Figure 13*20 illustrates a typical case where it is required to determine the 
angle between walls of a building or between fence lines. 

The point a is established at any convenient distance from the wall. The 
perpendicular distance from the wall is determined by holding the tape on 
point a and swinging the end of the tape through an arc, varying the radius 
until the arc becomes tangent to the wall (that is, by a swing offset). Simi- 
larly a second point h is established at the same distance from the wall as a; 
then ah is parallel to the wall. In a similar manner points c and d are 
established. The point of intersection g of lines ah and cd is determined as 
described in Art. 13*22. The transit is set up at and the angle age, which 
is equal to the angle between the walls, is measured in the usual manner. 

ADJUSTMENT OF THE TRANSIT 

13*26. Desired Relations. Much of Art. 8*21 concerning adjustment 
of the level applies equally well to the transit (see also Art. 3*12). 

For a transit in perfect adjustment the relations stated below should 
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exist. The number of each paragraph is the same as that of the correspond- 
ing adjustment described in the following article. For adjustments 1 to 5, 
Fig. 13-21 shows the desired relations between the principal lines of the 
transit. 
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"Fiq. 13-21. Desired relations between principal lines of transit. 


1. The vertical cross-hair should lie in a plane perpendicular to the horizontal axis 
so that any point on the hair may be employed when measuring horizontal angles 
or when running lines. 

2. The axis of each plate level should lie in a plane perpendicular to the vertical 
axis so that when the instrument is leveled the vertical axis will be truly vertical; 
thus horizontal angles will be measured in a horizontal plane, and vertical angles will 
be measured without index error due to inclination of the vertical axis. 

3. The line of sight should be perpendicular to the horizontal axis at its inter- 
section with the vertical axis. Also, the optical axis, the axis of the objective slide, 
and the line of sight should coincide. If these conditions exist, when the telescope 
is rotated about the horizontal axis the line of sight will generate a plane when the 
objective is focused for either a near sight or a far sight, and that plane will pass 
through the vertical axis. 

4. The horizontal axis should be perpendicular to the vertical axis so that when 
the telescope is plunged the line of sight will generate a vertical plane. 

5. The axis of the telescope level should be parallel to the line of sight so that 
the transit may be employed in direct leveling and so that vertical angles may be 
measured without index error due to lack of parallelism. 

6. If the transit has a fixed vernier for the vertical circle, the vernier should read 
zero when the plate bubbles and telescope bubble are centered, in order that vertical 
angles may be measured without index error due to displacement of the vernier. 

6a. If the vertical vernier is movable and has a control level, the axis of the control 
level should be parallel to that of the telescope level when the vernier reads zero, 

7. The optical axis and the line of sight should coincide (see 3, above). 
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8. The axis of the objective slide should be perpendicular to the horizontal axis 
(see 3, above). 

9. The intersection of the cross-hairs should appear in the center of the field of 
view of the eyepiece. 

10. If the transit is equipped with a striding level for the horizontal axis, the axis 
of the striding level should be parallel to the horizontal axis. Thus when the bubble 
of the striding level is centered and the instrument is plunged, the line of sight (if in 
adjustment) will generate a vertical plane. 

13*26. Adjustments. In the description of the following adjustments 
(except 7 and 9) it is assumed that the objective slide does not admit of 
adjustment, but that it is permanently fixed in the telescope tube so far as 
lateral motion is concerned; and that the maker has so constructed the 
instrument that the optical axis and the axis of the objective slide coincide 
and are perpendicular to the horizontal axis. This ideal construction is 
never exactly attained; but in most modern instruments the departure is 
so slight that it need not be considered in ordinary transit work, and in 
precise surveying the resulting errors are eliminated by methods of proce- 
dure. 

For those adjustments which involve sighting through the telescope, par- 
ticular attention should be given to proper focusing of both the eyepiece 
and the objective prior to testing the adjustments. 

The transit adjustments commonly made are 1 to 6a following. Adjust- 
ments 7 to 10 may be required occasionally for some instruments. Some 
general suggestions regarding adjustments are given in Art. 3*12. 

1. To Make the Vertical Cross-hair 
Lie in a Plane Perpendicular to the 
Horizontal Axis, 

Test, Sight the vertical cross-hair 
on a well-defined point not less than 
200 ft. away. With both horizontal 
motions of the instrument clamped, 
swing the telescope through a small 
vertical angle, so that the point trav- 
erses the length of the vertical cross- 
hair. If the point appears to move 
continuously on the hair, the cross- 
hair lies in a plane perpendicular to 
the horizontal axis (see Fig. 13-22). 

Correction, If the point appears 
to depart from the cross-hair, loosen 
two adjacent capstan screws and rotate the cross-hair ring in the telescope 
tube until the point traverses the entire length of the hair. Tighten the same 
two screws. This adjustment is similar to adjustment 2 of the dumpy level 
(Art. 8*23), with the terms vertical and horizontal interchanged. 
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Fig. 13*22. Adjustment of vertical cross- 
hair. 
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2. To Make the Axis of Each Plate Lml Lie in a Plane Perpendicular to 
the Vertical Axis. 

Test. Rotate the instrument about the vertical axis until each level tube 
is parallel to a pair of opposite leveling screws. Center the bubbles by means 
of the leveling screws. Rotate the transit end for end about the vertical 
axis. If the bubbles remain centered, the axis of each level tube is in a plane 
perpendicular to the vertical axis (see Fig. 8*23). 

Correction. If the bubbles become displaced, bring them halfway back by 
means of the adjusting screws. Level the instrument again and repeat the 
rest to verify the results. This is the method of reversion (Art. 2*7). 

3. To Make the Line of Sight Perpendicular to the Horizontal Axis. 

Test. Level the instrument. Sight on a point A (see Fig. 13*23) about 
500 ft. away, with telescope normal- With both horizontal motions of the 
instrument clamped, plunge the telescope and set another point B on the 



line of sight and about the same distance away on the opposite side of 
the transit. Unclamp the upper motion, rotate the instrument end for end 
about the vertical axis, and again sight at A (with telescope inverted). 
Clamp the upper motion. Plunge the telescope as before; if B is on the 
line of sight, the desired relation exists. 

Correction. If the line of sight does not fall on B, set a point C on the 
line of sight beside B. Mark a point B, one quarter of the distance from C 
to B, and adjust the cross-hair ring (by means of the two opposite horizontal 
screws) until the line of sight passes through D. The points sighted should 
be at about the same elevation as the transit. 

4. To Make the Horizontal Axis Perpendicular to the Vertical Axis. 

Test. Set up the transit near a building or other object on which is some 
well-defined point A at a considerable vertical angle. Level the instrument 
very carefully, thus making the vertical axis truly vertical. Sight at the 
high point A (see Fig. 13*24), and with the horizontal motions clamped 
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depress the telescope and set a point B on or near the ground below A, 
Plunge the telescope, rotate the instrument end for end about the vertical 
axis, and again sight on A. Depress the telescope as before; if the line of 
sight falls on B, the horizontal axis is perpendicular to the vertical axis. 

Correction. If the line of sight does not fall on B, set a point € on the 
line of sight beside B. A point D, halfway between B and C, will lie in the 
same vertical plane with the high 
point A. Sight on D, elevate the 
telescope until the line of sight is 
beside A, loosen the screws of the 
bearing cap, and raise or lower the 
adjustable end of the horizontal 
axis until the line of sight is in the 
same vertical plane with A. 

The high end of the horizontal axis is 
always on the same side of the vertical 
plane through the high point as the 
point last set. 

In readjusting the bearing cap, care 
should be taken not to bind the hori- 
zontal axis, but it should not be left so 
loose as to allow the objective end of 
the telescope to drop of its own weight 
when not clamped. 

5. To Make the Axis of the Tele- 
scope Level Parallel to the Line of 
Sight. 

Test and Correction. Proceed the 
same as for the two-peg adjustment 
of the dumpy level (Art. 8*23, ad- 
justment 3), except as follows: 

With the line of sight set on the 
rod reading established for a hori- 
zontal line, the correction is made 
by raising or lowering one end of 
the telescope level tube until the bubble is centered. 

6. (For Transit Having a Fixed Vertical Vernier) To Make the Vertical 
Circle Read Zero When the Telescope Bubble Is Centered. 

Test. With the plate bubbles centered, center the telescope bubble and 
read the vernier of the vertical circle. 

Correction. If the vernier does not read zero, loosen it and move it until 
it reads zero. Care should be taken that the vernier will not bind on the 
vertical circle as the telescope is rotated about the horizontal axis. 
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Fig. 13-24. Adjustment of horizontal axis 
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6a. (For Transit Having a Movable Vertical Vernier with Control Level) 
To Make the Axis of the Auxiliary Level Parallel to the Axis of the Telescope 
Level When the Vertical Vernier Reads Zero, 

Test Center the telescope bubble, and by means of the vernier tangent- 
screw move the vertical vernier until it reads zero. 

Correction, If the bubble of the control level which is attached to the 
vertical vernier is not at the center of the tube, bring it to the center by 
means of the capstan screws at one end of the tube. 

13*26a. In addition to the adjustments just described, the following 
adjustments may be made as required by the type or the condition of the 
transit: 

7. To Make the Line of Sight, In So Far as Defined by the Horizontal Cross- 
hair, Coincide with the Optical Axis, 

Test Bet two pegs, one about 25 ft. and the other 300 or 400 ft. from 
the transit. With the vertical motion clamped, take a rod reading on the 
distant point, and without disturbing the vertical motion read the rod on the 
near point. Plunge the telescope, rotate the instrument about the vertical 
axis, and set the horizontal cross-hair at the last rod reading with the 
rod held on the near point. Sight to the distant point. If the desired 
relation exists, the first and last readings on the distant rod will be the same. 

Correction. If there is a considerable difference between the rod readings, 
move the horizontal cross-hair by means of the upper and lower adjusting 
screws until it has apparently traversed over several times the apparent 
error. Repeat the process, gradually reducing the movement of the cross- 
hair as the rod readings to the distant point approach each other, until by 
successive approximations the error is reduced to zero. The rod when 
held on the near point should be read with great care, for a small difference 
in the position of the cross-hair on the near rod will be sufficient to indicate 
a considerable error on the distant rod. 


8. (For Transit Having an Adjustable Objective Slide) To Make the Axis of the 
Objective Slide Perpendicidar to the Horizontal Axis. As stated in Art 2-12, some tele- 
scopes have objective slides which move in adjustable rings (see also Art. 8-26). 
Ordinarily objective slides of this type require no further adjustment after leaving the 
factory, but it is well to test the adjustment occasionally, and the instrumentman 
should be able to make corrections if necessary. 

The horizontal adjustment of the objective slide is made as follows: Having per- 
formed the adjustment of the vertical cross-hair (adjustment 3) for an average length 
of sight, focus the vertical cross-hair on a distant point. Move the objective out, 
and bring it to a focus on some well-defined point near the instrument. Plunge the 
telescope, rotate it about the vertical axis, and again set the vertical cross-hair on the 
near point. Sight toward the distant point. If the objective slide is in adjustment, 
the line of sight will strike the first point sighted. If the line of sight does not strike 
the distant point, move the ring controlling the objective slide by means of the screws 
on the sides of the telescope until by estimation the line of sight has moved one half 
of the apparent error at the distant point. The relation between the adjustments of 
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the vertical cross-hair and optical axis is snch that the adjustments must be repeated 
alternately until both are found to be correct. 

The vertical adjustment of the objective slide may be performed in a similar 
manner with reference to the horizontal cross-hair, but it is usually best to make 
corrections with the horizontal cross-hair as described in adjustment 7, unless one is 
reasonably sure that the factory adjustment, through accident or otherwise, has 
been altered. 

9. (For Transit Having an Adjustable Eyepiece SUde) To Cerder the Eyepiece 
Slide. A telescope which shows objects erect usually has an eyepiece slide, one end 
of which moves through an adjustable ring. When the transit has otherwise been ad- 
justed, the cross-hairs may not appear in the center of the field of view owing to lack 
of coincidence of the axis of the eyepiece slide with the optical axis. This coincidence 
is a convenient relation but is unnecessary so far as the proper working of the transit 
is concerned. To center the slide, the adjustable ring is moved by means of four 
screws between the eye end of the telescope and the cross-hair ring. 

10. (For Transit Equipped with Striding level) To Make the Axis of the Striding 
Level Parallel to the Horizontal Axis. 

Test, By means of the leveling screws center the striding-level bubble. Lift 
the level from its supports and turn it end for end. If it is in adjustment, the bubble 
will again be centered. 

Correction. If the bubble is displaced, bring it halfway back to the center by means 
of the capstan screw at one end of the level tube (Fig. 8*23). Eelevel the instrument 
by means of the leveling screws and repeat the test until the adjustment is perfected. 

13 •26b. Suggestions. The adjustments of the transit are more or less 
dependent on one another. For this reason, if the instrument is badly out 
of adjustment time will be saved by first making corrections roughly for 
related adjustments until all the tests have been tried, and then repeating 
the tests and corrections in the same order. 

The plate levels will not be disturbed by other ^justments, and should be ej^tly 
corrected before other adjustments are attempted. Any movement of the screws 
controlling the cross-hair ring is likely to produce both lateral displacement and rota- 
tion of the ling; hence any considerable adjustment of the line of sight is likely to 
disturb the vertical hair so that it will no longer remain on a point when the telescope 
is rotated about the horizontal axis. The adjustment of the telescope level depends 
upon the unaltered position of the horizontal cross-hair and hence should not be tested 
until the line of sight and horizontal axis have been corrected. 

If the transit has an erecting eyepiece which is permanently centered, adjustment 7 
may usually be made with sufficient precision for ordinary direct or trigonometric 
leveling by simply moving the horizontal cross-hair until it appears in the center of the 
field of view. If the transit has an inverting eyepiece, the cross-hair ring limits the 
field of view, and the cross-hair will appear in the center whether or not it intersects 
the axis of the objective slide. 

ERRORS m TRANSIT WORK 

13*27. General. Except in field astronomy, a measured angle is always 
closely related to a measured distance; and as previously stated (Arts. 3-6 
and 3*7) there should generally be a consistent relation between the preci- 
sion of measured angles and that of measured distances. From the stand- 
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point of both precision and expediting the work, it is important (1) that 
the surveyor be able to visualize the effect of errors in terms of both angle 
and distance, (2) that he appreciate what degree of care must be exercised 
to keep certain errors within specified limits, and (3) that he know under 
what conditions various instrumental errors can be eliminated. 

On surveys of ordinary precision it usually requires much more care to 
keep linear errors within prescribed limits than to maintain a corresponding 
degree of angular precision. The general tendency among surveyors is to 
pay undue attention to securing precision in angular measurements, and 
at the same time to overlook large and important errors in the measurement 
of distances. 

Errors in transit work may be instrumental, personal, or natural. 

13*28, Instrumental Errors, These errors are caused by imperfections 
in the instrument itself. The adjustments, even though carefully made, are 
never exact. Likewise the graduations are not perfect, and the centers are 
not absolutely true. 

1. Errors in Horizontal Angles Caused hy Nonadjustment of Plate Levels, 
When bubbles in nonadjustment are centered, the vertical axis inclined, 
and hence measured angles are not truly horizontal angles. Also the 
horizontal axis is inclined to a varying degree depending upon the direction 
in which the telescope is sighted. There will be one vertical plane which 
will include the vertical axis in its inclined position; this is illustrated by 
Fig. 13-25, in which the horizontal axis and the vertical axis are in the plane 
of the paper. When the line of sight is in the plane of the paper, however, 
the horizontal axis is truly horizontal and the line of sight 
will generate a vertical plane when the telescope is plunged; 
hence no error in direction is introduced regardless of the 
angle of elevation to the point sighted. As the transit is 
rotated about the vertical axis, the horizontal axis becomes 
inclined, making a maximum angle with the horizontal 
when it reaches the plane of the paper. With the hori- 
zontal axis in this position, the line of sight generates a 
plane making an angle with the vertical equal to the error 
in the position of the vertical axis; Ind with the line of 
sight inclined at a given angle, the maximum error in de- 
termining the direction of a line is introduced. The larger the vertical 
angle, the greater the error in direction. The error cannot be eliminated 
by double-sighting. 

The diagram of Fig, 13*26 shows for various vertical angles (values of a) the errors 
introduced in horizontal angles due to an inclination of 01' in the vertical axis or one 
space on the plate levels of the ordinary transit. The values of H are the horizontal 
angles which the line of sight makes with the vertical plane in which Mes the vertical 
axis in its inclined position (that is, with the plane of the paper, Fig. 13*25). The 



Fig. 13*25. 
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curve for o = 0° is not shown by reason of the small scale, but the maximum error 
occurs when H ~ 45° or 135° and is about Mo”- Within reasonable limits the error 
in horizontal angle varies directly as the inclination of the vertical axis, hence a 
similar diagram for an inclination of 02' would show ordinates twice as great as those 
of Fig. 13-26. 

60 
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c 
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I- 
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0 

0 

Values of H in Deqrees 

Fig. 13-26. Errors in horizontal angles for a 1-min. inclination of the vertical 
axis (a « vertical angle). 

Although the diagram is perhaps of not much practical value, it serves to illustrate 
some facts that are worthy of attention. 

(a) For observations of ordinary precision taken in flat country where the vertical 
angles are rarely greater than 3° and usually much less, the plate bubble may be out 
several spaces without appreciably affecting the precision of horizontal angular meas- 
urements. For' example, if an angle were measured between if = 0° and H == 90°, 
with bubble out two spaces and a — 3°, the error would be about 06"; or if in pro- 
longing a straight line the telescope were plunged from the position i? — 90° to H == 
270° with both backsight and foresight taken at a vertical angle of +3°, the error 
would be doubled and for the bubbles out two spaces (vertical axis in error 02'), the 
angular error introduced in the direction of the line whould be 12". 

(h) For an^lar measurements of higher precision, such as when measuring an 
angle by repetition, the plate levels must be in good adjustment and the bubbles must 
be centered with reasonable, care even though the survey is conducted over fairly 
smooth ground. For example, if a horizontal angle were measured between the 
positions If = 0° and H — 90°, a = 5°, and the vertical axis were inclined 30", the 
error in horizontal angle would amount to 02".2. 

(c) In rough country where the vertical angles are large, even for surveys of ordi- 
nary precision the plate levels must be in good adjustment and the bubbles must be 
carefully centered if errors in horizontal angles or in the prolongation of lines are to 
be kept within negligible limits. For example, if a line were prolonged by plunging 
the telescope from the position H = 90° to If = 270°, a for both backsight and fore- 
sight being -1-30° and the vertical axis being inclined 01', the diagram shows that the 
error introduced is 2 X 34".6 = 01'09".2. In other words, the angle at the station 
at which the instrument was set instead of being a true 180° would be 180°01'09":2, 
and beyond the station the established line would depart from the true prolongation 
about 0.1 ft. in eadi 300 ft. 
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2. Errors in Vertical Angles Due to Nonadjustment of Plate Levels. These 
errors obviously vary with the direction in which the instrument is pointed. 
With the fixed vertical vernier they are eliminated by observing (for each 
sighting) the index error of the corresponding observed vertical angle (Art, 
13*17). With the movable vernier having a control level, the errors are 
eliminated by keeping the control-level bubble centered as described in 
Art 13*15. 

It may be noted further that nonadjustment of the plate levels causes an inclination 
of the plane of the vertical arc. This source of error may be considered negligible. 


3. Line of Sight Not Perpendicular to Horizontal Axis. If the telescope 
is not reversed between backsight and foresight, if the sights are of the 
same length so that it is not required to refocus the objective, and if both 
points sighted are at the same angle of inclination of the line of sight, no 
error is introduced in the measurement of horizontal angles even though 
this adjustment be badly out. If the instrument is plunged between back- 
sight and foresight, the resultant error in the observed angle is double the 
error of adjustment. If there is a considerable movement of the objective 
between sights, an appreciable error may be introduced, owing to the fact 
that the line of sight does not make a constant angle with the horizontal 
axis for both sights. 

With the line of sight out of adjustment by a given amount, the effect of 
the error depends on the vertical angle to the point sighted. In Fig. 13*27, 
OA and DB are horizontal and are perpendicular to the horizontal axis OH 
of the instrument; e is the angle between the nonad justed line of sight and a 
vertical plane normal to OH (that is, e is the error in direction for a hori- 
zontal sight OB ) ; E is the error in direction for an inclined sight OC; h is 
the actual vertical angle to C, the point sighted; and OB is made equal to 
OC. Then 
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OB' 


OD 

OD 
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OD 
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= sin E cos h 
or, 

sin JS? = sin c sec h 

If a is the observed vertical angle, it can similarly be shown that 


( 1 ) 


tan E ~ tan e sec a (2) 

For all ordinary cases Eq. (1) or Eq. (2) may be taken as 

E ~ esech — esec a (approx.) (3) 

For two direct pointings (the backsight and the foresight) there will be 
a value of E for each, and the error in the angle is the difference between 


INSTEtTMENTAL EBKOBS 



them. In the measurement of a deflection angle by the method in which the 
telescope is inverted between backsight and foresight, the error in angle is 
the sum of the two values oi E. 

The error may be eliminated by taking the mean of two angular observa- 
tions, one with the telescope in the normal position and the other with the 
telescope inverted. In prolonging a line, errors are avoided by the method 
of double-sighting described in Art. 13*18. 


4. Horizontal Axis Not Perpendicular to Vertical Axis, No error is intro- 
duced in horizontal angles so long as the points sighted are at the same angle 
of inclination of the line of sight. The angular error in the observed 
direction of any line depends on the angle by which the horizontal axis 
departs from the perpendicular to the vertical axis and on the vertical angle 
to the point sighted. In Fig. 13*28, OH is perpendicular to the vertical 
axis; OH' is the horizontal axis in nonadjustment with the vertical axis by 
the angular amount e', OA is horizontal and is perpendicular to OH and OH'; 
a is the observed vertical angle to C, the point sighted; B is directly be- 
neath C and in the same horizontal plane with OA; angles OABj OAC, and 
ABC are right angles; and 9 is the angular error in direction. From the 
figure, 


M QA 
ca' OA 


sin e' tan a 


or with sufficient precision, 


9 — e' tan a (approx.) 


Thus if a horizontal angle were measured between Z), to which the vertical 
angle is —30°, and E, to which the vertical angle 
axis being inclined 02', then the error in horizontal 
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The pleading example is 

horizontal angle may ecome - rlknlacement of the horizontal 


horizontal angle depeBdsupontne^^ 

axis from its correct ® ^ j J^^^ed position, one value will be 

scope first m he othL will be correspondingly 

too "^0; tLsthe error is eliminated by takmg the mean ““^e tw^vaju^^. 

UndeSetotTiLl^n’^SnTof iTpendicular to the horizontal 

2ffor one Sion of the objective, it will not be perpendicular for other 
•firiTia Vint will swine through an angle as the objective is moved in or 
out' If an angle is measured without disturbing the position of the objec- 
tive nferror k introduced. For most instruments the error from this source 

is nU sufficiently large to be of consequence in ordinary transit work. 
diii^“y toking the mean of two angles, one observed with the tele- 

scone normal and the other with it inverted. 

6 Errors Due to Eecerdricity. With the modern transit in goo eon ii , 
errors due to eccentricity of verniers and/or eccentncity of centers are of 
no consequence in the ordinary measurement of angles. In any case, such 
LTarLliminated by taking the mean of readings indicated by opposite 

'"T/mperfect Graduatims. Errors from this source are of consequence 
only in work of high precision. They are reduced to a negligible amount 
by taking the mean of several observatioM for which the readings are is- 
tributed over the circle and over the vernier. j* 

8 Lack of Parallelism between Axis of Telescope Level and Lirts of S^ht. 
This introduces an error in leveling (see Art. 9-11) and in measunng vertical 

Vertical Vernier. This produces a constant error 
in the measurement of vertical angles. If the transit is equipped with a 
full vertical circle, the error can be eliminated by taking the mean of two 
values, one observed with the telescope normal and the other with the 

*"‘r—rtutmingup,itis seen that with regard to insta^^^ 

1. Errors in horizontal angles due to nonadjustment of plate levels or 
of horizontal axis become large as the inclination of the sights increases. ^ 

2. The maximum error due to nonadjustment of the line of sight is 
introduced when the telescope is plunged between backsight and foresight 
readings. When the telescope is not plunged between backsight and tore- 
sight readings, no error is introduced if these distances are equal and if the 
inclination of the line of sight is the same for both readings. 

3. Errors due to instrumental imperfections and/or nonadjustment are 
all systematic, and without exception they can be either eliminated or 
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reduced to a negligible amount by proper procedure. In general, this 
procedure consists in obtaining the mean of two values— >one observed 
Lfore and one after a reversal of the horizontal plate by plunging the tele- 
scope and rotating it about the vertical axis. One of these values is as 
much too large as the other is too small. An exception is the error in either 
horizontal or vertical angle due to inclination of the vertical axis, which 
cannot be so eliminated but which can be eliminated, so far as its systematic 
character is concerned, by releveling the plate bubbles in addition to the 
reversal of the plate. However, for precise work the usual practice would 
be to make the vertical axis truly vertical by means of the telescope level, and 

then to proceed in the ordinary manner. ^ ... i 

13*29. Personal Errors. Personal errors arise from the limitations of the 
human eye in setting up and leveling the transit and in making observations. 

1. Effect of Not Setting Up Exactly over the Station. This produces an 
error in all angles measured at a given station, the magnitude of the error 
varying with the direction of pointing and inversely with the length of sight. 
It is convenient to remember that 1 in. is the arc whose angle is 01' when the 
radius is approximately 300 ft. Thus, if the transit were offset i^^* from 
the end of a line 50 ft. long, the error in the observed direction of the line 
would be 03', but if the line were 600 ft. long, the error would be only 16". 
In general the error may be kept within negligible limits by reasonable care, 
but many instrumentmen waste time by exercising needless care in setting 
up when the sights to be taken are long. 

2 Effect of Not Centering the Plate Bubble Exactly. This produces an 
error in horizontal angles after the manner described in the preceding article 
for plate levels out of adjustment. The error from this source is small when 
the sights are nearly level, but may be large for steeply inclined sights (see 
Fig. 13* 26). The average transitman does not appreciate the importance 
of careful leveling for steeply inclined sights; on the other hand, he often 
uses more care in leveling than is necessary when sights are nearly horizontal. 
Since the error in horizontal angle is caused largely by inclination of the 
horizontal axis, the striding level is a necessity on precise work. 

3. Errors in Setting and Reading the Vernier. These are functions of the 
least count of the vernier and of the legibility of scale and vernier lines. For 
the usual 01' transit the probable error is less than 30"; for the 30" transit 
the probable error is about 15". The use of a reading glass enables closer 
reading, particularly for finely graduated circles. Also in reading the ver- 
nier it is helpful to observe the position of the graduations on both sides 
of the ones that appear to coincide, and to note that the unmatched gradua- 
tions appear to lack coincidence by the same amount. 

4. Not Sighting Exactly on the Point. This is likely to be a source of 
rather large error on ordinary surveys where sights are taken on the ranp 
pole of which often only the upper portion is visible from the transit. The 
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effect upon a direction is, of course, the same as the effect of not setting up 
exactly over the station. For short sights greater care should be taken 
than for long sights, and usually the plumb line is employed in place of the 
range pole. 

5. Imperfect Focusing (Parallax). The error due to imperfect focusing 
is always present to a greater or less degree, but with reasonable care it 
may be reduced to a negligible quantity. The manner of detecting parallax 
is described in Art. 2-10. 

Summary. All the personal errors are accidental and hence cannot be 
eliminated. They form a large part of the resultant error in transit work. 
Of the personal errors, those due to inaccuracies in reading and setting the 
vernier and to not sighting exactly on the point are likely to be the ones of 
greater magnitude. 

13*30. Natural Errors. Sources of natural errors are (1) settlement of 
the tripod, (2) unequal atmospheric refraction, (3) unequal expansion of 
parts of the telescope due to temperature changes, and (4) wind producing 
vibration of the transit or making it difficult to plumb correctly. 

In general, the errors resulting from natural causes are not of sufficient 
magnitude to affect appreciably the measurements of ordinary precision. 
However, large errors are likely to arise from settlement of the tripod when 
the transit is set up on boggy or thawing ground. Settlement is usually 
accompamed by an angular movement about the vertical axis as well as 
linear movements both vertically and horizontally. When horizontal angles 
are being measured, usually a larger error is produced by the angular dis- 
placement of the circle between backsight and corresponding foresight than 
by the movement of the transit laterally from the point over which it is set. 
Errors due to adverse atmospheric conditions can usually be rendered 
negligible by choosing appropriate times for observing. 

For measurements of high precision the methods of observing are such that instru- 
mental and personal errors are kept within very small limits, and natural errors be- 
come of relatively great importance. Natural errors are generally accidental, but 
under certain conditions systematic errors may arise from natural causes. On sur- 
veys of very high precision, special attempt is made to establish a procedure which 
will as nearly as possible eliminate natural systematic errors. Thus the instrument 
may be set up on a masonry pier and protected from sun and wind; also certain read- 
ings may be made at night when temperature and atmospheric conditions are nearly 
constant. 

13*31. Precision of Angular Measurements. The angular precision to 
be expected in transit work depends upon so many factors that it would be 
absurd to attempt to lay down an exact procedure to insure a required pre- 
cision. It is clear from the preceding articles that, with proper methods, 
the important systematic errors can be practically eliminated and that the 
resultant error is largely accidental. No matter how precisely the transit 
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may be adjusted nor how carefully it may be set up, there yet remain the 
errors of sighting and of reading the angle, and these are of major importance 
in nearly all surveying. The angular precision with which the line of sight 
may be directed obviously depends upon the length of sight and the char' 
acter of the target or other object used to mark the point sighted, as well 
as upon the quality of the instrument and the skill of the observer. The 
precision with which an angle may be read depends upon the character of 
the graduations of the circle. 

The following values represent, in a general way, the maximum error likely 
to occur in measuring a horizontal angle under the average conditions of 
practice, instruments being in fair condition and in fair adjustment except 
as otherwise stated. The average error will of course be materially less. 
Also, as the errors are largely accidental, the resultant error in the sum of a 
series of measured angles may be expected to vary as the square root of the 
number of angles involved. 

Case 1. Short sights, point indicated by range pole obscured near ground. Range 
pole plumbed by eye. Single observation of angle. Maximum error 02' to 04'. 

Case 2. Long sights, but otherwise as stated for case 1. Maximum error 01' 
to 02'. 

Case Z. Unobscured but steeply inclined sights; no special attention given to 
making horizontal axis truly horizontal; single measurement of angle. Maximum 
error 01' to 02'. 

Case 4. Unobscured sights on well-defined points; sights not steeply inclined. 
Single observation of angle, vernier reading to minutes. Maximum error 30" to 
01 '. 

Case 5. As for case 4, but transit in excellent condition and in good adjustment. 
Angles estimated to niin. Maximum error 20" to 30". 

Case 6. As for case 4 but angle doubled, the telescope being plunged between 
sights. Maximum error 15" to 30". 

Case 7. Unobscured sights on well-defined points. Sights not steeply inclined. 
Verniers reading to 30". Single observation of angle represented by mean of readings 
of both verniers. Transit in excellent condition and in good adjustment, Maximum 
error 15" to 30". 

Case 8. As for case 7, but verniers reading to 10". Also instrument set up with 
great care. Maximum error 10" to 15". 

Case 9. Unobscured sights on well-defined points. Instrument set up with 
great care. Sights not steeply inclined. Transit in good condition. Vernier reading 
to 30". Angles repeated six times with telescope normal and six times with it 
inverted. Maximum error 02" to 04". 

Case 10, As above, but transit reading to 10". Observations taken at favorable 
times. Maximum error 01" to 02". 

13’32, Mumerical Broblems. 

1. Thirty spaces on a transit vernier are equal to 29 spaces on the graduated circle, 
and 1 space on the circle is 15'. What is the least count of the vernier? 

2. Sixty spaces on a transit vernier are equal to 59 on the graduated circle, and 
1 space on the circle is 15'. What is the least count of the vernier? 
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3 A transit for which the circle is graduated 0° to 360° clockwise is used to meas- 
ure an angle by 10 clockwise “repetitions,” 5 with telescope normal and 5 with tele- 
scope inverted. Compute the most probable value of the angle from the following 

data: 


Telescope 

Reading 

Vernier A 

Vernier B 

Normal 

Initial 

48°46' 

228°46' 

Normal 

After first turning 

161°09' 


Inverted ■ 

After tenth turning 

92‘‘41' 

272°42' 


4. In laying out the lines for a building, a 90° angle was laid off as precisely as 
possible with a 01' transit. The angle was then measured by repetition and found 
to be 89°59'40''. What offset should be made at a distance of 250 ft. from the transit 
to establish the true line? 

5. The following observations were made to determine an index correction: 

Vertical angle to point A with telescope direct and +7°14' with telescope 

inverted. Compute the index correction for observations with telescope direct. 

6. A vertical angle measured by a single observation is --12°02', and the index 
error is determined to be -f-OB'. What is the correct value of the angle? 

7. A line AB is prolonged to B by setting up the transit at succeedin'g points B, 
C, D, and backsighting to A, B, C, and D, respectively, and plunging the telescope. 
If the line of sight made an angle of 10" with the normal to the horizontal axis and the 
procedure were such that each backsight was taken with the telescope normal, what 
would be the angular error in the segment EF7 What would be the offset error 
(approximate) in the position of F if the segments AB, BC, etc., were each 400 ft. long? 

S. Two points A and B, 5,280 ft. apart, are to be connected by a straight line. 
A random line run from A in the general direction of B is found by computation to 
deviate 03' 18" from the true line. On the random line at a distance 1,250.6 ft. 
from A an intermediate point C is established. What must be the offset from C to 
locate a corresponding point D on the true line? 

9. In Fig. 13-7, a straight line AX is run at random from A in the general direction 
of B, point B not being visible from A. A sv^ing offset is measured from B to line 
AX and found to be 63-40 ft. The transit is set up at B',,and E'Y (perpendicular 
to DX) is erected. The swing offset from B to E'Y is I.l ft. Also, the distance AE' 
is 2,633.9 ft. Compute the angle a which must be laid off from the random line in 
order to establish points on the straight line AB and determine the length AB. What 
must be the precision of a in order that the line established shall fall within 0.1 ft, of 
the point B? 

10. What error would be introduced in the computed value of the angle a of prob- 
lem 9 if the swing offset distance from B to E'Y had been neglected and AB had been 
assumed to be the base of a triangle of which AB is the hypotenuse? 

11. Given the data of problem 9, it is proposed to establish points on the line AB 
by perpendicular offsets from C to D. What must these offsets be if AC = 937.6 ft. 
and AD = 1,932.0 ft.? 

12. In Fig. 13*18o, suppose that the distance AC is 317.2 ft. and the angle ACB 
is 67°13'. What is the distance AB? 

13. In Fig. 13-185, if the length of the line AC is measured and found to be 517.2 
ft. and the length of A D is found to be 315.5 ft., what is the distance AB? 

14. In prolonging a straight line the transit is set at B, a backsight is taken to A, 
and the telescope is plunged to set C 1,000 ft. in advance of B. If the vertical axis 
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were inclined 01' with the true vertical in a vertical plane making 90® with the direc- 
tion of the line, what would be the linear offset error in the located position of C: 
(a) If A and B are at the same elevation, but the vertical angle from B to C is -1”16®00'? 
(5) If B, and C are all at the same elevation? (c) If the vertical angle from B to 
A and from B to C is -}-15®00'? 

15. What error would be introduced in the measurement of a horizontal angle, 
with sights taken to points at the same elevation as the transit if, through non- 
adjustment, the horizontal axis was inclined (a) 03'? (6) 3°? (c) If the horizontal 
axis was inclined 03', what error would be introduced if both sights were inclined at 
angles of +30®? (d) If one sight was inclined at +30° and the other at —30®? 

16. In measuring a horizontal angle the error of setting up the transit is 0.03 ft., 
the direction of displacement being such as to produce a maximum angular error. 
What error is introduced in a 60° angle if the length of sights is (a) 50 ft.? (6) 1,000 
ft.? 

17. If the ratios of linear precision to be maintained on the various parts of a survey 
are 1/1,000, 1/5,000, 1/20,000, and 1/40,000, about how closely should the correspond- 
ing horizontal angles be observed in order that a consistent relation may exist be- 
tween precision of angles and precision of distances? 

18. It is desired to determine by computation the length of a side of a right triangle, 
the angle opposite and the hypotenuse being measured. If the angle is 20®, with 
what precision should it be measured in order that the ratio of precision in the com- 
puted length be 1/10,000? 

19. It is desired to determine by computation the length of a side of a right tri- 
angle, the angle opposite and the side adjacent thereto being measured. If the angle 
is 20®, with what precision should it be measured in order that the ratio of precision 
in the computed length be 1/10,000? 

13*33. Field Problems. 

Pkoblem 1. Measurement of Horizontal Angles with Transit 

Object. To measure several angles about a point with the transit, and to check 
the values of the angles by the use of magnetic bearings. 

Procedure. (1) Set up and level the transit at any point 0. (2) Set six chaining 
pins, 1, 2, 3, etc., at about 150 ft. from the transit, forming six angles at the station 0. 
(3) According to the procedure of Art. 13-10 measure each of the angles, using the A 
vernier only and resetting the vernier on each backsight. (4) The sum of the 
measured angles should not differ from 360® by more than ±03'. (5) If this differ- 
ence is exceeded, the angles should be remeasured until the sum falls within the stated 
limits. (6) Release the compass needle, sight on each point, and, according to the 
method of Art. 12-22, read and record the magnetic bearing to each pin. (7) Com- 
pute the angles by bearings and compare with the transit angles. The discrepancy 
between any transit angle and the same angle by bearings should not exceed 30'. 

Hints and Precautions. The pins should be set as nearly vertical as possible with 
reasonable care. They may be plumbed by the vertical cross-hair of the transit. 
If each pin is run through a piece of paper, piercing it in several places, the paper will 
form an excellent background for sighting the pin. 

Problem 2. Measurement of Angles by Repetition 

Object; To obtain a more precise determination of the horizontal angles between 
various stations about a point than would be possible by a single measurement 
(see Art. 13-13). 
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I>rocedtire. (1) Set tip the transit very carefully over the point. (2) Set the A 
vernier at zero, read the B vernier, and record the readings. (3) Keep notes in a 
form similar to that of Fig. 13*9. (4) With the telescope normal, measure one of the 
angles clockwise, and record both vernier readings to the least reading of the vernier. 
(5) Leaving the upper motion clamped, again set on the first point and again measure 
the angle clockwise (thus doubling the angle). (6) Continue until five '‘repetitions ” 
(observations) have been secured. Record both vernier readings and the total angle 
turned. (7) In like manner, without resetting the vernier, measure the angle (five 
repetitions) with the telescope inverted, always measuring clockwise. (8) Go through 
the same process for all other angles about the point.' (9) Compute the value of 
each of the angles for the 10 repetitions, and compare with the single measurement. 
(10) For a tr ansit reading to si ngle minutes, the error of horizon closure should not 
exceed 10" Vnumber of angles. (11) Adjust the angles so that their sum will equal 
360° by distributing the error equally among the mean values. 

Hints and Precautions. (1) Level the transit very carefully before each repetition 
but do not disturb the leveling screws while a measurement is being made. (2) Be 
careful not to loosen the wrong clamp-screw. (3) Do not become confused when 
computing the total angle turned. Observe how the horizontal limb is graduated and 
do not omit a full turn. (4) The instrument should be handled very carefully. 
When the lower motion is being turned, the hands should be in contact with the 
lower plate, not the upper motion. When making an exact setting on a point, the last 
movement of the tangent-screw should be clockwise or against the opposing spring, 
(5) After each repetition the instrument should be turned on its lower motion in the 
same direction as that of the measurement. Do not walk around the transit to read 
the second vernier; rotate it to you (always clockwise). (6) The single measurement 
is taken as a check on the number of repetitions. It should agree closely but not 
exactly with the mean value. 

Pboblbm 3. Latino Ost an Angle by Repetition 

Object. To lay off a given horizontal angle more precisely than is possible with a 
single setting of the vernier (see Art. 13*14). 

Procedure. (1) Drive and tack two stakes about 600 It. apart. (2) Carefully 
set up the transit over one end of the line. Sight at the point at the other end, and 
lay off the given angle. (3) Set a stake on the line of sight about 500 ft. from the 
instrument (distance by pacing), and carefully set a tack. (4) By repetition measure 
the angle laid off, as in the previous problem, making five "repetitions” with telescope 
normal and five with it inverted. (5) Find the difference between the angle laid 
off and the required angle, and by trigonometry compute the linear distance that the 
tack must be moved perpendicular to the line of sight. (6) Set the tack accordingly. 

Pboblem 4. Measurement of Vertical Angles with Transit 

Object. To determine the height of a building above the water table, by measure- 
ment of vertical angles with the transit. 

Procedure. (1) Set up the transit at A, at a distance from the budding approxi- 
mately twice the height of the building. Level the telescope, and note the location 
of the horizontal hair on the building; mark the point sighted, and measure the dis- 
tance ha above or below the water table. (2) By double-sighting, determine the 
index error of the vertical circle. Sight on the high point T of the building, and 
record the vertical angle. (3) Depress the telescope, and set a point B in the same 
vertical plane with A and T, about halfway between 4 and the building. (4) Set 
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up the transit at 5, and measure h and the vertical angle to point jT, as at ii. (5) 
Measure the horizontal distance AB\ (6) Draw a sketch, and compute the difference 
in elevation (a) between T and the horizontal line of sight from either transit station, 
and (fc) between r and the water table. 

Hints and Precautions. The index error may be read either before or after ob- 
serving a vertical angle; while this reading is being taken, the line of sight should be in 
the same vertical plane as the point sighted. 


Problem 5. Prolongation of a Line by Double-sighting with Transit 

Object. To prolong a straight line with precision, setting stakes at intervals of 
about 300 ft. (see Art. 13-18). 

Procedure. (1) Set two points about 300 ft. apart in such location as to afford 
an open view for 1,000 ft. or more in advance. (2) Set up the instrument on the 
forward point. Backsight with the telescope inverted. (3) Plunge the telescope, 
and set a stake on the line 100 paces in advance. Mark a point on the stake exactly 
on line. (4) Take a second backsight on the rear stake in the same manner but with 
the telescope normal. Plunge the telescope again, and mark a point on the advance 
stake. (5) If this point does not coincide with the first point set, a point midway 
between them is on the line. (6) Set up the transit over this point, and advance by 
the same process, backsighting on the nearest point in the rear. Continue in this 
way for the desired distance. (7) Check the work by setting the instrument over the 
first point, sighting carefully on the next point, and then noting the linear error of 
the points set by double-sighting, without moving either horizontal motion of the 
instrument. 


Problem 6. Prolongation op Line past Obstacle 

Object. To prolong a line AB past an obstacle when the conditions are such as to 
limit the lengths of the offsets. 

Procedure. (1) Asoutlinedin the first paragraph of Art. 13-19. (2) The lengths 
of offsets should be measured very carefully. If the instrument is in good adjustment, 
the points E and F may be set by a single reversal; or if a clear sight can be obtained, 
the transit may be set up at C and the points E and F established without reversal, 
(3) If the obstacle is imaginary, check the accuracy of the work by setting the transit 
at A and locating G and H by the direct prolongation of AB. 


Problem 7. 


Running a Straight Line between Two Points Not 
Intervisible 


Object. To establish points along a straight line joining two given points not 
intervisible. 

Procedure. (1) As outlined in Art. 13-20, cases 2 and 3. (2) Under case 2, take 
two points on opposite sides of a hill. To check the located position of C (Fig. 13-16) 
set up the transit at that station and by the method of double-sighting prolong 
the line AC to R. Note the error at B. (3) Under case 3, determine offsets from 
the intermediate points on the line AX (Fig. 13-17) to the line AB, and establish the 
corresponding points on AB by tape measurements. Then lay off the angle a 
from AX, and establish a second set of points on the line AB by the method of 
double-sighting. Note the discrepancies. 
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Problem 8. Determination op Inaccessible Distance 

Object To obtain the distance between two points on opposite sides of a river. 

Procedure. As outlined in Art. 13-21. The transit points should be tacked stakes. 
If the river is imaginary, after the distance has been computed by each method, check 
it by direct measurement. 

Problem 9. Intersection op Lines with Transit 

Object. To bisect the three angles of a triangle and to mark the point of con- 
currence of the bisectors. 

Procedure. (1 ) Drive three stakes, A , H, C, at the vertices of a roughly equilateral 
triangle having sides about 300 ft. in length. Tack each stake. (2) Set up the 
transit and measure the angle at A. Lay off one half of the measured amount, thus 
establishing the bisector of angle A. On the bisecting line of sight and on an esti- 
mated bisector of angle B drive a stake o and drive a tack halfway. Set two more 
tacked stakes m and n on the bisecting line of sight about 10 ft. from and on opposite 
sides of 0 . (3) Set the transit at B and locate the position of the bisector as at A. 
Drive a stake on this line and under a cord stretched from m to o or n to o, as the 
conditions require. Tack the exact point of intersection p. (4) Set up the transit 
at C, measure the angle, and bisect as at A and B. (5) Measure the discrepancy 
between this bisector and the point of intersection of the first two bisectors at p, to 
hundredths of feet. Also measure the angular discrepancy; it should not exceed 02'. 



Problem 10. Measurement op Angle When Transit CANkoT Be 
Set at Vertex 

Object To measure the angle between two walls of a building, 

Procedure. As outlined in Art. 13-24. The points o, 6, etc., should be tacks in 
stakes driven at appropriate locations. 

Problem 11. Aujustment op the Transit 

Object. To make the field adjustments of the engineer's transit. 

Procedure. As outlined in Art.13-26. 
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CHAPTER 14 


TRAHSIT-TAPE SURVEYS 

144. General. This chapter treats of the general methods utilized on 
the large variety of surveys of ordinary precision, for which the transit is 
employed for the measurement of horizontal angles and the tape is used 
for the measurement of distances. With minor modifications, these prac- 
tices are common to land, city, topographic, and hydrographic surveys and 
to location surveys such as those for highways and railroads. A large part 
of surveying work of ordinary precision is carried on as herein described. 

14*2. Transit Party. The transit party is usually composed of a transit- 
man, a head ehainrmn, and a rear chainman. The transitman directs the 
work of the party, operates and cares for the transit, and keeps the notes. 
The head chainman performs the duties of that position as described in 
Arts. 7*12 and 7*13, gives line as directed by the transitman, and is respon- 
sible for the accuracy and speed of the chaining operations. Where stakes 
are set, he attends to their proper marking. The rear chainman carries 
out the duties of that position as described in Arts. 7*12 and 7*13, gives 
backsights as directed by the transitman, often carries and drives stakes, 
and assists in removing obstructions to the vision of the transitman. In 
wooded country, axemen (up to five or six in number) are employed in clear- 
ing the transit line of trees and brush. The head chainman keeps in close 
communication with the axemen and assists in their direction. Where 
sights are long, a rear flagman is often stationed at the transit point pre- 
ceding that at which the transit is set, his duty being to give backsights to 
the transitman. Where many observations are to be taken, the notes are 
kept by a recorder, who may also act as the chief of party. 

14*3. Equipment of Transit Party. The equipment of the transit party 
usually consists of a transit, 100-ft. steel tape, two range poles, stake bag, 
stakes, tacks, axe or hammer, two or three plumb bobs, field notebook, 
chaining pins, and marking crayon. A wool or silk hood is provided for 
the transit as a protection against rain. Often large nails are conveniently 
used as markers, and frequently a cold chisel is used in marking points on 
stone or other hard objects. 

14*4. Transit Stations. Any point of reference over which the transit 
is set up is called a transit station. The object marking the point may be 
either temporary or permanent. On most surveys the transit station is a 
hub, or peg driven flush with the ground and having a tack in its top to mark 
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the exact point of reference for angular and linear measurements. On 
pavements the transit station may be a driven nail or a cross cut in the 
pavement or curb. In land surveying the stations are often iron pipes, 
stones, or other more or less permanent monuments set at the corners. In 
mountainous country the station marks are often cut in the natural rock. 

The location of a hub is usually indicated by a flat guard stake extending 
above the ground and driven sloping so that its top is over the hub. This 
guard stake carries the number or letter of the transit station over which 
it stands. Usually the number is marked with lumber crayon or keel and 
reads down the stake. It is common practice to drive the guard stake so 
that the number is face downward, thus protecting it from the weather. 
The hubs are often made square, say 2 by 2 in., and the guard stakes are 
usually flat, perhaps %hyZ in. 

In order to avoid the necessity for using a rear flagman to give backsights, 
so far as practical each transit station is marked by some temporary signal 
such as a lath or a stick set on line, with a piece of paper or cloth attached. 

14*6. Transit Lines. Lines connecting transit stations are called transit 
lines. If a system of lines run with the transit forms a traverse (as described 
in Art. 12*17), it is called a transit traverse, to distinguish it from traverses 
run with other instruments. The transit lines forming a triangulation 
system are called lines of triangulation, and the points at which the transit 
is set up are caUed triangulation stations. 

Both in the field notes and as a part of the identification mark left in the 
field, a traverse-station number is preceded by the symbol G and a triangu- 
lation-station number or name by the symbol A. 


In most cases the transit stations are identified by consecutive numbers as the 
survey progresses. Sometimes triangulation stations are given names suggested by 
the locality where each is established; this is particularly true for the more precise 
triangulation systems covering large areas. 


For many open traverses where lengths are measured with the tape, 
distances are referred to the point of beginning of the survey and stakes 
marked with the distance from the initial point are commonly set every 
100 ft. These 100-ft. points are called full stations, and intermediate points 
are called plm stations. The distance to any plus station is indicated as 
the number of hundreds of feet from the initial point to the preceding full 
station plus the distance in feet from the preceding full station to the point 
in question. Thus, a full station at, say, 1,200 ft. from the initial point 
would be numbered 12 -f 00, or simply 12; and a plus station at, say, 
1.927.2 ft. from the initial point would be numbered 19 + 27.2. The sta- 
tions intermediate between transit stations are marked usually by flat stakes 
driven vertically, with the number on the side toward the initial point and 
with the number reading down the stake. Where conditions will not permit 
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the driving of stakes, there may be employed chisel marks, painted marks, 
or nails around which may be tied strips of red cloth. 

Transit stations are guarded and marked as described above; thus the guard stake 
for a transit station 1,216.3 ft. from the initial station would be marked as 012+16.3. 
Often the transit stations are referenced (Art. 14*17). 

14‘6. Transit Surveys. Surveys have for their object either (1) the loca- 
tion of certain features of the landscape or (2) the establishment of points 
and lines of predetermined length and direction, which are to be employed 
as a guide to the future enterprises of man. Often a single survey may 
accomplish both objects. For a given character of work the methods 
employed are fundamentally the same. 

The field work of surveying with the transit may ordinarily be divided 
as follows: 

1. Establishing transit stations and lines by angular and linear measure- 
ments. The transit lines may be said to form the skeleton of the survey 
and are called the control or horizontal control, 

2. Locating objects and points with respect to the transit lines, thus 
furnishing the details with which the transit lines are clothed (see Art. 14*18). 

For some surveys the amount of detail secured from the transit lines is 
little; for example, for surveys to establish the boundaries of land the transit 
stations are usually at corners of the property, and if the boundaries are 
straight, few if any measurements to details are required. For some other 
surveys the location of features away from the transit lines forms the greater 
portion of the work. For example, in certain topographic surveys, for every 
transit station there may be as many as 50 points to which measurements 
must be taken to secure adequate information for the construction of the 
map. On some surveys the collection of details may take place as the work 
of laying out the transit lines proceeds; on others the system of transit lines 
is first established, and after it has been checked, the details are obtained. 
The latter procedure is most likely to be employed where the survey covers 
a considerable territory and where the methods and instruments used in 
running the transit lines are not those used in the collection of details. 

The simplest survey to be made with the transit and tape employs a 
single transit station over which the instrument is set. Angles and dis- 
tances to surrounding points and objects are observed. This is often called 
the method of radiation (Art. 14*7). 

One nearly as simple consists of two transit stations connected by a single 
transit line called the base line. From each station, angles with respect to 
the transit line are observed to objects which it is desired to locate. Thus 
any point is defined by the two angles taken from the transit stations and 
by the length of the base line. This is generally called the method of inter- 
section (Art. 14*8) and is a form of triangulation. 
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On surveys of any considerable extent the method of tTcivcrsing (Art. 14 * 9 ) 
is generally employed to establish most of the transit lines, and the two 
preceding methods together with others later to be described are used in 
locating details. On surveys of ordinary precision, transit traverses in one 
form or another probably make up more than nine-tenths of the systems of 
control. 
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Fig. 14’ 1, Notes for survey by radiation. 

The triaTigulation system (Chap. 16) as a means of providing control on 
surveys of ordinary precision is not generally used except for hydrographic 
surveying and for topographic surveying in rough, open country. Where 
conditions are favorable, it is very economical of time in the field. The 
method of triangulation is employed extensively on surveys of precision 
covering wide areas, particularly in connection with topographic and hydro- 
graphic work. The opportunities where the triangulation system may be 
employed to good advantage over traversing are more numerous than is 
generally realized. 

14*7. Radiation. This method by itself is applicable only to surveys 
covering small areas. The transit is set up at any convenient station from 
which can be seen all points that it is desired to locate. The distance from 
the transit station to each of the points is measured, and the horizontal angle 
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is observed. The angles between successive points naay be measured; or 
the true, magnetic, or assumed bearing or azimuth of each of the lines join- 
ing the points with the transit station may be observed. 

Figure 14-1 illustrates the notes for the survey of a field, angles being measured be- 
tween successive points. 

Where it is necessary to locate only the points, as, for example, where the survey 
k made for a map, the method is excellent. But trigonometric computations are 
necessary if the length and direction of land lines are to be determined. 

For example, consulting the sketch of Fig. 14*1, the field notes give for each of the 
triangles into which the figure is divided, two sides and the included angle at 0. To 
determine the length of any unknown side (as EF) and the value of any unknown 
angle (as OFF?), it is necessary to use (either directly by right-angle triangles or in- 
directly by oblique triangles) the sine of the angle at 0 (as sin EOF). A disadvantage 
of the method lies in the weakness of the computed values when the measured angle 
is small (see Fig. 3*2). 

Thus, if the angles in Fig. 14*1 were measured with an error of 30", the error in the 
computed length EF would correspond to the low ratio of precision of 1/1,260, while 
the ratio of precision of the computed length CD would be practically l/^,000. 

Inasmuch as there is likely to be at least one small measured angle in 
each figure, the method, while' often practicable from the standpoint of 
economy of time in the field, is not commonly used for property-line surveys. 
It is generally employed for the location of details on extensive surveys. 

14*8. Intersection. In Fig. 14*2 let the points A, B, C, etc., represent 
objects which it is desired to locate, and let OP be a convenient line from 
both ends of which the unknown points are visible. 

The length of the base line OP is measured with 
the tape. The transit is set up at 0, and angles 
to the unknown points are observed; these may 
be expressed as azimuths, as bearings, or as 
angles between successive points. A similar 
series of observations is made with the transit at 
P. In this manner each of the unknown points 
becomes the vertex of a triangle of which the base 
line OP is the side of measured length, and in 
which the angles adjacent thereto are observed values; the locations of the 
unknown points are thus defined. 

Particular attention should be given to securing well-shaped triangles; that is, 
the angles should be neither too large nor too small. Usually on important work the 
attempt is made to secure angles between 30° and 150°. In Fig. 14*2 the triangle 
AOP is weak, the angles at A and P being too small and the one at 0 being too large; 
hence the uncertainty of the position of point A would be large. The triangle BOP . 
is well shaped, and the computed position of B would be much more certain for a 
given precision of angular measurement than would that of A. 

Thus, if the angles were measured with an error of 30", and the values were OAP =5° 
and OBP - 45°, the ratios of precision as governed by angular errors would be about 
pjoo for the computed distance AO and about 1/7,000 for the computed value of BO. 



Fig. 14’2. Intersection. 
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” Sights may betoken simultaneously by means of two transits set up at 
onnolte Tds of a measured base line. In hydrographic surveying, this 
method ototersection is useful in locating soundings. For the construction 
of bridges and dams, the method is used to establish points for piers and 
other structural parts which are difficult of access. , , . . . i 

A variation of^ the method of intersection is the method of resechon, by 
minl of which the transit may be set up at a station of locataon 

Id its location determined by sighting on pomts oj 

principle of resection employing the transit is as descnbed for the plane 

*"?4.9’'Trtvetog. A traverse may be run for the purpose of locating 
features already existing in the field, the locations of transit statio^ being 
chosen so as to facilitate the work of locating these features. Or, a traverse 
may be run for the purpose of establishing points and hnes in accordance 

'"CTosed'rrasme. Following is a general description of the work of running 
a closed traverse, the transit stations being established m advantageous loca- 
tions as the survey progresses, and distances 
being measured between successive transit 
stations. In Fig. 14- 3 let A and B be selectea 
locations for transit stations marking the first 
line of a traverse. Hubs defining the points 
are driven and properly identified by guard 
stakes. The transit is set up at B, the hori- 
zontal vernier is set to a given angular value, 
a backsight is taken on a range pole at A, and 
the lower motion is clamped. The line AB 
is then chained as described in Chap. 7, except that usually the head chmn- 
man is lined in by the transitman rather than by the rear chainman. I he 
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distance AB is recorded. The location of C is selected^ and the transit point 
is established. The transit is turned on the upper motion until a foresight 
is secured on C. The upper motion is clamped, and the angular value is 
read and recorded. The distance BC is chained and recorded in a manner 
similar to that for AB. The transit is moved forward to C, a backsight is 
taken to B, the point D is chosen, a foresight is taken to Z), and the angle 
is read. The line CD is chained. The process is repeated for point E, etc., 
until the traverse is finally brought to a closure on the initial point A. 

As a means of checking the angular measurements against large errors, magnetic 
bearings are usually observed on both backsight and foresight from each station and 
are compared with bearings computed from the measured angles as described in 
Chap. 12. Also as a check, after the traverse is brought to a closure the initial station 
is occupied by the transit and the angle between the first and last lines of the traverse is 
measured; in this way the angular error of closure is determined. Where the traverse 
is not long, a sketch of the traverse, together with any other desired features of the 
survey, is usually shown on the right-hand page of the notebook, and the measure- 
ments are tabulated on the left-hand page, the numerical notes being kept down 
the page in order of the observations (Figs. 14*4 and 14-6). Even though measure- 
ments to details are not included, it is usually customary to show on the sketch the 
approximate location of important objects. 

Open Traverse. An open or continuous traverse may be run in exactly 
the same manner, except that of course there is no closure. However, the 
open traverse may begin and close on previously established lines, the direc- 
tions and locations of which are known; or on long open traverses the true 
meridian may be determined at intervals (by astronomical observations) 
and the direction of the traverse line thus checked. Where stakes are set 
every 100 ft., the chainage is referred to the point of beginning; and if the 
traverse is of considerable length, the notes are usually taken up the page, 
and for sketches the traverse line is considered as being on the center line 
of the right-hand page (Fig. 14- 5). Also in the notebook a line is given to 
each station and plus. This manner of keeping notes facilitates sketching, 
since objects on the sketch will appear in the same relative position as they 
appear to the recorder proceeding along the line. 

Where stakes are set every 100 ft., those marking intermediate points between 
transit stations are not usually tacked except where they mark the final location 
of some very definite line, as for example, the center line of a railroad track. On 
rough surveys, distance is measured by the rear chainman holding his end of the tape 
to the center of base of the last stake driven and the head chainman thrusting the 
end of the range pole in the ground at the other end. The rear chainman before 
leaving the point calls out the number of the station as marked on the stake, and the 
head chainman replies with the number of the station at the range pole, at the same 
time marking the stake which is to be set at the new station. He then removes the 
range pole from the ground and puts the stake in its place; the rear chainman, when 
he comes forward, drives the stake and checks its number. Often the head chainman 
carries a notebook in which he records the number of each station as soon as the stake 
is marked and set. On more precise surveys, linear measurements are carried for- 
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ward by means of chaining pins as described in Chap. 7, each stake being driven by 
the rear chainman as he pulls the pin. If tacks are set in intermediate stakes, the 
chainage is carried forward from tack to tack. 

General, Usually when the transit is to occupy a station for any consider- 
able length of time, there is more or less likelihood of its being disturbed. 
To detect any movement of the lower motion, the transitman often observes 
the angle to some prominent feature of the landscape just after having 
taken a backsight to the preceding transit point, and occasionally thereafter 
he sights again at the reference mark and notes the angle. If no change is 
observed, it is proof that there has been no accidental rotation of the hor- 
i? 5 ontal circle. The transitman should invariably apply this check as the 
last operation before leaving any station. 

The procedure of traversing with the transit as just described is, of course, modified 
to conform with the purpose of the survey and with the conditions under which the 
work is prosecuted. Where the traverse is through wooded country, it is impossible 
to establish transit stations in advance of the instrument until the line has been 
cleared. Consequently, a foresight is taken in the general direction of the proposed 
station and the clearing proceeds until a favorable location for the advance transit 
station is encountered. If lOQ-ft. stations are to be established, the stakes are driven 
on a fixed line as fast as clearing will allow. When the line is extended to the appro- 
priate locality, the transitman lines in the hub in the same manner as the intermediate 
stakes. 

Often one or more transit stations are necessary between points at which angles 
are turned. Usually the line is prolonged beyond such stations by plunging the tele- 
scope rather than by turning 180° on the upper motion. Where a number of stations 
lie between two adjacent angle points, it is good practice to backsight at one station 
with the telescope in the normal position and at the next station with the telescope 
inverted. When there is any doubt as to the correctness of adjustments or when the 
precision demands it, the line should be prolonged by the method of double-sighting 
(see Art. 13-18). In the notes the stations thus established are indicated in the same 
manner as are the transit points at which angles are turned. 

The angles of the traverse may be measured by observing deflection angles^ 
azimuthe, angles to the right, or interior angles, as desired. The magnetic 
compass with which the transit is equipped may be employed for running 
magnetic traverses, and in this respect it is more useful than is generally 
appreciated, particularly for rough preliminary or reconnaissance surveys. 

Formerly it was common practice to run bearing traverses by means of the horizon- 
tal circle graduated in quadrants as illustrated in Fig. 13*4c, but the azimuth method 
has such marked advantages over the bearing method that the latter is not often 
used except with the compass. 

14*10. Deflection-angle Traverse. This method of running traverses is 
probably more commonly employed than any other, especially on open 
traverses where only a few details are located as the traverse is run. It is 
used almost entirely for the location surveys for roads, railroads, canals, 
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and pipe lines. It is employed to a less extent in land surveying and in 
establishing control traverses for topographic and hydrographic surveys. 

Successive transit stations are occupied, and at each station a backsight 
is taken with the A vernier set at zero and the telescope inverted. The 
telescope is then plunged, the foresight is taken by turning the instrument 
about the vertical axis on its upper motion, and the deflection angle is 
observed. The angle is recorded as right R or left L, according to whether 
the upper motion is turned clockwise or counter-clockwise. 
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Fig. 14-4. Notes for short closed deflection-angle traverse. 

Figure 144 illustrates the field notes for a short closed traverse run by 
the deflection method. It will be seen that they are kept dotim the page. 
Magnetic bearings have been observed forward and back from each station. 
For any closed traverse the summation of the deflection angles, considering 
those turned to the right as being of opposite sign to those turned to the 
left, should equal 360°. The actual sum indicated in the notes shows that 
there existed an angular error of closure of 01'. Deflection angles computed 
from the observed magnetic bearings are shown in the fifth column. These 
values will be free from local attraction and should agree closely with the 
corresponding observed deflection angles. In the last column are the bear- 
ings as calculated from the observed deflection angles, assuming the cal- 
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Fig. 14-5. Notes for open deflection-angle traverse. 


line righWiMid page represents the traveree. The notes are kept up 

the page and observations are checked against larger errors by the close 
agreenfent between computed bearings and observed magnetic beanngs. 
The notes are typical of the form used on highway, railroad, and other route 
surveys Some surveyors prefer a form of notes having separate columns 
for left and right deflection angles. 

The method just described is open to the objection that plunging the 
the intSted to the normal position introduces a constant error in each obs^ed angle 
if the Tne of sUt adjustment. If there are a large number of lines 

in the traverse? the total angular error introduced m this manner may become con- 
siderable, even though the error at each individual station is less than the least readmg 
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of the vernier. For this reason, it is better practice to set the A vernier at 180°, 
take the backsight, and then turn the instrument on its upper motion (instead of 
plunging) to the foresight. If the practice of plunging the telescope is followed, 
one backsight should be taken with the telescope normal and the next backsight with 
the telescope inverted. 

The precision of measurements is increased somewhat, and at the same time each 
observation is checked, by doubling the angle, a common practice on important sur- 
veys. Both the single and the doubled values are usually recorded. The deflection 
angle is considered as being one half of the doubled value. To eliminate instrumental 
errors, the first backsight from a given station is taken with the telescope normal and 
the second backsight is taken with the telescope inverted. The telescope is usually 
plunged between backsight and corresponding foresight. The procedure just out- 
lined checks the angles within the least count of the vernier and hence furnishes a 
much closer verification than does the method of checking by magnetic bearings. 
Ordinarily if the angles are doubled, magnetic bearings are not observed. 

1441. Azimuth Traverse. The azimuth method possesses an advantage 
over the other common methods of traversing with the transit, in that the 
simple statement of one angular value— the azimuth — fixes the direction 
of the line to which it refers. The method is extensively used on topographic 
and other surveys where a large number of details are located by angular 
and linear measurements from transit stations. The simple relation exist- 
ing between azimuths and bearings make it possible to compute one from 
the other at a glance. Also the angular error of closure of a traverse is at 
once evident by the difference between the initial and final observations 
taken along the first line. The azimuth of the initial line of the traverse 
may be referred to either a true or an assumed meridian. 

First Method, Successive stations are occupied beginning with the line 
of known azimuth. At each station the transit is '^oriented” by setting 
the A vernier to read the back azimuth (forward azimuth ± 180°) of the 
preceding line and then backsighting to the preceding transit station. The 
instrument is then turned on the upper motion, and a foresight on the fol- 
lowing transit station is secured. The reading indicated by the A vernier 
is the azimuth of the forward line. 

Figure 14*6 illustrates the notes for a short closed traverse for which the az- 
imuths were observed as just described. As indicated in the notes, each line 
has both an observed forward azimuth and a set-off back azimuth whose 
values differ by 180°. The traverse is started from the line 1-5 whose azimuth 
is 270°28' reckoned from true north. The forward azimuth of line 1-2 is 
found to be 350°30', When the transit is set up at station 2, the back 
azimuth is computed by subtracting 180° from the forward azimuth (350°30' 
— 180° = 170°30'), and this value is set on the vernier before the back- 
sight to station 1 is taken. Magnetic bearings are observed, and a check 
against large errors is secured by noting that the computed bearings vary 
from corresponding magnetic bearings by about 9° 10', the amount of the 
magnetic declination. 
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Second Method. The procedure just described is often modified by plunging the 
telescope between each backsight and the corresponding foresight, and leaving the 
vernier setting unchanged between a foresight and the following backsight. In other 
words, if A B is some transit line in the traverse and a foresight reading has been taken 
from A to B with telescope normal, the transit is brought forward to B without dis- 
turbing the vernier setting, and a backsight on A is taken with the telescope inverted. 
It is then plunged to the direct position (which orients the transit), and the foresight 
to C is obtained by turning on the upper motion. The reading of the A vernier gives 
the azimuth of the line BC. The vernier should always be read before a backsight 
is taken to make sure that no slip between plates has occurred while the transit was 
being brought forward. 


AZIMUTH TRAVERSE AT HIGH-WATER 
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Fro. 14*6. Notes for short closed azimuth traverse. 

The advantage of plunging the telescope over changing the vernier reading by 180® 
lies in the increased speed with which the azimuths may be measured and in the 
probably smaller error of determining azimuth of a line due to accidental errors of 
reading the vernier. That is, so far as errors of reading are concerned, no error is 
introduced beyond the initial setting of the vernier. The disadvantages are that a 
mistake may be made in reading and recording an angle without its becoming evident 
at closure of the traverse, and that unless the line of sight is in perfect adjustment a 
constant angular error is introduced at each set-up. 

Third Method. A third method of runnil^gan azimuth traverse possesses certain 
marked advantages over either of those described. The procedure is practically the 
same as that of the first method, except that, instead of the vernier reading being in- 
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creased 180° for each backsight, the other vernier is employed. If there has been no 
slip between plates as the transit is carried forward from one station to the next, the 
vernier opposite to that registering the forward azimuth of the line will indicate the 
back azimuth. For convenience in reading this vernier the telescope is usually 
plunged prior to each backsight, but it should be noted that the telescope is not 
plunged between backsight and following foresight. If the upper motion is left 
clamped after each foresight until the succeeding backsight has been taken in the man- 
ner Just described, and if both foresight and backsight from any point are taken with 
the telescope in the same position (normal or inverted) and with the same vernier, 
neither an accidental error due to imperfect vernier settings nor a systematic error 
due to the line of sight’s not being perpendicular to the horizontal axis will be intro- 
duced. To guard against reading the wrong vernier or sighting with the telescope in 
the wrong position, the station numbers in the notes may be alternately marked A and 
B, or it may be noted that at odd-numbered stations azimuths are read by means of 
the A vernier with the telescope normal, and at even-numbered stations by means of 
the B vernier with telescope inverted. 

14*12. Traverse by Angles to the Right. This method is similar to the 
azimuth method, except that at each station the backsight to the preceding 
transit station is taken with the A vernier set at zero. The instrument is 
turned on the upper motion, a foresight is taken to the following station, 
and the clockwise angle is read on the A vernier. Angles to the right are 
often called azimuths from hack line. Notes are kept in much the same form 
as for deflection angles (Figs. 14*4 and 14*5). Traverse angles are checked 
by either magnetic bearings or doubling. 

The method is used mostly on open traverses, particularly where many 
details are to be located from the traverse stations. For such work the 
chances of confusion are considerably less than when the deflection-angle 
method is employed. 

14*13. Interior-angle Traverse. This method of traversing is used 
principally in land surveying. So far as the field operations are concerned, 
it is not materially different from the deflection method. At each station 
the vernier is set at zero, and a backsight to the preceding transit station is 
taken. The instrument is then turned on its upper motion until the advance 
station is sighted, and the interior angle is read. Either the notes may be 
kept in the form of a sketch on which the observed angles and distances are 
shown, or the numerical values may be tabulated in form sinular to that of 
Fig. 14*4. Angles may be checked by the geometrical relation that in any 
polygon Having n sides the sum of the interior angles is (n — 2) 180°. 

14*14. Checking Traverses. At the expense of some repetition, the 
common methods of checking traverses will here be discussed. The errors 
involved in traversing are of two kinds, angular and linear. 

Where conditions are such as to render the magnetic needle a dependable 
device, magnetic bearings offer an excellent means of checking observed 
angles against mistakes or large errors. On traverses of ordinary precision 
this check is usually applied by reading the compass needle on the transit 
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and then comparing the observed bearing with the bearing computed from 
observed transit angles. , j those of extensive surveys or of 

su^eyXt do nrcontein closed figures, often the angular values are 
v3 by doubling the angles and the linear measurements are checked 

hv ('haininff forward and back over each line. . _ , * • i nin 

cts rTraaerscs. For a closed traverse certain fixed geometrical rela- 
CTosea iraae ^ determine readily the angular error of 

Tr * “I 

of the survey The actual total error m measured distances cmmt be 
deteriiltl Bulthe coordinates of the first point ^ calculated by succes- 
sive angles and distances around the traverse should equal the coordinate 
of the same point as used at the beginning of computations; and this condi- 
tion renders^it possible to calculate the linear error of closure due to errors 

both in angles and in distances (Chap. 18). 

On closed traverses it is customary to compute the angular ® ° 

in the field. When the linear error is determined, as on all important 
traverses, the calculations are made in the office. Where ° J 

are of sufficient precision, a short traverse may be checked exp^itiousy y 
plotting with protractor and scale or by other methods later to be descnbe , 
Lt for long Lny-sided traverses the accumulative errors of 
likely to be large, and there is no way of determimng whether the linear 
error of closure is due to inaccuracies in the field work or in the drafting. 

Open Traverses. For an open traverse no such means of cheeking the 
measurements as a whole are available. But although linear errors cannot 



C D 

Fig. 14-7. Cut-off lines. 


be detected, angular errors may be closely determined by astronomical 
observations taken at intervals as the traverse progresses. Where condi- 
tions allow, cut-off lines run between certain intermediate points are some- 
times established, these lines making it possible to check parts of the trav- 
erse. Thus in Fig. 14-7 the line ABC ... N represents an open traverse. 
If the direction of the cut-off line AG is observed at both A and <?, the angular 
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measurements of the traverse from A to G may be checked, and further if 
the distance AG is measured the linear error of closure may be computed. 
Similar measurements for the cut-off line DK would enable the checking of 
the traverse up to K. The method really amounts to running a succession 
of closed traverses. Wherever conditions make running a cut-off line imprac- 
ticable, there will be a portion of the main traverse line which cannot be 
checked by this method. Conditions favorable to establishing a cut-off 
line are met only occasionally, and then it is often not convenient to measure 
the length of the line. 

By observing the angle to some distant landmark from each of several 
stations, several determinations of the rectangular coordinates of the mark 
may be obtained. If these values agree closely, it is good evidence that 
all angular and linear measurements which are involved are free from serious 
errors. If there is disagreement between computed coordinates, there is 
no way of telling with certainty just where the error lies, but usually its 
location may be fixed approximately. 

Although the methods of checking open traverses already described are employed 
where opportunity offers, ordinarily it is impossible thus to verify more than a small 
portion of the total number of observations taken, and the errors in the traverse as a 
whole cannot be determined. Frequently the open traverse begins and ends at 
points, the locations of which have been accurately determined by previous field 
operations (for example, the triangulation stations of the U.S. Coast and Geodetic 
Survey or the monuments set in connection with state plane-coordinate systems). 
In such cases the error of closure of traverse on the known point may be determined 
by comparing its established or accepted coordinates with those computed from the 
traverse observations. The error of closure obtained by this method contains the 
combined effect of angular and linear errors, whereas that of a closed traverse contains 
only the effect of angular errors; a closed traverse may close perfectly even though 
the tape is not of the correct length. 

14*15. Precision of Transit-tape Traverses. The precision is affected 
by both angular and linear errors of measurement. The precision of linear 
measurements with the tape is discussed in Art. 7*23; the precision of angular 
measurements with the transit is discussed in Art. 13-31. It will be remem- 
bered that under ordinary conditions the angular errors are largely acci- 
dental, and that hence the probable error in the direction of any line in a 
traverse with respect to any other may be expected in general to vary as 
the square root of the number of set-ups between the two lines. On the 
other hand the important linear errors on traverses of ordinary precision 
are likely to be systematic. The precision of the location of any transit 
point, therefore, is generally influenced much more by the systematic linear 
errors than by the accidental angular errors; and, except on surveys of 
high precision, the precision is usually found to vary approximately as the 
length of the traverse lines. In stating limits of error in transit work the 
ratio of linear precision (as 1/5,000) is used. 
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The relation between the precision of angles and that of related distances 
is discussed in Arts. 3-7, 3*8, and 4*5, In ordinary surveying, transit angles 
are usually read to 01'; the corresponding linear error per 1,000 ft. is 0.291, 
and the ratio of precision is 1/3,440. Hence in ordinary work the consistent 
precision of chaining should be about 1/3,000. Similarly, if angles are 
read to 30" or if angles read to 01' are doubled, the corresponding precision 
of chaining should be about 1/6,000. 

Unless a traverse either forms a closed figure or begins and ends on points 
previously established by measurements known to be practically correct, 
its precision is indeterminate; but if the proper procedure is employed (see 
Arts. 7*23 and 13*31), and if the several angles and distances making up 
the traverse are checked by a second measurement or by other methods 
previously discussed, there is reasonable assurance that the precision will 
not be below a fixed standard. The required precision of a traverse, whether 
open or closed, depends upon the character, purpose, and extent of the 
survey, and for any given case is a value to be fixed after due consideration 
of the factors involved. 

On important or extensive surveys it is common practice for those in 
charge to issue definite instructions covering in detail the procedure to be 
followed by the several members of the surveying staff and specifying the 
maximum allowable discrepancies between check measurements or otherwise 
signifying the precision which it is desired to maintain. Where a traverse 
forms a closed figure, the angular error of closure is ordinarily determined 
through fixed geometrical relations already mentioned, and the linear error 
of closure is determined by trigonometric computations which will be 
described in a later chapter. Often limits are placed upon the angular and 
the linear error of closure. Typical instructions and specifications for 
various degrees of precision are given in the following article. 

14* 16. Specifications for Traversing. Limitations as regards the skill of 
surveying personnel, quality of instruments, and field conditions are so 
numerous as to make any statement of the precision to be attained in trav- 
ersing with the transit of only very general value. The following specifica- 
tions have been prepared with this in mind, and the values therein given 
are not by any means considered fixed. The specifications give maximum 
values; and, if the surveys are executed by well-trained men, with instru- 
ments in good adjustment and under average field conditions, the error of 
closure should generally be not more than half the specified amount. Even 
in rough chaining, the effects of the systematic errors can be greatly reduced 
by easily calculated corrections applied to the measured values (Arts. 7*15 
to 7*23); this fact is frequently overlooked, even by experienced surveyors. 
In these specifications it is assumed that a standardized tape is used. The 
specifications apply to traverses of considerable length. 
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Class 1. Precision sufficient for many preliminary surveys, for horizontal control 
of surveys plotted to intermediate scale, and for land surveys where the value of the 
land is low. 

Transit angles read to the nearest minute. Sights taken on a range pole plumbed 
by eye. Distances measured with a 100-ft, steel tape.- Pins or stakes set within 0,1 
ft. of end of tape. Slopes under 3 per cent disregarded. On slopes over 3 per cent, 
distances either measured on the slope, and corrections roughly applied, or measured 
with the tape held level and with an estimated standard pull. 

Angular error of closure not to exceed 1'30" Vn, in which n is the number of obser- 
vations. Total linear error of closure not to exceed 1/1,000. 

Class 2. Precision sufficient for most land surveys and for location of highways, 
railroads, etc. By far the greater number of transit traverses fall in this class. 

Transit angles read carefully to the nearest minute. Sights taken on a range pole 
carefully plumbed. Pins or stakes set within 0.05 ft. of end of tape. Temperature 
corrections applied to the linear measurements if the temperature of air differs more 
than 15°F. from standard. Slopes under 2 per cent disregarded. On slopes over 

2 per cent, distances either measured on the slope, and corrections roughly applied, 
or measured with the tape held level and with a carefully estimated standard pull. 

Angular error of closure not to exceed 1' Vn. Total linear error of closure not to 
exceed 1/3,000. 

Class 3. Precision sufficient for much of the work of city surveying, for surveys 
of important boundaries, and for the control of extensive topographic surveys. 

Transit angles read twice with the instrument plunged between observations. 
Sights taken on a plumb line or on a range pole carefully plumbed. Pins set within 
0.05 ft. of end of tape. Temperature of air determined within lO^F. and corrections 
applied to the linear measurements. Slopes determined within 2 per cent and cor- 
rections applied. If tape is held level, the pull kept within 5 lb. of standard and cor- 
rections for sag applied. 

Angular error of closure not to exceed 30" Vn. Total linear error of closure not to 
exceed 1/5,000. 

Class 4. Precision sufficient for precise surveying in cities and for other especially 
important surveys. 

Transit angles read twice with the instrument plunged between readings, each 
reading being taken as the mean of both A and B vernier readings. Verniers reading 
to 30". Instrument in excellent adjustment. Sights taken with special care. Pins 
set within 0.02 ft. of end of tape. Temperature of tape determined within 5°F. 
and corrections applied. Slopes determined within 1 per cent and corrections applied. 
If tape is held level, the pull kept within 3 lb. of standard and corrections for sag 
applied. 

Angular error of closure not to exceed 15" Vn. Total linear error of closure not to 
exceed 1/10,000. 

14*17. Referencing Transit Stations. Many of the hubs marking the 
location of highways, railroads, and other works of man are bound to be 
uprooted or covered during the progress of construction; and they must be 
replaced, often more than once, before construction is completed. Such 
hubs marking the transit stations are usually tied by angular and/or linear 
measurements to temporary wooden hubs called reference hubs, or to other 
objects that are not likely to be disturbed. A transit station is said to be 
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referenced when it is so tied to nearby objects that can be readily replaced. 
The nianiier of referencing a transit station is indicated in the notes by an 
appropriate sketch. Particularly on land surveys, the corners should be 
tied to nearby objects which can be readily found, which are not likely to 
be moved or obliterated, and which are of a more or less permanent character. 


Often in land surveying a corner is incorrectly said to be “witnessed” when angular 
and, linear measurements are taken to nearby objects of the character just mentioned. 
This unfortunate designation leads to the confusion of reference marks for a corner 
which has been established with witness corners (Art. 23*24) which are markers set on 
each of the four land lines leading to a corner when that corner falls in a place where it 
would be either impossible or impracticable to establish or to maintain a monument. 


Figures 14*8 to 14*11 illustrate several methods of referencing a transit 
station. The station shown in Fig. 14*8 is tied by linear measurements to 
two reference hubs. While the original measurements can be made very 
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expeditiously, the field work connected with replacement of the station is 
not so simple, and if either of the reference hubs is disturbed, the station 
cannot be relocated. The tie lines should intersect at a favorable angle 
(preferably about 90®); otherwise the station cannot be relocated with 
certainty. 

Figure 14*9 shows a station referenced by setting the two reference hubs 
on a line passing through the station and by taking linear measurements 
from these hubs to the station. Replacement is accomplished by setting 
up the transit at R.H. A and sighting to R.H. B (or vice versa) and then 
laying off along the line thus established the given distance from reference 
hub to station; only one of the linear measurements is necessary, but the 
other is desirable as a check. If either of the reference hubs is destroyed, 
the station cannot be relocated. 

Figure 14*10 represents a third method, often employed when there is 
any likelihood of the reference hubs being accidentally lost. The station 
is at the intersection of the line AB and the line CD, With the measure- 
ments as shown, any two reference hubs may be destroyed and still the 
station may be relocated. Sometimes it is more convenient to place all 
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the refereBce points to one side of the transit line and to locate the station 
by angular measurement only. 

Figure 1441 is typical of the manner in which corners are referenced in 
land surveying. Both angular and linear ties are employed. 
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1448. Details from Transit Lines. On nearly all transit surveys certain 
details^ or natural and artificial features of the terrain, are located with 
respect to the transit lines. The nature and number of details to which 
measurements are taken depend upon the purpose of the survey and upon 
the character of the country through which the survey runs. On the one 
hand a survey for the purpose of establishing or relocating boundaries of 
land would include the location of only a few important objects close to the 
transit lines. On the other hand a complete topographic survey might 
include the location of all features of the terrain. 

The precision with which details are located likewise depends upon the 
purpose of the survey. In retracing property lines, the actual lines may be 
obstructed by hedges or buildings, so that the actual corners must be located 
by measurements from other transit lines; such measurements should be 
taken with a precision as great as that for the transit line. The survey for 
a map ought to be so conducted that all well-defined objects can be correctly 
shown within the scale of the map, bearing in mind that points cannot be 
plotted within less than perhaps Koo Thus if the scale of the map were 
1 in. «= 1,000 ft. there would be no particular advantage in taking meas- 
urements closer than the nearest 10 ft. from a transit line to, say, a building; 
but if the scale were 1 in, = 10 ft., measurements should be taken to 0.1 ft. 
If details are located solely for map-making purposes, generally the required 
precision of measurements to details is less than that for the transit lines; 
this is particularly true for extensive surveys. 

Angular measurements to details are usually made with the transit. In 
most cases angles are read to minutes, but where angles are to be used only 
in mapping operations, usually nothing is to be gained by reading closer 
than 05'. For the ordinary transit, angles may be estimated to the nearest 
05' without the aid of the vernier, and with a material saving in time. When 
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details are located with respect to stations intermediate between transit 
stations, angular measurements are frequently made with some hand instru- 
ment such as the Brunton pocket transit or the sextant. 

Linear measurements to details are made with the 100-ft. steel tape, 
with the 50-ft. metallic tape, with the stadia (Chap. 15), or sometimes by 
pacing. Where distances are long and where a high precision is required, 
the steel tape is employed. Where a considerable number of short distances 
are to be measured, the metallic tape may be used more expeditiously than 
the steel tape; and such measurements are sufficiently precise for most 
purposes. Where the survey is for the purpose of securing data for a map, 
distances to details are often obtained by the stadia method which is suffi- 
ciently precise except for very large scales. Distances to details of indefinite 
outline (for example the bank of a stream or the edge of a wood) are some- 
times determined by pacing. 

On most surveys the details are located as the work of establishing the 
transit lines progresses; thus as a traverse is being run, at any transit station 
the foresight to the following station is observed and then the transit is left 
in position until angles to details have been read. These observations with 
the transit are called side shots, to distinguish them from the traverse angles. 

Locating Details. Following are descriptions of the common 
methods of locating details with the transit and tape. The method, or 
combination of methods, is chosen which requires the least time in the 
particular case. In general, no matter how many points of an object (as 
a building) have been located, its dimensions should be determined by direct 
measurement. For rectilinear objects such as lots which may not be square, 
the diagonals may be measured. 

Generally the notes show by sketches the character and general position 
of the objects located. Where details are not numerous, the angles and 
distances are shown in the proper location on the sketch, but if a consider- 
able number of observations are to be made from a single station or line, 
each observed point is given a number on the sketch, and angles and dis- 
tances are tabulated opposite corresponding numbers on the left-hand page 
of the notebook. If angular values are not placed on the sketch, care should 
be taken that the notes make evident the manner in which the angles were 
observed and the transit line to which the angles are referred. Where 
details are numerous, azimuth angles, rather than deflection angles, are 
observed for the reason that the chances of later confusion are much less. 

1 . By Angle and Distance from Transit Station. As illustrated by 
Fig. 14-12, any given point on the object is located by an angle and a dis- 
tance. At a given transit station distances are measured to such details 
as may be conveniently located from that station, and usually at the same 
time the transit is set up at the station and angles are observed between 
the transit line and the given details. The method is widely used, particu- 
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2. By Angles from Two Transit Stations. This method is particularly 
useful in locating distant or inaccessible objects which can be seen from 
two or more transit stations. As shown by Fig. 14*13, the point is located 
with respect to the transit line if angles to the point are taken from at least 
two stations, that is, by the method of intersection. The advantage of the 
method is that no linear measurements, other than those made in running 
the transit lines, are required; hence the field work is reduced. The disad- 
vantage is that the distance from transit station to point sighted can be 
determined only by computation (except that a rough value can be scaled 
from a map). Also the location of the point becomes indefinite as the angle 
at the point approaches 0° or 180®. 

3. By Distances from Two Stations. On transit traverses for which stakes 
are set every 100 ft. this method of locating details sometimes expedites 
the work, particularly when the details are close to the traverse line, yet 
distant from the nearest transit station. A given object is located by linear 
ties from two traverse stations. Thus, in Fig. 14T4 the stone bound at 
the fence corner is located by distances from stations 4 + 00 and 5 + 00, 
neither of which is a transit station. 


J'/ 


Transif Line 



15 + 40.5 


4. By Angle from One Station and Distance from Another. This method 
will occasionally be found useful. Angles are measured from a transit 
station, and distances are measured from intermediate stations. Figure 
14-15 illustrates a situation where the method would prove advantageous, 
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the i\ke making impossible the direct measurement of the distance from 
the transit station at 16 + 40.5 to the corner of the building, but there being 
no obstacle to the measurement of the distance from station 15 + 00 to 
the corner. Care must be taken to secure good intersections. 

S, By Ranges f Range Ties, and Swing Offsets. If the features to be 
located are buildings, the work of location may be facilitated by ranging, 
or sighting along one or more sides of the building and finding the points of 
intersection of lines thus defined with other lines such as the transit line, a 
fence, or the side of another building. The station and plus of such a point 
of intersection with a transit line is called a range, and a range together with 
the distance along the range line to a corner of the building is called a 
range tie. 

A swing offset, or perpendicular distance from a transit line to a point, is 
determined by swinging the tape about the point as a center and taping 
the least distance from the point to the transit line. 



Figure 14T6 shows how a group of buildings near a traverse line may 
be located by tape measurements only. The building at the right is com- 
pletely located by two range ties, one intersecting the traverse line at 12 + 18 
and the other at 13 + 26. The location of the building is checked (assum- 
ing that the lengths of sides are measured) by the check tie to station 14 + 00. 
The location of the middle building of the group is established by ties to 
station 12 + 00 and station 13 + 00, three ties being sufficient to locate 
the building and the fourth tie being taken to check the location. The 
location of the building on the left is fixed by the range tie intersecting the 
traverse line at 11 + 11 and by the swing offset shown. The locations are 
checked by the range line tying the three buildings together. 

6. By Perpendicular Offsets from the Transit Line. This method is 
adapted to the location of irregular or curved boundaries, streams, and 
roads that closely parallel the transit lines. As indicated by Fig. 14-17, a 
point is located by measuring the distance along the transit line to the foot 
of a perpendicular offset through the point and then measuring the length 
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Object. To collect data sufficient for plotting the boundaries and determining 
the area of a field, employing the azimuth method of traversing. 
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of the perpendicular offset. Features such as those mentioned are located 
sometimes by offsets at regular intervals, but more often at critical points 
which will make the offsets come at irregular intervals. Where stakes are 
placed every 100 ft. along the transit line, the station and plus of the foot 
of each perpendicular is secured, rather than the distance between offsets 
as shown. 


Fig. 14-17. 

Usually the direction of the perpendiculars is estimated by eye except 
where offsets are long; in this case the tape, magnetic compass, sextant, 
right-angle mirror, or sighting prism is employed. Where extreme precision 
is required, the offsets are laid off with the transit. 

14‘20. Field Problems. 


Problem 1. Open Deplection-angle Traverse with Transit and Tape 


Object. To locate a section of an assigned route, setting stakes at full stations. 

Procedure. (1) Stake out a route perhaps 1,500 ft. long with three or four changes 
in direction. (2) Set up the transit over the first stake marking a change in direction. 
With the A vernier set at zero and with the telescope inverted, sight on the stake at 
the beginning of the line. Read and record the magnetic bearing of this backsight. 
(3) Chain the line from the beginning (station 0 + 00) to the transit station, and 
record the length to the nearest 0.01 ft. The transitman lines in the head chainman. 
As the rear chainman pulls each pin, he replaces it with a stake on which he has 
written the station number. (4) Plunge the telescope, unclamp the upper motion, 
and sight on the next forward transit station. Record the reading of the A vernier 
and Rqv L to indicate whether the deflection is right or left from the prolongation of 
the preceding line. Also record the magnetic bearing of the forward line. (5) Be- 
fore the transit is moved, compute the deflection angle from the magnetic bearings 
taken at the station and compare with the deflection angle indicated on the horizontal 
circle, as a rough check. (6) Chain the forward line. (7) Set up the transit at 
succeeding stations and observe the deflection angle at each. Give line for the chain- 
men on each forward line. (8) Keep notes in the form of the sample notes (Fig. 14-5). 
Include sketches of streams, roadways, fences, etc., crossed by the line. (9) Assume 
as correct the magnetic bearing of some course the back and forward bearings of 
which have the same angular value, and compute the forward bearing of each of the 
other courses. 


Problem 2. Closed Azimuth Traverse with Transit and Tape 
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Procedure. (1) Stake out an irregular field having perhaps five sides and con- 
taining an acre or more. (2) Measure the sides with the steel tape, to the nearest 

0.01 ft. (3) Set up the transit at one comer. Set the A vernier at 0°, and turn the 
instrument on the lower motion to sight along the magnetic meridian either north or 
south according as azimuths are to be reckoned from north or south. Clamp the 
lower motion in this position. (4) Unclamp the upper motion, and turn the instm- 
ment to sight the next corner forward. The angle turned off in a clockwise direction 
and read from the A vernier is the azimuth of the forward line. Record the azimuth. 
(5) Record the magnetic bearing. Compare this with the bearing computed from 
the azimuth of the line. (6) Compute the back azimuth of the line by adding 180° 
to the forward azimuth. (7) Set up the instrament on the next corner forward, and 
with the A vernier set on the back azimuth of the line, backsight on the corner pre- 
viously occupied. The instrument is now oriented. (8) Turn the instrument on 
the upper motion, and sight on the next corner forward; the azimuth of the forward 
line is then indicated by the A vernier. (9) Proceed in this manner until each corner 
has been occupied. Also set up again at the first comer, and take readings as for the 
other comers. (10) Keep notes in the form of the sample notes (Fig. 14»6). (11) 
Note the angular error of closure, which should not exceed 30" Vnumber of sides. 
Distribute the error equally among the angles. (12) Compute the interior angles of 
the traverse. 


Peoblem 3. Details with Transit and Tape 


Object. To obtain sufficient data for plotting a detailed map of a portion of the 
campus. 

Procedure. (1) Run a closed azimuth traverse, as described in the preceding 
problem, through the area to be mapped, locate the lines and corners of the traverse 
so that linear and angular measurements necessary to fix the position of details with 
respect to the traverse may be taken with the least labor. Reference the comer hubs. 
(2) Obtain the location of buildings, streets, walks, hydrants, fences, etc., by the 
several methods of Arts. 14- 18 and 14- 19. (3) Sketch indefinite details such as trees, 
streams, and shmbbery without measurements other than by pacing. (4) When the 
traverse is plotted (Chap. 18), plot the details according to ihe manner in which they 
were secured. 

Hints and Precautions. (1) Details may be taken as the traverse is mn. (2) De- 
tenuine the angular error of closure of the traverse; if it exceeds 30" Vnumber of sides, 
reran the traverse until the mistake is discovered. (3) The location of important 
details should be checked, preferably by a different method. (4) Sketches should 
not be overcrowded with measurements. Many measurements can be tabulated 
on the left-hand page and referred to on the sketch by a single letter or number. 
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CHAPTER 15 


STADIA SURVEYING 

15*1* The Stadia Method. The stadia method of measuring distances 
is employed extensively on topographic, hydrographic, and other surveys 
conducted for the purpose of securing data for the plotting of maps (see 
Art. 15*12). It is far more rapid than chaining, and under certain condi- 
tions is as precise. It is a useful means of checking more precise measure- 
ments. 

The equipment for stadia measurements consists of a telescope with two 
horizontal hairs, called stadia hairs, and a graduated rod, called a stadia rod. 

The process of taking a stadia measurement consists in observing through 
the telescope the apparent locations of the two stadia hairs on the rod, 
which is held vertical. The interval thus determined, called the stadia 
interval or stadia reading, is a direct function of the distance from the instru- 
ment to the rod, as demonstrated in Art. 15*5. 

In European practice, a horizontal rod called a ^'subtense bar” is often used, and 
the horizontal angle between the ends of the bar is read on the horizontal circle of the 
transit. See Ref. 1 at the end of this chapter. 

15*2. Stadia Hairs. The telescopes of most transits, all plane-table 
alidades, and many levels are furnished with stadia hairs in addition to the 
regular cross-hairs, one stadia hair above and the other an equal distance 
below the horizontal cross-hair. Stadia hairs are usually mounted on the 
same ring and in the same plane as the horizontal and vertical cross-hairs. 
Under these conditions the stadia hairs are not adjustable with respect to 
each other, and hence the distance between hairs remains unchanged. 
Both stadia hairs and cross-hairs are simultaneously visible and in focus. 
The advantage of fixed stadia hairs is that the interval between them cannot 
be accidentally altered. The disadvantage is that the hairs may be so 
placed as to produce an inconvenient stadia interval factor (ratio of distance 
to interval) ; but considering the precision with which the hairs are usually 
placed by the manufacturer, the interval factor is so nearly 100 that fre- 
quently it may be so considered without appreciable error. 

To eliminate the possibility of confusing the stadia hairs with the horizontal cross- 
hair in ordinary transit or level work, the stadia hairs are sometimes mounted in a 
plane a short distance in the rear of the plane of the cross-hairs. Under these con- 
ditions the stadia hairs and cross-hairs are not simultaneously visible, and it is 
necessary to change the focus of the eyepiece to render visible the stadia hairs when 
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the ordinary cross-hairs have been in use. Stadia hairs mounted as just described are 
csJlQd disappearing stadia hairs, . .. i. • x xi. 

Formerly instruments were manufactured with adjustable staciia nairs, so that the 
interval between hairs could be regulated to make the interval factor any desired 
quantity. In general, the adjustable feature is not regarded with favor, owing to the 
fact that the adjustment is likely to be accidentally disturbed. 

15*3, Stadia Rods. The rod is usually graduated in decimals of a foot 
but may be graduated in decimals of a meter or a yard. Any leveling rod 
of the self-reading type may be used as a stadia rod, but the common 
leveling rod graduated in hundredths of feet (as illustrated by Figs. 8*14 



Fig. 15*1. Stadia rods. 


and 8T5) is suitable only for short sights, say, less than 400 ft. For longer 
sights a rod with larger and heavier graduations is necessary. The gradua- 
tions shown by Fig. 16Ta are suitable for distances up to 700 ft. Figures 
15*16 and 15*1/ illustrate patterns which combine fine graduations for accu- 
rate readings at short distances and heavy graduations for observations at 
long distances. These rods are equally adapted for use in stadia surveying 
and in leveling. For stadia work alone the finer graduations are usually 
omitted, and numbers indicating feet and tenths are often not shown. 

For general stadia work where the length of sight may be 1,500 ft. or greater, the 
rods are usually 3 or 4 in. wide and 10 to 15 ft. long, and the finest division is 0.05 ft. 
Stadia rods are usually made in one piece with graduations painted on the rod. For 
ease of transportation they are sometimes hinged or made in sections with a sleeve on 
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one end of each section. Although rods of the patterns shown in Figs. 15* la-/ are pro- 
curable from manufacturers, many stadia rods are **home made*' to the specifications 
of the individual surveyor. It is therefore not surprising that the number of patterns 
is large. 

The wood for a rod should be well seasoned and should be from a light, tough, 
straight-grained species such as white spruce. The paint should be one which will 
withstand weather yet one which does not have a high gloss. The lacquer paints 
which can be applied with a brush, yet which dry quickly, are suitable. If the rod is 
varnished, it may be rubbed to a dull finish with powdered pumice or a similar 
abrasive. 

So-called flexible stadia rods, consisting of graduated oilcloth ribbons, are on sale 
by instrument manufacturers. When such a ribbon is tacked to a board, it makes a 
satisfactory stadia rod. When removed from the board and rolled up, it occupies 
little space and is easily transported. 


164 . Observation of Stadia Interval. On transit or plane-table surveys 
the stadia interval is determined by setting the lower stadia hair on a foot 
mark and reading the location of the upper stadia hair. The stadia interval 
is then mentally computed more easily, and with less chance of mistake, 
than would be the case if the lower hair were allowed to take a random 
position on the' rod. When the vertical angle is taken to a given mark on 
the rod, the corresponding stadia interval is observed with the lower hair 
on the foot mark that renders a minimum displacement of the horizontal 
cross-hair from the mark to which the vertical angle is referred. 


Thus, if a vertical angle were taken with the line of sight cutting the rod at 4.9 ft. 
and for this position of the horizontal cross-hair the lower stadia hair fell at 2.3 ft., 
the telescope would be rotated about the horizontal axis until the lower hair was at 
2.0 ft., when the horizontal cross-hair would fall at 4.6 ft. 

Whenever the stadia interval is in excess of the length of the rod, the separate half 
intervals are observed and their sum is taken. 

For precise stadia work, the readings may be made by means of two targets on the 
rod, one target on, say, the 2-ft. mark and the other set by the rodman as directed by 
the instrumentman. To avoid excessive effects of atmospheric refraction, the inter- 
cept of the lower cross-hair with the rod should not fall nearer the ground than neces- 
sary. 


16*6, Principle of the Stadia. Figure 15*2 illustrates the principle upon 
which the stadia method is based- In the figure the line of sight of the 
telescope is horizontal and the stadia rod is vertical. The stadia hairs are 
indicated by the points a and b; the distance between the stadia hairs is L 
The apparent locations of the hairs on the rod are A and B, and the interval 
apparently intercepted by the stadia hairs on the rod is s. 

In optics it is shown that a ray of light passing through the optical center 
of a lens remains undeviated in direction and, further, that rays which are 
parallel on one side of the lens are all brought to a focus at a fixed point 
on the optical axis. This point is called the principal focus, and its distance 
from the optical center is called the focal length of the lens. 
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^ • Aiv 4- onA hW in the figure are parallel rays emanating from 

Imagine tha ^jhen F is the principal focus through which these 

that aOri and bOB are rays emanating, respectively, from a and 6 that pass 
undeviated through the optical center 0. 

Shidia Rod"—> 
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Fig. 15‘2. Horizontal stadia sight. 

As all rays from a given point are brought to a focus on opposite Bide 
on the objective, it Mows that if rays from o passing through 0 and F are 
brought to a focus at A, the reverse is true, namely that rays 
nass through F and 0 are brought to a focus at o. These two points o and A, 
or any other corresponding points as & and B, are called ^ 

their Stances from the optical center of the objective measured along the 
optical axis are called the empale focal distances. 

As ab = o'b', by similar triangles 

is 

Hence the horizontal distance from the principal focus to the rod is 
d = (f/i)s = Ks, in which K = f/i is a coefficient called the stadia interval 
foeJor which for a particular instrument is a constant so long as conditions 
remain unchanged. Thus for a horizontal sight the distance from P^cipal 
focus to rod is obtained by multiplying the stadia interval factor by the 
stadia interval. The horizontal distance from center of instrument to rod 

D^Ks + (f + c) = Ks + C (1) 

where C is the distance from center of instrument to principal focus. This 
formula is employed in computing horizontal distances from stadia intervals 

when sights are horizontal. ^ . «• 

16-6. Stadia Constants. The focal distance / is a constant for a given 
instrument. It can be determined with all necessary accuracy by focusing 
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the objective on a distant point and then measuring the distance from the 
cross-hair ring to the objective. The distance c, though a variable depend- 
ing upon the position of the objective, may for all practical purposes be 
considered a constant. Its mean value can be determined by measuring 
the distance from the vertical axis to the objective when the objective is 
focused for an average length of sight. 

Usually the value of C = / -h c is determined by the manufacturer and is 
stated on the inside of the instrument box. Under ordinary conditions C 
may be considered as 1 ft. without error of consequence. Internal-focusing 
telescopes (Art. 2*9) are so constructed that C is zero or nearly so; this is an 
important advantage of internal-focusing telescopes for stadia work. 

15*7. Stadia Interval Factor, As previously stated, the nominal value 
of the stadia interval factor K = //f is usually 100. The interval factor 
can be determined by observation. The usual procedure is to set up the 
instrument in a location where a horizontal sight can be obtained and with 
a tape to lay off, from a point distant C = / -f c in front of the center of the 
instrument, distances of 100 ft., 200 ft., etc., up to perhaps 1,000 ft., stakes 
being set at the points thus established. The stadia rod is then held on each 
of the stakes, and the stadia interval is read. The stadia interval factor for 
each distance is obtained by dividing the distance from principal focus to 
stake by the corresponding stadia interval. Owing to errors in observation 
and perhaps to errors from natural sources, the values of K for the several 
distances are not likely to agree exactly. The mean is chosen as the most 
probable value. 

To overcome any prejudicial tendencies on the part of the instrumentman, observa^ 
tions may be made on the rod held at random distances from the instrument, these 
points being marked by stakes. The distances from instrument to these stakes may 
then be measured with the tape, and K may be computed as previously explained. 

For use on long sights, where the full stadia interval would exceed the length of the 
rod, the stadia interval factor may be determined separately for the upper stadia 
hair and horizontal cross-hair, and for the lower stadia hair and horizontal cross- 
hair. 

With adjustable stadia hairs the interval factor is made 100 by moving the hairs 
until their rod intercept is Hoo of the distance from principal focus to rod, this dis- 
tance being determined with a tape. The stadia hairs are so adjusted that the hori- 
zontal cross-hair bisects the space between them, each in its turn being moved verti- 
cally until the distance between it and the horizontal hair is the proper half-interval, 
as indicated by the rod intercept. 

16*8. Inclined Sights. In stadia surveying horizontal sights (Art. 15-5) 
are the exception rather than the rule, and usually it is desired to find both 
the horizontal and the vertical distances from instrument to rod. The 
problem therefore resolves itself into finding the horizontal and vertical 
projections of an inclined line of sight. For convenience in field operations 
the rod is held vertical. 
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Figure 15-3 illustrates an inclined line of sight, AB being the stadia 
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interval on the vertical rod and A'B' being the corresponding projection 
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Fig. 15'3. Inclined stadia sight. 


normal to the line of sight. The length of the inclined line of sight from 
center of instrument is 

Di A'B' + C (2) 


For all practical purposes the angles at A! and W may be assumed to be 
90°. Let AB = s; then A'B' = s cos a. MaHng this substitution in 
Eq. (2), and letting K ~ f/h the inclined distance is 

Di — Ks cos a + (7 (^) 

The horizontal component of this inclined distance is 

H - Ks cos* a + C' cos a (4) 

which is the general equation for determining the horizontal distance from 
center of instrument to rod, when the line of sight is inclined. 

The vertical component of the inclined distance is 

V = Ks cos « sin a + C sin a 

The equivalent of cos a sin a is conveniently expressed in terms of double 

the angle a, or ^ 

V = HKs sin 2a + <7 sin a (5) 
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which is the general equation for determining the difference in elevation 
between the center of the instrument and the point where the line of sight 
cuts the rod. To determine the difference in ground elevations, the height 
of instrument and the rod reading of the line of sight must be considered. 

Equations (4) and (5) are known as the stadia formulas for inclined sights. 

15*9. Permissible Approximations. More approximate forms of the 
stadia formulas are sufficiently precise for most stadia work. Generally 
distances are computed only to feet and elevations to tenths of feet. Under, 
these conditions, for side shots where vertical angles are less than 3*^, Eq. (4) 
for horizontal distances may properly be reduced to the form 


H ^ Ks + C 


( 6 ) 


which is the same as for horizontal sights (Art. 15-5). But for traverses of 
considerable length, owing to the systematic error introduced, this approxi- 
mation should not be made for vertical angles greater than perhaps 2®. 

Owing to unequal refraction and to accidental inclination of the rod, 
observed stadia intervals are in general slightly too large (see Art. 15T8). 
To offset the systematic errors from these sources, frequently on surveys of 
ordinary precision the constant C is neglected. Hence in any ordinary 
case Eq. (4) may with sufficient precision be expressed in the form 

H — Ks cos^ a (approximate) (7) 

Also Eq. (5) may often be expressed with sufficient precision for ordinary 
work in the form 

V = sin 2a (approximate) (8) 

However, the error in elevation introduced through using Eq. (8) may not 
be negligible, as for large vertical angles it amounts to several tenths of a 
foot. 

The determination of horizontal distances and differences in elevation by 
algebraic, graphical, or mechanical methods is considerably simplified by 
making Eqs. (7) and (8) the basis of calculations; hence these forms of the 
stadia formulas are generally employed. 

When K is 100, the common practice is to multiply mentally the stadia 
interval by 100 at the time of observation, and to record this value in the 
field notebook. This distance Ks is often called the stadia distance. Thus, 
if the stadia interval were 7.37 ft., the stadia distance recorded would be 
737 ft. 

For external-focusing telescopes, the degree of approximation in using 
Eqs. (7) and (8) may be greatly reduced either by adding 0.01 ft. to the 
observed stadia interval s or — when K is 100 — by adding 1 ft. to the observed 
stadia distance Ks. It is convenient to add the correction mentally and to 
record the corrected value in the field notebook. The notes should state 
that corrected values are recorded. 
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15 40, Stadia Reductions. Ordinarily in practice the horizontal dis- 
tances and the differences in elevation are not computed by actually solving 
the stadia formulas, but are obtained by the use of a table, diagram, stadia 
slide rule, or stadia arc (Art. 15-11), all of which are based upon these 
formulas. 

The precision of stadia surveying is such that ordinarily horizontal dis- 
tances are determined to the nearest foot, and vertical distances are deter- 
mined to the nearest 0.1 ft. Readings and computations are usually taken 
to three significant figures and in the lower range of four significant figures; 
slide-rule computations are sufficiently precise. 

Table IX gives, for each 02' of vertical angle up to 30®, the horizontal 
distances (from principal focus to rod) and differences in elevation for 
Ks = 100 ft., computed from the equations H ^ Ks cos^ a and V - 
sin 2 q: [see Eqs. (4), (5), (7), and (8)]. For any other value of Ks, the 
tabular quantities are to be multiplied by the value of Ks in hundreds of 
feet. The table also gives the horizontal distances and differences in 
elevation for three values of (7 = (/ + c), indicated as C in the table. 
Tables varying in arrangement somewhat from that of Table IX will be 
found in numerous publications, some of these tables being very elaborate 
and being so designed that the desired quantities may be obtained directly 
without further computation. If Table IX or a similar table is used, the 
necessary multiplications may be carried out with sufficient precision with 
the ordinary slide rule. 


Example: The following data were obtained by stadia observation: vertical angle « 
+8®10', 5 == 2.50 ft. The stadia interval factor is known to be 95.0 and C = 0.75 ft. 

In Table IX, the value given under '^Hor. dist.” is 97.98; hence the horizontal dis- 
tance from principal focus to rod is 97^98 X (95.0/100) X 2.50 = 232.7 ft. To this 
must be added the horizontal distance from principal focus to center of instrument, 
which is given at the bottom of Table IX as 0.74 ft. 232.7 -f- 0.7 === 233.4, say, 233 ft. 

Similarly, in Table IX the value given under “Diff. elev.’' is 14.06 ft., and at the 
bottom of the table 0.11 ft. 

QK fl 

14.06 X ^ X 2.50 + 0.11 = 33.5 ft. 

Diagrams showing graphically the quantities Ks cos^ a and sin 2q: 
for ail ordinary distances are published in a variety of forms. It is a simple 
matter to prepare such a diagram, and surveyors often prepare diagrams 
of their own design. The use of a stadia reduction diagram is considerably 
faster than the use of tables. The relative precision of the two methods 
depends upon the scale of the diagram, but values taken from the usual 
stadia diagrams are sufficiently precise for the ordinary purposes of stadia 
surveying. 

A rapid and convenient means of computing horizontal distances and 
differences in elevation is by means of a stadia slide rule, of which there are 
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several patterns. The type which for ordinary use seems preferable to all 
others is constructed like the ordinary slide rule, except that on the slide 
are given values of cos^ a and sin 2a, these quantities being plotted to a 
logarithmic scale. This type is illustrated by Fig. 15*4. The upper and 
lower scales on the body of the rule represent values of distance (horizontal, 
vertical, or stadia), with values between 10 and 100 ft. common to both 
scales. The “cos^a’’ scale is at the right end of the upper scale of the 




3 






"M 





Fig. 15*4. Stadia slide rule. 


slide; and the sin 2a scale occupies the remainder of the upper edge 
of the slide and all the lower edge. To use the rule, first the index of 
the slide (at right end of upper scale) is set at the observed value of 
the stadia distance Zs. Then the horizontal distance from principal 
focus to rod (Ks cos® a) is found by setting the runner at the observed 
vertical angle on the ‘^cos®a” scale, and the corresponding difference in 
elevation is found by setting the runner to this same angle on the 3^ sin 2a” 
scale. The stadia slide rule is equally suitable for field or office use. It is 
manufactured in lengths of 10 and 20 in. 

16* 11. Beaman Stadia Arc. The Beaman stadia arc, in modified form 
known also as the stadia circle, is a specially graduated arc on the vertical 
circle of the transit or the plane-table alidade. It is used to determine dis- 
tances and differences in elevation by stadia without reading vertical angles 
and without the use of tables, diagrams, or stadia slide rule. The stadia 
arc has no vernier, but settings are read by an index mark. 

Horizontal Distance, In the type of stadia arc shown in Fig. 15-5, the 
graduations for determining distances are at the left, inside the vertical 
circle. When the telescope is level (vertical vernier reading zero as shown), 
the reading of the arc is 100, indicating that the horizontal distance 
is 100 per cent of the observed stadia distance. When an inclined sight 
is taken, the observed stadia distance is multiplied by the reading of the 
“Hor.” stadia arc, expressed as a percentage, to obtain the horizontal dis- 
tance from principal focus to rod. For example, if the stadia distance is 
411 ft. and the reading of the stadia arc is 99, the horizontal distance is 
411 X 0.99 = 407 ft. The ordinary slide rule is sufficiently precise for 
the multiplication. 

Another type of stadia arc is graduated to give the correction, in per cent, 
to be subtracted from the observed stadia distance. Thus, for the foregoing 
example the reading of the stadia arc would be 1, and the horizontal dis- 
tance would be 411 — (0.01 X 411) = 407 ft. Since the value of the cor- 
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rection is small, the multiplication can be performed mentally; but the com- 
putation involves both a multiplication and a subtraction. 

Difference in Elevation, In Fig. 15-5, the graduations for determining 
differences in elevation are at the right, inside the vertical circle. When 
the telescope is level (vertical vernier reading zero as shown), the reading 
of the arc is zero. When an inclined sight is taken, first the stadia distance 
is observed in the usual manner, that is, with the lower stadia hair on a foot 
mark of the rod. The telescope is then either elevated or depressed slightly 



until the nearest graduation on the ^Wert.^’ scale of the stadia arc coincides 
with the index of the arc (in order to avoid interpolation), and a rod reading 
is taken at the point where the line of sight strikes the rod. The observed 
stadia distance is multiplied by the reading of the “Vert.’’ stadia arc, 
expressed as a percentage, to obtain the vertical distance from center of the 
instrument to point last sighted on the rod. This difference in elevation, 
combined with the height of instrument and the rod reading, gives the dif- 
ference in elevation between the instrument station and the point on which 
the rod is held. 

^ Example: The observed stadia interval with the rod held on a given point is 4.11 ft.; 
with the index of the stadia arc at —9 (the minus sign indicating that the line of sight 
is depressed) the line of sight falls at 3.3 ft. on the rod; the height of instrument (verti- 



USES OP THE STADIA 


§ 15*12] USES OP THE STADIA 351 

cal distance from ingtrament station to center of telescope) is 4.5 ft. The difference 
in elevation between the instrument station and the point on which the rod is held 
is to be found. 

The difference in elevation between center of telescope and point sighted on rod is 
-9 X 4.11 -36.99, say, -37.0 ft. 

The difference in elevation between instrument station and point on which the 

rod is held is 4.5 - 37.0 -3.3 =-35.8 ft 

One type of stadia arc is so graduated that when the telescope is level the 
reading of the '^Vert.^^ stadia arc is 50 instead of 0; when the telescope is 
elevated, the reading is greater than 50, and when the telescope is depressed, 
the reading is less than 50. In all cases, 50 is subtracted from the reading 
of the stadia arc, and the remainder (positive or negative as determined by 
the subtraction) is multiplied by the observed stadia distance to obtain the 
vertical distance from center of the telescope to point sighted on the rod. 
This arrangement of the scale on the stadia arc avoids mistakes of reading 
a positive value for a negative value, or vice versa; but it introduces an 
additional step (subtraction) in the computations. 

General. Observations with the Beaman stadia arc do not include the 
effect of the instrumental constant C — f + c. If more precise results are 
desired than are yielded by the approximate formulas [Eqs. (7) and (8)1, 
the observed values should be corrected, particularly if the vertical angles 
are large. The simplest method is to add 0.01 ft. to the observed stadia 
interval. 

The use of the Beaman stadia arc makes unnecessary the reading of 
vertical angles and reduces the determination of difference in elevation to 
the very simple process of multiplying the stadia interval by a whole num- 
ber, which, if the number is small, may be done mentally. On the other 
hand, it requires more time to set the arc than it does to read the vertical 
angle, hence from the standpoint of rapidity of operation in the field, the 
vertical-angle method has the advantage. The general opinion seems to 
be that under average conditions the stadia are is no more rapid nor con- 
venient as a means of determining difference in elevation than is the stadia 
slide rule, vertical angles being observed as described in Art. 15*15. 

The Beaman stadia arc is merely a mechanical device for quickly la 3 ring off angles 
for which the function H sin 2a bears a simple relation to the difference in elevation. 
In Table IX it will be seen that the differences in elevation are, for example, respec- 
tively, 1, 2, 10, and 20 ft. per 100 ft., for vertical angles of 0®34', 1°09', 5*^46', and 
ir47'. The Beaman arc facilitates the setting of these and other angles for which 

sin 2 q! is a simple multiple of 0.01. For the “Hor.'^ scale a similar relation exists. 

15*12. Uses of the Stadia. Uses of the stadia are as follows: 

1. In differential leveling, the backsight and foresight distances are 
balanced conveniently if the level is equipped with stadia hairs. 
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2. In profile leveling and cross-sectioning, the stadia is a convenient means 
of finding distances from level to points on which rod readings are taken. 

3. In rough trigonometric or indirect leveling with the transit, the stadia 
method is more rapid than any other. The line of trigonometric levels is 
run as described in Art. 8*5, except that stadia intervals are observed and 
differences in elevation computed by the stadia formula. Stadia trigono- 
metric leveling is described in Art. 15*13. 

4. On transit surveys of low precision where only horizontal angles and 
distances are required, the stadia is more rapid than chaining. It may be 
used either in running traverse lines or in locating details from such lines. 
Stadia intervals are observed as each point is sighted. Horizontal angles 
are measured, but vertical angles are observed only when of sufficient magni- 
tude to make the horizontal distance appreciably different from the stadia 
distance (say, when greater than 3°) and then are estimated without reading 
the vernier. The transit-stadia method of running such surveys is de- 
scribed in Art. 15*14. 

5. On transit surveys of low precision — particularly topographic surveys — 
where both the relative location of points in a horizontal plane and the 
elevation of these points are desired, the stadia is useful. Both horizontal 
and vertieal angles are measured, and the stadia interval is observed, as 
each point is sighted. The transit-stadia method of making observations 
when both the horizontal location and the elevation are desired is described 
in Art. 15*15. 

6. Where the plane table is used (see Chap. 17), stadia observations are 
made with the telescopic alidade in the same manner as with the transit, 
but horizontal distances and differences in elevation are computed in the 
field and are plotted immediately instead of being recorded in the form of 
notes. 

16*13. Indirect Leveling by Stadia. Where the required precision is low 
and the country is rolling or rough, the stadia method of indirect leveling 
offers a rapid means of determining differences in elevation. The transit 
should preferably be provided with a sensitive control level for the vertical 
vernier in order that index error may be readily eliminated. With the 
ordinary transit having a vertical circle reading to single minutes, differ- 
ences in elevation are usually computed only to the nearest 0.1 ft. In gen- 
eral the average length of sight in stadia surveying is considerably greater 
than in differential leveling. 

In running a line of levels by this method, the transit is set up in a con- 
venient location. A backsight is taken on the rod held at the initial bench 
mark, first by observing the stadia interval and then by measuring the 
vertical angle to some arbitrarily chosen mark on the rod. A turning point 
is then established in advance of the transit, and similar observations are 
taken, the vertical angle being measured with the horizontal cross-hair set 
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on the same mark as before. The transit is moved to a new location in 
advance of the turning point, and the process is repeated. The stadia 
distances and vertical angles are recorded, also the rod reading which is 
used as an index when vertical angles are measured. If it is impracticable 
to sight at this chosen index reading, the vertical angle is measured with the 
line of sight directed to some other graduation, usually a whole number of 
feet above or below the index, and this rod reading is given in the notes. 


STADIA LEVELS FOR INDIAN 


TRAIL RECONNAISSANCE 



Fig. 15*6. Stadia level notes. 

Figure 15*6 shows a suitable form of notes, the arrangement being some- 
what the same as for differential-level notes. Opposite a particular bench 
mark or turning point in the notes are given the observed values for both 
backsight and foresight and the computed differences in elevation as de- 
termined by the approjdmate stadia formula, Eq. (8). In the notes the 
rod index or the rod graduation on which sights are generally taken is shown 
as 6.0 ft. In the columns headed Observations^' are recorded both vertical 
angles and stadia distances. Thus for T.P. 147 the foresight stadia distance 
is 215 ft., and the foresight vertical angle is + 15W'. 

For any set-up, the difference in elevation determined from either the 
backsight or the foresight observation is the difference in elevation between 
the index mark on the rod and the center of the instrument, and the alge- 
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braic sum of the backsight and foresight differences is the total difference in 
elevation between the two positions of the index mark. So long as the 
index mark to which vertical angles are taken is unchanged, the difference 
in elevation determined as just described gives also the difference in eleva- 
tion between the two points on which the rod is held, the actual value of the 
index reading being of no consequence. Thus the difference in elevation be- 
tween B,M. 42 and T.P. 146 is given by the sum of the backsight difference 
-f 67.1 and the following foresight difference 4-101.1, and the elevation of 
T.P. 146 is, therefore, 5,972.4 -f 67.1 4- 101.1 = 6,140.6 ft., since for both 
sights the vertical angle was taken with the line of sight directed to 6.0 ft. 
on the rod. 

For the line of levels for which notes are shown, when a foresight was taken to T.P. 
148, it was found expedient to sight at the 8.0-ft. mark instead of the 6.0-ft. mark. 
This is shown in the notes by the value of 8.0 in parentheses following the vertical 
angle 4-4®36'. Since the vertical angle is measured to a point 2.0 ft. above the 
adopted index mark and the sight is a foresight, the difference in elevation is taken as 
2.0 ft. less than that given by the vertical angle and stadia distance (63.6 — 2.0 = 
61.6). 

When conditions are favorable it is preferable to read the rod with line of sight 
horizontal, as in differential leveling, for this eliminates the necessity of stadia reduc- 
tion. Thus the foresight to T.P. 152 is taken with the telescope level, the rod reading 
being 11.4. Since this is 11.4 — 6.0 - 5.4 ft. above the adopted index mark, the 
foresight difference in elevation is —6.4 ft. 

15‘14. Transit-stadia Surveying: Elevations Not Required. Where only 
the horizontal location of objects and lines is desired — as for certain recon- 
naissance surveys, preliminary surveys, rough surveys for the location of 
boundaries, and detailed surveys for maps — the transit-stadia method is 
sufficiently precise and considerably more rapid and econoimcal than cor- 
responding surveys made with transit and tape. The field party consists 
of a transitman, one to three rodmen, and usually a recorder. In general, 
the surveying procedure parallels that when the tape is used. Stadia 
intervals and horizontal angles (or directions) are observed as each point is 
sighted. Vertical angles, however, are observed only if large enough to 
make the horizontal distance appreciably different from the stadia distance 
(say, when greater than 3°), and then are estimated without reading the 
vernier. Horizontal distances are computed by a stadia formula or are de- 
termined by one of the devices based thereupon, and are expressed to the 
nearest foot. 

When the survey consists of a traverse, it is customary to observe the 
stadia interval both forward and back from each set-up of the transit. In 
this way two independent stadia observations are made for each line or 
distance in the traverse. The closeness of agreement between the two 
values for each line is a check against mistakes, and the mean is taken as 
the most probable value. 
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Figure 15.7 is a sample page of notes for a short closed traverse. The recorded 
value of the interval factor is 100.2. The directions of the lines are determined by 
azimuths and are checked by magnetic bearings. The stadia (''rod”) intervals are 
given rather than stadia distances, on account of the fact that K is not 100. Vertical 
angles are observed to the nearest. 10'. The vertical angle is recorded only for 
courses AB and DE^ for which the angles are large enough to make a horizontal cor- 
rection necessary. 



Where details are to be located by stadia measurements from transit sta- 
tions, the observations either may be made at the same time that the transit 
station is established or may be made later. Figure 15-9 is a suitable form 
of notes for the former case, except that when elevations are not required, 
only those vertical angles of sufficient magnitude to make horizontal cor- 
rections necessary are recorded and that differences in elevation are not 
computed. Figure 15*8 shows similar notes where numerous details are 
observed from a single transit station after it has been established, as when 
the horizontal control is a triangulation system or a taped distance. 

The precision with which side shots are taken, of course, depends upon the intended 
use of the data. Thus, if they were to be used in plotting a map to the scale of 1 in. = 
1,000 ft., distances to the nearest 10 ft. would be sufficiently precise, and horizontal 


356 STADIA SUBVEYING [CH. 15 

corrections for angles below 6® could be neglected without affecting the precision of the 
map. Where details are varied in character, carefully prepared sketches are abso- 
lutely necessary for the correct interpretation of the notes. 

1545. Transit-stadia Surveying: Elevations Required. This method is 
extensively employed on topographic and similar surveys where the eleva- 
tions of points as well as their horizontal locations are desired. The field 
procedure consists in observing directions usually by azimuths, and dis- 
tances by stadia, as described in the preceding article. In addition, differ- 
ences in elevation are determined either by direct leveling when it is practi- 
cable to do so, or more usually from observed vertical angles and stadia 
distances. The field party consists of an observer, one or more rodmen, and 
usually a recorder. 

In topographic surveying this method may be employed merely for the 
collection of details, the horizontal and vertical control being established by 
other means, or it may be employed for establishing control as well as for 
details. 

Details Only. The instrument is set up at a triangulation or traverse 
station, the elevation and location of which are known. The height of the 
instrument (H.I.) above the station over which it is set is measured with a 
rod or a tape, or by swinging the plumb bob alongside a scale which has 
been laid off on a leg of the tripod. (As used here, the term ^‘height of 
instrument” has a meaning different from that for direct leveling.) The 
transit is oriented by taking a backsight to a station whose azimuth is known, 
this azimuth having been set off on the horizontal circle. The upper motion 
m undamped, and sights to desired points are taken. 

Figure 15.8 shows notes of observations taken from station C of a traverse, the eleva- 
tion of the station having been previously determined as 423.9. The H.I. is 4.4 ft. 
The transit is oriented by sighting to B, the azimuth of the line CB being set off on the 
horizontal circle prior to taking the sight. In the first column are given the numbers 
of the side shots, their locations being shown on the sketch. In the second column 
are the azimuths of the several points sighted; in the third column are the rod inter- 
vals. In the case illustrated by the notes, the interval factor was not 100. Had it 
been, the intervals might have been replaced by the corresponding stadia distances. 
In the fourth column are the observed vertical angles, and the following columns show, 
respectively, the computed horizontal distances, differences in elevation, and eleva- 
tions. 

In measuring vertical angles it is customary, when practicable, to sight at a rod . 
reading equal to the height of instrument above the station over which the transit is 
set. In this way, the difference in elevation between the center of instrument and 
the H.I. on the rod is the same as the difference in elevation between the station over 
which the transit is set and the point on which the rod is held. When the line of vision 
is obstructed so that the H.I. cannot be sighted, the sight is taken on some other 
graduation of the rod, usually a whole number of feet above or below the H.I., and 
this difference in rod readings is recorded in the notes. When the corresponding dif- 
ference in elevation is computed, proper allowance is made for the difference between 
the H.I. and the recorded rod reading. Thus, in the case illustrated by the notes, had 
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the vertical angle of — 3°17' for object 2 been taken to a rod reading of 6.4 ft. instead 
of the H.I. = 4.4, the difference in elevation would have been —40.2 — 2.0 = -42,2 
ft. 

When the detail to be observed is at nearly the same elevation as the point over 
which the transit is set, there is a marked ^vantage in determining difference in 
elevation by direct leveling. The notes of Fig. 15-8 show that object 12 was observed 
in this manner. 

Shots 5 and 7 of the stadia notes of Fig. 15-8 illustrate the stepping method (Art, 
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Pig. 15*8. Stadia noti^ for location of details, with elevations. 

Generally where measurements are made solely for plotting a map, horizontal 
angles are estimated to 05' without reading the vernier. Vertical angles are usually 
measured to minutes, and differences in elevation are computed to tenths of feet. 
Where elevations to the nearest foot are sufficiently precise, the vertical angles (except 
for long shots) may properly be read by estimation without use of the vernier. 

The usual procedure of observing is to sight on the rod, the lower stadia hair being 
set on a foot mark such that the horizontal cross-hair falls somewhere near the H.I., 
and to read the stadia interval. The horizontal cross-hair is then set on the H.I., 
the horizontal angle is read without clamping the upper motion, the instrument is 
rotated about the vertical axis until the vertical circle is in a convenient position for 
reading, and finally the vertical angle is observed. 

When numerous observations are to be taken from a single station, sights to some 
object the azimuth of which is known are taken at intervals in order to make sure 
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Fig. 15'9. Stadia notes for preliminary route survey. 

and the foresight from each station, the telescope being sighted at a rod 
rea^ng equal to the height of instrument above the transit station over 
which theVansit is set up. The details may be located at the same time. 

Fieure 15-9 is a page of notes for a stadia traverse for which side shots taken 
as the work of ranning the traverse progresses. The elevation of . 

prevLsly been determined as 785.1. Directions of the toer^ 'Xtadia 
by azimuths and roughly checked by observed magnetic bearings and stadia distan^s 
are recorded rather Ln the rod inte^als, the interval 
The backsight from station F50 to P49 checks re^nably 

from P49 to F50. The sights to points 502 and P51 are horizontal, the rod readi g 
• shown in Ihe notes, and the difference in elevation is determined by direct leveling. 
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In computing the length of a traverse line and the difference in elevation between 
its terminal points, the mean of the vertical angles and the mean of the stadia dis- 
tances observed from each end are employed. 

lg*16. Stepping Method. Where the slope of the ground is so small as to make 
the horizontal distance practically equal to the inclined distance, instead of reading 
the vertical angle and computing the difference in elevation as described in the pre- 
ceding articles, the practice of determining the difference in elevation directly by the 
so-called interval or stepping method is sometimes followed. To illustrate the 
method, suppose that in Fig. 15-10 the difference in elevation between the point 


Fiu. 15-10. Stepping method. 


over which the transit is set up and the point a on which the rod is held is desired. 
The transit is sighted at the rod, and the stadia interval is observed as, say, 4.55 ft. 
The line of sight is then rotated in a vertical plane until the telescope is level, and the 
position of the horizontal line of sight on some clearly defined object of the landscape 
is noted at h. The telescope is raised until the lower stadia hair cuts h, and the 
position of the upper stadia hair on the landscape is noted at c. The telescope is 
again rotated about the horizontal axis until the lower hair cuts c, when the upper 
hair is seen to intersect the rod at d, which is at a rod reading of, say, 1.3 ft. Then if 
the height of instrument (H.I.) is, say, 4.5 ft., the difference in elevation between the 
instrument station and a, assuming that no error is introduced by reason of the line 
of sight's being inclined when the stadia interval was observed, is 4.5 ~ 1.3 + 2 X 
4,55 = 12.3 ft. A similar procedure is followed for negative vertical angles. 

For vertical angles of sufficient magnitude to cause an appreciable difference be- 
tween the observed stadia interval and that which would be observed with sight 
horizontal, this method would not be applicable. In practice it is generally limited 
to sights for which the inclination is less than 2°, or where the number of steps does 
not exceed three. The method is generally used for side shots in fairly flat country 
where direct leveling is impracticable. The precision obtainable is higher than might 
be expected, considering the fact that points marking the successive steps are not 
established by the surveyors but are chosen from among the objects of the landscape 
upon which the stadia hairs happen to fall. If the transitman keeps the reference 
mark constantly in view through the telescope while revolving the telescope about the 
horizontal axis between steps, the error need be little, if any, more than that of reading 
the rod at the corresponding distance, even though the object sighted may not be 
readily identified when once the eye has left it. Thus a point of reference might be 
the stem of a leaf, a pebble in a clod of earth, the tip of a weed, a seam in a rock, a 
flower, or even the edge of a cloud. 

Shots 5 and 7 of the stadia notes of Fig. 15-8 further illustrate the stepping method. 
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1647. Surveying with Plane Table and Stadia. The alidade of the plane 
table is usually equipped with stadia hairs. The stadia is used extensively 
in plane-table work (Chap. 17), especially for the location of details in topo- 
graphic surveying (Chap. 25). 

1548. Errors in Stadia Surveying. Many of the errors of stadia survey- 
ing are those common to all similar operations of surveying. The errors of 
direct leveling, most of which also have their effect upon the determination 
of difference in elevation by methods described in this chapter, are discussed 
in Art. 9-11. Sources of error in the measurement of horizontal angles with 
the transit are discussed in Arts. 13*27 to 13*30. Sources of error in hori- 
zontal and vertical distances computed from observed stadia intervals are 
as follows: 

1. Stadia Interval Factor Not That Assumed, This produces a systematic 
error in computed distances, the error being proportional to that in the stadia 
interval factor. The case is parallel with that of the tape which is too long 
or too short. If the stadia hairs are fixed, the interval factor is not likely 
to change appreciably, but may change slightly with variations in natural 
conditions. When the value of the interval factor is closely determined by 
observations as described in Art. 15*7, and the stadia measurements are 
taken under conditions paralleling those existing when the interval factor 
was determined, the error from this source may be reduced to a negligible 
quantity. 

2. Rod Not Standard Length, If the spaces on the rod are uniformly too 
long or too short, a systematic error proportional to the stadia interval is 
produced in each computed distance. Errors from this source may be kept 
within comparatively narrow limits if the rod is standardized and corrections 
for erroneous length are applied to observed stadia intervals. Except for 
stadia surveys of more than ordinary precision, errors from this source are 
usually of no consequence. 

3. Incorrect Stadia Interval. An accidental error occurs owing to the 
inability of the instrumentman to observe the stadia interval exactly. 
Following the theory of probability, in a series of connected observations 
(as a traverse) the error may be expected to vary as the square root of the 
number of sights. It is the principal error affecting the precision of com- 
puted distances. It can be kept to a minimum by proper focusing to elimi- 
nate parallax, by taking observations at a time of day when atmospheric 
conditions are favorable, and by care in observing. Where high precision is 
required, stadia measurements may be taken by sighting on a rod with two 
targets, one fixed and the other movable. 

4. Rod Not Plumb. This produces a small error in the vertical angle, 
since in measuring vertical angles the horizontal cross-hair is set on a rod 
reading equal to the instrument H.I. It also produces an appreciable error 
in the observed stadia interval and hence in computed distances, this error 
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being greater for large vertical angles than for small angles. It can be 
eliminated by using a rod level. 

5. Unequal Refraction, It has been determined by experiment that un- 
equal refraction of light rays in layers of air close to the earth’s surface 
introduces systematic positive errors in stadia measurements. Although 
errors from this source are of no consequence in ordinary stadia surveying, 
they may be important on the more precise surveys. The periods most 
favorable for equal refraction are at times when it is cloudy or, if the sun is 
shining, during the early morning or late afternoon. On precise stadia sur- 
veys where it is necessary to work under a variety of atmospheric conditions, 
it is proper to determine the stadia interval factor for each condition and to 
apply the proper factor to all observations taken under a given condition. 
Whenever atmospheric conditions are unfavorable, the sights should not be 
taken near the bottom of the rod. 

15* 18a. Effect of Error in Vertical Angles. Although the sources just 
listed produce errors in both horizontal distances and differences in eleva- 
tion, errors in vertical angles also have their effect upon these computed 
values. From a study of the stadia formulas it is evident that errors in 
vertical angles, within the usual range of values, are relatively unimportant 
in their effect upon computed horizontal distances. Thus the ratio of pre- 
cision corresponding to a 01' error in angle is about 1/20,000 when the angle 
is 5° and about 1/6,000 when the angle is 15®. This makes it clear that, so 
far as precision of horizontal distances is concerned, the governing quantity 
is likely to be the observed stadia interval rather than the observed vertical 
angle. On the other hand, the errors in vertical angles are relatively im- 
portant in their effect upon the precision with which differences in elevation 
are determined. For example, an error of 01' in any vertical angle within 
the usual range produces an error in elevation of nearly 0.1 ft. in a distance 
of 300 ft. 

With the ordinary transit, vertical angles are read to single minutes, with an error 
of perhaps by means of the vernier, or to 05', with an error of perhaps 03', by 
estimation without the vernier. For an average length of sight of, say, 500 ft., the 
error in stadia distance need not exceed 2 ft. if care is taken in observing, though it 
might under some conditions amount to as much as 5 ft. For most stadia work ver- 
tical angles are less than 5®, but in rough country vertical angles may be 15® or more. 
For the 500-ft. distance the error in difference in elevation corresponding to the angu- 
lar error of 3^' is less than 0.1 ft., and that corresponding to the an^lar error of 03' 
is about 0.4 ft., regardless of the magnitude of the vertical angle within the ordinary 
range of values. For a vertical angle of 5°, an error of 2 ft. in the stadia distance pro- 
duces an error of less than 0.2 ft. in the computed difference in elevation, while an 
error of 5 ft. in the observed distance produces an error in difference in elevation of 
more than 0.4 ft. For a vertical angle of 15®, the corresponding errors in difference in 
elevation are 0.5 ft. and 1.3 ft. 

Thus under normal conditions, where vertical angles are small, the effect of obser- 
vational errors in vertical angles may be expected to be somewhere near the same as 
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that due to observational errors in stadia intervals; but where vertical angles are 
large, the errors in observed stadia intervals are likely to have the greater effect upon 
the precision of computed differences in elevation. To maintain a given precision in 
computed values of difference in elevation, stadia intervals must be observed with 
much greater refinement where vertical angles are large than where they are small. 

15 ’IS. Precision of Stadia Surveying. For surveys of ordinary precision 
made with the transit and tape, where only horizontal angles and distances 
are measured, it has been shown that the principal errors are the systematic 
errors of chaining; for this reason the precision of such surveys is likely to 
vary directly with the distance. 

In transit-stadia surveying, say, for a traverse, where horizontal and 
vertical angles and stadia intervals are observed, the precision with which 
the relative locations of points in plan and elevation are determined is de- 
pendent upon errors from each of these three sources. It has been shown 
that the principal errors of both horizontal and vertical angular measure- 
ments are likely to be accidental in character. The principal error in 
stadia measurements may be either systematic or accidental, depending upon 
conditions. If the stadia rod is standardized and proper corrections are 
applied for erroneous length, and if the interval factor is accurately deter- 
mined and the rod is carefully plumbed, the principal error is that of observ- 
ing the stadia interval. Under such circumstances, the errors which mainly 
control the computed location of points in plan and elevation are largely 
accidental, and hence it is to be' expected that these errors will in the long 
run tend to vary as the square root of the distance. This marks one of the 
important advantages of surveying with the transit and stadia over survey- 
ing with the transit and tape, and it explains why the precision obtained on 
extensive transit-stadia surveys often compares favorably with the precision 
obtained on similar transit-tape surveys. 

Unless care is taken to eliminate the systematic errors mentioned, the 
resultant error in plan is likely to vary more nearly as the distance, as is the 
case with tape measurements. Under these circumstances the advantage 
just mentioned is lost, and the transit-stadia survey, regardless of its extent, 
would in general be considerably less precise than the survey made with 
transit and tape. If observed vertical angles are small, large systematic 
errors in stadia observations or reductions will have comparatively small 
effect upon computed differences in elevation, and the resultant error may 
be expected to vary more nearly as the square root of the distance. On the 
other hand, if vertical angles are large, systematic stadia errors are likely to 
be the chief contributors to the resultant errors in elevation, and the error 
may be expected to vary directly with the distance. 

Many factors influence the precision of stadia surveying. The quality of 
the instrument, the accuracy of graduation of the rod, the character of the 
country, the skill of the observer, the care with which the rod is held, the 
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length of sight, and the condition of the weather all affect the results. 
Following are estimates believed to be fairly representative of several classes 
of stadia work, these estimates being based upon the results secured on 
surveys run under a variety of conditions. In accepting these estimates it 
should be borne in mind that the conditions surrounding no two surveys 
are alike and that a definite statement of the precision that can be obtained 
with a given course of procedure is impossible. 

1. For side shots where a single observation is taken with sights steeply 
inclined and with no particular care taken to insure the rod's being plumb, 
horizontal distances may have a precision lower than Koo» and individual 
differences in elevation may be in error 2 ft. or more per 1,000 ft. of hori- 
zontal distance. 

2. Under the same conditions as in (1) but with small vertical angles and 
reasonable care used in approximately plumbing the rod and with lengths 
of sight between 200 and 1,500 ft., the precision of horizontal distances 
should be not lower than Hqo; differences in elevation per 1,000 ft. of 
horizontal distance need not be in error more than 0.3 ft. if vertical angles 
are observed to 01', or more than 1 ft. if vertical angles are estimated to 05'. 

3. For a rapid stadia traverse of considerable length run through rough 
country with numerous long sights, angles being measured to minutes but 
without special precaution to eliminate systematic . errors, the error of 
closure may be as low as 25 ft. per mile in plan and 3 ft. per mile in elevation. 

4. For conditions as in (3) but for country fairly level so that ail vertical 
angles are small, t he error of closur e ought not to exceed 15 ft. per mile in 
plan and 0.5 ft. v distance in miles in elevation. 

5. For rough country with vertical angles up to 15°, angles to minutes, 
rod standardized, rod plumbed with level, sights limited to 1,500 ft. and taken 
forward and back from each transit station, and interva l factor carefully 
determined, the err or of closure may be less than 15 ft. V distance in miles 
in plan and 1 ft. V distance in miles in elevation. 

6. For conditions as in (5) but for level country so th at all vertical angl es 
are small, the erro r of closure may b e as small as 6 ft. v distance in miles in 
plan and 0.3 ft. V distance in miles in elevation. 

7. For conditions as in (5) but stadia intervals determined by use of a 
target rod with two targets and observations mad e during cloudy days, 
the error of closure in plan should not exceed 4 ft. Vdistance in miles. 

16*20. Numerical Problems. 

1. With line of sight horizontal, a stadia reading is taken on a rod held at a chained 
distance of 600.0 + C ft. from the transit station. The rod reading of the lower 
stadia hair is 0.82 ft. and of the upper stadia hair is 6.77 ft. What stadia interval fac- 
tor is indicated by this observation? 

2. To determine the stadia interval factor, a transit is set up at a distance C 
back of the zero end of a level base line 800.0 ft. long, the base fine being marked by 
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stakes set every 100.0 ft. A rod is then held at successive stations along the base 
line. The stadia interval and each half-interval observed at each location of the rod 
are tabulated below. Compute the lower, upper, and full interval factor for each dis- 
tance, and find the average value for the lower interval, the upper interval, and the 
full interval. 


Distance 

-c, 

Lower 

interval 

Upper 

interval 

Full 

interval 

ft. 

Feet 

Factor 

Feet 

Factor 

Feet 

Factor 

100 

0.49 


0.50 


0.99 


200 

0.98 


0.99 


1.97 


300 

1.47 


1.48 


2.95 


400 

1.97 


1.98 


3.96 


500 

2.46 


2.47 


4.94 


600 

2.95 


2.97 


5.92 


700 

3.45 


3.47 


6.91 


800 

3.94 


3.96 


7.89 


Average 








3. A stadia interval of 6.31 ft. is observed with a transit for which the stadia inter- 
val factor is 98.5 and C is 1.00 ft. The vertical angle is -l-7‘^42'. Determine the hori- 
zontal distance and difference in elevation by means of (a) the exact stadia formulas 
for inclined sights, (h) the approximate formulas, and (c) Table IX. 

4. The following observations are taken with a transit for which the interval factor 
is 100.0 and C is 1.00 ft. 


Observation 

Stadia interval, ft. 

Vertical angle 

a 

10.00 

+ 0°30' 

h 

10.00 

+10°00' 

c 


+25°00' 


By means of Eqs. (4) and (5), Art. 15-8, compute the horizontal distances and dif- 
ferences in elevation. By means of the approximate Eqs. (7) and (8), Art. 15*9, 
determine the same quantities and note the errors introduced by the approximations. 

6. What would be the amount and sign of error introduced in each computed hori- 
zontal distance and difference in elevation if the observations of the preceding problem 
were taken (a) with a 12-ft. rod which was unknowingly 0.5 ft. out of plumb with 
top leaning toward the transit? (5) With the top of the rod leaning 0.5 ft. away from 
the transit? (c) What conclusions may be drawn from these results? 

6. Wbat error will be introduced in each computed horizontal distance and differ- 
ence in elevation if in the observations of problem 4 (a) each vertical angle contains 
an error of 01'? (b) Each stadia interval is in error 0.10 ft.? (c) What conclusions 
may be drawn from these results? 

7. In determining the difference in elevation and the distance between two points 
A and B, a transit equipped with a stadia arc is set up at A and the following data 
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are obtained: F =+10, H - 98.0, stadia interval = 3.50 ft., H,I. = 4.5 ft., line 
of sight at 4.5 ft. on rod. The instrumental constants are K ~ 100.0 and C = 0 
(internal focusing telescope). The stadia circle has index marks of H ~ 100 and 
V = 0 for a horizontal line of sight. Compute the distance and difference in elevation 
between the two points + and B. 

8. In determining the elevation of point B and the distance between two points A 
and B a transit equipped with a stadia arc is set up at A and the following data are ob- 
tained: F = 38, B = 3.0, stadia interval = 4.30 ft., H.I. = 4.2 ft., line of sight at 
8.6 ft. on rod. The instrument constants are K = 100.0 and C = 1.00 ft. The 
stadia arc has index marks of H" = 0 and F = 50 for a horizontal line of sight. The 
elevation of point A is 125.6 ft. Compute the distance AB and the elevation of 
point B. 

9. Following are the notes for a line of stadia levels. The elevation of B.M.i is 
637.05 ft. The stadia interval factor is 100.0 and C = 1.25 ft. Rod readings are 
taken at height of instrument. By use of Table IX determine the elevations of re- 
maining points. 


Station 

Backsight 

i 

Foresight 

Stadia 

interval, 

ft. 

Vertical 

angle 

Stadia 

interval, 

ft. 

Vertical 

angle 

B.M.I 

4.26 

-3°38' 


• • . • 

T.P.i 

2.85 

-1°41' 

3.18 

■f2'’26' 

T.P.2 

3.30 

+0°56' 

2.71 

-4°04' 

T.P.3 

2.66 

+2°09' 

4.45 

-0°38' 

B.M.2 



3,09 

+7°27' 


10. Following are stadia intervals and vertical angles for a tfansit-stadia traverse. 
The elevation of station A is 418.6 ft. The stadia interval factor is 100.0, and C ~ 
1.00 ft. Rod readings are taken at height of instrument. Compute the horizontal 
lengths of the courses and the elevations of the transit stations, xising Table IX. 


Station 

Object 

Stadia interval, ft. 

Vertical angle 

B 

A 

8.50 

-f0°48' 

C 

4.37 

+8°13' 


B 

4.34 

-8°14' 

C 

D 

12.45 

-2°22' 

D 

C 

12.41 

+2°21' 

E 

7.18 

-1°30' 


11. Following are stadia intervals and vertical angles taken to locate points from 
a transit station the elevation of which is 415.7 ft. The height of instrument above 
the transit station is 4.6 ft., and rod readings are taken at 4,6 ft. except as noted. 
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The stadia interval factor is 100.0, and C - 1.00 ft. Compute the horizontal dis- 
tances and the elevations. 


Object 

] 

Stadia interval, ft. j 

Vertical angle 

43 

7.04 

-0“58' 

44 

-(8.25 X 3) on 2.1 

Intervals 

45 

7.56 

-0°44'on9.2 

46 

-(7.25 X 2) on 6.0 

Intervals 

47 

3.72 

-5°36' 


12. A transit equipped with a stadia arc is used in locating points from a transit 
station the elevation of which is 765.7 ft. The stadia arc has index marks of J? == 
100 and V = 0 for a horizontal line of sight. The instrument constants are K = 
100.0 and C ~ 0 (internal focusing telescope). The height of instrument above the 
transit station is 4.5 ft. Compute the horizontal distances and the elevations. 


Object 

Stadia interval, 
ft. 

Rod reading, 
ft. 

1 

Stadia arc readings 

V 

H 

114 

3.26 

3.6 

18 

88.3 

115 

7.84 1 

5.8 ! 

35 

97.7 

116 

2.18 

4.7 

39 

98.8 

117 

1.66 

4.3 

76 

92.6 

118 

8.14 

6.4 

69 

96.2 


16*21. Field Problems. 

Problem 1. Determination of Stadia Interval Factor 

Object. To determine the stadia interval factor K - f/i of transit or level. 

Procedure. (1) As described in Art. 15-7, employing a line about 800 ft. long, 
(2) Determine / and c by measurement (Art. 15-6). (3) For each observation, read 
the rod for lower, middle, and upper hairs. (4) Compute K for each distance for 
lower half interval, upper half interval, and full interval; take the mean of all com- 
puted values as the factor for the instrument. Discard any readings that differ 
widely from the others. 

Hints and Precautions. (1) On fair days the line of sight defined by the lower hair 
should be at least 2 ft. above the ground. (2) It is convenient to set the lower hair 
on the nearest foot mark, and this may be done without appreciable error. 

Problem 2. Preliminary Traverse op Route with Transit and Stadia 

Object. To obtain data for plotting a topographic map of a proposed highway 
route between two governing points. 

Procedure. (1) Run a stadia azimuth traverse between the two points, establish- 
ing stadia stations at advantageous points near where it appears that the line will 
eventually be placed. (2) Determine the distance between adjacent stations by 
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observing the stadia interval on. both backsights and foresights; (3) Observe the 
vertical angle between instrument stations on both backsights and foresights. 
Record the H.I. at each set-up. (4) Make the available checks before moving the 
transit. (5) While running the traverse, take side shots 200 to 600 ft. on each side 
of the traverse line, as necessary to define the configuration of the land and the loca- 
tion of objects that might affect the proposed line. (6) Note the type of soil, any 
indications of rock near the surface, and the type of cover. (7) Keep notes in the 
form of the sample notes (Fig. 15-9). 

Hints and Precautions. (1) In determining the differences in elevation and the 
horizontal distances between traverse points, use the mean of the two vertical angles 
and the mean of the two stadia readings taken along the line joining these points. 
(2) Before taking side shots about a station occupied, set the next stadia station in 
advance. (3) In running the traverse, the magnetic bearing of each line should be 
recorded and immediately compared with the bearing computed from the azimuth of 
the line. (4) Inclined distances with vertical angles of less than 3° may be considered 
as horizontal without appreciable error. (5) Observe vertical angles to the nearest 
minute. Observe azimuths of traverse lines to the nearest minute, and azimuths of 
sights to details to the nearest 05' without the use of the vernier. Read the rod 
intercept to the nearest 0.01 ft. (6) Many shots can be taken with the telescope 
leveled as in direct leveling. (7) The observer should form the habit of judging 
distances by eye, in order to avoid large mistakes. The middle cross-hair should not 
be mistaken for one of the stadia hairs. 

Problem 3. Traverse and Location of Details with Transit and Stadia 

Object. To collect sufficient data for making a topographic map of an assigned 
tract. 

Procedure. (1) Make a rapid reconnaissance of the tract, selecting the most 
advantageous points for instrument stations from which areas comprising the entire 
area can be observed. (2) Run a closed azimuth traverse through the selected points, 
observing the stadia intervals and vertical angle s. The allowable angular error of 
closure should not exceed 0 1' Vnumber of sid^. The er ror of closure in elevation 
should not exceed 0,3 ft. Vdistance in thousands of feet. (3) Occupy each of the 
traverse stations and with the instrument correctly oriented observe the azimuth, 
stadia distance, and vertical angle to all changes in ground slope and to other natural 
and artificial features which are within range of the instrument. (4) Include in the 
notes a sketch drawn approximately to scale. (5) By means of Table IX, a stadia 
slide rule, or a stadia reduction diagram, determine the horizontal distance and the 
elevation of each side shot, 

Hints and Precautions. (1) See Hints and Precautions of problem 2. (2) If the 
elevation of a point is not required for mapping, often the point can be located ad- 
vantageously by the method of intersection, the azimuth being observed from two or 
more traverse stations. (3) It is sometimes advantageous, particularly if there are a 
large number of details, to plot the map in the field as the work progresses. 
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CHAPTER 16 


TRIAHGHLATION 

GENERAL 

164. General. Triangulation is employed extensively as a means of 
control for topographic and similar surveys. A triangulation system con- 
sists of a series of triangles in which one or more sides of each triangle are 
also sides of adjacent triangles, as illustrated in Figs. 16*1 to 16*3. The 
lines of a triangulation system form a network tying together the points or 
stations at which the angles are measured. The vertices of the triangles 
are the triangulation stations. 

By the use of the triangulation method, the necessity of measuring the 
length of every line is avoided. If it were possible to measure one side and 
all the angles in a triangulation system with absolute precision, no further 
linear measurements would be necessary. Unavoidable errors in the field 
measurements, however, make it desirable that the lengths of two or more 
lines in each system be measured as a means of checking the computed dis- 
tances. The lines whose lengths are measured are called base lines. 

The arrangement of the triangles in most systems affords many different 
geometrical figures for each of which the theoretical value of the sum of the 
included angles is known. Also, the sum of the angles about any station 
should equal 360°, and in any triangle the lengths of the sides should be pro- 
portional to the sines of the angles opposite. These known conditions 
serve as a measure of the precision of the angle measurements and as a 
means of adjusting the errors so as to secure the most probable values of 
the measured quantities. 

It is not necessary that every angle in a triangulation system be measured, 
since if two angles in any triangle are measured the value of the third can 
be readily computed. This procedure, however, does not permit the 
application of the known conditions as a measure of the precision of the, 
measurements, or as a means of adjusting the errors; therefore, it is cus- 
tomary to measure all angles. The stations are selected and the angle 
observations are planned to provide enough geometrical conditions to 
secure the desired precision in the computed locations of all points within 
the system. 

There is a quality of triangulation corresponding to every degree of pre- 
cision used in traversing. Thus, triangulation may be used for a simple 
topographic survey covering but a few acres or it may be used to extend 
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control of the highest order across the continent. The relative merits of the 
triangulation method and the traverse method are based on the character 
of the terrain only and not on the degree of precision to be attained. If 
favorable routes are available, the method of traversing is superior to the 
method of triangulation; but if the terrain offers many obstacles to traverse 
work (such as hills, vegetation, or marsh), triangulation is the superior 
method. 

The most notable example of triangulation is the transcontinental system 
established by the U.S. Coast and Geodetic Survey. The system is being 
developed to form a network to establish a control for the entire domain of 
the United States. A permanent reference point for the datum, called the 

North American Datum,^’ has been established at Meade’s Ranch in 
Osborne County, Kansas, and to this point the precise surveys of the 
United States, Canada, and Mexico are referred. 

Because of the character of the terrain near shore lines, the method of 
triangulation is extensively used in surveys for hydrographic charts, and 
for maps of the coast line and of navigable rivers. 

16*2. Classification of Triangulation Systems. Triangulation systems 
are classified according to (a) the average angular error of closure in the 
triangles of the system and (6) the discrepancy between the measured length 
of a base line and its length as computed through the system from an adja- 
cent base line. 

The Federal Board of Surveys and Maps (composed of representatives of 
the Federal bodies engaged in surveying and mapping) has classified triangu- 
lation for the extensive surveys of the United States Government as follows: 



First 

order 

Second 

order 

Third 

order 

Fourth 

order 

Average triangle closure, seconds. 
Check on base 

1 

1 

25,000 

3 

1 

10,000 

6 

1 

5,000 

<o jo 

A 

A 


First-order triangulation furnishes the primary horizontal control for 
small-scale mapping operations, the triangle sides often being many miles 
in length. The system which extends across the continent and from Canada 
to Mexico is of this order. First- and second-order triangulation call for 
methods of high precision not often necessary except on very extensive 
surveys. 

Third- and fourth-order triangulation establish points of horizontal control 
at short intervals in advantageous locations for detail mapping. These 
orders are often employed in intermediate- and large-scale surveys of 
limited extent. Third-order triangulation calls for methods of intermediate 
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nreoision although the requirements may sometimes be met by ^thods of 
OTdinary precision. Fourth-order triangulation calls for methods of ordi- 

“ThedtS&ation given above relates more particularly to surveys for 
small-scale maps which cover relatively large areas. For the surveys with 
w“Lh most surveyors and engineers deal, it seems appropnate to retain the 
SfnaTons of pLary, secondary, etc., to indicate the rtoe degrees o^ 
precision in the work. As in the case of traverse work (Chap. 25) both 
Eary and secondary (sometimes tertiary and quaternary) tnangulation 
mly be used on the same survey: also, triangulation and raverse work may 
be combined to meet best the field conditions (see also Art. 25-4 and 

'^* 16 ^ 3 ?TriMgulation Figures. In a narrow triangulation system a chain 
of figures is employed, consisting of dngte triangles, polygons, qvMnlaierals, 
or cLbinations of these figures. A triangulation system extending over a 
wide area is likewise divided into figures in the forin of single triangles, 
polygons, and quadrilaterals in a more or less irregular scheme, as illus- 
trate! by the system of Fig. 25-3. The computations for 
be arranged to afford checks on the computed values of most of the sides. 
The base lines should be so placed that as many sides as possible can be 
included in the routes through which the computations are carried from one 

base line to the next. . , /-n- 

1. Cham of Triangles. In the chain of single triangles (Fig- 16' 1) there is 
but one route by which distances can be computed through the chain. If 



Fig. 16-1. Chain of single triangles. 


AB is the base line whose length is measured and if all the angles of the 
triangles are observed, the length of the triangle s des in the chain (as AC, 
BC, BD, etc.) may be calculated progressively along the chain from the 
measured base line to the triangle side farthest removed from the base line. 
If two lines are measured as base lines, one at each end of the system, the 
calculations may be carried from each toward the other, to a triangle side 

somewhere between them. , , - v i oao a « 

The sum of the angles of each triangle should, of course, be 18U . as 
the sum of the measured angles normally will not exactly equal this amount, 
the angles are adjusted to satisfy this requirement before the distances are 
computed. The method of making the adj ustment is described in Art. 16 24. 
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2. Chain of Polygons, In triangulation, a polygon, or “central-point fig- 
gure,” is composed of a group of triangles, the figure being bounded by three 
or more sides and having within it a station which is at a vertex common to 
all the triangles. A chain of such composite figures is illustrated in Fig. 16*2, 
in which BACEF is a five-sided polygon with D as the central point, and 
FEGJKI is a six-sided polygon with H as the central point. 

The sum of the measured angles in each triangle of the polygon should 
equal 180°; also, the sum of the angles about the central point should equal 
360°. Further, the length of any side may be computed by two routes, 
and these two computed lengths should agree. Assume, for example, that 
AB k the base line. With the length of that line known, the length of EF 
can be found either by way of the triangles ABD, ACD, CDE, and DEF, 
or by way of the triangles ABD, BDFj and DEF „ If all the angles were 




B ^ F 

Fig. 16-3. Chain of quadrilaterals. 

known exactly, the computed value of the distance EF would be the same by 
one route as by the other. The observed angles are so adjusted by computa- 
tion that this condition exists and, further, that the sum of the three angles 
of each triangle equals 180° and that the sum of the angles about the central 
point equals 360°. A similar adjustment is made for the other polygons in 
the triangulation chain. 

3. Chain of Quadrilaterals, Figure 16*3 illustrates another type of 
triangulation figure, in which the individual triangles more or less overlap 
one another. This type usually occurs in the form of the quadrilateral, of 
which the figures ABDC, DCEF, etc., are examples. In the individual 
quadrilateral there is no triangulation station at the intersection of the 
diagonals. Consider one of the quadrilaterals, as ABDC, The measured 
angles give values for four triangles ABD, ACDj ABC, and BCD, in each of 
which the sum of the angles should equal 180°, In addition, the length of 
any line should be same when computed by one route as when computed by 
another. 

For example, consider A B as the side of known length and CD as the side whose 
length is required. There are four ways in which the required distance CD may be 
found: (1) by use of triangle ABD for the length of AD and triangle ACD for the 
length of CD; (2) by the use of triangle ABD for the length of BD, then of BCD for the 
length of CD; (3) using triangles ABC and BCD; and (4) using triangles ABC and 
ACD. The four values of CD should agree and will agree if the angles are precisely 
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known. The adjustment of angles must be so carried out as to make their adjusted 
values satisfy this requirement as well as to make the sum of the three angles of each 
triangle equal 180°. 

164. Choice of Figure. Of the three forms of chains of triangulation 
figures, the chain of single triangles is the simplest, requiring the measure- 
ment of fewer angles than does either of the other two. This type of system, 
however, has the obvious weakness that, aside from the test of precision 
afforded by the measurement of more than one base line, the only check is in 
the sum of the angles of each triangle considered by itself. To reach the 
same precision in the determination of lengths, base lines would need to be 
placed closer together. As a consequence, this type of chain is not em- 
ployed in work of the highest precision, but it is satisfactory where less pre- 
cise results are required. 

For more precise work, quadrilaterals or polygons are used when possible 
in preference to single triangles; quadrilaterals are best adapted for a 
relatively narrow chain and polygons are best adapted to wide systems. 

16*5. Strength of Figure. It has been shown in Fig. 3*2 that values com- 
puted from the sine of angles near 0® or 180® are subject to large ratios of 
error. Since in triangulation computations the 
sine is nearly always used, it follows that angles 
near 0° and 180® are undesirable. It has been 
found in practice that satisfactory results can be 
secured for most purposes if the angles used in the 
computations fall between 30® and 150®, However, 
many angles measured in the field are not used in 
computing the length of the sides in the system. 
Such angles may be near 0° or 180® without im- 
pairing the excellence of the system as a whole. 

This and other principles may be made clear by ref- 
erence to Fig- 16*4. In the figure, let AB represent a 
side whose length is known, ^ . This side and all others in 
the system whose lengths are desired are shown by heavy 
lines. The sine law, used in computing the lengths, 
states that in any triangle the sides are proportional to 
the sines of the angles opposite; accordingly, the angles 
affecting the computed lengths of sides in each triangle 
are those opposite the known and computed sides. 

Consider the quadrilateral CEFD. The length of the 
side CD results from calculations carried through the 
quadrilateral ACDB. Then the length of CP, in triangle 
CDF, is computed by use of the known side CD and the 
angles 78° and 88° (13° + 75°); and EF, in triangle CEF, 
may be computed by use of the known side CF and the angles 93° and 72° (60° 4- 
12°). In these two computations involving the small angles (12° and 13°) it is seen 
that neither one is used separately and so neither, by itself, has any effect upon the 
length of the side EF. Similarly, the side ED, in triangle CED, is computed by 
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the use of the side CD, and again, neither of the small angles (14° and 15°) is used 
separately in computing the length of EF, Thus it is seen that the side EF can be 
computed by two independent series of computations neither of which is affected 
detrimentally by the small angles involved. As a matter of fact, the quadrilateral 
CEFD is a stronger figure than is ACDB in which no angle less than 36° occurs. 

By a similar analysis of the quadrilateral EGBF, it will be found, however, that 
it is impossible to compute the length of the side GH without making use in one series 
of computations of the angle 15° separately, and in the other, of the angle 17° sepa- 
rately. Therefore, by any possible means, the computed length of the side GH must 
be affected by the large ratios of error resulting from the use of small angles separately. 
The large degree of uncertainty thus introduced into the computed length of the side 
GH will be effective in all dependent values computed therefrom, as, for example, the 
length of the side IJ in the system shown. 

Considerations of economy sometimes render one figure more desirable 
than another even though it may be the weaker of the two. Hence, the 
quadrilateral ACDB may be more desirable than CEFD because the prog- 
ress of the work is advanced more rapidly by the former than by the latter, 
the ratio of progress being about that of the lengths BD/DF, 

Computation of R. The relative strength of figure can be evaluated 
quantitatively in terms of a factor R based on the theory of probability; 
the lower the value of R, the stronger the figure. Strength of figure is a 
factor to be considered in establishing a triangulation system for which the 
computations can be maintained within a desired degree of precision. For 
example, for third-order triangulation (see Art. 16*2), it is desirable that R 
for a single figure not exceed 25 and that R between two base lines not 
exceed 125. In some cases it may not be necessary to occupy all the stations 
of the system, nor to observe all the lines in both directions. Further, by 
means of computed strengths of figure, alternative routes of computation 
(chains of elemental triangles) can be compared and the best route chosen. 
The methods are described in detail in Ref. 8 at the end of this chapter. 
The following brief treatment gives the essential relations for computing R. 

Let C = number of conditions to be satisfied in figure 

n == total number of lines in figure, including known line 
n' — number of lines observed in both directions, includ- 
ing known line if observed 
s = total number of stations 
s' = number of occupied stations 

D = number of directions observed (forward and/or 
back), excluding those along known line 
ds == respective logarithmic differences of the sines, ex- 
pressed in units of the sixth decimal place, corre- 
sponding to a change of one second in the ^‘distance 
angles'’ A and D of a triangle. The distance angles 
are those opposite the known side and the side re- 
quired. 
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S(5i + + 5|) = summation of values for the particular chain of tri- 

angles through which the computation is carried 
from the known line to the line required. Values of 
(5i + 4- 8%) for a triangle are given in Table 

XXIII. 

Then 

C = (n'-s' + l) + (w-'2s + 3) (1) 

R = + SaSb + S|) (2) 


Example: It is desired to compute the strength of the quadrilateral ACDB in 
Fig. 16*4 for computation of the side CD from the known side AB, when all lines are 
observed in both directions. From Eq. (1), 


0-(6-4 + l) + (6-8 + 3)«4 


D 


10 


The computation may be carried through any of four chains of triangles, as indi- 
cated in the following tabulation: 


Common 

side 

Chain of 
triangles 

Distance 

angles, 

deg. 

(si + S^djB 4 si) 

R 

1 

Each 

S 

AC 

ACB 

ACD 

60,43 

40,36 

9.8 

22.2 

32.0 

19 

AD 

ADB 

ACD 

90,63 

104,40 

2.4 

5.2 

1 7.6 

5 

BC 

BAC 

BCD 

77,60 

89,47 

2.0 

3.7 

5.7 

3 

BD 

BAD 

BCD 

63,37 

47,44 

15.2 

12.8 

28.0 

17 


It is seen that the strongest chain consists of triangles BAC and BCD, and that the 
relative strength of the quadrilateral is 3. 

By similar computations, for the remaining quadrilaterals, the least values of R 
are found to be: CEFDj 0; EGHF, 29; and GIJH, 20. Therefore, the strongest 
quadrilateral is CBFD and the weakest is EGHF^ as previously discussed. The 
strength of the figure as a whole (for IJ computed from AB) is represented by a value 
of R of 52, which is the sum of the lowest values for the four consecutive quadrilaterals 
in the chain. 

16»6. Base Nets. In a system of triangulation, long sides (within proper 
limits) are obviously more economical than short ones. It is difficult and 
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expensive to measure long base lines; hence, in practice, the base lines are 
usually much shorter than the average length of the triangle sides. This 
condition necessitates the most careful attention to the location of the base 
lines and the immediately adjacent stations. The figure formed by this 
group of stations is called the base net and is formed so as to permit economi- 
cal lengths of triangle sides to be used with a minimum loss in the precision 
of the measured base line. 




Fig. 16‘5. Base nets. 

At the left in Fig. 16*5 is an example of an excellent base net affording 
quick and accurate expansion of the base line to the longer sides of the 
system. The form of base net suggested by the quadrilaterals GHFE and 
GHJI (Fig. 16*4) is satisfactory if it can be so laid out as to avoid the small 
angles there shown. This form is also shown at the right in Fig. 16-5. 

The number of base lines required will depend on the excellence of the 
shapes of the triangles in the system. In practice, work of intermediate 
precision can be carried through a chain of 20 to 60 triangles, depending on 
the strength of the figures secured. 

METHODS 

16*7. General. The work of triangulation consists of the following steps: 

1. Reconnaissance, to select the location of stations. 

2. Erection of signals and, in some cases, tripods or towers for elevating 
the signals and/or the instrument. 

3. Measurement of angles between the sides of triangles. 

4. In most cases, astronomical observations at one or more triangulation 
points, in order to determine the true meridian to which azimuths are 
referred ; also in extensive systems to determine the geographical coordinates 
(latitude and longitude) of all points in the system. 

5. Measurement of the base lines. 

6. Computations, including the adjustment of the observations, the 
computation of the length of each triangle side, and the computation of the 
coordinates of the stations. 
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Herein the description of methods will be concerned principally with tri- 
angulation of ordinary precision (corresponding roughly to the upper range 
of fourth-order triangulation) but will also be applicable in large degree to 
triangulation of intermediate precision (corresponding roughly to third- 
order triangulation). Triangulation of high or low precision differs from 
that of ordinary precision as follows: 

1. Triangulation of High Precision. The reconnaissance may amount to 
a preliminary survey. Extensive use is made of tall towers and signals, and 
of signaling devices for reflecting sunlight or for night work. Angles are 
measured with either the repeating theodolite or the direction instrument 
(Art. 16T2). The angles of a system are adjusted by the method of least 
squares, and account is taken of spherical excess (Art. 16-23). The com- 
putations for latitude and longitude of the various stations take into account 
the curvature of the earth. 

2. Triangulation of Low Precision. There is practically no reconnais- 
sance, and often the stations are selected as the work progresses. The 
stations are marked with a stake, pole, or portable tripod. The base line is 
measured by the ordinary methods of chaining, or sometimes even by 
stadia. The angles of the triangles are not necessarily adjusted to meet 
the known geometric and trigonometric conditions. No correction is made 
when the instrument is not set up exactly over the station. No astronomical 
observations are made. Often the method of graphical triangulation with 
the plane table is employed (Art. 17-10). 

16*8. Reconnaissance. Because of its influence on the accuracy and 
economy of the work, the reconnaissance is of the greatest importance. 
The reconnaissance consists in the selection of stations, and it determines 
the size and shape of the resulting triangles, the number of stations to be 
occupied, and the number of angles to be measured. In this connection are 
considered the intervisibility and accessibility of stations, the usefulness of 
stations in later work, the strength of figures, the cost of necessary signals, 
and the convenience of base-line measurements. 

The chief of the party examines the terrain, choosing the most favorable 
sites for stations. Angles and distances to other stations are estimated or 
measured roughly en route, so that the suitability of the system as a whole 
can be examined before the detailed work is begun. Angles are determined 
either directly by use of the prismatic compass or similar hand instrument 
or graphically by use of the plane table. Distances are determined either 
directly by pacing or odometer or graphically by use of the plane table. 
Where forest growth is present, the observer must make use of standing 
trees or guyed ladders or poles to establish visibility with adjacent stations. 

In open, hilly regions, stations can often be located on summits such that 
the instrument for measuring angles can be set up on the ground. Under 
adverse conditions, however, the instrument must be elevated to a height 
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sufficient to enable all adjacent stations to be observed. Above each 
station is placed a signal, such as one or more square flags attached to a 
center pole. Stations and signals are described in Art. 16*9. 

Existing maps are of great aid in the reconnaissance for triangulation of 
high precision, where the distances between stations are large. 

Reconnaissance for triangulation of low precision is either very limited in 
extent or is omitted entirely, the stations being selected as the work pro' 
grosses. 

16*9. Signals and Instrument Supports. Each triangulation station i^ 
marked by a signal visible from stations from which it is to be sighted. The 
form of the signal depends on the locality and the available materials. If 
the station is not to fee used as an instrument station, but is merely to be 
sighted, a relatively simple structure is used. This signal may be one con- 
structed for the purpose or it may be an object already in place such as a 
flagpole, chimney, or telegraph pole. A pole set vertically in the ground or 
held firmly in a vertical position by a pile of stones, or by guys or bracing, 
makes an excellent signal on a bare summit or. in open country, A white 
paint mark on a rock cliff is sometimes all that is required. To increase the 
visibility of a pole or tree signal, two rectangular targets are sometimes 
attached, being placed at right angles to each other. 

During the middle of the day, unless the sky is overcast, the atmospheric conditions 
render visibility poor and sighting inaccurate for the distances used in triarigulation 
of high precision (5 to 40 miles and often much greater). Hence, the best time for 
observing is in the late afternoon or at night. 



Fig. 16-6. Heliotrope, box type. 


When the sun is shining, heliotropes of various designs are used as signals for long 
distances at which flags or poles are invisible. Essentially a heliotrope consists of a 
mirror so arranged as to flash sunlight to the distant station. Figure 16*6 shows the 
box type in which the line of sight of the telescope is fixed parallel with the axis of the 
open rings. Therefore, if the heliotrope telescope is sight^ at a distant station and 
by mirror adjustments the beam of light is reflected along the axis of the two rings, 
the ray is directed to the same station. An automatic heliotrope is described in 
Art. 31-40. 


TRIANQTJLATION 


[CH. 16 





378 TRIANGULATION [CH. 16 

For night observations, an electric lamp is used as a signal. 

When manual heliotropes are used, there must be an attendant to operate them. 
Communication between the observer and the attendants is established by the use of 
code signals flashed back and forth or by means of a portable sending-receiving radio 
set. Lamps may be turned on and off at the desired times by means of clockwork. 

At the instrument station it is desirable to have a signal of a type that will 
permit placing the instrument directly over the station when angles are to 
be measured. In a small triangulation system with triangle sides only a few 
hundred feet in length, and with but few angles to be measured, a temporary 
signal which is readily moved may be all that is necessary. A light tripod 



Fig, 16*7. Tripod signal, 


Fig. 16-8. Bilby steel triangulation tower. 



to which is attached a plumb line may be centered over the station mark. 
If the stations are to be used over a longer period, the station may be marked 
by an iron pipe set vertically in the ground, in which pipe is placed a range 
pole or similar rod. When the station is occupied, the pole is temporarily 
removed. Where a tall mast is necessary for visibility, it may be supported 
in position by three guy wires attached to it near the top. Provision is made 
for swinging the bottom of the mast to one side when it is desired to place 
an instrument at the station. It is necessary that the guyed top be accur- 
ately centered over the station. 

Where a more permanent signal is required that does not need to be 
moved to provide for setting up the instrument, a large tripod or tower 
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like that shown in Fig. 16*7 is generally used. Such a signal may be con- 
structed either of round poles or of sawed lumber, with the vertical mast 
projecting upward from the junction with the legs. The signal should be 
solidly built and firmly anchored, with the vertical mast centered accurately 
over the station and made as nearly vertical as possible. For high visibility, 
the cloth may be of the fluorescent type recently developed. 

The field instructions of the XJ.S. Geological Survey and the U.S. Coast 
and Geodetic Survey (Refs. 4 and 8 at the end of this chapter) give excel- 
lent instructions for the construction of signals. 

Where the instrument must be elevated to secure visibility, a combined 
observing tower and signal like that shown in Fig. 16*8 is built of wood or 
steel. The central structure, a tripod, is designed to support the instru- 
ment. Around this, but entirely separate from it, is the three- or four- 
sided structure supporting the platform upon which the observer stands. 
Thus the instrument tower is free from the vibrations caused by movements 
of the observing party. The Bilby steel tower shown in Fig. 16-8 is sec- 
tional and can be quickly and easily erected to any height up to 126 ft. 

For graphical triangulation (Art. 17*10) and for ordinary triangulation 
of low precision, it is not necessary that the instrument be placed exactly 
beneath the signal; and some stations are not designed to be occupied by 
the instrument. For such conditions a single staunch mast may be used. 

16*10. Station Marks. For the extensive triangulation systems of the 
U.S. Coast and Geodetic Survey and the U.S. Geological Survey, every 
triangulation station is permanently marked with a metal tablet (similar 
to that in Fig. 9*1) which is fastened securely in rock or in a concrete monu- 
ment. These stations are of great value as reference points for local surveys. 

16*11. Angle Measurements. Thus far the term triangulation station 
has generally been used to designate instrument stations, that is, points 
where the instrument is set up to measure angles. In most triangulation 
systems, secondary control is established by observations to stations in the 
vicinity of the primary or major stations j but these secondary stations, called 
minor stationSf are not used in the extension of the main system of triangles. 
Obviously, the angle measurements of such stations may be made with a 
lower degree of precision than is required in the main system. 

Major Stations. In work of ordinary precision, the average error of 
closure of the triangles should not exceed 6" (Art. 16*2). For surveys 
where lower precision is permissible, corresponding modifications should be 
made in the measurements of the angles. 

The instrument is set up at each major station, and angles with vertex at 
the station are measured. Instruments and the method of procedure with 
the direction instrument are described in the following article. The method 
of repetition, commonly used in triangulation of ordinary precision, is de- 
scribed in Art. 13*13; the procedure is stated and the form of notes is shown 
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under field problem 2 with the transit, Art. 13*33. The following suggestions 
are added to those there given: The instrument should be protected from 
wind and sun; good visibility is necessary, that is, the air should be free 
from smoke, mist, or heat waves; after the instrument has been set up, 
centered, and leveled, the tripod wing nuts should be loosened to free the 
tripod from any torsion developed while planting it in the ground, and the 
nuts should then be tightened to a firm bearing; if the stations observed are 
of some difference in elevation, the horizontal axis of the transit should be 
leveled with a striding level. 

Minor Stations. These may be definite objects of prominence suitably 
located for control purposes, such as lone trees, church spires, fiagstaffs, and 
chimneys; or they may be signals erected at desirable locations. The 
observations should be made with much the same care as those for major 
stations, but ordinarily the method of repetition need not be employed. 
Each angle should be measured, however, once with the telescope normal, 
and once with it inverted, both verniers being read. Minor stations should 
be observed from at least three stations, if possible, to provide a check on 
the computed or plotted locations of these secondary points. 

16*12. Instruments for Measuring Angles. For triangulation of inter- 
mediate precision, the angles in the system are measured by means of a re- 
peating instrument or repeating theodolite, which if of American manufacture 
is similar in general design to the ordinary engineer’s transit but is of larger 
size and of a higher grade of workmanship. The horizontal circle is 7 or 
8 in. in diameter, and commonly the verniers read to 10". An example of 
this type is shown in Fig. 16*9. A European repeating theodolite which 
is used to some extent in America (Art. 13* 2a) is smaller and lighter than 
the American type, and incorporates the features previously described for 
the transit. 

Because of the refinement necessary in pointing the instrument, a single 
vertical cross-hair like that in the telescope of the ordinary transit is not 
suitable. When targets or poles are sighted, cross-hairs placed in the form 
of an X are used ; and when light signals are observed, two closely spaced 
parallel vertical hairs are used. 

For triangulation of ordinary precision, the ordinary transit may be 
used. 

For triangulation of high precision, either the repeating instrument or 
the direction instrument (Fig. 16*10) is used. Recent reductions in the size 
and weight of the direction instrument have resulted in an increased use 
of this type. In designing both types of instruments, it was once thought 
that greater precision could be secured by increasing the size of the circles, 
but it has been found that because of lost motion, mechanical errors in 
graduating the circles, etc., nothing is gained by increasing the diameter 
beyond about 10 in. 
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Direction Instrument. The principal distinguishing features of the direc- 
tion instrument are that the horizontal plate has but a single tangent motion 
and that, instead of verniers, micrometer microscopes are used to read the 
subdivisions of the graduated circle. A 9-in. direction instrument is shown 
in Fig. 16-10. 


Fig. 16*9. Repeating vernier theodolite with Fig. 16*10. Nine-inch Parkhurst first- 
7-in. horizontal circle. order theodolite (direction instrupaent). 


The single horizontal motion of the direction instrument is comparable 
to the upper motion of the ordinary transit, except that in the direction 
instrument the graduated circle can be rotated while the telescope is clamped 
in a fixed direction. Accordingly, when angles are to be measured about a 
point, an initial circle reading must be made when the instrument has been 
pointed on the first distant signal. This initial reading is a measure of the 
azimuth, or direction, of the first object sighted, with respect to some 
reference meridian. The direction of this reference meridian is immaterial, 
depending entirely upon the chance position of the plate when fixed in posi- 
tion before making the first pointing. The directions of all distant stations 
are then read successively without disturbing the horizontal circle, and from 
these readings the values of the angles (from one station to the next) are 
computed. 

Precision in measuring parts of spaces of the graduated circle is secured 
by means of micrometer microscopes, usually two. The device consists of 
a microscope focused on the graduated circle, having in the focal plane two 
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closely spaced parallel wires mounted on a movable slide. The slide is 
moved by a milled thumb-screw carrying a graduated drum called the 
micrometer head. When, the telescope has been pointed toward an object 
and the horizontal motion has been clamped, the index or fiducial line of 
the micrometer lies ordinarily between two circle graduations. To deter- 
mine the fractional part of a space, the line is moved until it coincides with 
a scale division and the micrometer head is read. The direction is found 
by combining the micrometer reading and the scale reading. Sometimes 
the micrometer is read on each of the two graduations between which the 
index lies. The micrometer may usually be read directly to the nearest 
second, and by estimation to 

The angles about a station are measured with the direction instrument 
as follows: The circle is clamped in position, and the telescope is pointed 
toward the initial station and clamped in that position. By means of the 
tangent-screw, the signal is observed precisely, and the initial reading is 
taken by reading the micrometers. The instrument is then turned clock- 
wise, the cross-hairs are set on the next station, and the micrometers are 
read. Each station is thus observed in burn until the horizon has been 
closed and the initial station is again sighted. The telescope is then lifted 
from its Y-supports and plunged (the pivots, after plunging, resting in the 
same supports as before) and by revolving the telescope about the vertical 
axis the initial station is again sighted. The direction of each station is 
now observed as before, but the stations are sighted in reverse order, that is, 
the alidade is turned in a counter-clockwise direction from one station to the 
next. These two series of readings constitute one set. Before beginning a 
second set the circle is shifted a number of degrees so that the readings for 
the next set will be observed on different parts of the circle. In work of the 
highest precision, 16 sets are observed, the circle being shifted approximately 
11® between sets. 

16* 13. Azimuth Determinations. In computing the coordinates of tri- 
angulation stations a meridian of reference, either true or assumed, is used. 
The azimuth of a triangle side is determined at any convenient station, and 
the azimuths of all other sides are computed. If the system is many miles 
in extent, a determination is made at intervals of 20 to 30 figures as a check 
on the angle measurements. Solar or stellar observations may be used, 
depending on the field conditions; stellar observations are by far the more 
accurate. The methods of determining azimuth are described in Ghap. 21. 

16*14. Base-line Measurement: the Tape. For base-line measurements 
of ordinary precision either the steel tape or the invar tape may be employed, 
but for measurements of intermediate or high precision the invar tape is 
always used. Invar is a nickel-steel alloy for which the coefficient of ther- 
mal expansion may be as low as 0.0000002 per TF. (about one thirtieth 
that of steel). The invar tapes commonly used have a coefficient of expan- 
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sion M to Mo that of steel. Often a ^‘long tape'^ is used, the length of tape 
employed ranging from 50 m. to 500 ft. 

The length of the tape should be precisely determined by comparison 
with a standard of known length. The National Bureau of Standards at 
Washington, D.C., for a small fee, will compare the tape with a length 
which has been precisely determined, and will issue a certificate showing the 
actual length of the tape under stated conditions as regards tension, tem- 
perature, and supports (see Art. 16T7). It is desirable to have the tape 
standardized under the tension and supported in the manner that will be 
employed in the field work, so that no corrections for sag or stretch will be 
necessary. 

A tape that has been compared with the standard at Washington may 
itself serve to standardize other tapes in the field, but for work of the greatest 
precision all the tapes used should be compared with the standard at 
Washington. 

If a tape is kinked in handling, its length will be appreciably changed. 
Invar is relatively soft and bends easily. Hence, tapes of this metal should 
be handled with great care and when not in use should be kept on a reel not 
less than about 15 in. in diameter. In the best practice, two or three tapes 
are provided and, when in use, are compared daily, thus to detect sudden 
changes in length due to whatever cause. In any case, a tape should have 
its length again compared with some standard upon the completion of the 
work. 

16*16. Measuring the Base Line. Base-line measurements can be made 
satisfactorily over somewhat rough and uneven ground if provision is made 
for properly supporting and stretching the tape. The top of the rail of a 
railroad track or the surface of a paved highway of uniform grade may be 
used for base-line measurements, and these surfaces render unnecessary 
part of the special preparations required for measurements over uneven 
ground. The measurements should be made at a time when the tempera- 
ture of the supporting surface (highway or rail) is not appreciably different 
from that of the surrounding air. 

Where the base line is over uneven ground, end supports for the tape are 
provided, usually by the use of substantial posts, perhaps 2 by 4 in. or 
4 by 4 in., driven firmly in the ground. These are placed on a transit line 
at intervals of one tape length, as nearly as can be determined by careful 
preliminary measurements. A strip of copper or zinc is tacked to the top 
of the post to provide a suitable surface on which to mark the tape lengths. 
Portable tripods' are also used to some extent as tape supports. Profile levels 
are run over the tops of the end supports to determine the gradient from 
support to support. 

The tape is usually supported at one, two, or three points between the 
end supports. These intermediate points are placed accurately on the 
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grade line between the tops of the two adjacent end posts, usually by driving 
nails at grade in 1 by 2-in. stakes placed on line at the proper intervals. 
These supports preferably should be provided at the same intervals as those 
used in the standard comparison, and the nails should be. so driven that the 
tape will not become pinched between nail and stake. 

The equipment for base-line measurement where reasonably precise* 
results are desired includes at least one standardized tape (on important 
work, two tapes are essential); two stretcher devices for applying tension 
(Fig, 16T1); a spring balance or a weight and pulley; two or three ther- 
mometers; a finely divided pocket scale; dividers; and a needle or marking 
awl. 















Fig. 16*11. Tape stretcher and spring balance. 


The party consists of four to six men whose duties are indicated by the 
following description of the procedure: The proper tension is applied to the 
tape by means of the stretchers, with the spring balance (or weight and 
pulley) attached to the forward end of the tape beyond the end support 
(Fig. 16T1). When the rear end of the tape is observed to coincide with 
the previously established mark and when the proper tension is applied, the 
position of the forward end of the tape is marked by a fine line engraved by 
means of a needle or marking awl on the metal strip on the top of the post 
(Fig. 16T2). Thermometers fastened to the tape, one near each end and 
sometimes one near the middle, are read at the instant that the tape length 
is marked on the forward post. 

The tape is then carried forward without allowing it to drag on the ground, 
and the process is repeated. After a few measurements, the end of the tape 
will probably fall either beyond or short of the limits of the metal strip of 
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the next forward post because of variations in temperature or because of 
the inaccurate placement of the posts. Accordingly, it will be necessary 
occasionally to use set backs or set forwards as may be necessary to keep the 
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Fig. 16- 13, Notes lor base-line measurement. 


Fig. 16-12. Base-line measurement: making forward contact. 

tape ends on top of the posts. These are measurements of small distance 
made by means of a finely divided pocket scale and a pair of dividers, 
record is kept of all observations, as shown in Fig. 16*13. 

16*16. Error's in Base-line Measurements. The nature of the variou 
sources of error in tape measurements as they affect work of ordinary pre 
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cision is treated in Art. 7-16, but the special procedure used in base-line 
measurements causes differences in sources of error which should be noted. 

1 Tape Not Standard Length. If the tape is carefully handled, the cona- 

narison made by the Bureau of Standards will be sufficiently precise to 
render the error from this source negligible for the duration of a field season. 
Special care should be taken not to kink the tape and to keep it from dragging 
on the ground, which causes wear. Experience has shown that a tape 
changes in length over a period of years even though it is not used. Hence, 
a tape should be standardized in the same season in which it is used 

2 Variaiiom in Temperature. The effect of temperature is the most 
serious source of error in precise linear measurements. For example, an 
error of 0.5°F. in the mean temperature of a steel tape introduces an error 
of 1/300,000 in the measured length, which alone is greater than the total 
probable error permitted in precise work (Table 25.1). The Wtude of 
the error due to variations in temperature is greatly reduced by the use of an 

“ FTelKnditions favorable to a small variation in the thermal expansion 
are those in which the air and the ground are at nearly the same tmperature. 
These conditions are obtained on cloudy days or at night, and it is at such 
times that important base lines are usually measured. Me^re";®^ 
taken at such times have indicated probable errors as low as 1/3,000,000. 

A pavement or railroad track may have a temperature considerably 
different from that of the air; hence, before a base-line measurement is made 
along such a surface, observations should be taken to make sure that air and 

surface temperatures agree closely. . , . ,• •ui„ 

3. Tape Not Horizontal. This source of error is rendered negligible as 
follows; The difference in elevation of adjacent posts is determined by a line 
of profile levels run with a transit or an engineer’s level. The gradient for 
each tape length is then readily computed. The corrections for grades up 
to 5 per cent may be computed by the approximate formula (1) of Art. 7-15, 
or by the less approximate formula 

25 8s® 

steeper grades may be used if necessary, but the corrections should then be 
computed by the exact formula (3) of Art. 7-15. The same correction is 
applied to measurements of base lines along a highway or railroad, the grade 
of the supporting surface being obtained by leveling. 

4. Variations in Tension; Sag in Tape. Variations in tension are not im- 
portant if only stretch in the tape is considered, as where the tape is sup- 
ported throughout its length. The effect on the amount of sag, if the tape 
is supported at intervals, is much more serious. The less the number of 
supports, the more important this effect. Other things being equal, the 
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shortening due to sag varies inversely as the square of the tension. The 
amount of the resulting error for varying conditions is given in Table 7*3, 
Art. 7*20. If the tension is determined correctly within 1 oz., the resulting 
error is negligible for the class of work under consideration. 

A normal tension (see Art. 7*21) is used where conditions are favorable. 

5. Wind. If a strong wind is blowing normal to the base line and if the 
tape is not supported throughout its length, there will be a lateral displace- 
ment of the unsupported portions of the tape, thus producing an effect 
similar to that of sag. Wind also sets up vibrations which render the tape 
unsteady. It is impossible to compute corrections for wind effects; accord- 
ingly, precise measurements should not be attempted if the tape is unsup- 
ported throughout its length and if a strong cross wind is blowing, 

6. Marking the Tape Lengths. The magnitude of the errors resulting 
from this source depends on the fineness of the tape graduation, the fineness 
of the line cut on the metal strip, and the precision with which these lines 
are made to coincide when the tape lengths are being marked. The lines 
marking the ends of ordinary steel tapes are relatively coarse, but makers 
of invar tapes use lines not exceeding 0.002 in. in width. The Bureau of 
Standards is careful to state which edge of the tape is used in making the 
comparison with the standard length. For a given tape, careful manipula- 
tion is the only means of reducing errors from this source. 

16*17. Corrections to Measured Length. The methods of computing and 
applying corrections to tape measurements are given in Arts. 7*15 to 7*23. 

Following is an example showing the corrections applied to the measured 
length of a base line: 

Example: The length of a base line is recorded as 3,243.063 ft., and the average 
observed temperature is 59.7°F. In the field, the tape is supported and the tension 
is maintained the same as when standardized. The standardization data for the tape 
are as follows: Length at 68°F. == 100.0214 ft. (tape supported at 0, 50, and 100-ft. 
marks; tension = 10 lb.). Coefficient of thermal expansion = 0.00000645 per degree 
Fahre^eit. Corrections (including corrections for slope) are as follows: 

Feet 

Eecorded length 3,243.063 

Length correction +0.694 

Total set forwards +0.364 

Total set backs —0.158 

Temperature correction —0.174 

Total slope correction — 0>364 

Length of base 3,243.425 

16*18. Reduction to Sea Level. It is sometimes necessary to reduce the 
length of the base line to the equivalent length at mean sea level. The 
correction Ci to be subtracted from the actual length is given by the equation 

C, = ^ ' (3) 
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where L is the length of the base line, A is the mean altitude of the base line 
above sea level, and R is the radius of the earth (mean R = 20,889,000 ft., 
logR - 7.31992). 

16*19. Discrepancy between Bases. Experience indicates that for first-, 
second-, and third-order triangulation, the precision attained in a base line 
computed from a measured base through a chain of approximately 20 figures 
will be reduced to about one fifth of that of the measured base line, provided 
the angles of the system are measured with a precision corresponding to that 
of the accidental errors in the base measurement. Thus, if the probable error 
of a measured base is, say, 1/25,000, the probable error of a base computed 
from the measured base through a chain of 20 figures is about 1/5,000. This 
relation makes it possible to estimate in advance the required precision of 
base-line measurements to produce a check on base which will meet the 
requirements of a given specification. 

16*20. Specifications for Base-line Measurement. Following are the 
essential requirements of the U.S. Coast and Geodetic Survey for measure- 
ment of base lines (Refs. 7 and 8 at end of this chapter). 



First order 

Second order 

Third order 

Actual error of base not 

to exceed 

Probable error of base 

not to exceed 

Discrepancy between 
two measurements of 
a section not to ex- 
ceed 

1/300,000 

1/1,000,000 

1/150,000 

1/500,000 

1/75,000 

1/250,000 

10 mm. Vkilometers 

20 mm. Vkilometers 

25 mm. Vkilometers 


The length of each base line is determined by at least two complete meas- 
urements with each of two standardized tapes (three tapes for first-order 
triangulation). Invar tapes 50 m. long are used. The standard tension is 
15 kg., and the error in tension is not permitted to exceed 100 g. for first- 
and second-order triangulation or 150 g. for third-order work. The tempera- 
ture at each end of the tape is observed for each tape length. Precautions 
are taken against, or corrections are made for, errors due to grade, alinement, 
temperature, sag, stretching, erroneous tension, method of support, change 
in weight of tape (due to adherent moisture), friction, wind, marking, and 
elevation above sea level. 

Low Precision, For measurements of low precision the systematic errors 
are likely to become more important than in refined measurements, and for 
this reason a somewhat higher degree of precision in the measurements must 
be maintained than would otherwise be necessary. A detailed analysis of 
the interrelation of the errors in triangulation work is beyond the scope of 
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this text, but the following general specifications for three degrees of ordinary 
and low precision are given as applicable to average conditions. It should 
be realized that field conditions vary widely and that they appreciably 
influence the precision of results. 


Discrepancy between base lines not to 
exceed 

1/3,000 

1 

1/1,000 

1/500 


Minimum length of each base 
line, ft 

2,500 1 

1,500 

1,000 

Specifi- 

cations 

Probable error of base not to 
exceed . . ; 

1/20,000 

1/10,000 

1/5,000 

Length of triangle sides 

to 3 mi. 

to 2 mi. 

Ho 1^0 1 mi. 


Average closing error of tri- 
angles not to exceed 

8" 

15^' 

30" 


COMPUTATIONS 

16‘21. General. In triangulation of low precision, the measured angles 
and base line may be used, without correction or adjustment, for computa- 
tion of the lengths of the remaining sides. In triangulation of ordinary and 
higher precision, however, the observed angles are corrected before the 
lengths of the sides are computed. If sights have been taken from, or to, 
any point which is not exactly at a triangulation station, the angles at that 
point are corrected for such eccentricity (Art. 16*22). The angles about 
each station are adjusted to total 360°. In precise work involving large 
triangles, the angles of each triangle are corrected for spherical excess (Art. 
16*23). The system — which may consist of triangles (Art. 16*24) or quadri- 
laterals (Art. 16*25)— is adjusted to make the angles meet the known geo- 
metric and trigonometric conditions. 

The lengths of the triangle sides are then computed from the corrected 
angles and the base line, and the coordinates (plane or geographic) of the 
stations are computed. 

16*22. Reduction to Center. At certain triangulation stations it is 
difficult, if not impossible, to place the instrument vertically beneath the 
object which has been observed from adjacent stations. At such a place, 
the instrument is set over any convenient point near the principal station, 
and angles to the adjacent stations are measured with the same precision 
as other angles in the system. These angles will not be the same as those 
which would be observed if the instrument were occupying the exact loca- 
tion of the station; to obtain the corresponding values for the main station, 
corrections are computed and applied to the measured angles. This pro- 
cedure of correcting the observed angles is termed reduction to center. 
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In addition to the measurement of the angles to adjacent stations, meas- 
urements are made of (1) the distance from the main station to the occupied 
station, and (2) the (clockwise) angle at the occupied station between the 
main station and an adjacent station in the system. The situation is 
illustrated by Fig. 16T4, where 0 represents a main station in the system 
OABCD, and T represents the point occupied by the instrument; the dis- 
tance d and the angle ATO are measured. The lengths of all sides in the 
main system, as for example k = 8,659 ft., are known approximately from 
the angles which have been measured at the stations A, B, C, D and from 
the known sides AB, BC^ etc. 



In the triangle AOTj the angle T and the two sides h and d are known, 
hence the angle xi can be computed. This angle is seen to be the difference 
in direction at station A between the lines AT and AO, Therefore, if the 
direction (azimuth) of JIT is known with respect to any reference meridian, 
the direction of AO with respect to the same meridian can be computed. 
Likewise, the directions of the lines BO, CO, and DO can be found, and since 
these directions are referred to the same meridian, the correct angles at 0 
between these stations can be determined. 

The value of Xi in triangle AOT is given by the equation 


sinxi = 


d sin T 

h 


( 4 ) 


and since the angle Xi is a small angle for which the sine is nearly equal to 
the arc, the value of Xi will be given in seconds of arc if both members of the 
equation are divided by the sine of 1", or 


x" = (approximate) 

sinV'ti 


( 5 ) 


It will be noted that (c^/sin 1") is a constant for a given station, so that 
once its value has been determined the successive correction angles xi, 
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etc., can be computed by a single multiplication. Since the correction angles 
are usually small, the slide rule will ordinarily render values correct to seconds. 

The method of correcting angles for which one of the sights has been taken 
to an eccentric signal is the same as that just described for an eccentric 
instrument station. 

16*23. Correction for Spherical Excess. Since the measured angles are spherical 
angles, each triangle will contain more than 180®. The amount greater than 180® is 
termed the spherical excess and is about one second for each 75 sq. miles of area of 
triangle. More exactly, 

S = |(1 (6) 

where 

B - spherical excess, in seconds 
a — area, in square miles 
<f> == latitude at center of triangle 
log = 7.8305026 - 10 
logC = 1.8787228 

It is clear that no correction for spherical excess will be necessary unless the tri- 
angles are very large, and then only .in the most precise work. One third of the cor- 
rection is subtracted from each of the angles. 

16*24. Adjustment of a Chain of Triangles. A single chain of triangles 
is adjusted in two steps: (1) the station adjustment, to make the sum of the 
angles around each point equal. 360®, and (2) the figure adjustment, to make 
the sum of the three angles in each triangle equal 180°. 

In precise triangulation the station adjustment and the figure adjustment 
are made in one operation, by methods involving the principles of least 
squares, but the following approximate solution yields results that are 
sufficiently precise for most cases of triangulation of ordinary precision. 

To make the sum of the angles around each point equal 360°, the observed 
angles are added together and the sum is subtracted from 360®. The 
resulting difference is divided by the number of angles around the point, 
and the quantity so found is added algebraically to each angle. To make 
the sum of the angles in each triangle equal 180®, a similar plan is followed, 
using the values obtained by the station adjustment; that is, the three 
angles of each triangle are added together, and their sum is subtracted from 
180®. One third of the difference is added algebraically to each of the three 
angles. 

This method of adjustment assumes that all the angles were observed in 
the same way and with the same precision and is only applicable when such 
is the case. If certain angles are measured with a higher precision than 
others, the method may be readily modified by weighting the observations 
of the several angles within the system, either arbitrarily or by the method 
of least squares, as described in Chap. 5* 
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Following is an example of the adjustment of the angles in a simple chain 
of three triangles, all the observed angles being assumed to be of equal 


precision. 



Fig. 16-15. Adjustment of a chain of triangles. 


Example: Below are tabulated the observed angles in the chain of triangles shown 
in Fig. 16-15. The station and figure adjustments are to be made approximately by 
dividing the errors equally among the angles. The values after performing the station 
and figure adjustments are as shown in the last column of the second tabulation. 


Station Adjustment (Chain of Triangles) 


Station 

Angle 

Observed value 

Adjusted value 


1 

240°19'00" 

240°18'50" 

A 

2 

73 31 10 

73 3100 

3 

46 10 20 

46 10 10 


Sum 

360°00'30'' 

360°00'00" 


4 

267°12'20'' 

267°12'25" 

B 

5 

92 47 30 

92 47 35 


Sum 

359°59'50" 

360°00'00'' 


6 

41°02'00" 

41°0r55'' 


7 1 

63 10 40 

63 10 35 

c ■ * 

8 1 

74 43 10 

74 43 05 


9 

181 04 30 

181 04 25 


Sum 

360°G0'20" 

360°00'00" 


10 

260‘^33'00" 

260°32'50" 

D 

11 

56 09 00 

66 08 50 

12 

43 18 30 

43 18 20 


Sum 

360°00'30" 

360°00'00'' 


13 

49°07'50" 

49°07'50" 

E 

14 

310 52 10 

310 52 10 


Sum 

360°00'00" 

360°00'00" 
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Figure Adjustment (Chain of Triangles) 




Value from 

jjt Value from 

Triangle 

Angle 

station 

‘ ].| figure 



adjustment 

1 adjustment 


3 

46°10'10" 

46°10'16" 

ABC 

5 

92 47 35 

92 47 42 

6 

41 01 56 

41 02 02 


Sum 

■ 

179°59'40" 

180°00'00" 


2 

73°31'00" 

73°3r02" 

ACD 

7 , 

63 10 35 

63 10 37 

12 

43 18 20 ! 

43 18 21 


Sum 

179°59'55" 

180°00'00" 


8 

74°43'05" 

74°43'10" 

CDE 

11 

56 08 50 

56 08 55 

13 

49 07 50 

49 07 55 


Sum 

179°59'45" 

180°00'00'' 


16 ‘26. Adjustment of a Quadrilateral. As in the case of the chain of 
triangles, the angles around each station of a quadrilateral are adjusted to 
total 360° before the figure adjustment is made. In the figure adjustment, 
two conditions are considered: (1) the geometric condition that the sum of the 
interior angles of a rectilinear figure is equal to {n - 2)180°, in which n is 
the number of sides of the figure, and (2) the trigonometric condition that in 
any triangle the sines of the angles are proportional to the lengths of the 
sides opposite. 

First, the station adjustment is made; then the geometric condition is 
satisfied by adjustment of the angles of the four overlapping triangles 
forming the quadrilateral. Then the trigonometric condition is satisfied 
by means of computations involving the sines of the angles, the angles being 
adjusted so that the computed length of an unknown side opposite a known 
side will be the same regardless of which of the four possible routes is used< 

1. Geometric Condition. When all angles in a quadrilateral are measured, 
there are four overlapping triangles. These are shown as triangles ABC, 
ACD, ABD, and BCD in Fig. 16-16. In each of these triangles the sum of 
the three angles must be 180°. Hence from the figure, 


6 + c + <i + e = 180° 

(7a) 

a+/ + 5r + ft = 180° 

(76) 

a + 6 + c + A = 180° 

(7c) 

180° 

(7d) 
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Also the sum of the eight lettered angles in the figure must equal 360®, 
since they form the interior angles of a closed figure of four sides. This 
may be derived also by the addition of Eqs. (7a) and (76) or (7c) and*(7d). 

a + 6 + c4~dd-c-i"/“h^“f*6-== 360 (8) 

Further, since the opposite angles at the intersection of the diagonals 
must be equal, it follows that 

6 + c = / + ^ (9) 

d-f-c=/i“f*a (10) 

Equation (9) is the equivalent of Eq. (76) minus Eq. (7c), and Eq. (10) 
is the equivalent of Eq. (76) minus Eq. (7d). 

If any three of these seven equations, called “angle equations,’^ are 
satisfied, the other four must of necessity be satisfied also. Equations (8), 
(9), and (10) are the ones most convenient to use. 



Fig. 16*16. Adjustment of a quadrilateral. 


The following procedure is suggested for triangulation of ordinary pre- 
cision: 

A. Make the station adjustment as follows: Adjust the angles around 
each point to make their sum equal 360° by distributing the error equally 
(or approximately so) among the several angles. 

B. Using the values resulting from the station adjustment A, add the 
eight angles a, 6, c, d, c,/, g, and A, and subtract their sum from 360°. Divide 
the difference by 8, and algebraically add the result to each of the eight 
angles, thus satisfying the conditions of Eq. (8). 

C. Using the adjusted values from B, find the difference between the 
sums (6 -h c) and (/ + g) and divide that difference by four. Apply the 
result as a correction to each of the four angles, increasing each of the two 
whose sum is the smaller and decreasing each of the two whose sum is the 
larger, thus making these angles satisfy Eq. (9) without disturbing the 
adjustment for Eq. (8). Proceed in the same way with each of the four 
angles involved in Eq. (10). 

2. Trigonometric Condition. If the length of one line, as AB, is known 
and the length of the opposite side CD is to be computed, the computer may 
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select one or another series of triangles for use in accomplishing this result. 
For example, a solution of triangle ABC gives the length of A (7, then from 
triangle ACD the required length of CD is found; or in the triangle ABC 
the length BC is found, then in BCD the length CD is computed. There 
are four possible choices of route through the figure. It now remains to be 
seen whether the angles, as so far adjusted, are so related as to make the 
value of the length of a computed side independent of the route used. The 
equations used are called ^^side equations.” Assume that the length of AB 
is known and the length of CD is to be found. 


AD == AB 


CD = AD 


sin/i 


Similarly, 


sin/ 


- AB 


sm a sm c 


sin/ sin h 


CD 


sin b sin d 
sin e sin g 


Equating these two values of CD, 


sin a sin c _ sin b sin d 
sin / sin sine sin ^ 


( 11 ) 

( 12 ) 

(13) 

(14) 


sm a sm c sm e sm g _ ^ 
sin b sin d sin/ sin h 


(15) 


Expressed in logarithmic form, this is 

(log sin a + log sin c + log sin e + log sin g) 

— (log sin h + log sin d + log sin/ + log sin h) = 0 (16) 

The angles are tested for satisfaction of this equation by adding the 
logarithmic sines in the two groups as indicated and by finding the difference 
between the two sums. 

Various adjustments by which this difference may be reduced to zero are 
possible. The least-squares adjustment gives the most probable values to 
the adjusted angles (see Ref. 12 at the end of this chapter); but it is some- 
what more elaborate than is necessary for most surveys. A simple approxi- 
mate method which gives an equal correction to each angle and does not 
disturb the geometric condition is as follows (see adjustment D of the follow- 
ing example) : 

(a) Record the log sines as shown in the example. 

(b) For each angle, record the tabular logarithmic sine difference for 1" 
opposite each logarithm. 

(c) Find the average required change (a) in log sine by dividing the 
difference between the sums by 8. 

(d) Find the average difference (^) for 1". 
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{e) The ratio a/^ gives the number of seconds of arc to be applied as a 
correction to each angle. 

(/) Add this correction to each of the four angles the sum of whose log 
sines is the smaller, and subtract it from each of the angles the sum of 
whose log sines is the larger, and thus the corrected values are obtained. 

If one or more of the angles is greater than 90°, adjustment D is made as 
just described, without disturbing the geometric relations. However, 
since the sine of an obtuse angle decreases as the angle increases, the corre- 
sponding log sines will be changed in the direction opposite to that desired. 
Usually the error introduced by this condition will be negligible for this 
approximate adjustment; if not, adjustment D should be repeated. 

Example; Given the angles as measured in the quadrilateral of Fig. 16*16, for which 
the station adjustment (adjustment A) has been made (see second column of following 
table). Find the adjusted angles for both the geometric and the trigonometric condi- 
tions. 


Adjustment of Quadrilateral 



Station 

adjustment 

Figure adjustment 

Angle 

Geometric condition 

Trigonometric 

condition 


Adjustment A 

Adjustment B 

Adjustment C 

Adjustment D 

a 

38°44'06" 

38°44'05" 

38°44'06" 

38°44'08" 

h 

23 44 38 

37 

35 

33 

c 

42 19 09 

08 

06 

08 

d 

44 52 01 

00 1 

51 59 

5157 

e 

69 04 21 

20 

20 

22 

f 

39 37 48 

47 

49 

47 

Q 

26 25 51 

50 

52 

64 

h 

75 1214 

13 

13 

11 

Sum 

360°00'08" 

360°00'00" 

360°00'00" 

360°OOW" 


Ad^ustm&ni B, The sum of the angles a, &, c, etc., resulting from the station adjust- 
ment A, is found to differ from 360° by the amount of 08". This amount divided by 
the number of angles gives the amount of the correction (01") to be subtracted from 
each angle as shown in the third column in the table. 

Adjmtment C. b + c = 66°03'45" 

/ + ^ = 66°03'37" 

Dividing this difference by 4, the correction to each angle is found to be 02", to be 
subtracted from the angles b and c, and added to the angles / and g. In like manner, 
the correction to each of the angles d, e, h, and a is found to be 00.5", to be added to h 
and a, and subtracted from d and e. (Since these computations are carried out only 
to seconds, 01" is added to a and 01" is subtracted from d.) The resultant angles are 
shown in the fourth column of the table. 
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Adjmtment D, Trigonometric Condition,. The logarithmic sines of the angles as 
given by adjustment C and as indicated in Eq. (16) are recorded as shown in the fol- 
lowing tabulation, and the tabular difference for 1" is recorded for each angle. 

Difference 


log sin a 

9.796380 

for V 

2.6 

log sin c 

9.828176 

2.3 

log sin e 

9.970361 

0.8 

log sin g 

9.648478 

4.2 

Sum 

9.243395 


log sin h 

9.604912 

4.8 

log sin d 

9.848470 

2.1 

log sin/ 

9.804706 

2.6 

log sin h 

9.985354 

0.6 

Sum 

9.243442 

8)20.0 

Difference 

9.243395 

8K7 

2.5 


5.9 a 

The difference between the two sums is 47 units of the six places of logarithms used. 
This value, divided by 8, gives the average required change in log sine, 5.9 = a. 
The average tabular difference for V' is 2.5 = jS. Hence (a//3) = (5.9/2.5) = 2'' 
(nearly), which is the average correction to be applied to each angle. Obviously, it 
will be added to angles a, c, e, and gr, and subtracted from angles h, d, f, and h. 

Since this adjustment is applied with opposite sign to alternate angles it does not 
disturb the geometric condition. The final adjustment is given in the fifth column 
of the foregoing table. 

If the triangulation system consists of a chain of quadrilaterals, each 
quadrilateral is adjusted in the manner just described. The computations 
for length of the various lines are then carried through the chain from the 
base line. 

16*26. Adjustment of a Chain of Figures between Two Base Lines. If 
two base lines are measured an additional condition is introduced, namely, 
that the length of each side in the connecting chain of triangles or quadri- 
laterals must be the same when computed from one base line as when com- 
puted from the other. An exact solution is possible only by the method 
of least squares, but the following approximate methods may be used in 
triangulation of ordinary precision in the case of a single chain of figures. 

The figures (triangles or quadrilaterals) are adjusted individually as pre- 
viously described. The lengths of the sides are then computed from each 
line to a common line about midway between the base lines. This common 
line may then be corrected to reconcile the two computed values of its 
length, with equal or different weights being assigned to the two computed 
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values as desired, based on the known conditions. The effect of this correc- 
tion may then be carried back through each half of the chain, as follows: 

If the precision of the angular measurements is relatively high as com- 
pared with that of the linear measurements, the lines of each half of the 
chain are corrected in proportion to their lengths as compared with the 
length of the common line, leaving the angles unchanged. In effect, this 
procedure shrinks one entire half of the chain (including its base line) by a 
fixed proportion, and swells the other half (including its base line) by a 
fixed proportion. 

If, however, the precision of the linear measurements is relatively high, 
the lengths of the base lines may be assumed to be correct. In this case, 
the correction is tapered off from the full amount at the common line to 
zero at each base line, the correction to each line being not only proportional 
to the length of the line but also roughly proportional to the relative dis- 
tance of the given line from the base line. This procedure changes the 
values of the angles, and the new values of the angles are used in further 
computations. 

Between these two extremes, the procedure depends on the relative 
precision of the angular and the linear measurements, and weights may be 
assigned accordingly. 

16*27. Computation of Triangles and Coordinates. In computing the 
lengths of the sides and the coordinates of the stations in a triangulation 


Station 

or 

line 

Angle 

or 

distance 

Logarithm 

c 

1,432.58 ft. 

3.156119 

C 

47°13'21" 

0.134306 (colog) 

A 

84°32'40" 

9.998028 

B 

48°13'59" 

9.872657 

a 

1,942.94 ft. 

3.288453 

h 

1,455.74 ft. 

3.163082 


Oilmen .* \ 


Fig. 16*17. Computation of triangle. 

system, it is desirable to follow an orderly procedure to expedite the work 
and to avoid mistakes. Convenient arrangements for these computations 
for plane triangulation are given in Figs. 16-17 and 16*18. 

Triangles. A sketch of the figure is drawn (Fig. 16* 17) and the vertices are 
lettered as A, B, and C in a clockwise direction, beginning with the side the 
length of which is known. The sides opposite the vertices are indicated by 
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the corresponding lower-case letters, as a, 6, and c. The sine relation states 
b — c or log 6 — log c — log sin C -f log sin B (17) 


Accordingly, if the logarithms are recorded in the column of logarithms in 
the order log c, colog sin C, log sin A, and log sin B, then log a is found by 



From Station B 

From Station A 


Z' 

i 

^ Given: 

k- > AC Z 34°32'54'' 

“y BC = 1,942.94 

/ Total lat. B = +661.36 

/ Total dep. B = —1,590.94 

6 

Given: / 

Z = 12'=40'27" 

AC = 1,455.74 yr> 

Total lat. A = +841.37 Z-"\ 

Total dep. A = -169.71 \ 

A 


Mean Total Latitude C = +2,261.64 
(Check) 


Total lat. C 

+2,261.64 

Total lat. C 

+2,261.63 

Total lat. B 

+661.36 

Total lat. A 

+841.37 

L cos Z 

+1,600.28 

L cos Z 

+1,420.26 

log L cos Z 

3.204195 

log L cos Z 

3.152369 

log cos Z 

9.915742 

log cos Z 

9.989287 

logL 

3.288453 

logL 

3.163082 

log sin Z 

9.753661 

log sin Z 

9.341249 

log L sin Z 

3.042114 

logL sin Z 

2.504331 

L sin Z 

+1,101.83 

LsinZ 

-319.40 

Total dep. B 

-1,590.94 

Total dep. A 

-169.71 

Total dep. C 

-489.11 

Total dep. C 

-489.11 


{Chech) 


Mean Total Departure C = —489.11 


Fig, 16-18. Computation of coordinates. 

covering log sin B with a narrow strip of paper and adding the other three 
values. Also log h is found by covering log sin A and adding the other three 
values. Finally the distances a and h are found as the numbers corre- 
sponding to their respective logarithms. An example of the computations 
is shown in Fig. 16*17, for which the known data are given on the sketch 
of the triangle. 

Coordinates. Figure 16*18 shows a form and example for computing the 
coordinates of a station C from each of the stations B and A. The known 
plane coordinates (total latitude and total departure) of B and A and the 
known bearings and lengths of BC and AC are shown at the top of the 
figure. The computation is carried out as indicated, with due regard to 
signs. Beginning with log L in the tabulation, computations for total lati- 
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tude are made reading upward, and computations for total departure are 
made reading downward. 

16*28. Computation of Geodetic Position. Geodetic position is com- 
puted only for triangulation of high precision or over large areas, where it 
is necessary to consider the curvature of the earth. The adjustment of the 
observations is accomplished by the method of least squares and is too 
elaborate for treatment here. The angles of the system are adjusted, and 
the lengths of the sides are computed. From these data are computed the 
geodetic coordinates, that is, the latitude and longitude of the stations in- 
cluded in the system. 

The geodetic position of a station is calculated from that of a station of 
known latitude and longitude, having given the length and the azimuth (at 
the known station) of the connecting line. Owing to the convergency of 
meridians, the azimuth of the connecting line at the unknown station will 
not differ by exactly 180° from that at the known station. In the following 
formulas, azimuths are measured clockwise from south. 


Let <l) = latitude of the known station 
X = longitude of the known station 
a = azimuth of the connecting line at the known station 
<#>', X', a' = corresponding quantities for the unknown station 
s = length of line, in meters 

N' = length of the normal at the unknown station, produced to 
the earth^s polar axis, in meters 
a = semidiameter of equatorial axis = 6,378,206.4 m. 
b = semidiameter of polar axis = 6,356,583.8 m., both for the Clarke 
spheroid of 1866, on which the published tables are based 


^2 _ A2 

= square of eccentricity = — == 0.006,768,658 


From these quantities are computed the factors A^, B, C, and D, using 
the following formulas : 

1 ^ (1 -6^sin^(A0^ 


1 ' = 


N' arc 1" 


a sin 1 ' 


Then 


B = (1 isin^ 

a(l — e*) sin 1" 

n - ^ 

2a\l - e^) sin 1" 

J) = si^^ 4> cos sin I” 
1 — sin^ 


(19) 

( 20 ) 
( 21 ) 


4> - (in seconds) = s cos a • B sin2 a • (7 + (s cos o: * B)^ * B (22) 
V - \ (in seconds) = — ^ ^ (23) 

COS<3f>' ^ ^ 

{a - a[ + 180°) (in seconds) = (X' - X) sin + (f>) (24) 
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Special care must be taken with regard to the signs of the azimuth func- 
tions. 

These formulas give sufficiently precise results for a distance s not greater 
than 25 km., or about 15 miles. For the more precise formulas used on 
longer lines and for examples of the use of these formulas, see Ref. 14 at 
the end of this chapter. For derivation of the formulas, see Ref. 15. For 
tables of values of the factors used, which factors vary according to the 
latitude, see Refs. 6 and 14. 

Inverse Solution, Sometimes the latitudes and longitudes of the two 
stations are gi ven, and the problem is to find the length and direction of the 
connecting line. 

Knowing (4> — and (X' — X), find the value of the term s cos a * B 
from Eq. (22) by subtracting the values of the small C and D terms from 
the known value of (<^ — <^')* Divide s cos o: • R by J5 to find the value of 
8 cos a. Then 


s sin a 


tan a 


(\f ^ X) cos <!>' 

A' 

(y — X) cos 
A'(s cos a) 


s sm a 
scos a 


Knowing a, s is found from s cos a or from s sin a. 

Finally, (a — a') is found as before, from Eq. (24). 

16*29. Three-point Problem. When the main triangulation has been 
completed, frequently it is desired to determine the location of additional 
points which are to be used as instrument 
stations of a topographic survey or for other 
purposes. In triangulation work the loca- 
tion of an instrument station as 0 (Fig. 

16*19) is determined by measuring each of 
the two angles subtended by three visible 
stations, as A, R, and C, and by solving the 
triangles involved. Thus, in Fig. 16*19, all 
parts of the triangle formed by the stations 
A, R, and C are known. The angles a and 
jS are measured at the station 0. The prob- 
lem is solved when the values of the angles 
a; and y have been determined, for the re- 
maining parts in each of the triangles ABO 
and ACO can then be computed. A check is afforded if the same value for 
the side AO results from each of these triangles. 

The problem is indeterminate if the station 0 lies on or near the great 
circle passing through the stations A, R, and C. This condition will be 
evidenced by the condition that a + R 4- A — ISO®. 



Fig. 16-19. Three-point problem. 
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There are many solutions for this problem. The one presented here 
follows that given by the U.S. Coast and Geodetic Survey (Ref. 7 at end 
of this chapter). For solution of the three-point problem in plane-table 

work, see Art. 17*14. 

Sototion: Given the sides b and c and the angle A, also the observed angles a and d 
(Fig. 16-19). 

£! = 180° — }4iA + a (3) = }4(x + y) (25a) 

If the stations A and 0 lie on the same side of the side a, and if the station 0 is out- 
side the triangle ABC, then 

S = )4(A - a - j3) = H(,x + y) (255) 

for which case the solution by this method is impossible when « -f B = A. 


ana lei •, y/ n <'97\ 

A ^ mx - y) 

taxi A = <sot(A> + 45°) tan B W 

If tan A is positive, x S + A and y - S — A. (^o) 

If tan A is negative, x = S - A and y « iS + A* (290) 

Example: Given 

c * 6,672.5 ft. a = 20'’05'53" 

h « 12,481.7 ft. ^ = 35^06'08" 

A « 152°23'22" 

To find the angles x and y. The following computations solve for S by Eq. (25a), 
then for 4> by Eq. (26), then for A by Eq. (28), and finally for x and y by Eq. (29a). 

A = 152‘^23'22" 

« = 20°05'53" 

^ = 35°06'08'' 

2)207°35^23^^ 

103°4r42" 

S = 76°12'18" 

log c = 3 . 824288 log 5 = 4 . 096274 


log sin jS = 9 . 759696 
log (c sin /3) = sum — 3 . 583984 


log 5 = 4.096274 
log sin a = 9 . 536088 
log (5 sin a) « sum == 3 . 632362 


log tan (fy ~ log (c sin 0) — log (h sin a) ^ 9.951622 

<t> == 41°48'55" 

^ -p qs*- « 86°48'55'' 
log cot (<#> + 45®) == 8.745396 
log tan S = 0 . 609894 
log tan A == 9 . 355290 
A -= 12®46'06'' 

S =- 76°12'18" 
A=:-12®46W' 
y = 63®2612" 


76®12'18" 
A =«+12®46W' 
X ^ 88®58'24" 
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BELATED SYSTEMS 

16*30. State Systems of Plane Coordinates. One activity of the Federal 
agencies engaged In triangulation is the establishment throughout the 
country of monuments whose geographic coordinates, or latitude and longi- 
tude, are known. It is desirable to refer local surveys, which employ plane 
coordinates, to such monuments in order so far as possible to avoid discrep- 
ancies at the edges of adjacent surveys and in order to coordinate the work of 
surveying as a whole. 

For many years, information has been available whereby the geographic 
coordinates of available triangulation stations may be converted into plane 
coordinates of a local system, and vice versa (Ref. 11 at the end of this 
chapter). The projection is on a plane tangent to the spheroid representing 
the earth (Chap, 32), and its use is limited to areas not farther than about 
20 miles from the origin of the local system. The tangent-plane proiection 
has been employed on surveys of several large cities but not to a great extent 
elsewhere. 

A far greater opportunity for use of the national triangulation system has 
come about through the adoption of state systems of plane coordinates, 
whereby one set of plane rectangular coordinates is made to serve the whole 
area of a small state or a portion (usually half) of the area of a large state. 
Many additional triangulation stations have been established and .monu- 
mented by the U.S. Coast and Geodetic Survey. A map projection has 
been chosen for the state, or portion thereof, such that the errors of projec- 
tion will rarely exceed 1/10,000 and, therefore, will be negligible for most 
local surveys. • For states of greater extent east and west a Lambert con- 
formal conic projection (Art. 32-12) is used, while for states of greater extent 
north and south a transverse Mercator projection (Art. 32- 14) is employed. 
Reference axes for each zone are such that the x and y coordinates of all 
points within the area will be positive; the location of any point can be 
designated by simply stating these coordinates. 

At a distance of M 2 miles from each triangulation station is established 
an azimuth mark, or monument, which can be sighted from the station. The 
plane coordinates of the station and the plane azimuth to the mark have 
been computed by methods described in Refs, 3 and 6 at the end of this 
chapter, and are published for the information of engineers and surveyors. 
(Care must be taken not to confuse true or geodetic azimuths, which take 
account of the convergency of meridians, with plane or grid azimuths, which 
are referred to a single meridian for the zone.) In addition to the monu- 
ments for horizontal control, a system of bench marks for vertical control 
has been established throughout the country. 

To make use of the state system for a local survey, the surveyor sets up 
the transit at a nearby triangulation station of the system, orients it on the 
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line of known plane azimuth, and runs a survey (by traversing or triangula- 
tion) to the area under consideration. The coordinates of any point in the 
local survey can then be conveniently computed in terms of the state system 
by the ordinary methods of plane surveying. Preferably the survey should 
be checked by traversing either back to the original station or to another 
triangulation station. If elevations are determined, they are referred to the 
established system of bench marks. 

An important advantage of the state-wide systems of coordinates is that 
the location of obliterated monuments can be reestablished with certainty 
and checked from various control points. Already many of the states have 
legalized the use of the state coordinate system for establishing and describ- 
ing the monuments which mark the boundaries of land. For general 
mapping purposes, the coordinate system insures reasonable agreement 
between maps of adjacent or overlapping areas. For extensive surveys 
such as those for routes, waterways, or municipal areas, the coordinate 
system facilitates checking, unifies the surveys of various portions of the 
project, and permits economies to be made in the conduct of the work. The 
use of state coordinates is simple and should be more widely adopted by 
surveyors. 

16‘31. Geodetic Leveling. Associated with the use of triangulation for 
horizontal control of a survey is usually some form of leveling for vertical 
control. Leveling is described in Chaps. 8 to 10, and vertical control for 
topographic surveying in Chap. 25. The high order of precision required 
for leveling over a large area calls for instruments and methods which are 
ordinarily employed only by government agencies such as the U.S. Coast 
and Geodetic Survey and the U.S. Geological Survey. Herein are given 
briefly some features of first-order leveling, principally as followed by the 
Coast Survey, as an indication of the most refined practice. For detailed 
information the reader should consult Ref. 4 at the end of this chapter and 
the Coast Survey manuals listed at the end of Chap. 9. Some relatively 
precise methods of leveling with the ordinary engineer's level and rod are 
described in 9*8. 

Precise leveling instruments are shown in Figs. 8-8 and 8-9 and are briefly 
described in Art. 8*8. The Coast Survey level (not shown) has the following 
distinctive characteristics: The sensitivity of the level tube is 2 seconds per 
2-mm. division of tube. The level tube is countersunk in the barrel of the 
telescope and is rigidly fixed to it. The tube and the middle portion of the 
telescope are protected from sudden and unequal changes of temperature 
by being encased in an outer tube. The telescope and adjacent parts are 
made of invar metal. The level bubble can be seen by the observer's left 
eye at nearly the same instant the rod is observed through the telescope by 
his right eye. 

The unit of vertical distance used by the Coasi Survey is the meter. (The 


GEODETIC LEVELING 


405 


§ 16.31] 

Geological Survey uses the yard.) The leveling rod is of the self-reading 
type; it is about 10 ft. long and has a hardened-steel foot 1 in. in diameter 
with a slightly convex bottom face. As shown in Fig. 16*20, the front of 
the wooden rod is graduated in meters and deci- 
meters; along a groove in the face of the rod ex- 
tends a strip of invar metal which is graduated in 
centimeters and which permits readings to be 
taken (by estimation) to millimeters. The invar 
strip is fastened rigidly only at the bottom of the 
rod and is kept taut by means of a spring at the 
top; thus it is free to expand or contract inde- 
pendently of the wooden rod. For each sighting 
on the front of the rod three readings are taken 
— one of the horizontal cross-hair and one of each 
stadia hair. The back of the rod is graduated in 
feet and tenths; after each sighting on the front 
face, the horizontal cross-hair is read to 0.01 ft. on 
the back face as a check against mistakes. As the 
eyepiece of the telescope is inverting, the gradua- 
tions of the rod are inverted. The rod is equipped 
with a rod level and a thermometer. Where other 
stable objects are not available as turning, points, 
a steel pin driven into the ground is used. 

Two rods are employed in order that corre- 
sponding backsight and foresight readings can 
be taken as closely together as possible. At one 
set-up of the level, the backsight is observed be- 
fore the foresight; at the next set-up, this order is 
reversed. Each foresight distance is kept within 
10 m. of the corresponding backsight distance, 
and the cumulative difference between backsight 
and foresight distances is kept within 20 m. 

The maximum length of sight is 150 m. Between 
bench marks, the lines of levels are run both for- 
ward and backward; if these do not agree within 
specified limits, the line is rerun until two run- 
nings in opposite directions do agree. The in- 
strument is shaded from the direct rays of the 
sun even while it is being carried from set-up to 
set-up ; and it is shielded from strong winds. Notes are kept in 
what similar to that shown in Fig. 9*5. 

Bench marks are established at intervals not exceeding 1 mile or, in 
certain cases, 2 miles. The level routes are almost invariably along railways 



Fig. 16-20. U.S. Coast and 
Geodetic Survey leveling rod. 


, form some- 
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or highways; therefore, the bench marks of the system of vertical control 
are in general not near the triangulation stations of horizontal control, 
which stations are located at elevated points for reasons of visibility. The 
usual form of bench mark is an inscribed bronze disk (Fig. 9-1) which is set 
solidly into a concrete post, a masonry structure, or rock. Engineers and 
surveyors are requested to see that the bench marks are preserved and to 
suggest needed changes in the published descriptions. If construction 
necessitates the moving of a bench mark, the director of the U.S. Coast 
and Geodetic Survey should be notified in advance; and, when the change is 
authorized, the elevation should be transferred with great care to a new bench 
mark established nearby. 

In the office, the field computations are checked and the values are tran- 
scribed to special computation forms. Corrections for calibrated length 
and temperature of rod are applied, and a correction depending on latitude 
and altitude is made for the effect of the ellipsoidal shape of the earth, which 
renders level surfaces at a given location nonparallel. The circuit closures 
are tested for serious discrepancies. The final adjustment is then made to 
close the new circuits and fit them to the existing system. In the simpler 
cases, the circuits are closed by methods similar to those described in Arts. 
9-13 to 9-15, but in the more complex cases the method of least squares is 
usually employed. The metric values of elevation are then converted to 
feet for the purpose of publication, and descriptions of the bench marks are 
prepared. 

16*32. Numerical Problems. 

1. For the measurement of a base line the following data are given: The Bureau of 
Standards certificate states that the tape has a length of 99.942 ft. at 68®F., when sup- 
ported at the 0 and 100-ft. points and under a tension of 10 lb.; the coefficient of 
thermal expansion of the tape is 0.00000645 per degree Fahrenheit; the tape weighs 
1 lb. The field records give the measured length as 1,418.314 ft.; the average tem- 
perature was 63.6°F.; the stakes were set on a 2 per cent grade; the sum of the set 
forwards was 0.234 ft,; the sum of the set backs was 0.114 ft. The interval and ten- 
sion were the same as those used for the standard comparison. Compute the length 
of the line. 

2. For the conditions given in problem 1, compute the normal tension. 

3. For the conditions given in problem 1, assume that the interval between sup- 
ports in the field is 50 instead of 100 ft. Compute the corresponding change in the dis- 
tance between end marks of the tape. 

4 For a given triangle ABC, the observed angles are as follows; 


Interior 

angle 


Other angles about station 


A 

B 

C 


78 ° 30 ^ 28 ' 

54°17'30' 

47°12T6' 


28l°29'36'' 

78°45'03', 95®06Tr', 13l°51T2' 
110°27'15", 202°20'32'' 
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Determine the most probable value of the interior angles at 4, B, and C. 

5. The angles* in a quadrilateral ABCDj resulting from the station adjustments, 
are as follows: CAD =- 45°30'55'', CAB - 42ni'39^', ABD 41^54'40'', DBC = 
62‘^40'53'^ ACB -= 33n2'51", ACD - 28°05'30", CDB - 56W50", BDA = 
50°22'51". The length of the side AD is 2,910.63 ft. 

(а) Compute the adjustment for the geometric condition. 

(б) Compute the adjustment for the trigonometric condition. 

6. In measuring the angles at a triangulation station 0, it was necessary to set the 
transit over another point T, at a distance of 13.25 ft. from 0. The angle measured 
at T from 0 to the first distant station TF, was 95®10'30”. The angles between the 
distant stations Wj X, F, and Z were as follows: WTX =« 39®37'48''; XTY ~ 
69°04'20" ; FTZ ~ 83®i6'08". The distances to the stations are found to be: OIF — 
8,949 ft.; OX = 14,334 ft.; OF = 5,647 ft.; and QZ = 7,326 ft. 

Correct the angles measured at station T, to those which would have been measured 
if the transit had been set at station 0. 

7. In the quadrilateral A BCD, of Art. 16*25, assume that the side AB has a length 
of 13,100.3 ft. Use the finally adjusted angles and compute the length of the side CD 
by two independent series of computations. 

8. For the quadrilateral of problem 7, assume that the azimuth of AB from north 
is 102®35'18'' and that the coordinates of station A are: total latitude ~ -4-50,000 ft., 
total departure = +40,000 ft. Compute the coordinates of stations B, C, and D. 

9. Given the data listed below. Assume the instrument at station P, within the 
triangle ABC (Fig. 16-21), and solve the three-point problem for the angles x and y. 

A = 102^45^20" or 

b -= 6,883.4 ft. 
c = 6,605.3 ft. 

10. Given the data of problem 9 and the ad- 
ditional data shown below. Assume the instru- 
ment at station P' (Fig. 16-21), outside the 
triangle ABC, and solve the three-point problem 
for the angles x' and y'. 

a' = 26 '^ 34 ' 50 '' 

/S' = 44°15'15" 

11. Compute the relative strength of figure, as 
indicated (inversely) by P, for each of the quad- 
rilaterals CBPD, EGHFy and GIJH of Fig. 16-4. 

16»33, Field Problem. 

Problem 1. Measurement of Base Line 

Object. To measure a short base line w-ith the steel or invar tape. It is assumed 
that the base-line site has alrcrady been trhosen and that permanent marks have been 
established at the end points. 

Procedure. (1) Install strips of zinc or copper, perhaps }4 by 5 in., along the base 
line at intervals of the length of tape with which measurements are to be taken. If 
the base line is not to be measurcKl along a smootli sui'faee, as a paved liighway or a 
railroad track, install substantial posts and intermediate stak(‘s at grade as d(*s(a'ibed 
in Art. 16-15. Line in the strips with the transit. (2) If the base line is to be 
measured on posts, build a substantial table over each end of the base line, and tack 


== 89n5'30" 
*= ] 28 ° 20 ' 10 " 
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a metal strip directly above the end point. Carefully project each end point of the 
base line to the strip as follows: Set up the transit at about 25 ft. from the table, and 
sight to the end point on the ground. Elevate the telescope, and mark two points on 
the line of sight a few inches apart on the metal strip above. Scratch a straight line 
between these two points. Repeat this procedure with the transit set up so that the 
line of sight is approximately at a right angle with the first line of sight. (3) Run 
levels over the line, determining the elevation of all marking strips and intermediate 
supports. (4) Measure the line, following the procedure of Art. 16-15. At the end 
of the line, generally there will be a fractional part of a tape length; mark on the strip 
at the tape division that falls nearest the end point, and measure the remaining 
distance with a finely divided scale. (5) In the same manner measure the base line at 
least four times. (6) Make the necessary reductions to determine the correct length. 

Hints and Precautions. (1) Measurements should not be taken with the steel 
tape in sunlight, or with a suspended steel or invar tape when a cross wind is blowing. 
(2) If measurements are to be taken with the invar tape in sunlight, at no place 
should the grade line come closer to the ground than 1 ft. (3) When the required 
tension has been applied, the tape should be set in vibration long enough to allow the 
amount of tension to become uniform throughout its length. The tapeman should 
take particular care to see that the device for applying tension is free from friction; 
and the device should be held at such a height that the tape will barely rest on the 
adjacent support. (4) Unless the spring balance is already adjusted for weighing 
in a horizontal position, it should be so calibrated. 
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CHAPTER 17 
THE PLANE TABLE 

17*1. General. The plane table consists essentially of (1) a drawing 
hoard mounted on a tripod and (2) an alidade having the vertical plane of 
the line of sight fixed parallel to a straightedge which rests upon but is not 


Fig. 17-1. U.S. Coast and Geodetic Survey table and alidade. 


attached to the board (Figs. 17*1 and 17*2). A sheet of drawing paper, 
called a plane-table sheet, is fastened to the board. 

The location of any object is determined as follows (Fig. 17*5): With the 
straightedge through the plotted point o representing the station 0 occupied 
by the instrument, the line of sight is directed to the object A, and a line oa 
is drawn along the straightedge on the plane-table sheet; this line represents 
the direction from station to object. The measured distance OA between 
station and object is then plotted to scale, thus locating A on the map at a. 

The term ‘‘plane table’' is somewhat ambiguous, being used sometimes 
to designate only the board with its supporting tripod and sometimes (more 
generally) both the table proper and its. accompanying alidade. 

By means of the plane table, points on the ground to which observations 
are made are immediately plotted in their correct relative positions on the 
drawing, all angles being plotted graphically. The plane-table method is 

410 
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Fig. 17-2. Johnson table with U.S. Geological Survey alidade. 

oriented, the direction of any line passing through the instrument station is 
observed by turning the alidade about the plotted location of the instru- 
j ment station until the line of sight coincides with the line (just as with the 

transit, the upper motion is rotated) ; the direction of the line is given graph- 
ically by the position of the straightedge on the paper (just as with the 
transit, the numerical value of the azimuth is given by the vernier reading). 
The corresponding line on the paper is then established by drawing a line 
along the straightedge and by laying off to scale the measured length of the 
j line on the ground. Thus it is seen that with the plane table there is 

' employed a combination of transit and drafting-room methods, but no 

record of numerical values is secured. The plane table is therefore suitable 
for mapping only. 

17 ‘3. Tables. Three distinct types of table (board and tripod) are in 
common use: the Coast Survey j the Johnson, and the traverse table. 


especially adapted to securing the details of the map; on extensive surveys 
the primary points of horizontal and vertical control are generally established 
by other more precise methods. 

17*2. Relation between Transit and Plane Table. It is helpful to con- 
sider the similarity between angular measurements made with the transit, 
together with the office procedure of plotting the notes, and the correspond- 
ing operations with the plane table. 

The plane-table board may be said to take the place of the graduated 
horizontal circle of the transit; and orientation consists in turning the table 
until some' line on the paper becomes parallel with a corresponding line on 
the ground, and clamping the table in this position. After the board is 
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17*3a. Coast Survey Table, This is the most stable of the three types. 
It is suitable for triangulation work (Art. 17*10) with sights possibly several 
miles in length, for the relatively high degree of precision required by the 
U.S. Coast and Geodetic Survey on its shore-line charts, or for large-scale 
city work. The board is 24 by 31 in (Fig. 17*1) and is securely attached to 
a metal casting below, so arranged that the board can be leveled accurately 
by means of three leveling screws. By means of a clamp and tangent- 
screw the board can be fixed in any position in azimuth. The plane-table 
sheet is held in position by metal spring clamps, thus permitting the use of 
a sheet larger in size than the board. The tripod is of heavy and rigid 
construction. 

17*3b. Johnson Table. This table, shown in Fig. 17*2, was devised by 
Willard D. Johnson of the U.S. Geological Survey. The drawing board is 
either 18 by 24 in. or 24 by 31 in. Into the underside of the board is gained 
a circular brass plate, shown as D in Fig. 17*3. By means of the threaded 



Pig. 17* 3. Johnson tripod head for plane table. 


opening in the plate, the board can be screwed to the upper casting E of 
the tripod head. The head comprises a ball-and-socket joint and a vertical 
spindle; the cup F is supported by the tripod (not shown). When clamp A 
is loosened, the grip of parts G and H on the cup is released, and thus the 
board can be leveled. The clamp is then tightened to fix the board in a 
horizontal plane. When clamp B is loosened, the board can be rotated 
about the vertical axis and can thus be oriented. The plane-table sheet is 
held in position by countersunk screws in the top of the board. 

17*3c, Traverse Table. The traverse table (Fig. 17*4) consists of a small 
drawing board, usually 15 by 15 in., mounted on a light tripod in such 
manner that the board can be rotated about the vertical axis and can be 
clamped in any position. The table is leveled by adjusting the tripod legs, 
usually by estimation with the eye. A compass is fixed into a recess in the 
board. Ordinarily a peep-sight alidade is used with the traverse table. The 
traverse table is suitable for (1) military reconnaissance sketches, (2) trav- 
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Fig. 17*4. Traverse table with peep-sight alidade. 

17*4a. Peep-sight Alidade. One type of alidade used in plane-table 
work consists of a peep sight mounted on a ruler (Fig. 17*4). The peep sight 
is formed by two vertical sight vanes, either fixed or folding, similar to those 
employed on the surveyor's compass. The ruler usually consists of a brass 
plate, 6 to 10 in. long, one edge of which is beveled and graduated to a suit- 
able scale. The peep-sight alidade is convenient for sighting details while 
sketches are being made and is often employed by topographers as an auxil- 
iary to the telescopic alidade. 

17*4b. Telescopic Alidade. The telescopic alidade is designed to afford 
greater precision in the control of the table and especially to make possible 
the stadia method of measuring distances. The base, or plate, of the alidade 
usually consists of a brass ruler or straightedge approximately 3 by 18 in., 
beveled on one edge. Upon one end of the plate is mounted either a cir- 
cular level or a pair of level tubes at right angles to each other. Upon the 
other end of the plate is mounted a trough compass consisting of a magnetic 
needle mounted in a narrow box with a short graduated arc at the end. In 
the center of the plate is mounted a column which supports a telescope 
similar to that of the transit, a vertical arc, and either a striding level or 
an attached level. In addition, many instruments are provided with a 
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erses for small-scale maps, and (3) the mapping of relatively inaccessible 
areas to fill in a topographic map being drawn on a larger sheet. 

17*4. Alidades. An alidade, in its original meaning, is a combined sight 
and straightedge ruler. In addition to this meaning, the term is now applied 
to the upper motion of the transit, which consists of that portion of the 
instrument attached to the inner spindle, including the verniers, the stand- 
ards, and the telescope. 
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^ Beaman stadia arc, a vernier-control level, and a gradienter as previously 
described for the transit. 

There are two distinct types of telescopic alidades. In the fixed-tube type 
the telescope tube is rigidly attached to or is an integral part of the hori- 
zontal axis, as in the engineer’s transit. Apparently this type is no longer 
manufactured, but some instruments are still in use. In the tube-in-sleeve 
type now in common use, the telescope tube is fitted into a cylindrical sleeve 
which is rigidly attached to the horizontal axis. In this type, the telescope 
can be turned about its axis in the sleeve much as the telescope of the wye 
level can be turned in its wyes. On the telescope of this type are turned 
two shoulders perhaps 5 in. apart, upon which rests a striding level. 

With either type the vernier of the vertical arc may be fixed or movable, 
or there may be an auxiliary level tube attached to the vernier arm as with 
the transit. Because the plane table is relatively unstable as compared 
with the transit, a control level mounted on the movable vernier arm greatly 
facilitates the measurement of vertical angles, rendering unnecessary an 
initial reading and index correction. If many vertical angles are to be read, 
this level is essential. 

17*6. Plane-table Sheet. As the plane-table sheet is exposed to outdoor 
conditions, specially prepared papers are required to avoid undue expansion 
or shrinkage. Only the best drawing papers should be used. The paper 
can be seasoned, that is, rendered more resistant to changes in humidity of 
the air, by exposing it alternately to very moist and very dry atmospheres 
for a number of cycles. 

The drawing paper can be mounted on muslin, or on each side of a sheet 
of muslin with the grain of the paper of one sheet laid transverse to the 
grain of the other. These forms of plane-table sheet are excellent but are 
not sufficiently flexible to be rolled under the edge of the plane-table board 
if a sheet larger than the board is desired. For accurate work, such as 
graphical triangulation, the drawing paper may be mounted on a metal 
sheet. A sheet of celluloid with roughened surface is sometimes used for 
work in light rains; the details thus plotted are later transferred to the 
regular sheet. 

If a sheet is to receive the plotting from several days’ work, a cover sheet 
of some smooth, tough paper is used to protect it during the field work. 
The cover is torn away to expose the sheet as the work progresses. 

Sharply pointed, hard (6H to 9H) pencils are used for drawing lines and 
plotting details, and a fine needle is used for plotting control stations. 
Special care should be taken not to smear the drawing; the alidade should 
be lifted instead of slid into position. 

17*6. Setting Up and Orienting the Table. The plane table is set up 
approximately waist-high, so that the topographer may bend over the 
board without resting against it. The tripod legs are spread well apart 
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and planted firmly in the ground. The board is leveled by whatever device 
is provided, but since few tables are sufficiently rigid to remain level as the 
alidade is shifted about, no special attempt is made to see that the board 
is perfectly level each time an observation is made. 

For plotted angles to be theoretically correct, the plotted location of the 
station at which the plane table is set should be exactly over the correspond- 
ing point on the ground. Practically, the degree of care exercised in bring- 
ing the plotted point over the ground point depends upon the scale of the 
map. For map scales smaller than perhaps 1 in. - 50 ft., the plane table 
is set up over the station without any attempt to place the plotted point 
vertically above the station point. For maps of larger scale, the ‘table is 
set up roughly and oriented approximately, and then it is shifted bodily 
until the point on the paper is practically over the station point, as indicated 
by plumbing. Either a hook-shaped plumbing arm may be used to support 
the plumb line under the plotted point, or the plumb line and point may 
be sighted from two directions approximately at right angles to each other. 
In any case, the aim is to set up with sufficient care so that the plotted posi- 
tion of lines drawn from the station will be shown correctly within the scale 
of the map. 

The table may be oriented (1) by use of the magnetic compass, (2) by 
backsighting, (3) by solving the three-point problem (Art. 17*14), (4) by 
solving the two-point problem (Art. 17*15), or (5) by means of the Baldwin 
solar chart described in Ref. 1 at the end of this chapter. As soon as the 
table is oriented, it is clamped in position and all mapping at the station is 
carried on without disturbing the board. 

1. Orientation by Compass, For rough mapping at small scale, often 
orientation by the magnetic compass is sufficiently precise. This method 
is susceptible to the same errors as those encountered when using the sur- 
veyor's compass, but an error in the plotted direction of one line introduces 
no systematic errors in the lines plotted from succeeding stations. 

If the compass is fixed to the drawing board, the board is oriented by 
rotating it about the vertical axis until the fixed bearing (usually magnetic 
north) is observed. If the compass is attached to the alidade or to a mov- 
able plate, the edge of the ruler or the plate is alined with a meridian previ- 
ously established on the plane-table sheet, and the board is turned until 
the needle reads north. 

In regions where the local conditions will not permit orientation by the 
magnetic compass, the table may be oriented by means of a solar ch it 
(Ref. 1 at the end of this chapter) used in connection with the shadow ca t 
by a plumb line, 

2. Orientation by Backsighting. For mapping at intermediate or large 
scale, usually the board is oriented by backsighting along an established 
line, the direction of which has been plotted previously but the length of 


THE PLANE TABLE 


416 THE PLANE TABLE [CH. 17 

wMch need not be known. The method is equivalent to that employed in 
azimuth traversing with the transit* Greater precision is obtainable than 
with the compass, but an error in direction of one line is transferred to 
succeeding lines. 

The plane table is set up as at B (Fig. 17-6) on the line AB which has 
previously been plotted as ah, the straightedge of the alidade is placed along 
the line ha, and the board is oriented by rotating it until the line of sight 
falls at A. The length of AB or ab need not be known. Preferably the 
longest line available should be used, for precision in orienting. 

Definitions. When a station or object is sighted and a ray is drawn 
through the plotted location of the station occupied toward the station or 
object, the sight is. called s. foresight When the straightedge of the alidade 
is placed along a previously plotted line passing through the plotted location 
of the station occupied and that of another station or object, and then the 
board is turned until the line of sight cuts the station or object, the sight 
is called a backsight When a known station is sighted and a line is drawn 
through the plotted location of that station toward the station occupied, 
the sight is called a resection. Resection is also a general terra applied to 
the process of determining the location of the station occupied (Art. 17*11). 



17*7. Radiation. When the table has been oriented, the direction to any 
object in the landscape may be drawn on the map by pivoting the alidade 
about the plotted location of the plane-table station, pointing the alidade 
toward the distant object, and drawing a line along the straightedge. 

Thus in Fig* 17.5 the plane table is shown in position over station 0 in 
the center of the field. The plotted location of the plane-table station is 
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indicated at o on the plane-table sheet. The alidade is pivoted about this 
point; and as sights are taken to points as A, B, and Cj rays are drawn along 
the edge of the ruler. The distances are measured and are then plotted to 
scale along the corresponding rays, thus locating the points and C 

on the map at a, h, and c. This procedure is called radiation. 

17*8, Traversing. Traversing with the plane table involves the same 
principles as traversing with the transit. As each successive station is 
occupied, the table is oriented, sometimes with the compass but usually 
by backsighting on the preceding station. A foresight is then taken to the 
following station, and its location is plotted as in the radiation method just 
described. The distances between successive stations must be measured. 



Thus in Fig. 17*6 a series of traverse stations A, J5, C, etc., is represented. 
The plane table is set up as at A, and a representing A is plotted in such 
location that the other stations will fall within the limits of the sheet. With 
the straightedge passing through a a foresight is taken to station B, and b, 
its location on the map, is plotted by radiation as just described. The 
instrument is then set up at station B and is oriented by backsighting on 
station A as described in Art. 17*6. A foresight is taken to station C, and 
its location is plotted at c. By a similar procedure the locations of the 
remaining stations are plotted. If the traverse forms a closed figure, any 
error of closure will become apparent on the plane-table sheet when the 
initial station is again plotted at the end of the traverse. 

At any station a portion of the traverse may be checked if two or more of 
the preceding stations are visible and are not in the same straight line with 
the station occupied. Thus, if the plane table at station (7 is oriented by 
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sighting at B and, in addition, station A can be seen, a ray drawn from c 
toward station A should pass through a, provided the traverse between the 
two stations is correctly drawn. In order that the check be reliable, the 
angle between the traverse line and the check line should not be small. 

17*9. Intersection. This method is similar to that employed with the 
transit in locating an object by angles taken from each end of a line of known 
length (Art. 14*8), and makes use of the principle that if the angles and one 
side of a triangle are known, the remaining sides can be determined. It is 
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useful for locating objects when distances to them are not otherwise con- 
veniently obtainable. The location of an object is determined by sighting 
at the object from each of two plane-table stations (previously plotted) and 
by drawing rays as in the method of radiation; the intersection of the two 
rays thus drawn marks the plotted location of the object. No linear meas- 
urements are required except to determine the length of the line joining 
the two plane-table stations. 

Thus the locations of the objects A, B, (7, etc. (Fig. 17*7) may be plotted 
as follows: The plane table is set up at station ikf, a sight to station N is 
taken as in the method of traversing, and the line mn representing the line 
MN is drawn to scale. Rays of indefinite length are drawn from m toward 
the objects A, B, C, etc. The plane table is then set up at station N and 
is oriented by sighting to station M, Rays are drawn from n toward the 
same objects. The intersections of these rays with the corresponding rays 
drawn from m mark the plotted locations of the objects at a, b, c, etc. Dis- 
tances to the objects are not measured but may be scaled from the map. 
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If the angle between the intersecting rays is small, the location will be 
indefinite. 

17‘10. Graphical Triangulation. Graphical triangulation achieves the 
same results as triangulation with the transit (Chap. 16), but the procedure 
differs in that the plotted locations of the distant signals are determined 
graphically on the plane-table sheet instead of by the use of transit angles, 
office computations, and plotting methods. The particular advantage of the 
use of the principles of intersection (Art. 17*9) and of resection (Art. 17*11) 
in plane-table mapping makes it desirable to locate many definite landmarks 
which are widely visible and suitably situated, such as flagstaffs, church 
spires, and lone trees. Accordingly, while the topographer is locating the 
signals of distant stations, he also locates landmarks which are not to be 
used as instrument stations but which will be useful in subsequent work. 
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Fig. 17-8- Graphical tiiangulation. 


Two (preferably three) plane-table stations as A, B, and 0 (Fig. 17*8) 
the locations of which are known must be capable of being occupied by the 
instrument and must be marked by signals. Prior to the beginning of the 
work, the locations of these stations are plotted on the plane-table sheet at 
a, b, and c. The field procedure is then as follows: The plane table is set 
up as at A and is oriented by sighting at J5 and C; and rays are then drawn 
toward other stations such as U and V and, say, the church spire. The 
table is then set up and oriented at stations B and C in succession, and the 
same objects are sighted again. The correct plotted location of each station 
is determined by the intersection of two rays, as by those drawn from sta- 
tions A and B, but the location is proved if the three rays drawn toward a 
given object are found to pass through a point, as shown by the third rays 
drawn from station C. 
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This method is most advantageous where the terrain offers unobstructed 
sights, considerable relief, and many well-defined objects. It is more 
' especially employed in intermediate- or small-scale mapping. 

17*11. Resection. Resection is the process of determining the plotted 
location of a station occupied by the instrument, by means of sights taken 
toward known points the locations of which have been plotted. Resection 
enables the toppgrapher to select advantageous plane-table stations which 
have not been plotted previously. 

With the plane table oriented over the desired station of unknown loca- 
! tion (on the map), two or more objects of known location are sighted; as 

I each object is sighted, a line of indefinite length is drawn through the plotted 

\ location of that object on the map. The intersection of these lines marks 

the plotted location of the plane-table station. It is desirable to resect from 
nearby stations rather than distant stations. 

! The table may be oriented by any of the five methods stated in Art. 17*6. 

' It is emphasized that, for the methods of orientation by magnetic compass 

and by backsighting, resection can be accomplished only after the board has 
been oriented. If resection is by the three-point problem or the two-point 
\ problem, orientation and resection are accomplished in the same operation, 

i 17*12. Resection after Orientation by Compass. If the plane table has 

been oriented by means of the compass, the method of resection is as follows: 
I Let P be the station of unknown location occupied by the plane table, and 

I let A and B be two visible stations which have been plotted on the sheet at 

- a and h. Then the plotted location of P is determined by drawing a line, 

or resecting, through a in the direction of A and resecting through h in the 
direction of B. The point p where the two (or more) lines cross, marks the 
plotted location of the instrument station P. The method is utilized only 
for small-scale or rough mapping for which the relatively large errors due 

to orienting with the compass needle 
would not impair the usefulness of 
the map. 

17*13. Resection after Orientation 
by Backsighting. If the table can be 
oriented by backsighting along a pre- 
viously plotted foresight line, the loca- 
tion of the plane-table station can be 
determined by drawing a line through 
the plotted location of another known 
station to an intersection with the 
backsight line. 


Thus, suppose that the topographer wishes to occupy station C (Fig. 17*9) 
the location of which has not been plotted but from which can be seen two 
points as A and B the locations of which have been plotted at a and h. He 




Fig. 17-9. Resection after orientation by 
backsighting. 



TBIAL METHOD 


421 


§ 17-14a] 

orients the board at one of the known stations as B, takes a foresight to C, 
and draws through b a ray of indefinite length. He then sets up the plane 
table at station C, orients it by backsighting to B, and resects from A 
through a. The intersection c of the ray from b and the resection line from 
a is the plotted location of the plane-table station C, since the triangles abc 
and ABC are similar. 

If the angle between the ray and the resection line is small, the location 
will be indefinite; for strong location, the acute angle bel^een these lines 
, should be greater than 30°. 

17*14, Resection and Orientation: Three-point Problem. Frequently 
the topographer wishes to occupy an advantageous station which has not 
been located on the map and toward which no ray from located stations has 
been drawn, and at the same time orientation by use of the compass is not 
sufficiently accurate. If three located stations are visible, the three-point 
problem offers a convenient method of orienting and resecting in the same 
operation. There are several solutions of the three-point problem. In the 
United States, experienced topographers commonly employ a method of 
direct trial, guided by rules (Art. 17* 14a). The mechanical or tracing- 
cloth solution (Art. 17*146) is simpler to understand but is not so satis- 
factory nor so expeditious under the usual field conditions. For solution 
of the three-point problem by computation, employed in transit work, see 
Art. 16*30. 

17* 14a. Trial Method. The plane table is set up over the station of 
unknown location and is oriented approxinoately either by compass or by 
estimation. Resection lines from the three stations of known location are 
drawn through the corresponding plotted points. These lines will not 
intersect at a common point unless the trial orientation happens to be 
correct. (An exception to this statement is discussed later in this article.) 
Usually a small triangle called the triangle of error is formed by the three 
lines. 

Thus in Fig. 17*10, suppose that the plane table has been set up over a 
ground point P and oriented approximately. Resection lines are drawn 
from A, B, and C through the corresponding plotted points a, 6, and c, 
respectively, forming a triangle of error. The correct plotted location p 
of the plane-table station, called the point sought, is then determined more 
closely. One method is' to draw arcs of circles through the points as shown 
(through a, 6, and point ah; 6, c, and 6c; and a, c, and ac) ; the circles will 
intersect at p, the point sought. Usually, however, the correct location of 
the point sought is estimated more conveniently by means of Rules 1 and 
2, given below. 

The board is then r eorie nted by backsighting through the estimated 
location of p toward one of the known stations (preferably the most distant) ; 
and the orientation is checked by resecting from the other two known 
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stations. If the three lines still do not meet at a point, the process is repeated 
until they do; the orientation is then correct, and the common intersection 
of the three lines is the correct plotted location of the plane-table station. 



Fig. 17-10. Three-point problem with plane table. 

Rule 1. The point sought is on the same side of all resection lines. That 
is, it lies either to the right of each line (as the observer faces the corre- 
sponding station) or to the left of each line. 

Rule 2. The distance from each resection line to the point sought is pro- 
portional to the length of that line. By ‘‘length’’ is meant either the actual 
distance from plane-table station to known station or the corresponding 
plotted distance. 



Rule 2 can be proved by reference to Fig. 17-11, which shows the triangle 
of error as in Fig. 17*10. The triangle of error is actually small, and dis- 
tances from a, b, and c to any point of it may be taken as the distance to p, 
without error of consequence. Lines ppa, pph, and pp^ are, respectively, 
perpendicular to the resection rays from a, 6, and c. Then, by similar 
triangles, 

pa pb pc 
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Rules 1 and 2 are general and apply to any location of the plane-table 
station except on the great circle passing through the three known stations 
(Fig. 17*12). In this case, regardless of the orientation of the table, the 
lines will meet in a common point (see points 2 in the figure) which will not 
necessarily be the point sought. If it is suspected but not known that the 
plane-table station is on the great circle, either the great circle should be 



Fig. 17*12. Three-point problem, solution by trial. 

plotted on the plane-table sheet or the orientation of the board should be 
changed slightly and’ a second trial made. If it is found that the station is 
on the greajt circle, one (or more) of the three known stations must be 
replaced by a known station (or stations) suitably located. 

Rules 1 and 2 are supplemented by the following auxiliary rules which 
apply to particular locations of the plane-table station: 

(a) If the new station is inside the great triangle, the point sought is within the 
triangle of error and is in the same position relative to the triangle of error that the 
triangle of error occupies in the great triangle (Fig. 17*12, point 1). 

(h) If the new station is in one of the three segments of the great circle formed by 
the sides of the great triangle, the point sought is on the opposite side of the resection 
line through the middle known point from the intersection of the other two lines 
(Fig. 17-12, point 3). 

(c) If the new station is outside the great circle, the point sought is always on the 
same side of the resection line from the most distant point as the point of intersection 
of the other two lines (Fig. 17*12, points 4). 

(d) If the new station is outside the great triangle, of the six sectors formed by the 
resection lines there are only two in which the point sought can be on the same side 
(right or left) of all lines. 

(e) If the new station is so located that the triangle of error is not formed within the 
limits of the plane-table sheet, that is, if two of the resection lines are almost parallel 
(Fig. 17-12, point ^), the foregoing rules still apply. 

(/) If the new station is on line between two of the known stations, the resection 
lines drawn from those two stations will be parallel. The foregoing rules still apply. 

The strength of the determination varies with the location of the plane- 
table station, as described below. The strength of determination should 
be considered not only in selecting the most favorable of the available known 
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stations but also in deciding whether the three-point problem can satis- , 
factorily be used with the plane table at a given location. 

When the new station is inside the great circle, the nearer the new station to the 
center of gravity of the great triangle, the stronger the determination. 

When the new station is on the great circle, its location is indeterminate. 

When the new station is near the great circle, the determination is weak. 

When the new station is outside the great circle, for given angles the nearer the 
new station to the middle known station, the stronger the determination. 

Either when one angle is small or when the new station is on line with two known 
stations, the larger the angle to the third known station (up to 90°), the stronger the 
determination. The two known stations near or on line should not be near each other. 

17* 14b. Tracing-cloth Method. A simple solution of the three-point 
problem, known as the tracing-cloth method, is as follows: A piece of tracing 
cloth or tracing paper is fastened on the plane table over the map. Any 
convenient point on the tracing cloth is chosen to represent the unknown 
station over which the plane table is set, and from it rays are drawn toward 
the three known stations or objects. Then the cloth is loosened and is 
shifted over the map until the three rays pass through the corresponding 
plotted points. The intersection of the rays marks the plotted location of 
the plane-table station. It is pricked through onto the map, and the table 
is oriented by backsighting on one of the known stations (preferably the 
most distant). 

The three-armed protractor described in Art. 30*20 can be used in a 
similar manner, the arms of the protractor being set to form the three rays. 

17*15. Resection and Orientation: Two-point Problem. The purpose of 
the two-point problem is to orient the table and to locate the station occupied 
when only two stations are visible and when it is impossible or undesirable 
to occupy either of them, as when the signals are inaccessible or at a con- 
siderable distance. To accomplish this, it is necessary that two set-ups be 
made, the first at a convenient distance from the station to be occupied, 
and the second at that station. Owing to the length of the procedure, this 
method is not practical except where other methods cannot be used. 

One graphical solution of the two-point problem is as follows: The loca- 
tions of the two known stations A and B are plotted on the plane-table 
sheet at a and h (Fig. 17*13). The table is set up over some ground point 
C from which can be seen A, B, and the point P whose plotted location is 
desired. The board is oriented as nearly as possible either by compass or 
by estimation. A point c' corresponding to C on the ground is plotted by 
estimation on the plane-table sheet (Fig. 17*13, left). Foresights are taken 
from c' on A, B, and P. The distance from C to P is estimated, and the 
corresponding estimated location of P is plotted at p'. The table is taken 
to station P and is oriented (tentatively) by a backsight on C, Foresights 
are taken from p' on A and P; the intersections of these rays with corre- 
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, spending rays from c' are a' and ¥ (Fig. 17-13, right) The line ¥¥ is parallel 
to a line between the corresponding actual points A and B, With the 
straightedge of the alidade along the Hne a'6', a point Z at some distance 
from the table is set (or selected) on 
the line of sight. The alidade is 
moved to the line a6, and the board 
is turned until the same point Z is 
sighted. The plane table is now 
oriented correctly, and by resection 
through a and h the correct location 
of the plane-table station is plotted 
at p. 

17-16. Measurement of Difference 
in Elevation. The methods of plot- 
ting the horizontal prqjectim of 
ground points have been described. 

As the plane table is used principally in the work of topographic mapping, 
maiiy elevations of ground points are determined by methods closely similar 
to those for leveling by means of the transit, namely, by direct leveling and 
trigonometric leveling including stadia leveling. However, two conditions 
peculiar to the plane table should be mentioned. 

First, the table is not so precise nor so stable in its controls as the hori- 
zontal plate of the transit. Accordingly, unless a control level is attached 
to the vernier arm, in measuring the vertical angles in stadia or trigono- 
metric leveling the index correction is likely to be much larger with the plane 
table, and it is necessary to determine the index error of each sight by level- 
ing the telescope. If a control level is provided and its bubble is centered 
after each point is sighted, the vertical angle indicated by the vernier read- 
ing is then correct; and leveling the telescope is unnecessary. The attach- 
ment is thus particularly useful on the vertical arc of the plane-table alidade. 

Second, the elevation of a distant point the location of which has been 
plotted by the method of intersection may be secured readily by the method 
of trigonometric leveling (Art. 8-5), in which the horizontal distance may 
be scaled directly from the map. The conditions as to distance and as to 
the accuracy required will determine whether or not corrections for curvature 
of the earth and atmospheric refraction should be applied. 

17-17. Details with Plane Table. The operation of plotting details by 
radiation with the plane table is commonly known as taking side shots. 
The general procedure is described in Art. 25-125, for an alidade not equipped 
with a stadia arc. 

Table 17-1 gives the sequence of operations for taking a side shot when 
the alidade is equipped with a stadia arc but not with a vertical control 
level. It is assumed that the party consists of a plane-table man (called a 



Fig, 17* 13. Two-point problem, graphical 
solution. 
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Table 17*1. Sequence of Opebations for Side Shot with Plane Table 
Alidade equipped with stadia arc and fixed vertical vernier 


Eodman Topographer 


Sets rod on Sights on rod, with lower cross- 
ground point hair on a foot mark 


Computer 


Recorder 




Reads and calls stadia interval Sets index of Records stadia 

slide rule on interval (or 

stadia dis- distance) 

tance 


Draws ray 


Levels telescope, and sets stadia 
arc to zero (or 50)« 


Sights on rod, with stadia index 
set on some mark of F arc 



Calls V reading, B reading, and Records F, H, 

reading of middle cross-hair and rod read- 


Waves rodman ahead 


Starts to new Plots point 
ground point 


Computes and Records hori- 
calls horizon- zontal dis- 
tal distance tance 


Computes and Records verti- 
calls vertical cal distance 

distance 

Computes and Records eleva- 
calls elevar- tion 

tion 


Records elevation on sheet 


Interpolates and sketches con- 
tours and features 


® If the alidade is equipped with a vertical vernier control level, the topographer 
centers the control-level bubble instead. 
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topographer) j one or more rodmen, and a computer. In actual practice 
usually no record is kept of the side shots. In this article, however, it is 
assumed that a recorder Is employed for purposes of training, checking, or 
record; and his operations are also listed. Each line of the table reads from 
left to right, and the operations in each line follow those of the preceding 
line. It is evident that the progress of the party depends largely upon 
systematic operation and upon the dispatch with which the topographer 
performs his duties. 

If the alidade is equipped with a vertical vernier control level, it is not 
necessary for the topographer to level the telescope; instead he centers the 
control-level bubble. If the alidade is not equipped with a stadia arc or 
vertical control level, he levels the telescope, reads the index error, and 
then reads the vertical angle; the details of procedure are modified accord- 
ingly, 

1748. Adjustments of the Plane-table Alidade. The adjustments of 
the telescopic alidade are not different in principle from those previously 
described for the wye level and the transit. Observations made with the 
plane table are not required to be so precise as those made with the engineer's 
transit; accordingly, in general the adjustments need not be so refined and 
in one or two cases they are omitted entirely. The telescope of the alidade 
is never inverted as is that of the transit; hence no large error is introduced 
through any lack of perpendicularity between the line of sight and the hori- 
zontal axis, nor any error through lack of parallelism between the line of 
sight and the edge of the ruler. It may be assumed that the telescope collars 
are circular and of the same diameter, so that the axis of the striding-level 
support on the collars is parallel to the axis of the telescope sleeve. Also, 
it may be assumed without appreciable resultant errors that the edges of 
the ruler are straight and parallel, and that the horizontal axis is parallel to 
the plane of the ruler. The edge of the ruler is not in a vertical plane through 
the line of sight; but the error from this source is negligible because, in plot- 
ting, the offset is multiplied by the scale fraction. 

1. To Make the Axis of Each Plate Level Parallel to the Plate* Center 
the bubble (or bubbles) of the plate level (or levels) by manipulating the 
board. On the plane-table sheet, mark a guide line along one edge of the 
straightedge. Turn the alidade end for end, and again place the straight- 
edge along the guide line. If the bubble is off center, bring it back halfway 
by means of the adjusting screws. Again center the bubble by manipulat- 
ing the board, and repeat the test. 

2. To Make the Vertical Cross-hair Lie in a Plane Perpendicular to the 
Horizontal Axis* Sight the vertical cross-hair on a well-defined point about 
200 ft. away, and swing the telescope through a small vertical angle. If the 
point appears to depart from the vertical cross-hair, loosen two adjacent 
screws of the cross-hair ring, and rotate the ring in the telescope tube until 
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by further trial the point sighted traverses the entire length of the hair. 
Tighten the same two screws. 

3. (For Alidade of Tube-in-sleeve Type) To Make the Line of Sight Coin- 
cide with the Axis of the Telescope Sleeve, Sight the intersection of the cross- 
hairs on some well-defined point. Rotate the telescope in the sleeve through 
180® (usually the limits of rotation are fixed by a shoulder and a lug). If 
the cross-hairs have apparently moved away from the point, bring each 
hair halfway back to its original position by means of the capstan screws 
holding the cross-hair ring. The adjustment is made by manipulating 
opposite screws, bringing first one cross-hair and then the other to its esti- 
mated correct position. Again sight on the point, and repeat the test. 

4. (For Alidade of Tube-in-sleeve Type) To Make the Axis of the Striding 
Level Parallel to the Axis of the Telescope Sleeve (and Hence Parallel to the 
Line of Sight). Place the striding level on the telescope, and center the 
bubble. Remove the level, turn it end for end, and replace it on the tele- 
scope tube. If the bubble is off center, bring it back halfway by means of 
the adjusting screw at one end of the level tube. Again center the bubble 
(by means of the tangent-screw), and repeat the test. 

4a. (For Alidade of Fixed-tube Type) To Make the Axis of the Telescope 
Level Parallel to the Line of Sight. This adjustment is the same as the 
two-peg adjustment of the dumpy level (Art. 8-23, adjustment 3), except 
as follows: With the line of sight set on the rod reading established for a 
horizontal line, the correction is made by raising or lowering one end of the 
telescope level tube (by means of the capstan screws) until the bubble is 
centered. 

5. (For Alidade Having a Fixed Vertical Vernier) To Make the Vertical 
Vernier Read Zero When the Line of Sight Is Horizontal. With the board 
level, center the bubble of the telescope level. If the vertical vernier does 
not read zero, loosen it and move it until it reads zero. 

5a. (For Alidade Having a Movable Vertical Vernier with Control Level) 
To Make the Axis of the Vernier Control Level Parallel to the Axis of the 
Telescope Level when the Vertical Vernier Reads Zero. Center the bubble 
of the telescope level, and move the vernier by means of its tangent-screw 
until it reads zero. If the control-level bubble is off center, bring it to center 
by means of the capstan screws at the end of the control-level tube. 

56. (For Alidade Having Tangent Movement to Vertical Vernier Arm). 
This type of vernier needs no adjustment, because for each direction of 
sighting the vernier is set at the index (by means of the tangent-screw) when 
the telescope has been leveled. 

17*19. Sources of Error. In the main, the sources of error in plane-table 
work are the same as those which affect transit work and plotting, and the 
discussion relating to those subjects need not be repeated here. However, 
the following three sources of error should be considered: 
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1. Setting Over a Poird. Because plotted results only are required, it is 
not necessary to set the plotted location of the plane table over the corre- 
sponding ground point with any greater precision than is required by the 
scale of the map. (See Art. 17-6.) 

2. Drawing Rays. The accuracy of plane-table mapping depends largely 
upon the precision with which the rays are drawn; consequently the rays 
should be of considerable length. To avoid confusion, however, only enough 
of each ray is drawn to insure that the plotted point will fall upon it, with 
one or two additional dashes drawn near the end of the alidade straight- 
edge to mark its direction. Fine lines are desirable both for precision and 
for legibility. 

3. Instability of the Table. If it is manipulated with care, the plane table 
can be oriented with considerable precision; however, a principal source of 
error in its use arises from the fact that its position is subject to continual 
disturbance by the topographer while he is working. Errors from this 
source can be kept within reasonable limits (a) by planting the tripod firmly 
in the ground, (6) by setting the table approximately waist-high so that the 
topographer can bend over it without leaning against it, (c) by avoiding 
undue pressure upon or against the table, and (d) by testing the orientation 
of the board occasionally and correcting its position if necessary. This 
test is always applied before a new instrument station is plotted. 

17*20. Field Checks. An important advantage of the plane-table 
method is that it provides many convenient opportunities for verifying the 
plotted locations of points on the map. The previously plotted location 
of any visible object is verified during a subsequent set-up if a ray drawn 
toward the object passes through the plotted point. The plotted location 
of the plane table itself may be verified by resecting from distant visible 
objects the plotted locations of which are known to be correct. Checks of 
this sort should be applied at each station in order to guard against faulty 
orientation and mistakes in observations. 

17*21. Advantages and Disadvantages. As compared with other 
methods of mapping, the plane-table method has these advantages: (1) Rela- 
tively few points need be located because the map is drawn as the survey 
proceeds, (2) contours and irregular objects can be represented accurately 
because the terrain is in view as the outlines are plotted, (3) as numerical 
values of angles are not observed, the consequent errors and mistakes due 
to reading, recording, and plotting are avoided, (4) as all plotting is done in 
the field, omissions in the field data are avoided, (5) the useful principles of 
intersection and resection are made convenient, (6) checks on the location 
of plotted points are obtained readily, and (7) the amount of oflSice work is 
relatively small. 

The disadvantages are: (1) The plane table is rather cumbersome, and 
several accessories must be carried, (2) considerable time is required for 



Fig. 17*14. 

2. For each of the plane-table set-ups sketched in Fig. 17*14, indicate by estimation 
(in accordance with Rules 1 and 2) the location of the point sought, and state the 
direction in which the table should be rotated in order to orient it properly. In 
the sketches, the triangle of error is exaggerated for clearness. 
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the topographer to gain proficiency, (3) the time required in the field is 
relatively large, and (4) the usefulness of the method is limited to relatively 
open country (that is, where visibility is fair) and to weather conditions 
relatively free from rain, cold, and high wind. 

With a long-legged tripod the table may be raised above low brush or 
cornstalks. In wet weather a sheet of celluloid may be used instead of 
drawing paper. The plane table may be both raised and protected from 
rain by being mounted in a covered automobile truck having sides which 
can be opened as desired; during a set-up the truck is braced to keep the 
table stationary. 

Comparing the plane table with the transit: If a large number of pdmis 
(such as buildings, poles, and isolated trees) are to be plotted on a map, 
the transit method is superior; but li irregular lines and areas (such as drives, 
streams, contours, and woods) are to be represented, the plane-table method 
is superior in accuracy, speed, and economy. 

17*22. Office Problems. 

1. Verify the solutions of the two-point and three-point problems in the drafting 
room, using a large (say, 24 by 30-in.) sheet of paper to represent the field and a small 
(say, 3 by 5-m.) sheet to represent the plane table. A long straightedge will serve as 
a line of sight to connect stations. 
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Pboblem 1. Abjustment op the Plakb-table Alidade 

Object To make the field adjustments of the telescopic alidade. 

Procedure. As outlined in Art. 17-18. 

Peoblem 2. Teaversb with Plane Table 

Object. To run a closed traverse and to determine the accuracy of the plane- 
table method. 

Procedure. (1) Set up the plane table over the first station of the assigned 
traverse, with the board oriented by magnetic compass and with the point which is 
taken as the plotted location of the station directly over the mark on the ground. 

(2) In sighting, keep the center of the alidade opposite the plotted point. (3) Take 
a foresight to the second traverse station, determine (by stadia) the distance to that 
station, and plot the distance to the assigned scale of the map. (4) For purposes of 
checking, draw rays toward several distant points that can be seen from three or 
more traverse stations. (5) Set up the plane table at the second traverse station 
and orient the board by backsighting, wi^ the plotted point over the ground point. 
As a check, determine by stadia the distance from the first traverse station. (6) Take 
a foresight to the third station, and determine and plot the distance to that station. 
(7) Draw rays toward the points selected for checking. (8) Continue in the same 
manner around the traverse, (9) Note the error of closure and the amounts by 
which the rays drawn from three or more stations toward a given ground point fail to 
meet at a common point. These indicate (inversely) the accuracy of the work. 

Problem 3. Plane-table Survey op Field 

Object. To make a plane-table survey of an assigned portion of the campus by a 
combination of the methods of radiation, intersection, and traversiog. Either a 
plain map or a topographic map may be made. 

Procedure. (1) Stake out an irregular field having perhaps five sides. (2) Set 
up the plane table at one comer of the field, and so locate the plotted position of the 
station that the area to be covered will fall within the limits of the plane-table sheet. 

(3) Draw a magnetic meridian on the plane-table sheet. (4) Locate and sketch all 
conveniently accessible objects by the method of radiation (Art. 17-7), employing the 
stadia. Also, draw and identify rays toward relatively inaccessible objects which 
can also be seen from another point on the traverse. (5) Move to the next comer of 
the field, orient the board by backsighting, check the orientation by the magnetic 
compass, and similarly locate objects by radiation and intersection. (6) Continue 
in this manner around the field to form a closed traverse, and plot sufficient data to 
construct a complete map. At each station, check the location of the plane table by 
resection (Art. 17*20). (7) If a marked error becomes evident, the orientation of the 
board should be checked, and, if necessary, one or more of the previous stations 
should be reoccupied. (8) If it is convenient to occupy some station other than a 
traverse station, locate the station occupied by resection, employing the method of 
backsighting (Art. 17-13). A ray must have been drawn previously toward the 
station to be occupied. (9) If a topographic map is to be made, locate a sufficient 
number of controlling ground points to enable contours to be drawn in the field. 
(10) Note the error of closure of the traverse; if the error is considerable, the work 
should be repeated. (11) Finish the map. 
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Pboblem 4. Orientation and Resection by Three-point Problem 

Object With three stations (or objects) of known location assigned, to plot the 
location of a fourth station occupied by the plane table and simultaneously to orient 
the board. 

Procedure. (1) Plot the three known points on the plane-table sheet. (2) Set 
up the plane table at another assigned station and solve the three-point problem by 
the trial method as described in Art. 17- 14a. (3) If other known points are visible, 

plot their locations and check the location and orientation of the plane table by 
sighting on these points. (4) Change the orientation of the board slightly and again 
orient the board by the tracing-cloth method (Art. 17-146). (5) Compare the re- 

sults obtained by the two methods. 

Hints and Precautions. If the station occupied is at or near a great circle passing 
through the three known points, the solution is indeterminate. 

Problem 5. Orientation and Resection by Two-point Problem 

Object. With two stations (or objects) of known location assigned, to plot the 
location of a third station occupied by the plane table and simultaneously to orient 
the board. 

Procedure. (1) Plot the two known points on the plane-table sheet. (2) Solve 
the two-point problem as described in Art. 17*16. 

Hints and Precautions. The location of C should be selected so as to give inter- 
section angles from P and C to A and B between 30® and 150®. 
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CHAPTER 18 


MAP PLOTTING 

18‘1. General. The methods of plotting described in this chapter are 
those employed in mapping areas of limited extent where the earth^s surface 
is assumed to be plane and all meridians are assumed to be parallel. These 
methods are applicable to surveys for highways, railroads, and irrigation 
and drainage systems; to many topographic and hydrographic surveys; 
and to rural and urban land surveys. 

18.2 Process of Making a Map. The mechanical processes of the prepa- 
ration of maps are described in some detail in the chapter on Map Drafting 
(Chap. 6). Regardless of their purpose or kind, maps are usually so plotted 
that features are shown in the same relative location that they occupy on 
the ground, at a given scale. Hence the data of a survey furnish the informa- 
tion that is necessary to plot the map, and the operations of plotting are in 
a sense the reverse of the operations of surveying. 

Some maps, notably those made for the purpose of delineating the bound- 
aries of real property, show numerically the dimensions of the main features, 
and their worth is unimpaired if they are not drawn to true scale. The 
value of most maps, however, depends upon the accuracy with which details 
are shown, and the general aim is to plot the more definite features so that 
they will be located within proper limits of error. 

In general, the process of mapping involves (1) the plotting, by more 
precise methods, of points of horizontal cordrol which are generally transit 
stations and which may be traverse points, triangulation points, or both, 
and (2) the plotting, by less precise methods, of features which go to make 
up the map, generally called the map details, measurements to these details 
being given in the form of angles and distances from the lines and points in 
the horizontal control system. 

Most maps are plotted wholly in the office from data taken in the field, but where 
conditions are favorable and the objects to be shown are numerous, maps are often 
plotted more expeditiously in the field as the survey progresses. As a general rule, 
the points of primary horizontal control are plotted in the office, but often when de- 
tails are mapped in the field, points of secondary horizontal control are fixed on the 
ground only as it becomes necessary to establish such points to expedite the location 
of details. 

Methods of plotting details are given in Art. 18T9. Methods of plotting profiles' 
and cross-sections related to mapping are described in Chap. 11. 
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18*3. Methods of Plotting Horizontal Control. Horizontal control may 
be plotted (1) by use of the protractor (Art. 18*4), (2) by the tangent 
method (Art. 18*5), (3) by the chord method (Art. 18*6), or (4) by the 
coordinate method (Arts. 18*8 to 18*18). In any case, distances are meas- 
ured with the engineer's scale, and preferably points are pricked with a 
needle. Traverse and triangulation stations are indicated by appropriate 
symbols (see Fig. 6*56), and control lines are drawn carefully with a hard 
pencil having a fine point. Points are numbered or lettered to conform to 
the system employed in the field work. Usually, particularly for maps for 
general purposes, the control is not shown on the finished map. 

The precision of plotting the control depends upon the instrument used 
and upon the care with which the work is done. With a well-sharpened 
hard pencil and using reasonable care, points may be plotted within per- 
haps Hoo in. With a fine needle and a reading glass, and using great care, 
points may be plotted within perhaps 4^oo in. 

18*4. Protractor Method. Where the control system is not extensive 
and the map is small, a fairly large protractor provides a sufficiently precise 
means of plotting angular values (see Art. 6*30). • However, the protractor 
method will not yield results sufficiently precise for extensive maps with 
many points of control. For the 6-in. protractor (a size in common use), 
the accidental error of plotting may amount to 15'; and for the largest 
protractor commonly manufactured (14 in.), the probable error is not less 
than 05' with even the most careful plotting. 



When a deflection-angle traverse is to be plotted by protractor, the com- 
mon practice is as follows: The position of the first line is fixed by estima- 
tion, and its length (as AB^ Fig. 18*1) is laid off by measurement. The 
protractor is oriented at the forward point (as B); the deflection angle to 
the succeeding line is laid off, and a light line of indefinite length is drawn. 
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Along this line is laid off the given distance (as BC) to the succeeding trav- 
erse point (as C), and so on. 

An objection to the foregoing procedure is that any error in the direction 
of one line affects to a like degree the directions of all succeeding lines, and 
thus the linear error in the position of succeeding points increases with the 
distance. Thus in Fig. 18*1 if CJ5C' represents the error made in laying 
off the angle at then the corresponding linear errors at the succeeding 
points are CC', DD\ and ME', and the magnitude of these errors varies 
directly with the distance from the point at which the angular error occurs. 

Use of Meridians. When the directions of lines of a traverse are given 
either as azimuths or as bearings, a meridian line is drawn through each 
station and the direction of the succeeding line is laid off with respect to 



(aJ (b) 


Fig. 18*2. Plotting traverse from meridian line. 

the meridian. A better method, however, is to erect a meridian near the 
middle of the sheet and, with any desired point on the meridian as an origin, 
to lay off the directions of all the traverse lines. As illustrated by Fig. 18* 2a, 
the line designated as a/5 is laid off at an angle with the meridian equal to 
the bearing or azimuth of AB on the ground; and so on, for other lines 
in the traverse. The traverse is then plotted by transferring the directions 
thus determined to appropriate positions on the sheet and laying off the 
lengths of the traverse lines. Thus the direction a/5 (Fig. 18* 2a) is trans- 
ferred to the position AB (Fig. 18*25) and the length of AB is laid off; the 
direction 5/c is transferred to a line of indefinite length passing through B, 
and the distance BC is scaled along this line from B to establish C; and this 
process is continued for the succeeding points in the traverse. 

As the directions of all lines are referred to a common meridian, any 
angular error made in plotting a given line does not affect the plotted direc- 
tions of succeeding lines in the traverse, although it results in a constant 
linear error in the locations of succeeding traverse points. Thus, if CBC' 
(Fig. 18*25) is the error introduced in the direction of BC, then the linear 
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error in the location of C is C(7'. Since C'D' is given by the direction c/d, 
it will, if it is assumed to be without error, be parallel to its true position; 
hence DD' = CC* and by similar reasoning EE' = CC', Where there are 
a considerable number of lines in the traverse, since the angular precision 
of one line has no influence upon the angular precision of other lines, the 
method just described is likely to produce better results than that first 
described in spite of the fact that the accidental errors of plotting the indi- 
vidual lines are likely to be larger when the directions are transferred. Where 
traverses are established by deflection angles, the bearings or azimuths may 
be computed as described in Chap. 12, and the computed values may then 
be plotted from the central meridian as just explained. 


Applications of Protractor Method, The instances where the protractor may prop- 
erly be employed for plotting triangulation stations are not numerous, but it is a 
sufficiently precise method for rough surveys over small areas, and it is often useful 
in checking open traverses when angular observations have been taken from several 
stations to a given landmark. The location of a station is determined by the inter- 
section of lines laid off from two other stations marking the ends of a line of known 
length. 


18*6. Tangent Method. This method is employed principally for plot- 
ting transit traverses for the control of maps of moderate size where the 
number of stations is small. In principle, it is similar to the protractor 
method described in Art. 18*4, with the difference that an angle is laid off 



by a linear measurement which is a constant times the natural tangent of 
the angle. In Fig. 18*3, A B represents the plotted position of the initial 
line of a deflection-angle traverse, and a is the deflection angle at B which 
it is desired to lay off in order to determine the direction of BC. By the 
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tangent method, the line last established (in this case AB) is prolonged some 
convenient distance, usually 10 in., to form a base line Bh, at the end of 
which a perpendicular 66' is erected; and the distance 66' is laid of equal to 
the length of the base line Bh multiplied by the natural tangent of a. A 
line drawn from B through 6' defines the direction of BC. Then the point 
C is plotted by laying of to scale the given distance BC. Thus the process 
is repeated for succeeding lines. 

If the deflection angle is greater than 46®, usually the base line is estab- 
lished not as a prolongation of the preceding line but as a perpendicular to 
the preceding line at the point last plotted. Thus in the figure ^ is assumed 
to be such a deflection angle and Cc is the base line perpendicular to BC. 
The perpendicular offset cc' is in this case the length of the base line Cc times 
the natural cotangent of the angle jS. The line Cc' fixes the direction of GD, 
and the point D is then plotted by linear measurement from C. 

Often when the traverse approaches the edge of the sheet the usual method of laying 
off angles will prove impracticable on account of the construction lines falling off the 
paper. The method shown in Fig. 18-3 for laying off the angle at D may be employed, 
the base line being measured hack along the line CD, and the tangent offset dd' being 
laid off as usual. The line d'D is then prolonged beyond D, and E is located in the 
customary manner. 

When a traverse is to be plotted by the method of tangent offsets, the 
deflection angles and distances are tabulated, and the tangents of angles 
less than 45® and cotangents of angles greater than 45® are recorded. The 
traverse is plotted roughly to small scale, the protractor being used for laying 
off the angles; and the shape of the traverse is noted. From the small-scale 
sketch a suitable position for the first line of the traverse is estimated, and 
the line is plotted. The work of plotting is then continued as previously 
described. 

The precision with which angles may be laid off by this method depends 
upon the care used in plotting and upon the length of base line employed 
For precise results all points should be pricked with a needle, all lines should 
be drawn with a hard, sharp pencil, and perpendiculars should be erected 
with great care. When this careful procedure is followed, the error in laying 
off an angle from a 10-in. base line need not exceed 03'. This is about the 
error that might be expected in using a protractor having a diameter of 20 in., 
if such a size were available. 

Plotting deflection angles by tangents is open to the same objections that 
were mentioned in Art. 18-4 concerning the method of laying off deflection 
angles with the protractor, namely, that any error in the direction of one 
line affects to a like degree the directions of all succeeding lines. Hence 
for long traverses some persons prefer to compute the bearings or azimuths 
of the several lines and to lay off the tangent distances from a meridian and 
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base line, as described in the following paragraphs. The process of checking 
is simplified, however, if deflection angles are used. 

Use of Meridians. When the directions of lines are given by bearings or 
azimuths, a meridian and base line may be established at each transit point 
and the succeeding line may be plotted by methods similar to those described 
for deflection angles. In this way any error in the direction of one line does 
not affect the direction of succeeding lines. 


B 



Pig. 18-4. Plotting by tangents from meridian and base line. 

When the traverse is many-sided, the method illustrated by Fig. 18*4 is 
preferable. A 20-in. square composed of four 10-in. squares with sides 
perpendicular to or parallel with the meridian is constructed near the middle 
of the sheet, as shown. The tangent offsets of bearing angles less than 45°, 
or of azimuths corresponding to such bearing angles, are scaled east or west 
of the line F7' along the outer sides of squares forming corresponding quad- 
rants; in a similar manner the cotangent offsets of bearing angles greater than 
45°, or of azimuths corresponding to such bearing angles, are scaled north or 
south of the line XX'. Lines joining these points with the intersection of the 
X and Y axes have the same bearings as corresponding lines of the traverse. 

For example, the line AB has a bearing of N37°E. Its tangent offset, 7.54 in., is, 
therefore, scaled from Y along the north lade of the NE quadrant, thus locating b. 
The plotted position of AB must be parallel to Oh. The line BC has a bearing of 
S80°E, which is greater than 45°. The point c is located by scaling the cotangent 
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distance, 1.76 In., from tbe point X along the east side of the SE quadrant, and 
BC must be made parallel to Oc. In this way the directions of all lines in the traverse 
are laid off, the direction a/5 is then transferred to its proper position on the sheet, and 
the distance AB is plotted to scale; the direction b/c is plott^; and so on, around the 
traverse. 

18 ‘Sa. Tangent Protractor. A useful laborsaving device known as the tangent 
protractor consists of a scale subdivided into tangent distances (for a lO-in. base) 
corresponding to angles of multiples of 10' between 0° and 45°. The values of angles, 
not the tangent distances, are numbered on the protractor, 45° being 10 in. (10 tan 
45°) from the zero end, 30° being 5.77 in. (10 tan 30°) from the zero end, etc. The 
use of the protractor is identical with that of the ordinary scale, except that in plotting 
the tangent offsets the draftsman is guided by the angular values marked on the 
protractor rather than by the actual tangent offsets. To facilitate the plotting of 
angles between 46° and 90° by cotangent distances, a second set of angular values is 
placed under the first, the cotangent scale decreasing from 90° to 45° as the tangent 
scale increases from 0° to 45°. The use of the protractor eliminates the necessity of 
determining the numerical values of tangents, but the protractor is made only for a 
10-in. base, and it cannot be conveniently used for any other distance. 

18*6. Chord Method. This method is much like that of plotting by tangents as 
just described, except that instead of erecting a perpendicular at the end of a lO-in* 
base line, an arc of 10-in. radius is strpck. The chord distance for the given angle is 
then scaled from the point of intersection between arc and base line to a point on the 
arc. 

The chord method is generally regarded as being somewhat less precise than the 
tangent method though it is not clear that there should be any appreciable difference 
between the two methods. The chord method is not in as general use as the tangent 
method, probably for the reason that it requires more time to compute the chord 
distances than it does to compute the tangent offsets. If a table of chords is avail- 
able, however, the method is considerably quicker than the tangent method. 

18*7. Checking. Checking the correctness of the plotted horizontal con- 
trol is quite as essential as the verifying of field measurements. The methods 
of checking that may be employed are essentially the same for the protractor, 
tangent, and chord methods of plotting just described. The process of 
checking the plotted location of points of horizontal control may proceed 
as the work of plotting progresses, but in any case it is completed before 
the work of plotting the details is begun. Frequently the process of check- 
ing serves not only to verify the work of plotting but also to verify the field 
measurements. 

When the horizontal control is in the form of a traverse that has been 
brought to closure in the field, it should likewise close on paper; and if it 
does, a check is secured on the correctness of both the field work and the 
drafting. If for the purpose of this discussion the field work is regarded as 
correct, then any error of paper closure will be due to inaccuracies of laying 
off angles and distances. A traverse of considerable length will rarely close 
on paper, no matter how careful the work of plotting. 

If the error of closure is small, it is usually assumed to have accumulated 
gradually, and the traverse is made to close by a progressive change in the 
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position of the plotted lines. Thus in Fig. 18*5 the full line ABC^D'WA^ 
represents a traverse as first plotted, A' A being a small error of closure, 
and the dash line BCDEA shows the adjusted portion of the traverse. 



Another method of closure is illustrated in Fig. 18*6. Each traverse 
point is moved in a direction parallel to the side of closure, by an amount 
proportional to the distance along the traverse from the initial point to the 
given point. For example, 

C'C = AB^a/AB'aiyE*A* X A'A 

Essentially this method is an application of the Compass Rule (Art. 18*13). 

If the error of closure is large, a mistake in laying off an angle or a distance 
has occurred; sometimes the mistake can be located quickly by observing the 
simplest way of bringing the traverse to a closure. Thus, in Fig. 18.6, with 
the error of closure A'A as shown, one might expect that a mistake had been 
made in the length of the side C'D' which is nearly parallel to the side of 


C 



closure; and the first step in locating the error would be to scale this dis- 
tance. Another possibility is a mistake of 1° or 10® in one of the. azimuths 
or angles. If the cause of the error of closure cannot be detected readily by 
measurement of the plotted angles and distances, frequently the traverse is 
plotted in the reverse direction, starting from the same initial point, and is 
continued until a point coincides with the corresponding point for the trav- 
erse as originally plotted. Thus, referring to Fig. 18*7, ABCD'E'A' repre- 
sents a traverse as originally plotted and AEDC represents the traverse 
plotted in the opposite direction from the initial point A. The two traverses 
come together at C, and the corrected line is, therefore, ABODE A, 
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Open Traverses. When the horizontal control is an open or continuous 
traverse, there is no absolute check on the precision of plotting as in the 
case of the closed figure. A satisfactory way of checking distances is as 
follows: Cut a strip of paper somewhat longer than the combined length of 
the several lines in the traverse. Let a, 6, c, d, etc., be points to be marked 
on this strip corresponding to traverse points A, B, C, B, etc., on the draw- 
ing. Near one end and close to the edge, mark point a with a needle. Place 
this mark at A of the traverse and with the edge of the strip along AB, mark 
point b on the edge of the strip opposite B of the traverse. Move the strip 
to BC with b opposite the corresponding point of the traverse, and mark 
point c. Continue in this way around the entire traverse. Scale the total 
length marked off on the strip. This scaled distance should agree closely 
with the sum of the lengths in the notes used for plotting. 

If deflection angles are used in plotting, the direction of any line can be 
checked by computing its azimuth or bearing and observing whether the 
line makes this azimuth or bearing with an established meridian. This 
check does not need to be applied to every line of the traverse but in any 
case should be performed for the two end lines. If the relative directions 
of these two lines are found to be correct, it may be assumed that the direc- 
tions of all other lines are without appreciable error, by reason of the fact 
that the direction of each line depends upon that of the preceding line. 
For traverses with numerous sides, however, this check is usually applied 
every five or six courses as the work of plotting progresses, and adjustment 
is made if appreciable error is found. 

If bearings or azimuths are used in plotting, the deflection angles at the 
several points can be computed and the directions of the courses can be 
checked by measuring the deflection angles either with the protractor or 
by scaling the tangent offsets or chord distances. For this case all courses 
should be checked, since the direction of any course may be in error without 
its affecting the direction of any other course. 

18‘7a. Cut-off Lines. When, during the process of running an open 
traverse, cut-off lines (Art. 14-14) are established, both the field work and 
the plotting may be checked. Each cut-off line may be considered as form- 
ing the closing side of an independent traverse. Where the length of the 
cut-off line is measured, both angles and distances within the length inter- 
cepted by the cut-off line are checked if it closes on paper. If it fails to 
close, the procedure of checking is the same as for any other closed traverse; 
and when large errors appear to have been eliminated, the portion inter- 
cepted by the cut-off line may be adjusted until the cut-off line actually 
closes the plotted circuit. Usually the length of the cut-off line is not meas- 
ured in the field, in which case an absolute check on the plotted length of 
the intercepted portion of the traverse cannot be obtained. 
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Figure 18-8 represents a portion of a main traverse with cut-off line of unmeasured 
length passing through A and E. The full line ABC'D'E' shows the portion as orig- 
inally plotted for which the cut-off line does not pass through A, thus indicating an 
error in angle or distance or both. The line ABODE shows the traverse after an ad- 
justment in angle has been made at B so that the cut-off line passes through A. The 



line ABC''D"E” represents the same portion of the main traverse but with a gross 
error in the length of the second line, BC being the correct length and BC” the errone- 
ously plotted length. The cut-off line is seen to pass nearly through A as before, 
showing that a large error may be made in plotting a distance within the intercepted 
portion of the traverse and still have the cut-off line pass through the points of inter- 
cept or nearly so, provided the error is in a line that is nearly parallel to the cut-off 
line. 

Thus the cut-off line of unmeasured length but of observed direction 
provides a means of checking the angles of the intercepted portion of the 
traverse and provides a means of checking against large errors in distance, ex- 
cept for those lines which have the same general direction as the cut-off line. 

18‘7h. Intersecting Lines. When angles to a given station not on the 
traverse are observed from a number of stations of the traverse, both the 
field work and the plotting may be regarded as correct if the plotted lines 
to the given station intersect at a common point. 



In Fig. 18-9, the full line ABC'D'E' represents a portion of an open traverse, and 
the full lines intersecting at 0 and 0' represent lines to the station not on the traverse, 
the angles OAB^ OBC', O'C'D', etc., being laid off in the same manner as are the angles 


§ 18-8] 


MEITHOD OF BEGTANGULAB COOBDINATB8 


443 


of the traverse. The fact that the lines do not intersect at a common point indicates 
that an error exists in angle or in distance. The location of the error, and sometimes 
also its nature may be determined by inspection. Thus for the case shown in the 
fieure 00' is nearly parallel to BC, hence it might be expected that the length of BC 
wM in error by an amount approximately equal to 00'. If this were found to be so, 
then the traverse would be adjusted as shown by the line ABODE and the intersecting 
lines from C, D, and E (shown dotted) would pass through or approximately through 
the point 0. 

18-8. Method of Rectangular Coordinates. This method, also known 
as the method of toted hdUvdes and departures, is recognized as the most 
reliable method of plotting. It is the only practical one for plotting exten- 
sive systems of horizontal control. It is always employed for plotting 
triangulation figures except those of the simplest character, and it is con- 
siderably more accurate than any of the methods so far described for plot- 
ting traverses (see Art. 18-18). Rectangular coordinates are employed 
not only for plotting maps but also frequently for calculating areas, as 

described in Art. 19-4. ,. js 

The coordinate axes are a reference mendian (true, magnetic, or assumed) 
and a line at right angles thereto called a reference pareMd. The intersec- 
tion of these lines, marking the origin, may be any point in the survey or 
may be a point entirely outside the survey. The azimuths or bearings of 
aU survey lines are either given or computed from observed angles. With 
the direction of each line determined and its length known, the lengths of 
its orthographic projection upon the meridian and upon the parallel are 
computed The projection upon the meridian is termed the latitude of the 
line- the projection upon the paraUel is callwi the departure of the Une. 

The origin having been chosen, the coordinates for the several control 
points are computed by using the latitudes and departures. The coordinate 

C parallel ?• ii ) ^atal latitude 

of a point measured normal to the| jj^g^dian ““ ) total depaHure 

..Mi,, ! ! T.U ^ 

negative according to whether the corresponding pom s ie| east or west of 
of the reference parallel } gogi.<jinate axes established on paper, 

the reference meridian ) . i i j i „ 4.„ 

a point is plotted by laying off its total latitude and its total departure to 
the required scale. The succeeding articles are devoted to a more detailed 

discussion of the processes involved. , , 

Before the latitudes and departures of the traverse lines are computed, 
the angular error of closure of the traverse is determined by the known 
geometrical conditions, and the angles or bearings are so adjusted or 
Lrrected that the known geometrical conditions wiU be fulfilled (see Art. 
18-12). 
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18‘9. Latitudes and Departures. In Fig. 18-10, AB represents any line 
the latitude and departure of which it is desired to determine, and the lines 
NS and EW represent any meridian and any parallel. The line AB makes 
the angle a with the meridian. 

As the latitude of a line is the orthographic projection of the line upon a 
meridian, the latitude of AB is A'B' — Ah — AB cos a. 

And as the departure of a line is its orthographic projection upon a parallel, 
the departure of A B is A”B" = Aa — A B sin a. 


N 



Fig. 18-10. 



Stated in the form of a general rule applicable to any line: 

Latitude = length X cosine bearing angle (1) 

Departure = length X sine bearing angle (2) 


Latitudes are designated as North or positive for all lines having a northerly 
bearing, and South or negative for all lines having a southerly bearing. 
Departures are designated as East or positive for lines having an easterly 
bearing, and West or negative for lines having a westerly bearing. Thus, in 
Fig. 18*11, for the line AB the latitude is North or + and the departure is 
East or 4-. For BC the latitude is South or ~ and the departure is East 
or +. For CD the latitude is South or — and the departure is West or — . 
For DE the latitude is North or + and the departure is West or — . 

If the latitudes and departures are determined solely for purposes of map 
construction, the number of places to be used in computations should be 
such that points may be plotted correctly within the scale of the map. 
Thus for a scale of 1 in. = 800 ft., distances can hardly be plotted closer than 
to the nearest 10 ft., but to insure all coordinates being correct to the nearest 
10 ft. the latitudes and departures would probably be determined to the 
nearest foot, and to insure the latitudes and departures being correct to the 
nearest foot, intermediate computations might be carried out to tenths of 
feet. 
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Computations are made with a computing machine or, if none is available, 
by logarithms. “Traverse tables^' found in various publications (for ex- 
ample, Ref. 4 at the end of this chapter) give for various bearing angles the 
latitudes and departures for various lengths of line. 

If the computing machine is employed, the data may be kept in the following form: 






Sin 

Latitude, ft. 

Departure, ft. 

Line 

Bear- 

Length, 

bear- 

bear- 






ing 

ft. 

ing 

ing 

N 

s 

E 

W 


First the bearings and lengths of the lines are tabulated. Then the natural cosines 
and sines of the bearing angles are recorded. And finally for each side the latitude 
and departure are computed, the length being set on the machine as the multiplicand. 

If logarithms are used, the form of the following example is convenient: 

Example: For a given course in a traverse the computed bearing is N34®2rW and 
the observed length is 1,216.3 ft. The traverse is to be plotted to the scale of 1 in. « 
100 ft. It is desired to compute the latitude and departure with a degree of precision 
consistent with the purpose for which they are to be used. 

At the given scale, distances may be plotted within 1 or 2 ft., and therefore latitudes 
and departures should be correct to perhaps the nearest quarter foot if the traverse 
has many sides. Five-place logarithms will be used. The computations follow. 
Beginning with “log distance’^ in the tabulation, computations for latitude are made 
reading upward, and computations for departure are made reading downward. 

Latitude. 1,003.3 ft. 

log latitude. 3.00145 

log cos bearing 9.91677 

log distance 3.08468 

log sin bearing. 9.75147 

log departure 2.83615 

Departure 685.7 ft. 

18*10. Error of Closure. In any closed traverse it is obvious that the 
sum of the north latitudes should equal the sum of the south latitudes, and 
that the sum of the east departures should equal the sum of the west depar- 
tures. In other words, for any closed traverse the algebraic sum of the 
latitudes (SL) should be equal to zero, and the algebraic sum of the depar- 
tures (SD) should be equal to zero. Similarly, in some open traverses, the 
location of the end stations relative to each other is known from other 
sources; such traverses can be treated as closed traverses with the line con- 
necting the two end stations forming the closing line. 

Owing to errors in field measurements of both angles and distances, in 
general an unadjusted traverse will not close on paper even though the 
plotting be without error. The conditions stated in the previous paragraph, 
however, make it possible to determine the error of closure by means of the 
computed latitudes and departures. 
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Figure 18*12 shows a traverse that does not close, the line A' A = e being 
the side of error. In order that the algebraic sum of the latitudes and the 
algebraic sum of the departures shall each be equal to zero, the latitude of 
the side of error must be —'LL and its departure must be — SZ>, considered 



algebraically. These two quantities form the base and altitude of the right- 
angle triangle of which the side of error is the hypotenuse; hence the linear 
error of closure is 

e =V(SL)2 + (SZ))» (3) 

The direction of the side of error is given by the relation 

= (4) 


with due regard to sign, an equation which is satisfied by bearings differing 
by 180®. The data will make it apparent in which quadrant the bearing lies. 

Example: In a given closed traverse the sum of the south latitudes exceeds the sum 
of the north latitudes by 9 ft. and the sum of the east departures exceeds the sum of 
the west departures by 12 ft. What is the linear error of closure and the bearing of 
the side of error? 

The linear error of closure is e = V ( 9)2 + ( 12)2 _ 15 

Since for the given sides the south latitudes exceed the north latitudes, the latitude 
of the side of error must be north, and by similar reasoning the departure of the side 
of error must be west; hence the bearing angle is in the northwest quadrant. 


tan € = 


-SL 


-12 „ 
+9 

- 53 '’ 08 ^ 


-1.33 


Bearing = N53°08'W 


18*11. Balancing the Survey. This discussion deals with the practice 
of adjusting field observations, the principles of which are discussed in 
Chap. 5. 

When the error of closure has been determined as described in the preced- 
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ing article, usually corrections are made so that the traverse will form a 
mathematically closed figure, and the corrections are applied to the latitudes 
and departures in such manner as to make their algebraic sum equal zero. 
This operation is called balancing the survey or balancing the traverse. It is 
performed not only prior to the computation of coordinates for plotting, but 
also before computing areas. There is, of course, no possible means of de- 
termining the true magnitude of the errors in angle and distance which occur 
throughout the traverse; but if conditions surrounding the field measure- 
ments have been uniform, it is fair to assume that errors have gradually 
accumulated, and corrections should be made accordingly. 

If the error of closure is excessive, it indicates that a mistake in field work 
or plotting has been made, and the work should be checked (Art. 18*7). 

There are several rules for distribution of errors, each of which will 
produce a mathematically closed figure and each of which is assumed to be 
adapted to certain conditions as regards measurements. Many surveyors, 
however, rely on their own judgment with little or no regard for any estab- 
lished rule, and distribute the error arbitrarily in accordance with their 
estimation of the field conditions. 

If certain courses are over rough ground, the error of chaining these courses would 
be expected to be relatively large, and the correction to the observed distances 
should be correspondingly great. Where sights are steep or short and where visibility 
is poor, larger angular errors would be expected than where conditions of observing 
are more nearly ideal, and hence in balancing the survey it is fair to assume that the 
larger changes in directions should be in the courses where conditions surrounding the 
observations were relatively unfavorable. 

18»12. Adjustment of Angular Error. The values of the measured angles 
of a traverse are checked by the known geometrical conditions. The total 
angularerror thus determined is distributed among the angles or computed 
bearings of the traverse before computations of the latitudes and departures are 
made. Often this adjustment is arbitrary, based upon a knowledge of the 
field conditions; but, if all angles have been measured under like conditions, 
the error is distributed equally to each angle in the traverse. 

The total angular error is the result of both accidental and systematic 
errors which have affected the work. The angular adjustment eliminates 
the effects of all systematic errors to the extent that they have been constant 
and equal in their effect upon each angle measured. It does not yield true 
values, for each measured angle is subject to accidental errors whose sign 
and magnitude are unknown. However, it meets the known geometrical 
conditions; and the adjusted values are the most probable values that can 
be assigned. 

18-13. Compass and Transit Rules for Balancing a Survey. The rules 
commonly used to balance a traverse are the Compass Rule and the Transit 
Rule. (See also the Crandall Method, Art. 18*14.) 
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The Compass Rule states that the correction to be applied to the 

\ latitude ? £ course is to the total correction ini ^l^titude ) ^ 

J departure 3 ( departure 3 

length of the course is to the length of the traverse. It is based upon the 
assumptions (1) that the errors in traversing are accidental and, therefore, 
vary with the square root of the lengths of the sides, thus making the correc- 
tion to each side proportional to its length, and (2) that the effects of the 
errors in angular measurements are equal to the effects of errors in chaining. 
It is the rule most commonly used. 

The Transit Rule states that the correction to be applied to the 


latitude 1 
departure 3 
( latitude 


of any course is to the total correction inj 


latitude 


^ I departure ) 

I of that course is to the arithmetical sum of all the 


the^ 5. of that course is to the arithmetical sum of all the 

( departure ) 

\ latitudes ^ traverse. It is based upon the assumptions (1) that 
I departures 3 

the errors in traversing are accidental and (2) that the angular measurements 
are more precise than are those of chaining. 

The adjustment of observations subject to accidental errors lies properly 
within the province of the method of least squares, and in the light of these 
principles the following comments may be made: 

1. It can be shown that the Compass Rule is logical for the assumptions 
made. 

2. The Transit Rule is merely a rule of thumb which, it is found, does not 
apply successfully to many cases. In fact it meets the assumptions upon 
which it is based only to the extent that each side is parallel to one or the 
other of the coordinate axes. 

As an example of the effects of the two rules, the computations are given 
below for a particular case. 

Example: Following are tabulated the bearings, lengths, latitudes, and departures 
for a closed traverse of six sides. The survey is to be balanced by both of the rules 
given in this article. 


Lengthy 

ft. 


N45°00'E 

848.6 

S69°27'E 

854.4 

sino'E 

1,019.8 

S79°42'W 

1,118.0 

N54°06'W 

656.8 


Latitude, ft. 

Departure, ft. 

N S 

E W 

500.0 

0.0 

600.0 

600.0 

...... 300.0 

800.0 

1,000.0 

200.0 ...... 

200.0 

...... 1,100.0 

385,0 ...... 

...... 532.0 

1,485.0 1,500.0 

1,600 0 1,632.0 
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The en*or of closure In latitude is 15.0 ft. and in departure is 32.0 ft. The sum of 
the lengths of the sides is 4,997.6 ft. or practica lly 5,000 ft. The length of the side 
of closure (linear error of closure) is V" 15^ 4" 32® = 35.3, and the relative linear error 
of closure is 35.3/5,000 = (This error is too large to be permitted in practice, 

but was made large for the purpose of this example.) 

By the Compaas Rule the amount of the correction in latitude of the course CD 
is (15/5,(KX)) X 854.4 ft. « 2.6 ft. As the south latitudes are too large in this 
example, the correction is to be subtracted, that is, the conoction is —2.6 ft. The 
correction to the departure of CD is (32/5, <XK)) X ^4.4 = 5.4 ft.; as the east depar- 
tures are too small, the correction is to be added. The corrections to the other courses 
are computed in a similar manner, with due regard to sign. 

For use with the Transit Rule, the arithmetical sum of the latitudes is 2,985.0 ft. 
and the arithmetic^,! sum of the departure's is 3,232.0 ft. The correction to the lati- 
tude of CD is ( — 15/2,985) X 300 = —1.5 ft., and the correction in departure is 
(+32/3,232) X 800 « +8.0 ft. 


Correction in latitude, ft. 
Compass Transit Crandall 


Correction in departure, ft. 


Crandall 

Method 


Rule Method 


In the accompanying tabulation are given the corrections in feet as determined by 
the two rules, together with the corresponding corrections by the Crandall Method 
which is discussed in the following article. As a check, the arithmetical sum of 
the corrections in latitude or departure (given in the last line of each colunm) 
should equal the total error in latitude or departure. This is a check on the cor- 
rectness of the computations. When the corrections have been applied, the algebraic 
sum of the latitudes and of the departures must be 25ero, and hence the survey is 
balanced. 

1844. Crandall Method of Balancing a Survey. There are conditions where the 
accidental errors of linear measurements are likely to be greater than those in the 
measurement of angles, as, for example, in stadia traversing, or even in careful tape 
measurements where some of the systematic errors are rendered accidental in nature 
by reason of corrections and of special methods applied to the field measurements. In 
such cases we may be warranted in assuming, after any small angular error of closure 
has been distributed among the bearings of the traverse, that the bearings are without 
appreciable error; and the adjustments should properly be made to the linear measure- 
ments only. For these cases Professor C. L. Crandall has applied the method of least 
squares and has arranged the solution in such form that it can be carried through 
with the use of a slide rule only (see Ref. 1, at the end of this chapter). As applied 
to the example given above, the computations are as follows: 
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In these formulas the following notation is used: 

L = latitude of any course 
D = departure of any course 
I ~ length of any course 
V correction to be applied to any quantity 
qi - total error in latitude 
qD - total error in departure 

A and B are factors connecting various quantities in the computations, and S is the 
sign of summation. 

As a matter of convenience, the distances are expressed in tape lengths by dividing 
the lengths I by 100 throughout. 


vn ~ l>iA 4 - DiB } + 

i;b - I/ 2 A + D2i5 W 


Latitude 


Departure 


Line Bearing Length 


N 500.0 500,0 0.0 

N45°00'F 848.6 600.0 600.0 

S69°27'E 854.4 ...... 300.0 800.0 

SU°19'E 1,019.8 1,000.0 200.0 

S79°42'W 1,118.0 ...... 200.0 ...... 1,100.0 

N54'^06'W 656.8 385.0 532,0 


qi = — 15.0 qo =—32.0 

(-32.0) X (-1.66) - (-15.0 X 27.26) _ +53.1 + 409.0 
(27.26 X 22.71) - (-1.66)* 621.7 - 2.8 


lOOJ 

lOOZ 

LD 

lOOJ 

5.00 

0.00 

1 +0.00 

4.25 

I 4.25 

! +4.25 

1.05 

7.50 

-2.81 

9.80 

0.39 

-1.96 

0.36 

10.81 

+1.97 

2.25 

4.31 

-3.11 

22.71 

27.26 

-1.66 


= +0.747 
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(-15.0) X (-1.66) - (-32.0 X 22.71) _ +24.9 + 726.7 


(27.26 X 22.71) - (-1.66)2 

(5,00 X 0.747) + (0.00 X 1,214) 
(4.25 X 0.747) + (4.25 X 1.214) 
(1.05 X 0,747) - (2.81 X 1.214) 
(9.80 X 0.747) - (1.96 X 1.214) 
(0.36 X 0.747) + (1.97 X 1.214) 
(2.25 X 0.747) - (3.11 X 1.214) 

(0.00 X 1,214) + (0.00 X 0.747) 
(4.25 X 1.214) + (4.25 X 0.747) 
(7.50 X 1.214) - (2.81 X 0.747) 
(0.39 X 1.214) - (1.96 X 0.747) 
(10.81 X 1.214) + (1.97 X 0.747) 
(4.31 X 1.214) - (3.11 X 0.747) 


+ 3.74 + 0.00 = 
+ 3.17 + 5.16 
+ 0.78 - 3.41 
+ 7.32 - 2.38 
+ 0.27 + 2.39 
+ 1.68 - 3.78 
Check: —qi 
= + 0.00 + 0.00 
= + 5.16 + 3.17 
= + 9.11 - 2.10 
-+ 0.47 - 1.46 
*+13.13 + 1.47 
* + 5.23 - 2.32 
Check: — gz) 


- =+1,214 

+ 3.74 
+ 8.33 

- 2.63 
+ 4.94 
+ 2.66 

- 2.10 
+14.94 
+ 0.00 
+ 8.33 
+ 7.01 
- 0.99 
+14.60 
+ 2.91 

= +31.86 


These computations are more laborious than those required by the Compass Rule 
or the Transit Rule, but the labor is not excessive. This solution meets the desired 
assumptions and will distribute the error of closure in the lengths of the lines only. 
A convenient check is supplied at the close, if the sum of the separate corrections 
equals the total error with opposite sign. Another check is afforded if the corrected 
lengths of the lines are computed from the corrected latitudes and departures. 


1846. Summary of Methods of Balancing a Survey. The discussion 
relating to methods of balancing a survey may be summarized by the 
following statements: 

(1) In many cases a careful arbitrary distnbution of errors on the basis 
of a knowledge, of the field conditions is the best that can be naade. 

(2) If systematic errors are believed to be present in the linear measure- 
ments they can be eliminated only by applying proper computed corrections 
to the field measurements before any rules for balancing the survey can be 
applied, since systematic errors are not subject to distribution by any 
general rule. 

(3) If the error of closure is subject to accidental errors affecting angular 
and linear measurements equally, the Compass Rule is valid. 

(4) In most cases, the Transit Rule cannot properly be used. 

(5) If the accidental errors in linear measurements are assumed to be 
much larger than those in angles, the Crandall Method is valid. 

1846. Computation of Coordinates. When it is desired to plot points of 
horizontal control by the method of coordinates, the latitudes and departures 
of the control lines are computed, and in the case of a closed traverse the 
survey is balanced. The origin is chosen, and the coordinates, or total 
latitudes and departures, of the several points in the survey are computed by 
summing algebraically the latitudes and departures of lines between that 
point and the origin. 
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The total) (of any point equals the algebraic sum of 

( departure 3 

j depSs rrfSncrrSSan | 

passing through the origin. 

In the accompanying tabulation are given (1) the latitudes and departures 
of the lines in the traverse of the preceding example, adjusted by the 
Compass Rule, (.2) the computed total latitudes and departures, or coordi- 
nates, referred to station A as the origin, and (3) the adjusted bearings and 
lengths of the traverse lines. 



Adjusted 

Adjusted 

Total 

Total 


Ad- 

Sta. 

lat., 

ft. 

dep., ft. 

lat., ft. 

dep., ft. 

Adjusted 

justed 









bearing 

length, 











N 

S 

E 

W 

N 

s 

E 

W 


ft. 

A 

501.5 


3.2 


0 

0 

0 

0 

N 0“22'E 

501.5 

B 



501.5 


3.2 


602.6 

605.4 

N45°08'E 

854.2 

C 

297.4 


1,104.1 


608.6 



805.4 

S69°44'E 

858.6 

D 



806.7 


1,414.0 


996.9 

206.6 

Sll°42'E 

1,018.1 

E 




190.2 

1,620.6 



196.7 


1,092.8 



S79°48'W 

1,110.4 

F 




386.9 

527.8 



386.9 



527.8 



N53°45'W 

654.4 

A 



0 

0 

0 

0 

Sum 

1,491.0 

1,49.1.0 

1,620.6 

1,620.6 






4,997.2 







In a closed traverse the additions are verified if on making the complete 
circuit the total latitude and total departure of the initial point check these 
quantities as assumed at the beginning. In the tabulation this check has 
been performed. 

18‘17. Plotting Control by Coordinates. When a system of horizontal 
control is to be plotted by rectangular coordinates, the size of the enclosing 
rectangle is determined from an examination of the total latitudes and de- 
partures. This rectangle is one whose east and west sides are meridians 
passing through the most easterly and westerly points of the survey, respec- 
tively, and whose north and south sides are parallels passing through the 
most northerly and southerly points of the survey, respectively. In order 
to insure the proper location of points on the map sheet, usually the enclosing 
rectangle and the principal points of control are first plotted roughly to 
small scale. On the drawing paper the enclosing rectangle is drawn to the 
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required scale, its position being fixed by estimation from the small-scale 
sketch. Preferably the top of the map should represent north, although 
the shape of the area may make another orientation preferable. 

Let HJKL (Fig. 18*13) be the enclosing rectangle for the traverse of the 
preceding article. The rectangle should be drawn with great care and 
checked by scaling the lengths of the diagonals. Perpendiculars constructed 
by use of the ordinary triangle are not necessarily accurate; they should be 
checked by reversing the triangle, or the perpendicular should be erected 



Fig. 18*13. Plotting control by coordinates. 

by a 3:4:5 method or by the use of a drafting compass. The engineer's 
drafting machine (Art. 6*37) is useful for this work. The locations of the 
reference meridian and reference parallel are determined by scaling along 
the sides of the enclosing rectangle. For example, in Fig. 18*13 the reference 
parallel is located by scaling JA and KM equal to 387 ft., the total latitude 
of the most southerly point of the survey. The location is checked by 
scaling AH and ML equal to 1,104 ft., the total latitude of the most northerly 
point of the survey. 

If the drawing is large and many control points are to be plotted, other 
meridians and parallels are constructed to divide the area into squares, the 
sides of which are less than the length of the scale used and which represent 
some whole number of hundreds or thousands of feet at the given scale. 
Thus, in the figure, a meridian is drawn 1,000 ft. east of the reference 
meridian, and a parallel is drawn 1,000 ft. north of the reference parallel. 
If the scale of the map is 1 in. = 100 ft., the actual length of the sides of the 
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resulting squares is 10 in. Each of the lines thus drawn is numbered with its 
distance from the reference meridian or reference parallel. 

Each point of horizontal control is located on the sheet by plotting its 
total latitude and departure, and its position is verified by scaling the length 
of the preceding course. For example, point D (Fig. 18*13) has a north 
total latitude of 807 ft. and an east total departure of 1,414 ft. The point D 
is plotted by laying off to scale above the reference parallel the distances ah 
and Me each equal to 807 ft., then drawing the line 6c, and finally laying off 
to scale the distance bD = 1,414 - 1,000 = 414 ft. As a check, the distance 
CD as scaled from the drawing should agree with the length of this line as 
computed f^om the adjusted latitude and departure (CD = 858.6 ft. by the 
foregoing tabulation). 


When the angle between a given course and the meridian is small, a considerable 
error may be made in plotting the total departure of either end without appreciably 
altering the plotted length of the line. The same is true of any course making a small 
angle with the reference parallel when an error is made in plotting the total latitude 
of either end. For this reason, where two or more such courses are contiguous, the 
scaled latitude or departure (whichever is the smaller) of each course should be com- 
pared with the value from which the coordinates are computed. 

Long traverses that do not form closed figures may be more conveniently plotted 
without constructing the enclosing rectangle; in fact, often much of it would fall off 
the map. The reference meridian and reference parallel are constructed as accurately 
as possible, and with these as a basis other meridians and parallels forming squares of 
convenient size are drawn only where such lines are necessary for plotting the traverse 
points. For small drawings, construction lines other than those of the enclosing rec- 
tangle are usually unnecessary. 

18*18. Advantages and Disadvantages of Coordinate Method. The 
coordinate method is recognized as the most reliable method of plotting the 
control. Its principal advantages are: (1) the size and shape of the drawing 
can be determined accurately beforehand, (2) the accuracy of the location 
of any point does not depend upon the accuracy with which previous lines 
in the control system are plotted, (3) the method of checking is simple and 
is unlike the method of plotting, (4) for closed traverses the field measure- 
ments are checked and the survey is balanced before plotting is begun, and 
(5) shrinkage or expansion of the paper is easily detected (by measuring the 
side of a control square) and proportionate corrections made. 

The single disadvantage of the coordinate method as compared with the 
method of tangents or the method of chords is the greater amount of com- 
putation required preliminary to plotting. However, often in the case of a 
closed traverse the latitudes and departures are necessarily computed for 
the purpose of determining the area (Art. 19*5); and with these values deter- 
mined, the labor of computing coordinates is little more than that of com- 
puting tangent offsets or chord distances. 

18*19. Plotting Details. In general the processes of plotting details on 
the map are similar to those enaployed in making the field measurements, 
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but are in the reverse order. The work of plotting details is less refined 
than that of plotting the horizontal control, but the aim is to plot objects of 
definite size and shape with such precision that dimensions subsequently 
scaled from the map will be correct within the allowable limit of error. 
The angles are laid off with a protractor, or the engineer’s drafting machine 



The protractor shown in Fig. 18-14 may be used perhaps more rapidly than any 
other type. The linear scale is so designed that distances are measured outward from 
the center along the diametrical edge. The angle numbers are so arranged that azi- 
muths, bearings, or deflection angles may be laid off by rotating the protractor about 
the station as a center until the graduation on the protractor representing the ^ven 
angle coincides with the reference line. The point is then plotted at the given dis- 
tance on the diametrical scale. Thus in the figure, the point a is plotted at an azimuth 
of 60° and h at 230°, 

If the directions to details are given in azimuths or bearings measured from 
a given station, a reference meridian is drawn through the station, and angles 
are laid off from this meridian. 

If an object has been located in the field by the method of radiation, that 
is, by distance from a control station and angle from a reference line, on the 
map a line is drawn from the plotted location of the instrument station in a 
direction corresponding to that on the ground; the distance from station to 
object is then scaled off along this line. 

If an object has been located in the field by the method of intersection, 
that is, by angles from two instrument stations, on the map the correspond- 
ing angles are laid off from the two stations and the point is plotted at the 
intersection of the two lines thus defined. Where many points are located 
by angles from a pair of stations, time will be saved by using simultaneously 
two protractors of the type shown in Fig. 18T4; the point of intersection 
between the diametrical edges of the two protractors defines the plotted 
location of the object. (See also Art, 30-20.) 
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If an object has been located in the field by linear measurements from two 
stations, it is plotted at the intersection of arcs of the given radii drawn with 
the drafting compass. 

If objects of somewhat indefinite form have been located in the field by 
perpendicular offsets from a transit line, on the map the perpendiculars may 
usually be estimated with the eye. 

The location of all important details should be checked by actual map 
measurements, but the location of less important details may be checked 
simply by inspection of the map. It often happens that mistakes in the field 
work give an object more than one location, or that a part of the field notes 
is confusing. In such cases it is advisable to proceed with the plotting of 
other portions, for these when mapped may help in clearing up the doubtful 
points. 

18*20. Omitted Measurements. When for any reason it is impossible 
or impractical to determine by field observations the length and bearing of 
every side of a closed traverse, the missing data may generally be calculated, 
provided not more than two quantities (lengths and/or bearings) are omitted. 
(If only one measurement is omitted, a partial check is obtained on the work.) 
When the missing quantities have been supplied, the coordinates may be 
computed and the traverse may be plotted (or the area may be calculated) 
as though all field measurements had been taken. 

In the process of calculating the unknown quantities it must be assumed 
that the observed values are without error, and hence all errors of measure- 
ment are thrown into the computed lengths or bearings. Measurements 
which may be supplied in this manner are: 

(a) Length and bearing of one side (Art. 18*21). 

(5) Length of one side and bearing of another (Art. 18*22). 

(c) Lengths of two sides for which the bearings have been observed (Art. 18*23). 

(d) Bearings of two sides for which the lengths have been observed (Art. 18*24). 

There are three general cases: (1) length and bearing of one side unknown, 
(2) omitted measurements in adjoining sides of the traverse, and (3) omitted 
measurements in nonadjoining sides. In case 3, the solution involves 
changing the order of sides in the traverse in such a way as to make the two 
partly unknown sides adjoin. 

When one of the sides is known in direction but unknown in length, the 
solution can be facilitated by assuming that side to lie on the reference 
meridian. 

Methods of parting land, which involve the calculation of lengths and 
bearings of unknown sides of a traverse, are described in Arts. 19*15 to 
19*19. 

18*21. Length and Bearing of One Side Unknown. The problem of de- 
termining the length and bearing of one side of a closed traverse is exactly 
the same as that of computing the length and bearing of the side of error in 
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any closed traverse for which field measurements are complete* The lati- 
tudes and departures of the known sides are computed. For reasons ex- 
plained in Art. 18* 10, if the algebraic sum of the latitudes and the algebraic 
sum of the departures of the known sides are designated by SL and SZ), 
respectively, then the length S of the unknown side is 

>8 =V(SL)2 + (SZ>)2 (9) 

and the tangent of the bearing angle a is 

-SD 


tan a = 


-2L 


( 10 ) 


with due regard to sign. 

18*22. Length of One Side and Bearing of Another Side Unknown. 
Figure l8*15 represents a closed traverse for which the direction of the line 
DE = d and the length of the line EA = e are not determined by field 

N 




measurements. Let an imaginary line extend from D to A, cutting off the 
unknown sides from the remainder of the traverse. Then ABC DA forms 
a closed traverse for which the side DA - f is unknown in both direction 
and length. By the method of the preceding article, 


and 


^ 1 ^ ^ dep. / -(dep. a + dep. h -f dep. c) 

tan brg. angle of/ = + i^t. 6 + lS:ir 


length of / ■ 


lat. / 


dep./ 


( 11 ) 


( 12 ) 


cos brg. angle of / sin brg. angle of / 

In computing the length of /by Eq. (12), it is desirable to use the larger 
of the two quantities : latitude or departure. 

The angle between the lines e and / in triangle ADE is 

ZDAE = azimuth of AE — azimuth of AD (13) 

In the triangle ADE the length of the two sides d and / and one angle DAE 
are known. By the relation that sines of angles are proportional to sides 
opposite, 
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With angle DEA known, angle ADE can be computed, and the remaining 
unknown length is given by the expression 


. sin ADE 
■ sin DEA 


, sin ADE 
^ sin DAE 


Azimuth of DE ~ azimuth of DA — ZADE (16) 

Unknown Courses Not Adjoining. The preceding method of solution is 
generally applicable even though two partly unknown courses are not 
adjoining. Obviously the latitude and the departure of any line of fixed 
direction and length are the same for one locatiori of the line as for any other. 
In other words, a line may be moved from one location to a second location 
parallel with the first, and its latitude and departure will remain unchanged. 
Since this is the case, then it must also be true that the algebraic sum of the 
latitudes and of the departures of any system of lines forming a closed figure 
must be zero, regardless of the order in which the lines are placed. Thus 
the courses which are shown in the order a, 6, c, d, e in Fig. 18*15 are given 
in the order a, e, 6, c, d in Fig. 18*16. If now it is assumed that the direction 
of d and the length of a (Fig. 18’ 16) are unknown, the problem of determining 
these unknown quantities is seen to be identical with that explained in the 
preceding article for the case where the partly unknown sides were adjoining. 

Hence, when two partly unknown sides of a closed traverse are not adjoin- 
ing, one of the sides is considered as moved from its location to a second 
location parallel with the first, such that the two partly unknown sides 
adjoin. The solution then becomes identical with that described in the 
preceding article. To simplify the problem the data are usually plotted 
roughly to small scale. Following is the solution of a typical problem. 

Example: Below are tabulated the measured lengths and bearings for the courses 
of a closed traverse a to /, together wiih the latitudes and departures of the known 


Length, 

feet 


500.0 

unknown 

(889.9) 

854.4 

1,019.8 

1,118.0 


Bearing 


N 

N45®00'E 

S69®27'B 

S11°19'E 

unknown 

(S78°57'W) 

N54°06'W 

(N48®26'W) 


Latitude 

Departure 

N S 

E W 

500.0 ....... 

0.0 

(629.3) 

(629.3) 

300.0 

800.0 

1,000.0 

200.0 

(214.3) 

...... (1,097.3) 

385.0 ...... 

532.0 

(415.0) 

...... (468,0) 



Choice of Values. When the length of one side and the bearing of another 
are unknown, the solution will generally render two values of each of the 
unknowns; often it is impossible to tell which are the correct values unless 
the general direction of the side of unknown bearing is observed. In 
Fig. 18-18, ABCD is the known portion of a traverse and DA is the closing 
side for this portion, A line of unknown length but known direction extends 
from A in the direction of E and E\ A line of unknown direction but known 
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sides. The length of h and the bearing of e are not observed. The general direction 
of e is southwest. It is desired to compute the unknown length and direction. 
Quantities in parentheses are derived from following calculations. 

In Fig. 18-17 the lines a, c, d, and/ are the courses for which the length and bearing 
are known. The line g is the closing side of the figure formed by the known courses. 
From the tabulated quantities, the sum of the known .latitudes is 1,3G0S + 885N = 
415S, hence the latitude of g is 415N. Similarly the departure of gf is 1,000 — 532 = 
468W. 

tan bearing g - “1“ = 1-127 
415.0 

and the bearing of g “ N48®26'W. 

dep. g ^ 468.0 
sin brg. g 0.7482 
Since the bearing of 5 is N45®00^E, 

AE = 46W + 48°26' - 93«26' 


Length of g 


625.5 ft. 


sinC? = ^sin.E - X 0.9982 = 0.6585 


1,118 
A G - 

AB ^ 180W - 93°26' - 33^57' = 52°37 

. ^ 
smE 

180® - 48®26' 


Length 6 = length e • 


52®37' - S78®57'W 


Bearing of < 

As a check on the calculations, the latitudes and departures of the lines h and e 
are computed and the values are shown in parentheses The sum of the latitudes 
and the sum of the departures for courses a, 6, c, d, and / are found to be zero, and 
hence the computations for determining the unknown length and bearing are correct. 
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length extends from D to intersect the line of known direction at E or E\ 
DE being equal to DE\ Evidently sin = sin since 

sin ( 90 ® -f- a) = sin (90® — a), and further, solving the triangle for the 
length of the unknown side gives the value AE or AE' depending on which 
of the preceding angular values is used. 


As the angle between the line of unknown length and the line of unknown bearing 
approaches 90°, the solution becomes weak. This is illustrated by Fig. IS- 19 for 
which DA is the closing side of the traverse formed by the known lines, DEE' is the 
direction of the side of unknown length, and AE = AE' is the length of the side of 
unknown direction. It will be recalled (see Art. 3*8) that the sines of angles near 90° 
change slowly. Since the angle at E or E' is nearly 90°, and its value is computed 
through the use of its sine, a small error in computation may make a relatively large 
change in the angle (a difference of 0.00001 in the sine effects a change of 0°11', 
on either side of 90°). Also the angle at E is used in computing the angle at A, and 
hence any error in the computed value of ZjB is transmitted to the computed value of 
Z A . Now if Z A is of average size, the change in the sine will be much more rapid (on 
either side of 45°, a change of 0.00001 in the sine produces a change of only 
in the angle). Since the side DE is computed by using sin Z A, the relative error in 
the computed value of DE is the same as that in sin ZA which may be noany times 
that in sin Z.E. 

Also when the angle between the partly unknown lines is nearly 90°, it is impos- 
sible to distinguish which of the two determinations is the correct one, even though 
the general direction of the line of unknown bearing has been observed. 

Thus the solution becomes weak when the partly unknown lines approach per- 
pendicularity, and the solution becomes strong as the angle between these lines be- 
comes small. 

18*23. Length of Two Sides Unknown. This problem commonly occurs 
where angular observations are taken from two or more points in the main 
traverse to some landmark, the measurements being introduced as a check. 
It occasionally occurs on main traverse lines where there are obstacles to 
the direct measurement of length but where angles are observed. The 
solution is so nearly identical with that for the case where the direction of 
one side and the length of another are unknown (Art. 18-22) that a detailed 
description will not be given here. 

In Fig. 18-20, ABCD represents the portion of a closed traverse for which 
the courses are known in both direction and; length, and the lines DE and 
EA represent courses for which the direction is known but the length is 
unknown. From the latitudes and departures of the known sides, the length 
and bearing of the closing line DA are computed; and in the triangle ADE 
the angles A, D, and E are computed from the known directions of the sides. 
The lengths DE and EA are determined through the relation 
DE ^ EA ^ DA 
sin A ; sin D sin E 

li the two Bnes are not adjoining, the problem may be solved as though 
they were, as explained in Art. 18*22. As the angle between the partly 
unknown lines approaches 90®, the solution becomes strong; as the angle 
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approaches 0® or 180®, the solution becomes weak, the problem being 
indeterminate when the lines are parallel. 

18-24. Direction of Two Sides Unknown. The solution is similar to that 
described in the preceding article. In Fig. 18-20, if DA is the closing side 
of the known portion of the traverse, its direction and length are computed ; 
then the lengths of the three sides of the triangle ADE are known, and the 
angles A, D, and E can be computed. 





Fig. 18*21. 


The general direction of at least one of the partly unknown lines must be 
observed, as the values of the trigonometric functions merely determine the 
shape of the triangle but do not fix its position. Thus in Fig, 18*21, if DA 
is the closing line of the known portion of the traverse forming the base of 
the triangle of which the courses of unknown direction but of known length 
are the legs, then it is evident that the vertex may fall at either E or E', 
When the partly unknown lines are parallel but not of the same length, 
their direction is that of the closing side of the figure formed by the known 
courses. When the partly unknown sides are parallel and of the same 
length, the problem is indeterminate, since the length of the closing side of 
the figure formed by the known courses becomes a point. 

18*26. Numerical Problems. 

1. With the protractor, plot to the scale of 1 in. = 200 ft. the closed deflection- 
angle traverse for which the following notes are given. Measure the linear error of 
closure and record it on the sheet. Distribute the error as suggested in Art. 18*7. 


Station 

Deflection angle 

Length, feet 

A 


i 

338 

B 

9®00'L 

307 

C 

76'’45'R 

792 

D 

74°45TR 

822 

E 

102‘’00'R 

624 

F 

23°30'R 

620 

A 

92‘’00'R 
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2. Assuming the course AB in the traverse of problem 1 to be of zero azimuth, 
compute the azimuths of the remaining courses. Using a protractor, lay off the 
azimuths from a central meridian and plot the traverse at the scale of 1 in. - 200 ft., 
as described in Art. 18*4. Measure the error of closure and record it on the sheet. 
Distribute the error of closure as suggested in Art. 18-7. 

3. Plot the following open deflection-angle traverse at the scale of 1 in. - 400 ft. 
by the method of tangents, using a 10-in. base. Lay off successive lines by deflection 
angles as described in Art. 18-5. Assume the direction of the first course to be north, 
and compute the bearings of the other courses. Check the accuracy of the plotting 
by methods described for open traverses in Art. 18*7. 


Station Deflection angle 


118 -h 75.0 
98 + 95.6 
73 + 01.4 
70 + 13.5 
49 + 41.3 
40 + 00 
37 + 18,8 
18 + 26.0 
5 + 03,2 
0 + 00 


39'^47'L 

17‘^28'L 

14WL 

sni'L 

49'’59'L 

32n8'R 

18°44'R 

7°31'L 


4. Plot the following open azimuth traverse at the scale of 1 in. = 400 ft. by the 
method of tangents, establishing the directions of the several lines from a centrally 
located meridian, as described in Art. 18-5. From the azimuths compute the deflec- 
tion angles at the several points, and check the accuracy of the plotting as described 
in Art. 18*7. 


Course 

Azimuth 

Distance, feet 

AB 

142°08' 

815.3 

BC 

m°37' 

1146.0 

CD 

296°13' 

520.8 

DE 

323°46' 

816.5 

EF 

249°51' 

726.4 

FQ 

214”03' 

1862.0 

OB 

195'’45' 

2795.5 

HJ 

191°28' 

2463.7 

JK 

138°42' 

586.4 


5. Given the notes of problem 1. Assume the original direction of AB to be north 
and compute the bearings of the several courses. Compute the latitudes and depar- 
tures, using four-place logarithms. Compute the error of closure, and balance the 
survey by the Compass Rule (Art. 18-13). 

6. Solve problem 5 approximately, using the slide rule. 

7. Given the following notes of a transit survey. Compute the latitudes and de- 
partures, using five-place logarithms. Compute the error of closure, and balance the 
survey by the Crandall Method (Art. 18-14). 
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Course 

Bearing 

Distance, feet 

AB 

N48°20'E 

529.6 

BC 

N87°43'E 

592.0 

CD 

S 7%%'E 

563.6 

DE 

S 82 n 2 'W 

753.4 

EA 

N48°12'W 

428.2 


8. Given the following notes for a closed traverse. (1) Compute the latitudes 
and departures, using five-place logarithms, and compute the error of closure. Bal- 
ance the survey by each of the rules given in this text, and for each course, find the 
change in length and direction caused by the application of each of the rules. (2) Add 
40°00' to each of the given azimuths, and make computations called for in (1). 
(3) Compare the results of (2) with, those of (1), and explain reasons for variations. 


Course 

Azimuth 

Distance, feet 

AB 

0°42' 

1,221.2 

BC 

94°03' 

541.3 

CD 

183'’04' 

795.4 

DA 

232°51' 

646.8 


9, Given the data of problem 4. Calculate the coordinates of the several points 
in the survey, assuming that the origin is at A, Plot the traverse by the coordinate 
method, using a scale of 1 in. ~ 400 ft. (See also office problem 1.) 

10, Griven the following data for a closed traverse. Compute the length and bear- 
ing of the unknown side, using the slide rule. 


Course 

Bearing 

Distance, feet 

AB 

N82°W 

461 

BC 

unknown 

unknown 

CD 

Nes^’is'E 

829 

DA 

N80‘^45'E 

441 


11. Given the following data for a closed traverse, for which the length DE and 
the azimuth of EA have not been observed in the field. Determine the unknown 
quantities, using five-place logarithnos. The general direction of EA is east of north. 


Course 

Azimuth (from north) 

Distance, feet 

AB 

106°13' 

1,081.3 

BC 

195°14' 

1,589.5 

CD 

247-^7' 

1,293.7 

DE 

332°22' 

unknown 

BA 

unknown 

1,737.9 








464 map plotting [ch. 18 

12. Solve problem 11 by use of the slide rule, with corresponding precision (to 1 ft. 


aiiu bu uu v . i i i t 

13. Given the following data for a closed traverse, for which the lengths of BC and 
DE have not been measured in the field. Compute the unknown lengths, using five- 
place logarithms. 


Course 

Bearing 

Distance, feet 

AB 

N9‘’30'W 

689.32 

BC 

N56“55'W 

unknown 

CD 

S56“13'W 

678.68 

DE 

S2°02'B 

unknown 

EA 

S89°31'E 

1,082.71 


14. Solve problem 13 by use of the slide rule, with corresponding precision (to 1 ft. 
and to 05') 


18*26. Ofllce Problems. 

Pboblem 1. Plotting BY Tangents; Map CoNSTBUCTiON' 

Object. To plot a given traverse by the method of tangents. The data of field 
problems of Chaps. 12 and 14 may be used. 

Procedure. (1) Tabulate angles and distances of the given traverse in the 
computation book. If angles are given as azimuths or bearings, change them to 
deflection angles. (2) Tabulate and check the natural tangent of each deflection 
angle less than 45° and the cotangent of each angle greater than 45°. (3) Plot the 
traverse roughly to small scale, using the protractor for angles; note its general form. 

(4) Carefully plot the first line of the traverse on drawing paper to the required scale, 
estimating the position of the line by means of the small-scale sketch. The line 
should lie so that the drawing, when finished, will be symmetrical with the sheet. 

(5) Plot the remaining lines of the traverse by the method described in Art. 18-5. 
Verify all measurements as soon as they have been plotted. (6) Check the traverse 
by the methods of Art. 18*7. If it is a closed traverse, distribute the error of closure 
as indicated by the conditions of the problem and perhaps by the direction of the side 
of closure. (7) Plot the details by methods corresponding to those used in the field. 
Use conventional signs wherever applicable. Show the meridian. Make a title. 

Hints and Precautions. (1) Particular care should be taken in scaling the lengths 
of the lines of the traverse and the tangent distances. Points should be pricked with 
a needle. The eye should be above each point as it is plotted. (2) Lengths of lines 
and tangent distances plotted by estimation using the 10 scale are not sufficiently 
accurate; the 50 scale should be used. (3) A perpendicular should not be erected 
with the corner of the triangle at the point of intersection of base line and per- 
pendicular, as the triangle corner may be rounded. The hypotenuse of the right 
triangle should be fitted to the base line, and a straightedge (or another triangle) 
placed in contact with the base of the triangle. Then the triangle should be turned 
through 90°, and its third edge placed in contact with the straightedge and moved 
along it until the hypotenuse passes through the point of intersection. (4) It is 
well to test each perpendicular by measuring the hypotenuse of a 45° right triangle 
having sides perhaps 8 in. long; in this case the length of the hypotenuse is 11.31 in. 
(5) If the construction lines would otherwise fall off the edge of the paper, measure 
back along the line as shown for the plotting of DE from CD in Fig. 18 -B, 



§ 18-26] OFFICE PEOBLEMS 465 

Problem 2. Plotting by Coordinates; Map Construction 

Object. To plot a given traverse by the method of coordinates. The data of 
field problems of Chaps. 12 and 14 may be used. 

Procedure. (1) Transcribe the given data in a computation book in the form 
shown by the first three columns of the tabulation in Art. 18-13. If directions of 
lines are given as azimuths or deflection angles, compute either the true or the assumed 
bearings. (2) Compute the latitudes and departures of the traverse lines; and if it 
is a closed traverse, balance the survey by the Compass Rule as described in Art. 
18-13. (3) Assume one of the traverse points as the origin of coordinates, and 
compute the total latitudes and departures as described in Art. 18-16, (4) Check all 
computations. (5) To small scale, plot roughly the traverse and enclosing rectangle 
(Art. 18-17) and note their relative positions. (6) On drawing paper plot the enclos- 
ing rectangle to the required scale, estimating its position by means of the small-scale 
sketch. The traverse, not the rectangle, should be symmetrical with the sheet. 
(7) Test the accuracy of the plotting by scaling the length of the diagonals. (8) Plot 
the reference meridian, reference parallel, and any supplementary meridians and 
parallels as described in Art. 18-17. Check the plotting. (9) Locate each traverse 
point by plotting its total latitude and departure. Check by scaling the length of the 
preceding traverse line. (10) Plot the details by methods corresponding to those 
used in the fiield. Use conventional signs wherever applicable. Finish the map 
without erasing construction lines. Label each traverse line with its corrected length 
inside the traverse and its corrected bearing outside. Show the meridian. Make a 
title. 

Hints and Precautions. For details of plotting, see Hints and Precautions^* 
1 and 2 of the preceding office problem. 
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CHAPTER 19 


CALCULATION OF AREAS OF LAND 

19*1. General, One of the primary objects of a land survey is to deter- 
mine the area of the tract or tracts with which the survey is concerned. 
During the progress of a survey of this character, a closed traverse is run, 
the lines of the traverse being made to coincide with property lines where 
possible. Where the boundaries are irregular or curved or where they are 
occupied by objects which make direct measurement impossible, they are 
located with respect to the traverse line by appropriate angular and linear 
measurements. In the usual course of such a survey the lengths and bear- 
ings of all straight boundary lines are determined either directly or by 
computation, the irregular boundaries are located with respect 'to traverse 
lines by perpendicular offsets taken at appropriate intervals, and the radii 
and central angles of boundaries which form the arcs of circular curves are 
obtained. 

The following articles explain the several common methods by means of 
which these data are employed in calculating areas. For computation of 
areas of cross-sections, see Arts 11-6 to 11*8. 

In ordinary land surveying, the area of a tract of land is taken as its 
projection upon a horizontal plane, and it is not the actual area of the sur-^ 
face of the land. For precise determinations of the area of a large tract, 
such as state or nation, the area is taken as the projection of the tract upon 
the earth’s spheroidal surface at mean sea level. 

In the United States the common units of area are for rural lands the 
acre, and for urban lands the square foot. There are 640 acres in 1 sq. mile; 
1 acre = 10 sq. Gunter’s chains = 160 sq. rd. = 4,047 sq. m. = 4,840 sq. 
yd. — 43,560 sq. ft. 

19*2. Methods of Determining Area. The area of a tract may be de- 
termined by any of the following methods: 

1. By plotting the boundaries to scale as described in Chap. 18; the area 
of the tract may then be found by use of the planimeter as described in 
Arts. 4*13 to 4-18, or it may be calculated by dividing the tract into triangles 
and rectangles, scaling the dimensions of these figures, and computing their 
areas mathematically. This method is useful in roughly determining areas 
or in checking those that have been calculated by more exact methods. 
Its advantage lies in the rapidity with which calculations can be made. 

2. By mathematically computing the areas of individual triangles into 
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Figure 19-2 illustrates a survey made by a single set-up of the transit 
at 0, such as might be the case for a small lot where the property lines 


which the tract may be divided (Art. 19*3). This method is employed when 
it is not expedient to compute the latitudes and departures of the sides. 

3. By calculating the area from the coordinates, or meridian distances 
and parallel distances, of the corners of the tract (Art. 19*4). 

4. By calculating the area from the double meridian distances and the 
latitudes of the ddes of the tract (Arts. 19*5 to 19*7), or similarly from the 
double parallel distances and the departures of the sides (Art. 19*8). 

5. For tracts having irregular or curved boundaries, the methods of 
Arts. 19*9 to 19*14 are employed. 

19*3. Area by Triangles. Table XXII gives the relations between the 
area of a triangle and its angles and lengths of sides. When the lengths of 
two sides and the included angle of any triangle are known, its area is given 
by the expression 

Area = y^ah sin C (1) 

When the lengths of the three sides of any triangle are given, its area is 
determined by the equation 

Area = Vs(a ~ a)(s — 6)(s — c) (2) 

where a = J^(a + ?> + c)- 

In surveying small lots as for a city subdivision, it is common practice 
to omit the determination of the error of closure of each lot, and hence the 
computation of latitudes and de- 
partures is unnecessary. Under 

such circumstances the area may j\ 

be calculated by dividing the lot, \ j \ 

usually quadrangular in shape, \ f \ 

into triangles, as illustrated by \ \ / \ 

Fig. 19*1, for each of which two \ 

sides and the included angle have \ 

been measured. By Eq. (1), the \ V 

areas of ABD and BCD are com- — W — 

puted ; the sum of these two areas Fig. 19-i. Fig. 19-2. 

is the area of the lot. The area 

thus found can be checked independently by computing the areas of the 
two triangles ABC and CD A formed by dividing the quadrilateral by a 
line from A to C, 


The accuracy of the field work may be investigated by computing the lengths of 
the diagonals. Thus Bl) can bo determined by solving either triangle ABD or tri- 
angle BCD. The fit^ld measurements arc without error if the length of BD computed 
by solving one of the triangles is the same as that computed by solving the other. 


468 CALCULATION OF AREAS [CH. 19 

ABCD were obstructed or where the transit could not be set up at the 
corners. Under these circumstances the angles about 0 and the distances 
OA, OB, OC, and OD are measured in the field. Since in each triangle two 
sides and the included angle are known, the area can be determined as just 
described. If in addition to the above measurements, the lengths of the 
sides AB, BC, etc., are measured, the area of the 
lot can be checked independently by solving each 
triangle by Bq. (2). 

In Fig. 19*3 the figure ABODE represents the 
boundary of a tract surveyed by simple triangu- 
lation, each of the angles of the three triangles 
into which the figure ii divided being measured, 
but only the distance AB being determined in 
the field. In order to determine the length of the 
unknown boundaries, it is necessary to solve in 
succession the triangles ABE, EEC, and ECD, 
the lengths of all sides being determined by the 
relation that the length of the side of a triangle is proportional to the sine 
of the opposite angle. When the lengths of the sides have thus been found, 
the areas of the individual triangles may be computed by either Eq. (1) or 
Eq.(2). 

19*4. Area by Coordinates. Frequently it happens that the rectangu- 
lar coordinates of the points defining the corners of a tract of land with refer- 
ence to some arbitrarily chosen coordinate axes are computed before the 
directions and lengths of the connecting lines are known. For example, the 
corners may be located by a system of triangulation, neither the direction 
nor the length of any of the boundaries being measured directly. Or a 
traverse may be inside a given tract, and the corners of the property may be 
located by direction and distance from traverse points. In either case, the 
coordinates of the corners are useful not only in finding the lengths and 
bearings of the boundary lines but also in calculating the area of the tract. 
Essentially the calculation is that of finding the areas of trapezoids formed 
by projecting the lines upon one of a pair of coordinate axes. The coordi- 
nate axes are usually a true meridian and a parallel at right angles thereto. 

In Fig. 19*4, ABODE represents a tract the area of which is to be deter- 
mined, SN a reference meridian, and WE a reference parallel. The coordi- 
nates of A, B, • • ' ,F are known; for any point the abscissa is the perpen- 
dicular distance from the reference meridian, defined as the total departure 
or the meridian distance; and the ordinate is the perpendicular distance from 
the reference parallel, defined as the total latitude or the parallel distance. 
Thus, for A the meridian distance is aA = my and the parallel distance is 
a' A — pi. Meridian distances are regarded as positive or negative according 
to whether they lie east or west of the reference meridian; parallel distances 
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are regarded as positive or negative according to whether they lie north or 
south of the reference parallel. In the figure all meridian and parallel dis- 
tances are positive, since all points lie in the northeast quadrant. 

The area of the tract can be computed by summing algebraically the areas 
of the trapezoids formed by projecting the lines upon the reference meridian; 
thus 

Area ABCDF = area BCcb + area CDdc - area DFfd 

— area FAaf — area ABba (3) 
= + 'niz)(pz — Pz) + 4 - ni4)(p3 — p^) 

— mniA + mi)(pt — Pi) - -b mi)(pi - ps) 

~ + rn2)ip2 - Pi) (4) 

By multiplication and a rearrangement of terms in Eq. (4), there is obtained 

2 • area = ~-[pi(w^5 ~ W2) + p2(wii — m3) + P8(m2 — hia) 

+ Pi(7nz — ms) + P5(m4 — mi)] (5a) 


N 


N 




Fig. 19‘5. Area by double meridian distances. 


Rule. To determine the area of a tract of land when the coordinates of its 
corners are known, multiply the parallel distance, or ordinate, of each corner by 
the difference between the meridian distances, or abscissas, of the following and 
the preceding corners, always algebraically subtracting the following from the 
preceding. One half of the algebraic sum of the resulting products is the required 
area. 

A result identical except for sign would be obtained by always subtracting 
the preceding from the following. The sign of the area is not significant. 
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Example: Given the following data, find the required area by applying the fore- 
going rule: 


Corner 

1 

2 

3 

4 

5 

Meridian distance, ft 

Parallel distance, ft 

m 

Bi 



1,200 

400 


2 • area = -[300(800) + 800(-300) + l,200(-600) + 1,000(-600) + 400(700)] 
= -240,000 4- 240,000 + 720,000 + 600,000 - 280,000 
= 1,040,000 sq. ft. 


Equation (4) can also be expressed in the form 


2 • area = m%pi + frizpt + rriipt + m6p4 + Wipg 

— mip2 -* fntpz — mzpA — rriAph — Wspi (56) 

When this form is employed, computations can be made conveniently by 
tabulating each parallel distance below the corresponding meridian distance 
as follows: 

(5c) 

Pi/ \p2/"\p3^' \pi 

Then in Eq. (5c) the difference between the sum of the products of the 
coordinates joined by full lines and the sum of the products of the coordi- 
nates joined by dotted lines is equal to twice the area of the tract. 

The foregoing example may be quickly checked by this method. 

19*6. Principles of Double-meridian-distance Method. The D.M.D. 
method of calculating area is a convenient form of the method of coordinates 
just described, but the computations do not involve the direct use of coordi- 
nates. In computing area by the D.M.D. method, the latitudes and depar- 
tures of all the courses are determined as described in Art. 18*9, and the sur- 
vey is balanced, usually by the Compass Rule (Art, 18T3). A reference 
meridian is then assumed to pass through some corner of the tract, usually 
for convenience the most westerly point of the survey; the double meridian 
distances of the lines are computed as described herein; and double the areas 
of the trapezoids or triangles formed by orthographically projecting the 
several traverse lines upon the meridian are computed. The algebraic sum 
of these double areas is double the area within the traverse. 

The meridian distance of a point has been defined; thus in Fig. 19*5 the 
meridian distance of B is Bh and is positive. The meridian distance of a 
straight line is the meridian distance of its mid-point. The double meridian 
distance of a straight line is the sum of the meridian distances of the two 
extremities; thus the double meridian distance of BC is Bb -|- Cc, It is clear 
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that if the meridian passes through the most westerly corner of the traverse, 
the double meridian distance of all lines will be positive, which is a conven- 
ience (although not a necessity) in computing. If this arrangement would 
result in the use of very large numbers in the computations, sometimes the 
meridian is taken through the traverse, and some of the meridian distances 
will be negative. 

As explained in Art. 18*9, the length of the orthographic projection of a 
line upon the meridian is the latitude of the line; thus in Fig. 19*5 the latitude 
of BC is he and is negative, and that of DF is df and is positive. 

From the figure it is seen that each projection trapezoid or triangle, for 
which a course in the traverse is one side, is bounded on the north and south 
by meridian distances and on the west by the latitude of that course. Thus 
the projection trapezoid for BC is BCch. Therefore, the double area of any 
triangle or trapezoid formed by projecting a given course upon the meridian 
is the product of the double meridian distance of the course and the latitude 
of the course, or 

Double area = D.M.D, X latitude (6) 

In computing double areas, account is taken of signs. If the meridian 
extends through the most westerly point, all double meridian distances are 
positive; hence the sign of a double area is the same as that of the correspond- 
ing latitude. Thus in the figure the double areas of A6B, Dd/F, and FfA 
are positive, the latitudes A 6, df, and fA being positive; while the double 
areas of CchB and DdeC are negative, the latitudes he and ed being negative. 
Since the projected areas outside the traverse are considered once as positive 
and once as negative, the algebraic sum of their double areas is zero. There- 
fore, the algebraic sum of all double areas is equal to twice the area of the 
tract within the traverse. 

Whether this algebraic sum of the double areas is a positive or negative 
quantity is determined solely by the order in which the lines of the traverse 
are considered. If the reference meridian passes through the most westerly 
corner, then a clockwise order of lines, as in the figure, results in a negative 
double area, and a counter-clockwise order results in a positive double area. 
The sign of the area is not significant. 

19*6. Computation of D.M.D. When the reference meridian passes 
through a traverse point, there is an intimate relation between the departures 
and double meridian distances. Thus, again referring to Fig, 19*5, it is 
seen that the D.M.D. of AB is hB, which is equal to the departure of the 
course in both' magnitude and sign. And the D.M.D. of BC is equal to 
hB + cV + h'C, which is equal to the D.M.D. of AB, plus the departure of 
AB, plus the departure of BC. Similar quantities make up the D.M.D.’s 
of CD and DF. For the last line FA the D.M.D. is }F, which is equal in 
magnitude but opposite in sign to the departure of FA, 
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Following are three convenient rules for determining D,M.D/s, which are 
deduced from the relations just illustrated: 

1. The D.M.D. of the first course (reckoned from the point through which 
the reference meridian passes) is equal to the departure of that course. 

2. The D.M.D'. of any other course is equal to the D.M.D. of the pre- 
ceding course, plus the departure of the preceding course, plus the departure 
of the course itself. 

3. The D.M.D. of the last course is numerically equal to the departure of 
the course but with opposite sign. 

The first two rules arc employed in computing values. The third rule is useful as a 
check on the correctness of the computations. Assuming the departures as balanced, 
the D.M.D. of the last line, as found by computing the D.M.D.’s in succession around 
the traverse from the first line, should be numerically equal to the departure of the 
last line if no mistake in addition or subtraction has been made. When this condition 
is realized, it may be concluded that the intermediate D.M.D.’s are correct, and re- 
computation is unnecessary. In computing D.M.D.'s by these rules, due regard must 
be given to signs. 

19*7. Area within Closed Traverse by D.M.D. Method. Following is a 
summary of the steps employed in calculating by the D.M.D. method the 
area within a closed traverse when the lengths and bearings of the sides are 
known: 

1. Compute the latitudes and departures of all courses as described in 
Art. 18-9. 

2. Find the error of closure in latitude and in departure as described in 
Art. 18‘10. 

3. Balance the latitudes and departures, usually in accordance with one 
of the rules of Art. 18*13. 

4. Assume that the reference meridian passes through the most westerly 
point in the survey and compute the D.M.D. ^s by the rules of the preceding 
article, using the corrected departures. 

5. Compute the double areas by multiplying each D.M.D. by the corre- 
sponding corrected latitude. 

6. Find the algebraic sum of the double areas, and determine the area by 
dividing this sum by two. 

These steps are illustrated in the computations shown by Fig. 19-6 in which 
the area of a tract within a transit traverse is determined. It is seen that distances 
are in 66-ft. chains, and that computations are made by the use of logarithms. The 
survey is balanced by the Transit Rule, and the corrected latitudes and departures 
are recorded. 

The point C is the most westerly point in the survey, and the double meridian dis- 
tances are computed by beginning with the line CD for which the D.M.D. and cor- 
rected departure are of the same magnitude and sign. The D.M.D.’s for lines I)J5, 
EAy AR, and BC are computed by the second of the rules given in Art. 19-6, The 
D.M.D. of BC, the last line in the traverse, is seen to be numerically equal to the cor- 


§ 19-8] DOUBLE FAEALLEL DISTANCES 473 

rected departure of this line but with opposite sign, hence the D.M.D. computations 
are correct. 

Below the logarithmic computations for latitudes and departures are given the 
logarithmic computations for double areas, each D.M.D. being multiplied by the cor- 
responding corrected latitude. 

In the last two columns of the upper tabulation are recorded the positive and nega- 
tive double areas. These are algebraically added, and the result is divided by two as 
shown; the result is the area in square chains. 

Although computations by logarithms have been shown, a computing machine 
would ordinarily be used in preference to logarithms. 
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Fig. 19'6. Computations for area by D.M.D. method. 


The correctness of the computations for latitudes, departures, and double 
areas cannot be readily checked except by recomputations of similar char- 
acter. The corrections applied to latitudes and departures are checked if 
the algebraic sums of the corrected latitudes and departures, respectively, 
are zero. The application of the third of the rules for D.M.D. ’s, as already 
explained, serves to verify the computations for D.M.D.^s. 

19 ‘8. Double Parallel Distances. Determining area within a closed 
traverse by the method of double parallel distances (D.P.D.'s) is essentially 
the same as the D.M.D. method described in the preceding articles. The 
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only difference is that the courses are projected upon a parallel instead of 
upon the meridian. 

Although the D.P.D. method possesses all the advantages of the D.M.D. 
method, it is used very little in practice. It is occasionally employed as an 
independent method of checking areas which have been computed by the 
D.M.D. method. 

Area of Tract with Irregular or Curved Boundaries. If the bound- 
ary of a tract of land follows some irregular or curved line, such as a stream 
or road, it is customary to run a traverse in some convenient location near 
the boundary and to locate the boundary by offsets from the traverse line. 
Figure 19’ 7 represents a typical case, AB being one of the traverse lines. 



The determination of area of the entire tract involves computing the area 
within the closed traverse, by methods which have already been described, 
and adding to this the area of the irregular figure between the traverse line 
AB and the curved boundary. The data which are available for computing 
the irregular area consist of offset distances as aa', hb\ etc., and the corre- 
sponding distances along the traverse line as AajAb, etc. Where the bound- 
ary is irregular, as from a' to it is necessary to take offsets at points of 
change and hence generally at irregular intervals. Where a segment of the 
boundary is straight, as from f to g% offsets are taken only at the ends. 
Where the boundary is a gradual curve, as from g' to m', ordinarily the offsets 
are taken at regular intervals. 

Often an irregular boundary is not a sharply defined line; and if offsets are 
taken sufficiently close together, the error involved in considering the 
boundary as straight between offsets is small as compared with the in- 
accuracies of the measured offsets. When this assumption is made, as is 
usually the case, the areas between offsets are of trapezoidal shape and the 
assumed boundary takes some such form as that illustrated by the dotted 
lines g^h\ etc., in Fig. 19*7. Under such an assumption, irregular areas 
are said to be calculated by the Trapezoidal Rule. 

Where the curved boundaries are of such definite character as to make it 
justifiable, the area may be calculated somewhat more accurately by assum- 



Fig. 19-8. Axea by Trapezoidal Rule. Fig. 19-9. Area by SimpsoiiL’'s Rule. 


19*11. Of sets at Regular Intervals: Simpson’s One-third Rule. In Fig. 
19-9 let AB be a portion of a traverse line, DFC a portion of the curved 
boundary assumed to be the arc of a parabola, and hi, hit, and hz any three 
consecutive rectangular offsets from traverse line to boundary taken at the 
regular interval d. 

The area between traverse line and curve may be considered as composed 
of the trapezoid ABCD plus the area of the segment between the parabolic 
arc DFC and the corresponding chord DC, One property of a parabola is 
that the area of a segment (as DFC) is equal to two-thirds the area of the 
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ing that the boundary is made up of segments of parabolas as first suggested 
by Simpson. Under this assumption, irregular areas are said to be computed 
by Simpson^ s One-third Rule, 

1940 . Offsets at Regular Intervals: Trapezoidal Rule. Let Fig. 19*8 
represent a portion of a tract lying between a traverse line AB and an irregu- 
lar boundary CD, offsets ^ 1 , h, • • ^ , hn having been taken at the regular 
intervals d. The summation of the areas of the trapezoids comprising the 
total area is 

Area = • d + •<; + •••+ ■ d 

Area = d -j. ^ ^ (7) 

Equation (7) may be expressed conveniently in the form of the following 
rule: 

Trapezoidal Rule. Add the average of the end offsets to the sum of the inter- 
mediate offsets. The product of the quantity thus determined and the common 
interval between offsets is the required area. * 


Example: By the Trapezoidal Rule find the area between a traverse line and a 
curved boundary, rectangular offsets being taken at intervals of 20 ft., and the values 
of the offsets in feet being hi ~ 3.2, ht = 10.4, hz « 12.8, ^4 — 11.2, and hz = 4.4. 
By the foregoing rule, 

Area = 20 ^ + 10.4 + 12.8 + 11.2^ = 764 sq. ft. 
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enclosing parallelogram (as CDEFG). Then the area between the traverse 
line and curved boundary within the length of 2d is 


1,., = 2d + (h^ - 2d • 


■ (hi + 4^2 Hr hz) 


Similarly for the next two intervals 

As, 4 = “(^3-1- 4/l4 + h&) 

The summation of these partial areas for (n — 1) intervals, n being an odd 
number and representing the number of offsets, is 

Area = ^ [/ii + H" 2(/i3 H- /is + * * * + /i(n~ 2 )) 

H" 4(/l2 -h /l4 + * * * + h(n-^iy)] (8) 

Equation (8) may be expressed conveniently in the form of the following 
rule, which is applicable to any case where the number of offsets is odd and 
the interval between the offsets is uniform. 

Simpson’s One-third Rule. Find the sum of the end offsets^ plus twice the 
sum of the odd intermediate offsets^ plus four times the sum of the even inter^ 
mediate offsets. Multiply the quantity thus determined by one third of the 
common interval between offsets, and the result is the required area. 

Example: By Simpson’s One-third Rule find the area between the traverse line 
and the curved boundary of the example of Art. 19*10. 

By Simpson’s Rule, 

Area = 2%[3.2 + 4.4 +• 2(12.8) + 4(10.4 + 11.2)] *= 797 sq. ft. 

If the total number of offsets is even, the partial area at either end of the 
series of offsets is computed separately, in order to make n for the remaining 
area an odd number and thus to make Simpson^s Rule applicable. 

19 ‘12. Trapezoidal and Simpson’s Rules Compared. Results obtained by using 
Simpson’s Rule are greater or smaller than those obtained by using the Trapezoidal 
Rule, according as the boundary curve is concave or convex toward the traverse line. 
Some appreciation of the variations between the two methods will be gained by 
studying the foregoing examples. It will be seen that the two results differ by more 
than 4 per cent. Under average conditions the difference will be much less than this, 
but in an extreme case it may be much larger. 

The results secured by the use of Simpson’s Rule are in all cases the more accurate, 
but the rule is not so easily applied as the Trapezoidal Rule. The latter approaches 
the former in accuracy to the extent that the irregular boundary has curves of con- 
trary flexure thereby producing the compensative effects mentioned above. 
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19*13. Offsets at Irregular Internals. The method of coordinates de- 
scribed in Art. 19*4 may be applied to this problem by assuming the origin 
as being on the traverse line and at the point where the first offset is taken. 
The coordinate axes are then the traverse line and a line at right angles 
thereto. The rule of Art. 19-4 may then be modified to the following: 

Rule. Multiply the distance (along the traverse) of each intermediate offset 
from the first by the difference between the two adjacent offsets, always subtracting 
the following from the preceding. Also multiply the distance of the last offset 
from the first by the sum of the last two offsets. The algebraic sum of these 
products^ divided by two, is the required area. 
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Fig. 1940. Computations for area by offsets at irregular intervals. 


The application of the rule to a specific problem is illustrated by the 
computations of Fig. 19*10, where the area between a meander line and a 
stream is determined. 

19*14. Area of Segments of Circles. A problem of frequent occurrence 
in the surveying of city lots and of rural lands adjacent to the curves of high- 
ways and railways is that of finding the area where one or more of the lines 
of the boundary is the arc of a circle. 
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Ie Fig 19-11 ABCDEQF may be taken as a boundary of this character, 
for which it is convenient to run a traverse along the straight portions of 
the boundary and to make the chord EF the closing side of the traverse, the 
length of the chord EF = L and the middle ordinate PQ = M being 

measured in the field. 




' \ _v /• 

\// 

Y17 

V 

0 






B 

Fig. 1941. 


Fig. 1942. 


In calculating the area, it is convenient to divide 

(I) that within the polygon formed by the traverse ASCP , 

area is found by the coordinate method or the double-mendian- distance 
method, and (2) that between the chord EPF and the arc PQP, which is the 
segment of a circle. The area of this segment is found exactly by subtract- 
ing the area of the triangle OEPF from the area of the circular sector OPeP. 
If J is the angle and B is the radius whose arc is EQF, then by Art. 27 4, 

1 2M (9) 

tanjl = -^ 

and 

p _ ^ (10) 

2 sin vers 

The area of the circular sector OEQF is A. = irB^/7360, in which F is 

expressed in degrees. 

The area of the triangle OEF is 

A» = YsinJ 


The area of the segment is, then, exactly 

A - A,- At - B 2 / 


( 11 ) 
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Example 1: Find the area of a circular segment when the chord length is 276.0 ft. 
and the middle ordinate is 31.35 ft. 

By Eq. (9) 

, 2X31.35 

Bs 0.2280 

4 275.0 


ByEq.(lO) 
By Eq. (11) 


12^*51'; I 
L 


■■ 51*^4' * 5r.40 
276.0 


2 sin 34/ 2 X 0.4337 


- 317.0 ft. 


A « (317.0)' 




3.142 X 51.40 0.7815\ 


360 




= 5,810 sq. ft. 


An alternative method of finding the area of the tract ABCDEQF is to 
divide the area into a rectilinear polygon A BCD EOF and the circular sector 
OEQFf and to add the two areas. The polygon has one more side than the 
one used above, but there is no need to compute the area of a circular seg- 
ment. 

Approximation by Parabolic Segmerd. The area of a parabolic segment is 


Ap — %LM 


( 12 ) 


where the letters have the same significance as before. This expression may 
be employed for finding the approximate areas of circular segments, the 
precision decreasing as the size of the central angle J increases. The follow- 
ing example illustrates the error involved in applying this expr^sion to the 
conditions of example 1. 

Example 2; By Eq. (12) find the approximate area of the circular arc of example 1, 
and determine the percentage of error introduced through using this approximate ex- 
] ression. 

Ap == % X 275.0 X 31.35 = 5,750 sq. ft. 

This value is 

5,810 - 5,750-^ , 

— 100 = 1.0 per cent too low 

5,810 

When the central angle is small, the error involved in using Eq. (12) for 
circular arcs is often negligible; thus, when 1 = 30®, the error is less than 
0.2 per cent. But for large values of I, the error introduced is so great as 
to render the approximate expression of little use; thus, when I = 90®, the 
error is about 3 per cent, and when I = 180®, the error is about 15 per cent. 

Alternative Method, When tangents to the curve are property lines, it is 
sometimes more convenient to establish the traverse as illustrated by Fig. 
19*12. Here KA and FC, which are tangent to the curve ABC, are run to 
an intersection at D, and the distances AD and CD and the angle I arc 
measured. Also E is usually measured as a check. 
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The work of finding the area is conveniently divided into two parts: 
(1) that of calculating the area within the polygon ADCFGHK by the 
coordinate method or the double-meridian-distance method, and (2) that 
of calculating the external area between the arc ABC and the tangents AD 
and CD, The latter area subtracted from the former is the required area. 

The external area may be found by subtracting the area of the circular 
sector OABC = A* == from the area OADC = TR, in which T is 

the tangent distance AD - CD, and R is the radius of the curve. If R is 
unknown, it may be found by the relation 


T 

tan m 


E 

exsec HZ 


(see Art. 27-4) 


(13) 


19*16. Partition of Land. The problems involved in the partition or 
division of lands are so numerous as so preclude the possibility of discussing 
each one, but four of the simpler cases frequently encountered in the sub- 
division of irregular tracts will be described in the succeeding articles. 
Methods of subdividing the XJ.S. public lands are given in Chap. 23. 

In general, where a given tract is to be divided into two or more parts, a 
resurvey is run, the latitudes and departures are computed, the survey is 
balanced, and the area of the entire tract is determined. The corrected 
latitudes and departures are further employed in the computations of sub- 
division. 

The cases here to be discussed are: (a) to find the area cut off by a line 
running between two points in the boundary, (b) to find the area cut off by 
a line running in a given direction from a given point in the boundary, 
(c) to cut off a required area by a line passing through a given point in the 
boundary, and (d) to cut off a required area by a line running in a given 
direction. 

19*16. Area Cut Off by a Line between Two Points. In Fig. 19*13 let 
ABCDEFG represent a tract of land to be divided into two parts by a line 
extending from Aio D. A survey of the tract has been made, the latitudes 
and departures have been balanced, and the area has been computed. 

It is desired to determine the length and direction of the cut-off line AD 
without additional field measurements, and to calculate the area of each of 
the two parts into which the tract is divided. 

Either of the two parts may be considered as a closed traverse with the 
length and bearing of one side DA unknown. Considering the part ABCDAj 
the latitudes and departures of AB, BC, and CD are given; hence the latitude, 
departure, length, and bearing of DA can be determined as described in 
Art. 18*21. The area of either part can then be found by the D.M.D. 
method (Art. 19*7). 

A check on the field work and computations is obtained by actually measuring the 
length and direction of the line DA and noting the agreement between observed and 
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calculated values. A further check is secured by noting that the sum of the areas of 
the two parts, each calculated independently, is equal to the calculated area of the 
entire tract. 

B 


F"- E 

Fig. 19*14. 


1947. Area Cut Off by a Line Running in a Given Direction. In Fig. 
19-14, ABCDEFG represents a tract of known dimensions, for which the 
corrected latitudes and departures are given; and DH represents a line 
running in a given direction which passes through the point D and divides 
the tract into two parts. 

It is desired to calculate from the given data the lengths DiJ and EA and 
the area of each of the two parts into which the tract is divided. 

Either of the two parts may be considered as a closed traverse for which 
the lengths of two sides are unknown; these lengths can be computed as 
described in Art. 18*23. Considering the part ABCDHA, the latitudes and 
departures of AB, BC, and CD are known; from these the length and bearing 
of DA are computed. In the triangle ADH the lengths of the sides DH and 
HA are found, and their latitudes and departures are computed. The area 
of ABODE A is then calculated by the D.M.D. method. 

In the field the length and direction of the side DH are laid off from D, and a check 
on field work and computations is obtained if the point B thus established lies on the 
line GA and if the computed distance HA agrees with the observed distance. 

The computations are further verified by seeing that the algebraic sums of the 
latitudes and of the departures of AB, J3C, CD, DH, and HA are equal to zero. 
(This is on the assumption that the latitudes and departures of both DH and HA are 
based upon the lengths of these lines as computed from the triangle ADH.) The 
area computations may be checked by observing that the sum of the areas of the two 
parts, each computed independently, is equal to the area of the entire tract. 


19-18. To Cut Off a Required Area by a Line through a Given Point. In 

Fig. 19*15, ABCDEF represents a tract of land of known dimensions, for 
which the corrected latitudes and departures are given; and G represents a 
point on the boundary through which a line is to pass cutting off a required 
area from the tract. It is assumed that the area within the tract has been 
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calculated by the D.M.D. method and that a sketch of the tract has been 
prepared. 

To find the length and direction of the dividing line the procedure is as 
follows: 

A line GF is drawn to that corner of the traverse which, from inspection 
of the sketch, will come nearest being on the required line of division. The 

latitude and departure of CG are computed. 
Then in the traverse ABCGFA ail sides are 
known except GF, By the methods of Art. 
18*21, the latitude, departure, length, and 
bearing of GF are determined. By the 
D.M.D, method the area of FABCG^ the 
amount cut off by the line FGf is calculated. 
The difference between this area and that 
required is found. 

In the figure it is assumed that FABCQ 
has an area greater than the desired amount, 
GH being the correct position of the dividing 
line. Then the triangle GFH represents this 
excess area; and as the angle F may be computed from known bearings, 
there are given in this triangle one side FG, one angle F, and the area. The 
length HF is computed from the relation, area = ^/iah sin C, given in Table 
XXII; that is, — 2 X area GFH 

FG sin F 



HF ■■ 


(14) 


The triangle is then solved for angle G and length GH. From the known 
direction of GF and the angle G, the bearing of GH is computed. The lati- 
tudes and departures of the lines FH, GH, and HA are computed. 

In the field the line OH is established by lajdng off the length GH in the required 
direction, and a check is obtained on field work and computations if the point H thus 
established falls on the line FA and if the computed distance HF or HA agrees with 
the measured distance. 

Sometimes the tract in question will be of such shape that a line drawn from the 
given point in the boundary to any corner will cut off an area nowhere near that re- 
quired. Under these circumstances or when the traverse has a large number of sides, 
it is advisable to plot the traverse with protractor and scale and to establish a trial 
line of subdivision such as GH' in Fig. 19*15. The planimeter (Art. 4-13) may be 
used to advantage for finding the area cut off by this trial line, and the line may be 
shifted until the area cut off agrees closely with that required. The scaled distance 
AH' may be used in the computations. It will be seen that the method of solution is 
now identical with that just described for the case where the trial line is drawn to a 
corner. 

Figure 19*16 shows the computations for the division of a tract into equal 
parts by a line passing through the corner A. The tract is the same as that 
for which area computations are shown in Fig. 19*6. 
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Taking the computations of Fig. 19-16 in order down the page, there are: 

(1) tabulations for finding the area of the entire tract by the D.M.D. method, 

(2) tabulations for finding the area cut off by the trial line AD, (3) tabula- 
tions for checking the computations by determining the area cut off by the 
true line of division AF, and (4) logarithmic computations for {a) calculating 
the length and bearing of the trial line DA, (b) solving the triangle ADF, 
and (c) computing the latitudes, departures, D.M.D.’s, and double areas 
for the lines CF and FA, which values are employed in determining the area 
ABCF given in (3). 
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Fig. 1946. Computations for partition of land. 

19-19. To Cut Off a Required Area by a Line Running in a Given Direc- 
tion. In Fig. 19*17, ABCDEF represents a tract of land of known dimen- 
sions and area, which is to be divided into two parts, each of a required 
area, by a line running in a given direction. The figure is assumed to be 
drawn at least roughly to scale, and the corrected latitudes and departures 
are known. 
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Through the corner that seems likely to be nearest the line cutting off 
the required area, a trial line DG is drawn in the given direction. Then in the 
closed traverse GBCDG the latitudes and departures of BC and CD and the 

bearings of DG and GB are known, and the 
lengths of two sides DG and GB are un- 
known. By the methods of Art. 18-23, 
these unknown quantities are found, and 
the latitudes and departures of the courses 
are determined. The area cut of by the 
trial line is calculated. The difference be- 
tween this area and that required is repre- 
sented in the figure by the trapezoid DGJH 
in which the side DG is known. The 
angles at D and G can be computed from 
the known bearings of adjacent sides, and 
in this way 6 and <#> are determined. Then 

= D6-x + ^ (tan 6 + tan <#.) (15) 

where tan d or tan ^ is positive or negative according as ^ or <#> lies within or 
without the trapezoid, and x is the altitude of the trapezoid. (In the figure 
both angles lie without the trapezoid and hence both tangents are negative.) 
The value of x is found by solving this equation. Then GJ = a:sec 0; 
DH = X sec <f); and JH — DG + a;(tan 6 -j- tan (f>) in which the signs of 
tan 6 and tan fj> are as given above. 

In the field the points H and J are established on the lines CD and A By at the cal- 
culated distances from the adjacent corners. The side JH is then measured. If this 
measured value agrees with the computed value, the field work and portions of the 
computations are verified. A further check on the computations is introduced by 
calculating the area of BCHJ and comparing it with the required area of this figure. 

19-20* Humerical Problems. 

1. A square field contains 40 acres. What are its dimensions in chains, in rods, 
and in feet? 

2. How many acres are there in a rectangular tract 50 X 100 ft.? In a tract 
400 X 400 ft.? In a tract 2,640 X 2,640 ft.? 

3. What is the area of a triangle having sides of length 219.0, 317.2, and 301.6 ft.? 
Of a triangle having two sides of length 1,167.1 and 392.7 ft. and an included angle of 
39°46'? 

4. Given the notes shown in Fig. 7-16. Calculate the area of the field by using the 
two sides and included angle of each triangle. Check by using the three sides of each 
of the oblique triangles. 

5. The mutually bisecting diagonals of a four-sided field are 480 and 360 ft. The 
angle of intersection between the diagonals is 100°. Find the interior angles and the 
lengths of the sides. 



Fig. 19-17. 

Area of trapezoid 
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6. In the following tabulation are given total latitudes and total departures of a 
closed traverse. Calculate the area by the coordinate method. 


Corner 

A 

B 

a 

D 

Total latitude, It 

Total departure, ft 

+50.5 

-102.5 

+203.4 

0 

-49.5 
+ 100.3 

-75.0 

0 


7. Given the notes tabulated below, for a closed traverse. Compute the latitudes 
and departures, and balance the survey by the Compass Rule. Assume that the 
coordinates of C are 267.3N and 580.8E, and compute the coordinates of all other 
corners. Calculate the area by the coordinate method. 


Course 

Bearing 

Length, ft. 

AB 

N48‘’20'E 

529.6 

BC 

N87°43'E 

592.0 

CD 

S 7°59'E 

563.6 

DE 

S82°12'W 

753.4 

EA 

N48'’12'W 

428.2 


8. In the following tabulation are given the latitudes and departures of a balanced 
closed traverse. Calculate the area (o) by the D.M.D. method and (h) by the coordi- 
nate method, using five-place logarithms. 


Course 

Latitude, ft. 

Departure, ft. 

AB 

S198.7 

W213.6 

BC 

N181.1 

W174.4 

CD 

N334.1 

E 89.2 

DE 

N224.9 

Elio. 7 

EA 

S541.4 ! 

E188.1 


9. Find the error of closure of the following traverse, balance the survey by the 
Compass Rule, and calculate the area in acres by the D.M.D. method using four-place 
tables of logarithms: 


Course 

Bearing 

Length, ft. 

AB 

S45‘*45'E 

294.4 

BC 

N65°30'E 

263.4 

CD 

NSS'IS'E 

313.6 

DE 

N64“15'W 

392.0 

EF 

S59°00'W 

197.2 

FA 

S26°15'W 

240.0 
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10. In the following table are the notes for a transit traverse, distances being in 
Gunter’s chains. Compute the latitudes and departures, balance the survey by the 
Transit Rule, and calculate the area in acres by the D.M.D. method. Use four-place 
logarithms. 


Course 

Bearing 

Length, chains 

AB 

S58°08'E 

10.24 

BC 

S67°07'E 

9.32 

CD 

S9“39'W 

24.00 

DE 

S84°22'W 

24.92 

EF 

N6°21'E 

18.92 

FA 

N29°52'E 

18.80 


11. A traverse ABCD is established inside a four-sided field, and the comers of the 
field are located by angular and linear measurements from the traverse stations, all 
as indicated by the following data: 


Course 

Bearing 

Length, ft. 

AB 

S89°58'E 

296.4 

AE 

N20°00'W 

34.2 

BC 

S43°20'W 

333.9 

BF 

N35°20'E 

16.9 

CD 

S80'’21'W 

216.6 

CG 

S73'’00'E 

27.6 

DA 

N27°24'E 

314.2 

DH 

S36°30'W 

15.7 


j Compute the latitudes and departures, and balance the traverse by the Compass Rule. 

[ Compute the coordinates of each transit point and of each property corner, using 

D as an origin of coordinates. Compute the length and bearing of each side of the 
field EFGHf and tabulate results. Calculate the area of the field by the coordinate 
method. 

12. Given the following offsets from traverse line to irregular boundary, measured 
at points 25 ft. apart. 



Distance, 

ft. 

Offset, 

ft. 

Distance, 

ft. 

Offset, 

ft. 

0 

0.0 

125 

28.2 

25 

16.6 

150 

11.9 

50 

35.1 

175 


75 

39.3 

200 

43.4 

100 

42.0 

225 

22.5 


By the Trapezoidal Rule (Art, 19*10) calculate the area between traverse line and 
boundary. 








By the Trapezoidal Rule calculate the area between boundaries thus defined. 

15. Given the data of problem 14. Calculate the required area by Simpson’s 
One-third Rule. 

16. Following are offsets from a traverse line to an irregular boundary, taken at 
irregular intervals: 
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13. Given the data of problem 12. Calculate the required area by Simpson’s 
One-third Rule. Note that the number of offsets is even. 

14. Following are offsets taken at intervals of 50 ft., to the right and to the left of a 
traverse line: 


Distance, 

ft. 


Distance, 

ft. 


0 18.5 100 

25 37.7 170 

60 58.2 200 

70 40.5 220 


Offset, 

ft. 


44.1 
53.9 
46.0 

34.2 


Calculate the area between traverse line and boundary by means of the rule of Art. 
1943. 

17. Given the notes shown in Fig. 747. Calculate the area of the tract surveyed, 
including the irregular areas between traverse ABCDE and river or lake. 

18. In Fig. 1941, what is the area of the circular segment EQF if the length of the 
chord L is 817.2 ft. and the middle ordinate ilif is 89.17 ft.? 

19. In Fig. 1941, what is the area of the eirculaj segment EQF if the chord length 
L is 600 ft. and the middle ordinate M is 7.85 ft.? 

20. Solve problems 18 and 19 using the approximate expression (Eq. (12)) of 
Art. 19*14. Compare the results with those of problems 18 and 19, and for each case 
compute the percentage of error introduced through use of the approximate expres- 
sion. 

21. A curved corner lot is similar in shape to that shown in Fig. 19*12. The tan- 

gent distances T are each 50.0 ft. and the intersection angle I is 40®. Wlmt is the 
area between the circular curve ABC and the tangents AD and CD? What is the ex- 
ternal distance D? ^ „ 

22. Given the data of problem 10. Find the area north of a line running from F 
to a point G on the CD and distant 10.00 chains from C. Calculate the length and 
bearing of TO. 
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23. Given the data of problem 10. Find the area of each of the two parts into 
which the tract is divided by a meridian line through the point B. 

24. Given the data of problem 10. Find the length and direction of a line that 
runs through F and divides the tract into two equal parts. 

25. Given the data of problem 10. The tract is to be divided into two equal parts 
by an east-west line. Compute the length of the dividing line, and compute the dis- 
tances from the ends of the line to adjacent traverse stations. 

19*21. Office Problem. 

Problem 1. Area of Field Surveyed with Tape 

Object. To determine the area of a field surveyed with the tape. The data of 
field problem 4, Art. 7-31, may be used. For other methods of calculating areas, see 
the numerical problems of Art. 19-20. 

Procedure. (1) Decide upon a convenient and systematic form of computation 
for each of the following methods, using four-place logarithms where possible; and 
transcribe the necessary data from field book to computation book. (2) By the 
protractor method, plot the boundaries of the field to a scale commensurate with the 
precision of the field measurements. (3) Determine the area of each part and of 
the entire field by use of the planimeter (Art. 4-13). (4) Calculate the area of the 
triangles and the total area in square feet and acres, following each method through 
before beginning another. Check the results with a slide rule. (5) Make the 
computations (a) by using the two sides and included angle of each triangle, (6) by 
using the three sides of the oblique triangles, and (c) by using the measured altitude 
and base of each triangle. (6) Calculate by the method of offsets the area of any 
portions of the field having an irregular boundary. (7) Compare the results ob- 
tained through the use of the various methods. 


CHAPTER 20 


PRINCIPLES OF FIELD ASTRONOMY 

20*1. General* The surveyor should be familiar with the astronomical 
and trigonometric principles upon which the observations and computations 
of field astronomy are based. In this chapter are given certain fundamentals 
which are applicable to all astronomical observations. However, the dis- 
cussions in this and the following chapter are intended to be applied only 
to surveys of moderate precision. 

The science of astronomy offers the surveyor a means of determining the 
absolute location of any point or the absolute location and direction of any 
line on the surface of the earth. The absolute location of a point is given by 
its latitude and longitude, and the absolute direction of a line is defined by 
the angle which the line makes with the true meridian. 

The azimuth of a line is established by angular observations on some celes- 
tial body, most commonly on the sun or on Polaris, the North Star or 
polestar. For the purpose of computing the azimuth from an astronomical 
observation, it is necessary that the latitude of the place be known. Also 
for certain observations it is essential that the longitude be roughly deter- 
mined. If the survey is through a territory for which there is a reliable 
map, latitude and longitude may ordinarily be determined with sufficient 
precision by scaling from the map. 

In geodetic survejdng it is necessary to determine the latitude and longitude 
of certain points with great precision, the work involving observations on 
numerous stars and requiring instruments of high precision. The require- 
ments of plane surveying, however, are met if the true azimuth or bearing of 
the survey lines is established with a degree of precision at least equal to 
that with which the angles between survey lines are measured. For plane 
surveying of ordinary precision, the use of the engineer's transit and the 
methods described herein will yield sufficiently accurate results. 

'20*2. The Celestial Sphere. In making observations on the sun and 
stars, the surveyor is not interested in the distance of these celestial bodies 
from the earth but merely in their angular position. It is convenient to 
imagine their being attached to the inner surface of a hollow sphere of infinite 
radius of which the earth is the center. This imaginary globe is called the 
celestial sphere. It is also helpful to imagine the earth as being fixed, and 
to consider the celestial sphere as rotating from east to west, its axis being 
the prolongation of that of the earth. Thus to the naked eye the polestar 
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appears to remain stationary, but the sun (and similariy the stars near the 
equator) appears above the horizon in the general direction of east, follows 
a curved path (convex southward) across the heavens, and disappears below 
the horizon in the general direction of west. 

The portion of the celestial sphere seen by the observer is the hemisphere 
above the plane of his own horizon. More properly speaking, the plane 
passes through the center of the earth parallel with the observer’s horizon 
plane, but the radius of the earth is so small with relation to the distances to 
the stars that the error in vertical angle to a star is negligible. In the case 
of the sun the error produced by this assumption is much larger than for 
any of the stars, amounting under certain conditions to about 9 seconds of 
arc and requiring an appropriate correction to the observed vertical angle 
(see Art. 21*6). In any case, a refraction correction is necessary (Art. 21*7) . 



A vertical line at the location of the observer coincides with the plumb 
line and is normal to the observer’s horizon plane. The point where this 
vertical line pierces the celestial sphere above the head of the observer is 
called the zenith^ and. the corresponding point in the opposite hemisphere, 
directly below the observer, is called the nadir. 

The celestial poles are the points where the earth’s axis prolonged pierces 
the celestial sphere. 

The celestial equator is the great circle formed by the intersection of the 
earth’s equatorial plane with the surface of the celestial sphere. 

Figure 20-1 represents the celestial sphere, the point 0 being the earth 
and NES^W being the horizon of an observer, with letters standing for the 






§ 20 - 2 ] 


THE CELESTIAL SPHERE 


points of the compass. Figure 20*2 may foe taken as an enlarged view of the 
earth in the same position as that assumed in Fig. 20*1. A is an ofoserver 
in the Northern Hemisphere, the line NaSa being in his horizon plane. 
Evidently he views everything above the horizon plane or that portion of 
the celestial sphere (Fig. 20* 1) which is shown by full lines. B is an observer 
in the Southern Hemisphere, at a point on the earth diametrically opposite A ; 


A ^ 

\ X Horizon 




y^'NorHr Pole 



\ 


•Sou'^h Pole — 

XV 


Horizon 

/ 

- P/ane ^ 


Fig. 20*2. Observer’s horizon. 

the portion of the celestial sphere which he views above his horizon plane 
NbSb will be the opposite hemisphere to that seen hy A, or that portion of 
Fig. 20*1 which is shown by dash lines. Since the size of the earth is 
negligible as compared with that of the celestial sphere, it may be considered 
that either iV'A or NbSb in Fig. 20*2 coincides with NS' in Fig. 20*1. 

Assuming the observer to be in the Northern Hemisphere (Fig. 20*1), 
Z is the zenith; P and P' are the celestial poles, P being the visible or 
elevated pole; and EQWQ' is the celestial equator, of which the portion 
EQW is visible to the observer. 

Since we are, for the sake of simplicity, assuming that the celestial sphere is rotating 
and the earth remains stationary, iV, F, S\ and Z are regarded as feed points with 
respect to any given station on the surface of the earth. If S'N is a meridian line in 
the plane of the horizon passing through the station of the observer, then a vertical 
plane of which this line is an element cuts the celestial sphere in the great circle 
S'ZPNZE'y which is called the meridian circle or, more often, simply the meridian. 
At a given instant the meridian for one station does not occupy the same position in 
the celestial sphere as does the meridian for another station, unless the two stations 
are at the same longitude. 

Any star which is below or south of the equator will follow some path as CDFG. 
It will become visible at C, will pass over the meridian at D, and will disappear from 
view at F. It will be above the horizon for a less length of time than it will be below, 
or the angle whose arc is CDF (angle CO'F) is less than 180^ From the figure it is 
evident that, if any star is sufficiently far below the equator, it will never appear above 
the observer’s horizon. 
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Similarly, any star which is above or north of the equator will be above the horizon 
for a greater length of time than it is below. If it is far enough above the equator, 
it will be continuously visible to an observer in a northern latitude and will, during the 
course of a single revolution of the celestial sphere, follow some path as JKLM. 
When it is at the highest point of its apparent path, at K, it is said to be at upper 
culmination; when it is at the lowest point, at M, it is said to be at lower culmination. 


R 



20*3. Observer's Position on the Earth. The location, or position j of 
any point on the surface of a sphere may be fixed by angular measurement 
from two planes of reference at right angles to each other passing through 
the center of the sphere; these measurements are called the spherical coordi- 
nates of the point. The spherical coordinates of any station on the surface 

of the earth are designated as the latitude 
and longitude of the station. Figure 20* 3 
represents the earth, PP' being the axis 
and QUYQ' being the equator. Let B be 
the station of an observer. Then PBUP' 
is a meridian circle through the station. 
Also EBR' is a parallel passing through the 
station, the plane of RBE^ being parallel to 
that of the equator. 

The latitude of a place may, for all 
practical purposes, be defined as the an- 
gular distance of the place above or below 
the equator. When the station is above 
the equator, the latitude is north and its 
sign is positive; when below the equator, 
the latitude is south and its sign is negative. Hence in the figure the lati- 
tude of B is given by the angle <f> or by the angular distance, measured along 
any meridian circle, between the equator and the parallel passing through 
Bj such as UB, VT, QRj etc.; and the latitude is north or positive. The 
latitude of a place is stated in degrees. Thus the latitude of the equator 
is 0® and that of the North Pole is +90®, or 90® N. 

The longitude of a place is defined as the angular distance measured along 
the arc of the equator between a reference meridian and the meridian circle 
passing through the station. The reference meridian is called the primary 
meridian. The primary meridian most generally used is that of Greenwich, 
England. Hence in the figure if the point G represents Greenwich, PGP' is 
the primary meridian, and the longitude of B is given by the angle X or by 
the angular distance YTJ. Longitudes are expressed either in degrees of 
arc or in hours of time (15® = 1 hr.) and are measured either east or west of 
the Greenwich meridian. 

In general, the discussions herein are intended to apply in the Northern 
Hemisphere and for longitudes west of Greenwich. 


Fig. 20‘3. Observer’s position on 
the earth. 



§ 20-4] RIGHT-ASCENSION EQUATOR SYSTEM 493 

20*4. RigM-asceEsioE Equator System. In Fig. 20*4 is shown the 
celestial sphere in a position similar to that of the earth in Fig. 20-3, S being 
a celestial body whose position is to be fixed by spherical coordinates. 
Comparable with the meridian circles or meridians of longitude of the earth 
are the hour drdes of the celestial sphere, all of which converge at the celestial 
poles. The arc FSU is a portion of the hour circle passing through S. 
Comparable with the parallels of latitude of the earth are the parallels of 
decUnaiion of the celestial sphere. RSR' is the parallel of declination passing 
through S. And comparable with the prime meridian through Greenwich 
is the equinoctial colure of the celestial sphere which passes through the 
vernal equinox, an imaginary point among the stars where the sun apparently 
crosses the equator on March 21 of each year. In the figure, V represents 
the vernal equinox and PTV is the equinoctial colure. 


of Dechhafion 


■''/ 

Fig. 20-4. Equator systems of spherical coordinates. 

The right ascension of the sun or any star is the angular distance measured 
along the celestial equator between the vernal equinox and the hour circle 
through the body. It is comparable with the longitude of a station on the 
earth. Right ascensions are measured eastward from the vernal equinox 
and may be expressed either in degrees of arc (0® to 360°) or in hours of 
time (0^ to 24^). Thus, in the figure, the right ascension of S is given by 
the angle a in the plane of the equator or by the arc VU. 

The declination of any celestial body is the angular distance of the body 
above or below the celestial equator. It is comparable with the latitude of a 
station on the earth. If the body is above the equator, its declination is said 
to be north and is considered as positive; if it is below the equator, its declina- 
tion is said to be south and is considered as negative. Declinations are ex- 
pressed in degrees and cannot exceed 90° in magnitude. Thus in the figure, 
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between the equator and the parallel of declination RSR', such as USjVTj 
QR, etc. 

The polar distance or codeclination of any celestial body is p = 90° — 5 
with due regard to the sign of the declination. In the figure, it is given by 
the angle or by the arc PS. Polar distances are always positive. For 
computations referred to the North Pole, when the declination is north, the 
polar distance is the complement of the declination; but when the declination 
is south, as in the case of the sun during the -winter months, the polar dis- 
tance is greater than 90°. In defining the position of a star near either pole, 
often the polar distance is given instead of the declination. 

For present purposes it may be considered that the vernal equinox is a 
fixed point on the celestial equator, just as Greenwich is a fixed point on the 
earth. But while stations on the earth maintain practically an unvarying 
location with respect to the equator and the meridian of Greenwich, the 
coordinates of celestial bodies with respect to the celestial equator and the 
equinoctial colure change more or less with the passage of time. The fixed 
stars, or those outside the solar system, alter their positions in the celestial 
sphere but slightly from month to month and from year to year, the annual 
change being less than a minute of arc in either right ascension or dec- 
lination. These variations are due to (o) precession or the slow change in 
the direction of the earth^s axis due to attraction of the sun, moon, and 
planets, and (6) nutaiion or small inequalities in the motion of precession, 
similar to the oscillation of a spinning top. 

As the earth actually travels around the sun but not around the stars, 
the sun appears to move more slowly than do the stars, making in one year 
365 apparent revolutions (approximately) while the stars make 366 apparent 
revolutions (approximately); thus the sun apparently makes a complete 
circuit of the heavens once each year, its right ascension changing from 0*^ 
(or 0°) on March 21 to 12^ (or 180°) on September 22 and continuing to 24^ 
(or 360°) on the following March 21, when a new cycle begins. Further, as 
the axis of rotation of the earth is not normal to the plane of the earth’s orbit, 
the path apparently traced by the sun among the stars on the celestial sphere, 
called ihe ecliptiCf is a continuous curved line; each year the sun crosses the 
equator northward on March 21, reaches a maximum positive declination 
(about N23J^°) on June 21, crosses the equator southward on September 22, 
and reaches a maximum negative declination (about S233^°) on De- 
cember 21. 

20*6. Hour-angle Equator System. In many of the problems of field 
astronomy it is necessary not only that a star’s position in the celestial sphere 
be known but also that its position with respect to the meridian through a 
given station on the surface of the earth be determined. In Fig. 20-4 let 
QEPWQ' represent the meridian of some station on the earth, say that of the 
observer, and let S be some heavenly body, say a star, whose position with 
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respect to the meiidmn QEPR'Q^ and the equator QQ'UV it is desired to 
establish. The spherical coordinates of the star are given by (1) the angular 
distance of the star above or below the equator, which in the figure is given 
by the arc USj defined in the preceding article as the declination, and (2) the 
angular distance measured along the equator between the meridian and the 
hour circle through the star* When this angular measurement is from east 
to west, it is called an hour angle. 

The hour angle of any celestial body may then be defined as the angular 
distance measured westward along the equator from the meridian of refer- 
ence to the hour circle through the body. Thus, in the figure, the hour angle 
of S is given by the angle t or by the angular distance QQ' U. Hour angles 
are expressed either in hours of time or in degrees of arc. In the figure the 
hour angle is more than 12^ or more than 180®, When no qualification is 
stated, it is understood that an hour angle is measured from the upper 
branch of the meridian, that is, the branch above the station or above the 
observer's head. 

In connection with the definition of civil time, hour angles are reckoned 
from the lower branch of the meridian. In the figure, if the hour angle were 
reckoned from the lower branch, it would be defined by the angular distance 
Q'U, and would be 12^ more or less than that given by the arc QQ'Uy which 
is the hour angle reckoned from the upper branch. 

Sometimes the hour angles of stars east of the meridian are reckoned east- 
ward from the upper branch of the meridian, rather than westward. When 
an hour angle is expressed in this way, it is preceded by a minus sign. Thus 
if the hour angle of S (Fig. 20- 4) were reckoned eastward, it would be given 
by the angular distance QC7, 

20*6. Equator Systems Compared. The system of coordinates described 
in Art. 20*5 is seen to be similar to that described in Art. 20*4 with this 
difference, that in the hour-angle system the angular distance along the 
equator is measured (westward) from a fixed meridian, while in the right- 
ascension system the angular distance along the equator is measured 
(eastward) from the vernal equinox, which is a point on the celestial equator 
that rotates with the celestial sphere. Thus, while right ascensions of fixed 
stars have annual variations of but a few seconds, hour angles of the stars 
change as rapidly as the celestial sphere apparently rotates (24^ or 360® for 
each 23^ 56”^ of our civil time), and hour angles of the sun change approxi- 
mately 24^ or 360° for each 24^ of our civil time. 

The two systems are called equator systems of coordinates, since in each case 
the primary plane of reference is the celestial equator. The position of a 
celestial body above or below the equator is given by the declination 5 which 
is the same in one system as in the other. 

Let B be the hour angle of the vernal equinox represented in Fig. 20*4 by 
the angular distance QQ'F measured along the equator. At any instant of 
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time, if the hour angle of the vernal equinox with respect to a given meridian 
is known and if the right ascension a of a heavenly body S is known, then 
the hour angle t of the body may be computed, since by the figure 


t = $ ^ a or 0 — t + a 

This equation is, therefore, an expression by means of which the coordinates 
of one system may be transposed to those of the other. 

20*7. Astronomical Tables Used by the Surveyor. By means of astro- 
nomical observations and calculations, the positions of many of the celestial 
bodies are predicted; and values of their right ascensions and declinations 
for various dates are available in various publications. The position of a 
celestial body at any time can be obtained by interpolation. 

The publication most widely used by astronomers in the United States is 
^‘The American Ephemeris and Nautical Almanac^' (about 600 pages); 
herein it is called the American Ephemeris.^^ It is published one or two 
years in advance for each year by the Nautical Almanac Office, U.S. Naval 
Observatory, and is sold by the Superintendent of Documents, Government 
Printing Office, Washington 25, D.C. 

Astronomical data are also presented in “The American Nautical 
Almanac (about 300 pages), herein called the “Nautical Almanac.’^ This 
is also published annually in advance by the Nautical Almanac Office and 
sold by the Superintendent of Documents. 

In condensed form is the “Ephemeris of the Sun, Polaris, and Other 
Selected Stars” (about 30 pages), herein called the “Ephemeris of the Sun 
and Polaris.” It is published annually in advance by the U.S. Bureau of 
Land Management and sold by the Superintendent of Documents. This 
ephemeris lists for each day of the current year the position of the sun and 
of Polaris, by means of which the surveyor can compute from his field 
observations the latitude or longitude of the point of observation, the time 
of observation, or the azimuth of a reference line. The major points of 
difference between the arrangement of these tables and that of the tables 
published by the Nautical Almanac Office are explained in Arts, 20*20 
and 21-9, 

Useful condensed tables of data regarding the sun and Polaris are furnished 
to surveyors free of charge by various manufacturers of surveying instru- 
ments. 

20*8. Horizon System of Spherical Coordinates. In the ordinary opera- 
tions of surveying, the angles are measured in horizontal and vertical planes; 
to use other planes would be inconvenient. Likewise, in astronomical field 
work the position of a celestial body at a given instant is determined by 
measuring its vertical angle (referred to the horizon plane) and its horizontal 
angle (referred to a given line on the ground). 

Figure 20*5 represents a portion of the celestial sphere in which 0 repre- 
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sents both the earth and the location of the observer, NES'W the observer’s 
horizon, and S'ZN the meridian plane passing through his location. The 
point Z on the celestial sphere directly above the observer is called the 
zenith The point S represents a celestial body, and BSZ is part of a great 
circle, called a vertical circle, through the body and the zenith. In this 
horizon system of spherical coordinates, the angular position of a celestial 
body is defined by its azimuth and altitude. 


Fia. 20*5. Horizon system of spherical coordinates. 


The azimuth of a celestial body is the angular distance measured along 
the horizon in a clockwise direction from the meridian to the vertical circle 
through the body. Azimuths may be reckoned from either the south or the 
north point of the meridian, but in astronomical work azimuths are cus- 
tomarily reckoned from south through 360°. An exception is often made 
in the case of circumpolar stars for which azimuths are reckoned from north. 
Also in trigonometric computations the azimuths of stars west of north or 
east of south are often expressed as counter-clockwise angles from the merid- 
ian and are considered as negative values. In Fig. 20*5 the azimuth of S 
reckoned in the customary manner is given by the angle A or by the angular 
distance S'NB, an arc of the horizon. If the azimuth of S were reckoned 
from north, it would be ^ven by the angle (A - 180°) or by the angular 
distance NB. The negative azimuth reckoned from south is given by the 
arc S^EB. 

The aUitude of a celestial body is the angular distance measured along a 
vertical circle, from the horizon to the body; it corresponds to the vertical 
angle of ordinary surveying. It is expressed in degrees of arc. The alti- 
tude of /S (Fig.* 20*5) is given by the vertical angle h or by the angular dis- 
tance BS, the arc of a vertical circle passing through the zenith. Except in 
rare instances, celestial objects are observed when above the true horizon, 
when the sign of the altitude is positive. It is seen that positive altitudes 
may vary between 0° and 90°. 
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The complement of the altitude is called the zenith distance or coaltitude. 
It is the angular distance from the zenith to the celestial body measured 
along a vertical circle. In the figure the zenith distance is given by the angle 
z or by the angular distance ZS. Thus z == 90° — h. Zenith distances are 
always positive. 

Since the celestial sphere is apparently rotating about its axis, while the 
meridian, horizon, and zenith are imagined as remaining fixed in position, 
it is clear that in general both the azimuth and the altitude of a star are 
changing continuously. 


Zeniih 



20*9. Relation between Latitude, Altitude, and Declination. Figure 
20*6 represents a section of the earth through the poles and the station of an 
observer. Since the latitude of a place is its angular distance from the 
equator measured along a meridian of longitude, the latitude of the observer 
is given by the angle between the equator and a vertical line through the 
observer’s station, the angle being measured in the plane of the meridian. 
Also, from similar triangles, the latitude is given by the angle 4> between the 
axis and the horizon, likewise measured in the plane of the meridian; 
this angle is the altitude of the elevated pole. 

Similarly Fig. 20-7 represents a section of the celestial sphere through the 
celestial poles and observer’s zenith. For reasons just explained, 

ZQOZ = ZNOP = = latitude of place 

Hence the latitude of a place is given by the angular distance iV'P which is 
the altitude of the pole, or by the angular distance QZ which is the zenith 
distance or coaltitude of the equator. The angular distance from the pole 
to the zenith is 90° — (f) = c which is the colatitude of the place. 
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In a northern latitude if any heavenly body whose declination is 6 is on 
the meridian and south of the zenith, then from Fig. 20-7 

<f>=^ (900 ^h) + 8 

Similarly, for any star north of the zenith 

^ -8):^h±p 

in which the sign preceding p, the polar distance, is positive or negative 
according as the star is below or above the pole. 



Fig. 20-7. Relation between latitude, Fig. 20*8- Horizon and bour-an^e equatcu* 
altitude, and declination. systems combined. 

20«10. Horizon and Hour-angle Equator Systems Combined. The rela- 
tion between the coordinates of the horizon system and those of the hour- 
angle equator system described in Art. 20-5 is shown, for a star S not on the 
meridian, by Fig. 20-8. The meridians of the two systems coincide. The 
place of observation is assumed to be north of the equator at a latitude <l>, as 
given either by the angle between the equator and the zenith or by the 
angular distance NP between the horizon plane and the celestial axis. The 
star is in a position east of the meridian and above the celestial equator. 

In the horizon system the coordinates of S are A, the azimuth measured 
from the south point of the horizon (A — 180°, the azimuth from north, is 
shown in the figure), and h, the altitude. In the equator system the coordi- 
nates are t, the hour angle measured westward from the upper branch of the 
meridian (360° — t is shown in the figure), and 5, the declination. The 
colatitude (90° — <}& = c), the zenith distance (90° — /i = z), and the polar 
distance (90° — 5 = p) define a spherical triangle the vertices of which are 
the pole P, the zenith Z, and the celestial body S. This triangle is called 




KSLD ASTRONOMY 


500 


[CH. 20 


the PZS triangle or the astronomical triangle. Most of the problems of 
field astronomy involve transposing from one system of spherical coordinates 
to the other and solving the PZS triangle for unknown coordinates, having 
certain coordinates in one or both systems known or observed. 

In the figure, the celestial body is shown as above the horizon and above 
the equator. If the body is below the horizon or below the equator, the sides 
of the PZS triangle are defined in a manner similar to that just described 
but account is taken of the algebraic sign of the altitude or the declination. 

In the figure, the celestial body is shown as east of the observer's meridian; 
the angle Z of the spherical PZS triangle is, therefore, its azimuth from south 
minus 180°, or Z = — 180°, Also, the angle P of the PZS triangle is 

equal to 360° — t. By means of a sketch it can be shown readily that, when 
the body is west of the meridian, Z = 180° — A and that P = t, 

2041. Spherical Trigonometry. The solution of a spherical triangle de- 
pends upon the principles of spherical trigonometry, of which the surveyor 

should have some knowledge. A 
derivation of the fundamental equa- 
tions of spherical trigonometry follows : 

In Fig. 20-9, let OX, OY, and OZ 
be the X, Y, and Z axes of rectangular 
coordinates, and let ABC be a spheri- 
cal triangle on the surface of a sphere 
of unit radius of which 0 is the center, 
the side c being in the XF plane. 

Since the radius of the sphere is 
unity, each of the distances OA, OB, 
and OC is unity, and the arcs a, b, and 
c are measures, respectively, of the 
central angles BOC, CO A, and AOB, 
Let H mark the projection of C on 
the XF plane and let JH be con- 
structed parallel to OF. Then, since 
the plane of the plane triangle CJH 
is parallel to the YZ plane, Z.CJH is equal to ZA of the spherical triangle 
ABC. The coordinates of C are x — OJ, y = JH, and z = HC, Then, since 
the radius of the sphere is unity 


Z 



Fig. 20'9. Relations in spherical trigo- 
nometry. 


X = cosh 

(1) 

y = sin b cos A 

(2) 

2 = sin h sin A 

(3) 


Let the ZX and ZY planes be rotated about the Z axis through ZAOB = 
Zc, the new position of the Y axis being 0 F' and the new position of the X 
axis being 0X\ passing through B, As before, the projection of C on the 
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XY plane is iJ. Construct HK parallel to O F'. Then ZCKH of the plane 
triangle equals of the spherical triangle. The coordinates of C with 
respect to the new position of the axes are x' = OK, —2/' = KH, and 
z' = HO. Then 


cos a 

—sin a cos B 
sin a sin B 


( 4 ) 

( 5 ) 

( 6 ) 


From Fig. 20-9, it is clear that z = z'. In Fig. 20-10 is shown a plan view 
of the XY plane of Fig. 20*9. The angle between the two positions of the X 



axis is c, and the projection of the point C upon the XY plane is H, From 
the figure, 

x' = OL 4- LK — X cos c -Y y smc 

Also 

— JM = X sin c — ^ cos c 

The three equations for transforming the coordinates given by Eqs. (4) 
to (6) to those given by Eqs. (1) to (3) are, therefore, 

x' = X cos c + y sin c (7) 

y' ^ y cos c — x sin c (8) 

z' = z (9) 

Substituting in Eqs. (7) to (9) the values of the coordinates given by 
Eqs. (1) to (6), there results: 

cos a = cos h cos c + sin h sin c cos A (10) 

sin a cos B = cos 5 sin c — sin 5 cos C OGS A (11) 

sin a sin B = sin 6 sin A (12) 

Since these equations connect the values of all angles and sides in any 
spherical triangle, they may be regarded as the fundamental expressions 
which give the relations that exist in any spherical triangle regardless of its 
size, shape, or position. 
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2042. Solution of the PZS Triangle. In surveying, the astronomical 
triangle is solved in connection with determinations of azimuth. Observa- 
tions are made on the sun or on some star that can be readily identified. 
The altitude of the celestial body is measured, its declination at the instant 
of observation is determined from published tables, and the latitude of the 
place of observation is known or is determined by separate observation. 
Hence, the three sides of the astronomical triangle are known (Pig. 20*11), 
The determination of azimuth of the celestial body involves the computa- 
tion of the angle at Z; and determinations of longitude or time involve the 
computation of the angle at F as a measure of the hour angle. 




Fig. 20- 11. PZS triangle (solution for Z). Fig, 20-12. PZS triangle (solution for P). 

In Fig. 20*11, let PZS be the astronomical triangle of Fig. 20*8, for which 
the sides are 90° — <l> (the colatitude), 90° — h (the coaltitude or zenith 
distance), and 90° — 5 (the codeclination or polar distance). Imagine that 
the spherical triangle of Fig. 20*9 is rotated in position so that its vertices A, 
B, and C coincide, respectively, with Z, /S, and P of the astronomical, tri- 
angle; then a = 90° — S, 5 = 90 ° — <l>, c = 90° — h, and A == Z. Substi- 
tuting these values in Eq. (10), there results 

cos Z = — tan tan ^ (13) 

cos h cos (j) 

which is a general expression for determining azimuth from north when the 
three sides of the astronomical triangle are known, Z being considered 
positive if the star is east of the meridian and negative if the star is west of 
the meridian, and being less or greater than 90° according as the sign of 
cos Z is positive or negative. 

When azimuths are reckoned from south, Eq. (13) takes the following 
form: 

sin 5 
cos h cos 


cos A ^ tan h tan <(> — 


(13a) 
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in which A is the azimuth measured from south, 


leaving 


, clockwise 
counter-clockwise 


celestial body the upper brauch of the meridian. The 

azimuth A is | according to whether the sign of cos A is 

foundtobejP°®'*;7M- 

( negative ) 

Equation (13) may also be expressed in terms of the versed sine (1 minus 
the cosine), as follows: 

vers Z = [vers p — vers (<^ — A)] sec 0 sec h (136) 

where p = 90° — 6 = polar distance. This is a convenient form when 
tables of versed sines are available. 

An equation similar to Eq. (13) may be developed for the unknown angle 
at P. By assuming the vertices A, B, and C of the spherical triangle of 
Fig. 20*9 to coincide with F, and Z, respectively, of the astronomical 
triangle of Fig. ,20*8, then as shown by Fig. 20*12, 90° — h - a, 90° — 0 = 6, 
and 90° — 5 = c. Making these substitutions in Eq. (10) and letting F = f 
= hour angle in either direction from the meridian, 

QOS t = — — tan 8 tan <i> (14) 

cos 0 cos (p V / 

which is a general expression for determining the hour angle of any celestial 
body when the three sides of the astronomical triangle are known. 

The preceding equation may be expressed in the form 

vers t — sec 0 sec 8 [vers z — vers (^ — 5)] (14a) 

where z = 90° — = zenith distance. 

20* 13. Alternative Forms of Solurion. Cosines. Equations (13) and (14) 
in the form given are not always as suitable nor as convenient as some other 
forms. When logarithmic computations are employed, the solution of 
either of these expressions involves the use of both logarithmic and natural 
trigonometric functions. Also when the unknown angle either is small or is 
near 180°, a relatively small error in the computed value of the cosine will 
produce a relatively large error in the angle itself, since the magnitude of the 
cosine is changing slowly. For this reason, in so far as errors of computation 
are involved, the above equations are not suitable for precisely computing 
azimuth and hour angle when the observed celestial body is near the meridian. 
On the other hand, when the unknown azimuth or hour angle is near 90° 
or 270°, its cosine is changing rapidly and hence Eqs. (13) and (14) are most 
suitable for precise computation. The following examples illustrate the 
point under discussion. It is seen that the error in the computed angle 
of example 1 is nearly eight times that of the angle of example 2. 
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Example 1: In determining the azimuth of a star at a given instant by Eq. (13) 
the errors of the computations are such that the ratio of precision of the computed 
cosine is 1/5,000. It is desired to know the error in the corresponding angle, the 
azimuth being approximately 20^ By Fig. 3-2, the angular error is approximately 
01 '50", found by extrapolation at the intersection of the line representing 1/5,000 and 
that for 20° for cosines. 

Example 2: Same conditions as example 1, but azimuth approximately 70°. The 
angular error in the azimuth is 15", found by interpolation at the intersection of the 
1/5,000 line with the line for 70° for cosines. 


Tangents, By a series of substitutions which will not be given here but 
which may be found in any treatise on spherical trigonometry, Eq. (13) may 
be changed to the form 


2 cos s cos (s — p) 


(15) 


and Eq. (14) may be changed to the form 

^ cos s sin (g - h) 

^ 2 cos (s - v) sin (s - 4>) 


(16) 


In these two equations p ==i .90° — 5 = polar distance, s = ^(^ 4- p), 

and the remaining letters have the same significance as in Eqs. (13) and (14). 
In some cases (s — p) will be negative, but the result will not be affected 
since the cosine of a negative angle has the same value and the same sign as 
the cosine of a positive angM' of equal size. 

When logarithmic computations are employed, Eqs. (15) and (16) are 
in more convenient form than Eqs. (13) and (14). 

For a given angular value the tangent changes more rapidly than the 
cosine. 'Thus for a given error of computation of the trigonometric function, 
Eqs. (15) and (16) will generally render a closer determination of azimuth 
and hour angle than will Eqs. (13) and (14). For angles near 90® and 270° 
the difference between the rate of change of the tangent and of the cosine 
is not large. But when the object is near the meridian, that is, when the 
azimuth is near 0° or 180°, Eqs. (15) and (16) will for given errors of computa- 
tion render possible closer determinations of angles than will Eqs. (13) and 
(14). This is illustrated by the following examples, a continuation of 
examples 1 and 2 of the preceding article. ' 

Example 3: In determining the azimuth of a star by Eq. (15) it is desired to know 
what angular error will be introduced if the ratio of precision of the computed quan- 
tity tan^ yiZ is 1/5,000. If the error in tan® is 1/5,000, then the error in tan 
is approximately 1/10,000. 

If Z is 20°, then )/iZ is 10°. From Fig. 3*3, the corresponding angular error in ]/%Z 
is approximately 03^^'; hence the error in the calculated value of Z is about 07". 

If Z is 70°, then 34^ is 35°. From Fig. 3-3, the corresponding angular error in 
is 09 K"; therefore the error in the calculated value of Z is 19". 



Cosine. . . 
Tangent. 
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Examples 1 to 3 are summarized in the following tabulation: 


Form of equation 


Error in computed azimuth 
Z - 20° Z 70° 


Bin (s — h) 

t&n-rt = - T-^ r (loa) 

. 2 cot }^A cos (s — p) 

Hamrdnes, Azimuths can be computed conveniently from Eq. (13c) 
which involves the use of haver sines. The haversine of an angle is equal to 
half the versed sine, which in turn is equal to 1 minus the cosine. Tables 
giving values of haversines are published in Ref. 1 at the end of Chap. 21. 

hav Z = [hav p — hav (<f) — h)} sec <t> sec h (13c) 

In the equation, Z is the azimuth from north (in northern latitudes), 

measured to the 5 (if the sun isi I of the meridian; the remaining 
( west ) ( west 3 

symbols are as used previously. 


21 . 

5c) 

:S), 

■ng 


It should be understood that the preceding discussion regarding the rela- 
tive advantages of the tangent and cosine forms of expressions for determin- 
ing azimuth and hour angle refers to the errors of computation. In effect, it 
means that the required precision of angle might be obtained with the tan- 
gent form with, say, a five-place table, when to obtain the same precision of 
computation it might be necessary to use, say, a six-place or seven-place 
table if the cosine form were used, all depending upon the magnitude of the 
calculated angle. It does not mean that a given error in an observed quan- 
tity, say the altitude, will have any less effect upon the computed value if 
the tangent form of equation is employed. Obviously, since the funda- 
mental trigonometric relations are the same for one form of equation as for 
the other, the error introduced in a computed value on account of a given 
error in an observed quantity will be the same, regardless of the form of 
the equation used in determining the angle. 

Admuths from Soidh. When azimuths are reckoned from south, Eq. (15) 
takes the following form, A being the azimuth measured either clockwise or 
counter-clockwise from south: 

cavU = — • (15o) 

2 cos s cos (s — p) 

When cot has been determined, the computations for hour angle are 
somewhat reduced if Eq. (16) is modified as follows: 




506 FIELD ASTRONOMY [OH. 20 

The haversine relation may be used as an independent check on computa- 
tions made by means of Eq. (13). 

20“14. Azimuth at Elongation. The most favorable position for deter- 
mining azimuth by observation on any star which crosses the upper branch 
of the meridian north of the zenith occurs when it is farthest east or farthest 
west of the pole, when the star appears to be traveling vertically for some 
time. In this position it is said to be at eastern or western elongation 
according as it is east or west of the meridian. At the instant of elongation, 
since the star appears to be traveling vertically, its apparent path in the 



celestial sphere is tangent to the vertical circle through the observer's 
zenith, as illustrated by Fig. 20*13. Therefore, the angle S between the 
plane of the hour circle and the plane of the vertical circle is a right angle. 
For azimuth determinations of this sort, the latitude of the place of observa- 
tion is known, and either the declination or the polar distance of the star 
for the given date is obtained from published tables. At the instant of 
elongation, there are then known in the astronomical triangle the side 
ZP = 90® the side FS = 90® — 5, and the angle S ~ 90°. 

If the spherical triangle ABC of Fig. 20-9 is made to coincide with the astro- 
nomical triangle of Fig. 20*13, so that a — 90° — 5 = p, 6 = 90° — 
and the vertices A, B, and C coincide, respectively, with Z, S, and Fj then 
(remembering that the sine of S is unity when S is 90°) by substituting in 
Eq. (12) there is obtained 


sinZ = 


sin (90° — B) 
sin (90° — ^) 


sinZ = S5^ (17) 

cos <i> 

which is the general expression employed for determining the azimuth of a 
circumpolar star when at elongation, Z being the azimuth reckoned east or 
west of north according as the star is at eastern or western elongation. 
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By considering the spherical triangle ABC of Fig. 20-9 as taking the posi- 
tion PSZ in Fig. 20-13, and substituting the proper values in Eq. (11), 
there is derived 


cos t = tan ^ tan p 


(18) 


which is an expression for finding the hour angle of a star at the instant of 
elongation, the hour angle t being reckoned east or west of the upper branch 
of the meridian, depending upon the position of the star. The equation 
is useful in determining the time at which elongation will occur on any given 
date. 

20* 16. Azimuth of Circumpolar Star at Any Position. If the spherical 
triangle ABC of Fig. 20-9 is made to coincide with the astronomical triangle 
of Fig. 20 * 8 , so that a = 90 ® ~ A, 6 = 90 ® — 5, c = 90 ® -- <f>, and the ver- 
tices Aj B, and C coincide, respectively, with P, Z, and S, then by substituting 
in Eqs. (12) and (11), dividing Eq. (12) by Eq. (11), and dividing the result 
thereof by sin 5, there results 


tan Z 


sin t 


cos (j) tan 6 — sin (jf) cos t 


(19) 


This expression is commonly used in finding the azimuth of Polaris or any 
other circumpolar star when the star is not at elongation and when the hour 
angle of the star is precisely known. 

20*16. Altitude of a Star. When a star cannot be readily identified 
through the transit telescope, the process of bringing it into the field of view 
is considerably expedited if its approximate altitude is computed prior to the 
observation and laid off on the vertical circle of the transit. Also a check 
on the correctness of observations and computations for azimuth and hour 
angle is obtained if the computed value of the altitude agrees with the 
observed value. 

Again referring to the derivation of the fundamental equations of Art. 
20 * 11 , if the PZS triangle is substituted for Fig. 20*9 in such manner that 
a = 90 ° — hjh = 90 ® — c — 90 ® — 6, and the vertices P, S, and Z lie, 
respectively, at A, B, and C, then by substituting in Eq. ( 10 ) there is ob- 
tained 


sin h = sin ^ sin 5 + cos ij> cos 5 cos t 


( 20 ) 


where t is the hour angle at a given time, and A is the altitude at the same 
instant. 

By trigonometric substitutions there may be derived from Eq. (20) 
the expression 

sin A = cos (^ — 5) — cos ^ cos 6 vers t (21) 

a form more suitable for precise determinations of the altitude. 
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20* IT. Time; Solar and Sidereal Day. As the earth rotates about its 
axis in its travel through space, all celestial bodies apparently rotate about 
the earth (or about its axis) from east to west. Since the earth in its orbit 
travels about the sun but does not travel about the fixed stars, which are 
far outside its orbit, once each year the sun apparently encircles the celestial 
sphere along a path called the ecliptic^ which twice cuts the celestial equator 
during this interval. The point among the stars where the sun in its ap- 
parent travel northward cuts the celestial equator on March 21 of each year 
is called the vernal equinox, which is a point of reference whose position on 
the celestial sphere is unchanging. There is no star at that point, but it is 
helpful to imagine that the vernal equinox is an invisible celestial body 
rigidly fastened in its position on the celestial sphere, while each of the so- 
called fixed” stars slowly moves along a path of extremely small compass 
on the surface of the sphere, and the sun travels rapidly along the ecliptic 
in a direction opposite to that of the rotation of the celestial sphere. 

Because the sun is apparently traveling from west to east among the 
stars, while the rotation of the celestial sphere about the earth is apparently 
from east to west, the angular velocity of the sun about the axis of the 
celestial sphere is less than that of the fixed stars or of the vernal equinox, 
just as the angular velocity of a passenger walking toward the rear of a train 
on a circular track is less than that of the train. At a given meridian the 
hour angle of the sun and that of the vernal equinox will agree at some in- 
stant on March 21, but thereafter it will be less for the sun than for the 
vernal equinox. Six months later, on September 22, when the sun has 
covered one half of its annual journey, the hour angle of the sun will be 
180° or 12*^ less than that of the vernal equinox; and 1 year later the hour 
angle of the sun will be 360° or 24^ less than that of the vernal equinox, and 
hence the hour angles will again agree. 

In the course of a tropical year as measured by the time taken by the sun 
apparently to make a complete circuit of the ecliptic, there actually occur 
366.2422 revolutions of the earth, or apparently a like number of revolutions 
of the vernal equinox about the earth. For reasons just explained, the sun 
during this interval will have traveled through a total hour angle 360° or 24^ 
less than that traversed by the vernal equinox, hence during a tropical year 
the sun apparently revolves about the earth 365.2422 times. 

The interval of time occupie(i by one apparent revolution of the sun about 
the earth is called a solar day, the unit of time with which we are all familiar. 
The interval of time occupied by one apparent revolution of the vernal 
equinox is called a sidereal day, a unit of time much used by astronomers. 
Since 366.2422 sidereal days occupy the same period of time as 365.2422 
solar days, the sidereal day is a shorter time interval than the solar day. 

When any celestial body, real or imaginary, apparently crosses the upper 
branch of a meridian, it is said to be at upper transit or upper culmination; 


§ 20 - 19 ] apparent (true) solar time 509 

when any ceiestial body crosses the lower branch of the meridian it is said 
to be at lower transit or lower culminaiion. 

The beginning of a sidereal day at a given place occurs at the instant the 
vernal equinox is at upper transit. 

The solar day is considered as beginning at the instant of lower transit 
of the sun (midnight), as does the civil day. (Prior to 1925, sometimes the 
solar day was considered as beginning at noon.) 

Both sidereal and solar days are divided into 24 hr. each of 60 min. 
duration. For surveying purposes, the hours are reckoned consecutively 
from 0 to 24. 

20*18. Civil (Mean Solar) Time, On account of the elliptical shape of 
the earth’s orbit, the apparent angular velocity of the sun that we see, called 
the apparent sun or true sun, is not constant; during four periods of each 
year it is greater, and during four intervening periods less, than the average 
velocity. Hence the days as indicated by the apparent travel of the true 
sun about the earth are not of uniform length. To make our solar days of 
uniform length, astronomers have invented the mean sun^ a fictitious body 
which is imagined to move at a uniform rate along the celestial equator, 
making a complete circuit from west to east in one year. The time interval 
as measured by one daily revolution of the mean sun is called a mean solar 
dapj which is the same as the ci\dl day. The mean solar day begins at 
midnight, as does the civil day, and the mean solar time at any place is given 
by the hour angle of the mean sun plus 12^. Thus, if the hour angle of the 
mean sun is —15® == — 1^ the mean solar time is — 1^ + 12^ == 11^. With 
regard to time, the terms ^'mean” and civil” are interchangeable. 

Civil time has the same meaning as mean solar time or mean time and, in 
the form of standard time (Art. 20-23), is the time in general use by the public. 
Local dvil time is that for the meridian of the observer. Civil time for any 
other meridian is designated by name; for example, Greenwich civil time. 
Civil time for any meridian can be converted into terms of civil time for 
any other meridian by computations involving the longitude of the two 
meridians, as described in Art. 20-22; 1^ civil time corresponds to 1^ or 15® 
of longitude. 

20*19. Apparent (True) Solar Time. The time interval as measured by 
one apparent revolution of the true sun about the earth is called an apparent 
solar day. The apparent solar day begins at midnight, and the apparent 
solar time at any place is given by the hour angle of the true sun plus 12^. 
Thus, if the hour angle of the true sun is 45® — 3\ the apparent solar time 
is 3^ + 12^ = 15^. With regard to time, the terms ^‘true” and apparent” 
are interchangeable. 

Apparent time has the same meaning as apparent solar time. Local 
apparent time is that for the meridian of the observer. Apparent time for 
any other meridian is designated by name; for example, Greenwich apparent 
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tiTM, Apparent time for any meridian can be converted into terms of ap- 
parent time for any other meridian by computations identical with those for 
civil time, as described in Art. 20*22; apparent time corresponds to or 
15° of longitude. 

20*20. Equation of Time. When the apparent (true) sun is | | 

1 jfsrStiGr ? 

the mean sun, apparent time is j >than mean (civil) time. The differ- 

ence between apparent time and civil time at any instant is called the 
equation of time. It is used to convert civil time at any instant into apparent 
time and vice versa. 

The maximum value of the equation of time is only about 16“; hence for 
work in which its only use is for the determination of change in declination, 
it is sometimes neglected. 

The equation of time may be obtained from either of two types of solar 
ephemeris, which differ in arrangement as follows: 

1. In the American Ephemeris,’^ the equation of time is given for each 
day at the instant of 0^ Greenwich civil time (midnight). In the Nautical 
Almanac, the equation of time is given for each day for the even hours, 


Greenwich civil time. If the sign of the equation of time is 


it indicates that the apparent (true) sun 


positive ) 


negative 
the mean sun. 


When using either ephemeris of this type and when the apparent time is 
desired, the equation of time is applied to the published values of civil time 
in accordance with the sign as given. 

2. In the “Ephemeris of the Sun and Polaris,’^ the equation of time is 
given for each day at the instant of Greenwich apparent noon. The column 
headings state directly whether the equation of time is to be added to, or 
subtracted from, the apparent time when the civil time is desired. 

To find the equation of time at any instant other than that for which a 
value is tabulated, it is necessary to interpolate, adding to or subtracting 
from the tabulated value of equation of time the change in the equation of 
time since the instant to which the tabulated value applies. 

Example 1: It is desired to determine by use of the “Nautical Almanac" the 
equation of time at the instant of 3^30“45“ p.m. Greenwich civil time on December 
1951. Greenwich civil time = 12^ + 3^30“45® — 15.51^ 

From the “Nautical Almanac” the equation of time at 18^ G.C.T. is +5“(X),2®. 
The change in the equation of time in 6 hours is — 7.2“. 


(15.51 - 18) 


(^) 


:+ 3 . 0 « 


The equation of time at the given instant is 

+5“00.2« + 3.0« = +5®03.2« 
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Example 2: It is desired to determine by \ise of the ** American Ephemeris"' the 
Greenwich apparent time (G.A.T.) at the instant of 3*'30*"45® p.m. Greenwich civil 
time on December 15, 1951. Greenwich civil time = 12^ + 3‘*30“45® = 15.51^ 

The equation of time at 0^ is 4”5“21.7®. The rate of change per day is —28.71®. 

15.51 

The change since 0*^ is X (—28.71) = —18.6®. The equation of time at 

15t30”‘45® is Hh5’“21.7® — 18.6® = 4-5*K)3,l®. The difference of 0.1® between this value 
and that of example 1 is due to a difference in the number of significant figures used in 
the computations. 

G.A.T. = G.C.T. + Eq. time = 15i^30M5® + S^'OS.l® 

= 15^35M8.1® after midnight 
= 3**35®"48.1® after noon 

Some surveyors prefer always to work from the nearest 0^. In this case the nearest 
0^ is December 16, 1951, at which time the equation of time is +4’^53.0®. The change 
prior to 0^ is (24 — 15.51)/24 X (+28.71) =+10.2®. The equation of time is then 
+4“‘53.0® + 10,2* == +5“^.2*, as in example 1. 

Example 3: It is desired to determine by use of the ‘^Ephemeris of the Sun and 
Polaris” the Greenwich mean time (G.M.T.) at the instant of 9‘4)0“15® Greenwich 
apparent time (G.A.T.) on October 10, 1951. The time that will elapse before G.A. 
noon is 3.00*^. 

The equation of time at G.A. noon is 12^47.3®, to be subtracted from apparent 
time. The change in one day is 12™47.3* — 12“30.9* = 16.4®. 

3 00 

The change before G.A. noon is X 16.4 = 2.1*. 

Eq. time for 9K)0“15« G.A.T. = 12™47.3* - 2.1* 

= 12“45.2“ 

G.A.T. = 9W“15* 

Eq. time = 12M5.2*, to be subtracted from apparent time 

G.M.T = 8M7“29.8* 

By inspecting the tabulated values of the equation of time as given in the 
ephemerides it will be seen that in February the true sun is as much as 14“ 
behind the mean sun and that in November the true sun is more than 16“ 
ahead of the mean sun, while on about the dates April 15, June 15, Septem- 
ber 1, and December 25, the equation of time is zero and hence the hour angle 
of the true sun is for an instant the same as that of the mean sun. 

20*21. Sidereal Time. The sidereal time at any place is the hour angle 
of the vernal equinox at that place; and the beginning of the sidereal day, 
occurring when the vernal equinox crosses the upper branch of the meridian, 
is called sidereal noon. Twenty-four-hour clocks regulated to keep sidereal 
time are called sidereal clocks. The vernal equinox is an imaginary point 
and cannot be observed like the sun; but the right ascensions of stars are 
referred to the vernal equinox, and therefore the sidereal time can be ob- 
tained by determining the hour angle of any star the right ascension of which 
is known. Then if 6 is the sidereal time, ^ f + a, as explained in Art. 
20 - 6 . 

The sidereal day is shorter than the mean solar day by 3“55.9® mean solar 
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time, or 3“56.6® sidereal time. The sidereal hour is shorter than the mean 
solar hour by 9.830® mean solar time, or 9.856® sidereal time. 

Apparent right ascensions of the sun and stars are given in the ^'Nautical 
Almanac’^ and in the American Ephemeris.^’ The following example 
illustrates the use of the American Ephemeris.^^ In the example the solar 
ephemeris (for 0^ Greenwich civil time) is employed for computing the 
sidereal time at a given place at a given instant Greenwich civil time 
(G.C.T.), for which instant the hour angle of the true sun has been deter- 
mined. The column headed “Apparent Right Ascension'^ gives for each 
day of the month the right ascension of the true (apparent) sun at the instant 
of 0^ Greenwich civil time; and in the same column is shown the change in 
right ascension for one day. 

Example 1; At a given place the hour angle of the true sun at 4 p.m. Greenwich 
civil time July 3, 1951, is — 32°15'45“. It is desired to know the sidereal time at the 
given instant. By the “ American Ephemeris” the apparent right ascension a for 0*^ 
G.C.T. is 6^44“42.6®. The change in a. for one day is +247.9®. The change during 
the time elapsed since 0^ G.C.T. is 

i%4 X 247.9 = 165.3^ 

= 2^5.3® 

or at 4 P.M. G.C.T, = 6M4M2.6- + 2“45.3® = 6H7“27.9® 
t *~32°15'45" =-2K)9“03.0“ 

== 4 ^^ 38 “ 24 . 9 “ 

This is the sidereal time at the given place at the instant of 4 p.m. Greenwich civil 
time. 

Tables given in both the “American Ephemeris” and the “Nautical 
Almanac” are useful in converting sidereal time into mean solar time, and 
vice versa. The, following example illustrates one method of determining 
by the use of the “American Ephemeris” the Greenwich sidereal time 
(G.S.T.) corresponding to a given instant for which the Greenwich civil 
time (G.C.T.) is known. 

Example 2: It is desired to know the Greenwich sidereal time corresponding to 
15**30“16« G.C.T. August 1, 1951. Mean solar time interval since 0^ G.C.T = 
IS^^SO^^IS.O® = 15.504^ Gain of sidereal on solar time in 15.504*^ =+15.504^ X 
9.856® = +2“32.8®. Sidereal time interval since 0^ (G.C.T.) is 15^30“15.0® + 2”“32.8® 
*= 15*‘32“47.8®. 

From the solar ephemeris the sidereal time of 0^ G.C.T. (which is the right ascen- 
sion of the mean sun plus 12 hr.) is 20^35“11.0®. 

5 — G.S.T. of 0** G.C.T. + sidereal interval since 0^ G.C.T. 

= 20^35“11.0« + 15^32“47.8“ ~ 24^ = 12W“58.8® 

In the example the sidereal time is in excess of one day, hence 24^ is 
deducted. 

The preceding examples may be solved by using the “ Nautical Almanac.” 
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20*22. Relation between Longitnde and Time. As the sun apparently 
makes a complete revolution (360°) about the earth in one solar day (24 hr.), 
and as the longitudes of the earth range from 0° to 360°, it follows that in 
I hr. the sun apparently traverses = 15° of longitude. The same 
statement applies equally well to the sidereal day and the vernal equinox. 
It follows that at any instant, the difference in local time between two places, 
whether the time under consideration be sidereal, mean solar, or apparent 
solar, is equal to the difference in longitude between the two places, expressed 
in hours. This relation is used to determine the difference in time when 
the difference in longitude between two places is known, or vice versa. 

Most of the solar ephemerides are for the meridian of Greenwich, and a 
problem of frequent occurrence is to find the local time corresponding to a 
given instant Greenwich time, or vice versa. The local time (L.T.) of a 
place at a given instant is obtained by adding to or subtracting from the 
Greenwich time (G.T.) the difference in longitude (AX), expressed in hours, 
between the two places. If the place is east of Greenwich, the difference in 
longitude is added; if the place is west, the difference in longitude is sub- 
tracted. 

Example 1: An observation on the sun is taken at 9^52^56“ local apparent time 
(L.A.T.). The longitude of the place is 7^12“36“ west of Greenwich. What is the 
Greenwich apparent time (G-A.T.)? 

G.A.T. = L.A.T. + AX = 9’»52“56« + 7i‘12«36- 
= 17M)5»32“ 

Example 2: On November 20, 1951, the mean sun crosses the lower branch of the 
Greenwich meridian at 3^52®48.6“, Greenwich sidereal time. At that instant it is 
desired to find the local sidereal time at a place whose longitude is 5^12“24.2“ west of 
Greenwich. 

L.S.T. = G.S.T. ~ AX = 3J^52“48.6» ~ 5M2“24.2» + 24*^ 

= 22‘»40“24.4» Nov. 19 

Example 3: At the instant of 18M8“15® Greenwich civil time, the local civil time 
of a place is 10W“42®. It is desired to determine the longitude of the place with re- 
spect to Greenwich. 

AX =* 18^48«‘15» - 10^37“42» = 8^10”33» 

= 122°38T5" west of Greenwich 

Example 4: It is desired to find the local civil time at longitude 122®3815" W, at 
the instant of 18H8®15* Greenwich civil time. 

The difference in longitude, in hours, is equal to the difference in longitude, in 
degrees, divided by 15. 

1 

Local civil time = 18M8“15* — = 10*‘37“42“ 

15 

Sketches are a valuable aid in the solution of problems involving longitude 
and time, as they enable the surveyor to visualize the relations. A simple 
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^‘straight-line’^ type of sketch is shown in Fig. 20*14, for the instant of 
9:00 A.M. Pacific standard time. For clarity, values are given only to 01“; 
the actual computations of a surveying problem would be more precise. 


Loca/ 

Mer/dian 

(f2d"30'W). 

0^20' 

or 

0^02^^ 

/20* or 8^00^ 1 

Creenwich 


Pacific 

Centra/ 

Meridian 

.(I20^W) 

Eq.of 

time 

Qhj^m 

5^00'^ 



d:5Q a, m, 9:00a.m. 

CmUmss (p. 5 .r.) 

[9:00 am, 

(RSX)J 

Apparent time: Noon 

V 

y V 

5:15 p.m. 

(S.A.T) 


Apparent Mean 
Sun Sun 

Fig. 20*14. Relations between longitude and time at a given instant. 

20*23. Standard Time. In order to eliminate the industrial confusion 
attendant upon the use of local time by the public, the United States has been 
divided into belts, each of which occupies a width of approximately 15° or 1^ 
of longitude. In each belt the watches and clocks that control civil affairs 
all keep the same time, called standard timet which is the local civil time for a 
meridian near the center of the belt. The time in any belt is a whole number 
of hours slower than Greenwich civil time, as follows: 


Standard 

time 

Abbre- 

viation 

Hours slower 
than Green- 
wich civil time 

Central 

meridian 

Where used 

Atlantic. . 

A.S.T. 

4 

60°W 

Maritime provinces of Canada 

Eastern - . 

E.S.T. 

5 

75°W 

Maine to central Ohio 

Central. . . 

C.S.T. 

6 

90°W 

Central Ohio to central Nebraska 

Mountain 

M.S.T. 

7 

105°W 

Central Nebraska to western Utah 

Pacific 

P.S.T. 

8 

120°W 

A¥est of Utah 


The exact boundaries of the time belts are irregular and can be deter- 
mined only from a map. 

Correct standard time can be obtained either from a clock known to be 
closely regulated or from radio signals, preferably those broadcast by the 
U.S. Naval Observatory. 

In certain localities, “daylight saving time” is employed during the sum- 
mer months. Daylight saving time is faster than standard time. 
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Computations. The Greenwich mean time is found by adding to the 
standard time the longitude (expressed in hours) of the meridian for which 
standard time is also local mean time. 

Example 1: At a given instant the Central standard time is a.m. It is de- 
sired to find the Greenwich mean time. The longitude of the meridian to which 
Central standard time is referred is 90'' or 6^ west of Greenwich. The Greenwich 
mean time is 9M)0“ + ~ 15^‘00"*» or p.m. 

If the longitude of a place is known, the standard time of the belt in which 
the place is situated can be determined by adding algebraically to the local 
mean time the difference in longitude (expressed in hours) between the given 
place and the meridian for which standard time is also local mean time. 

Example 2; By observation on a star, the local mean time at a given instant is 
found to be 18^37“‘46®. The longitude of the place is \i ~ 89°49'30'' — 5**59“18®. 
The standard time at the given instant is to be found. The place is evidently in the 
Central time belt for which the standard time (C.S.T.) is local time for the 90th 
meridian. The longitude of this meridian expressed in hours is X« = 90°/15 — 6^. 

Xz =* 5^59”“18« 

X, 6K)0°°00« 

AX = -0“42» 

C.S.T. - L.M.T. -1- AX = 18W“46« + ("-0’«42«) = 18^37”»04» = 6W“04* p m. 
20*24. Numerical Problems. 

1. When the local apparent time is 8^17“12» at a place whose longitude is 
96°15T0"W, what is the Greenwich apparent time? 

2. On a given date 0^ Greenwich civil time occurs at 4^17“32« Greenwich sidereal 
time. At that instant what is the local sidereal time at a place whose longitude is 

7^1710438^^? 

3. When it is 15^31“12® Greenwich civil time, it is 10^16'“37« local civil time at a 
given place. What is the longitude of the place? 

4. What is the Greenwich civil time when it is 3^15“ p.m. Central standard time? 

5. If the local civil time at a place is 16^23”®22® and the longitude of the place 
is 78°36'20^'W, what is the Eastern standard time? 

6. From an ephemeris find the equation of time for the instant of 4^15“00® Pacific 
standard time on April 21 of the current year. If the longitude of the place ia 
7*^46“03®W, calculate the local civil and local apparent times. 

7. From an ephemeris, find the equation of time for the instant of 3^19™30® P.m, 
apparent time July 4 of the current year, at a place whose longitude is 
Compute the corresponding local civil time. 

8. At a given place the hour angle of the true sun at 11^30"^ p.m. Greenwich civil 
time on January 12 of the current year is 42°36'30". What is the local sidereal time? 

REFERENCES 
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AZIMUTH, LATITUDE, LONGITUDE, AND TIME 

21*1. General. In this chapter are described the rough methods, com- 
monly used in the United States on surveys of ordinary precision where the 
engineer’s transit or the repeating theodolite is employed for angular meas- 
urements. For more precise methods, such as those necessary on precise 
geodetic surveys, the reader is referred to texts on geodesy and engineering 
astronomy (see references at end of chapter). The methods discussed herein 
are based upon the relations given in Chap. 20. 

Since most observations are taken on the sun and Polaris, the discussion 
is concerned chiefly with these two bodies; but the principles involved are 
the same for any star. 

Measurements to the sun cannot be made with the same degree of preci- 
sion as to the stars, hence the probable error in computed values is larger 
than when a fixed star is chosen. The sun may be viewed at times con- 
venient to the surveyor, however, and solar observations are suitable for 
determinations of azimuth, latitude, and longitude which are sufficiently 
precise for the majority of surveys. 

Polaris, being near the pole, changes its position slowly. It is the most 
favorably located of all bright stars for precise determinations of latitude 
and azimuth, but owing to its slow change in azimuth it is not suitable for 
longitude or time observations. 

21*2. Measurement of Angles. Whenever observations are made to 
determine azimuth, a part of the field work consists in measuring the hori- 
zontal angle between the celestial body and a reference mark on the earth’s 
surface. As the sights to the celestial body are in general steeply inclined, 
it is highly important that the horizontal axis be in adjustment with respect 
to the vertical axis and that the transit be carefully leveled (Art. 13*28). 
Even though the horizontal axis is in perfect adjustment, it will be inclined 
unless the vertical axis is truly vertical; and the error due to such inclination 
will in general not be eliminated by a reversal of the telescope between sights. 
For precise observations the transit should be equipped with a sensitive 
striding level by means of which the horizontal axis may be leveled prior to 
each sight. With the ordinary transit not so equipped, the plate should be 
leveled by means of the telescope level when other than rough observations 
are being made. Also sights should be taken with the telescope in both 
the normal and the inverted positions in order that the mean of horizontal 
angles may be free from other instrumental errors. 
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Whenever altitudes are observed, the index error of the vertical circle 
should be determined at the time of the observation (see Art, 13*17). The 
errors due to the line of sight’s not being parallel to the axis of the level tube 
and due to the vertical vernier’s being displaced can be eliminated by double- 
sighting (Arts. 13* 16 and 13* 17) ; however, any error due to inclination of the 
vertical axis will not be eliminated by double-sighting and, therefore, the 
transit should be leveled with great care, preferably by means of the tele- 
scope level. 

The transit should be supported firmly; if the set-up is on soft ground, 
pegs should be driven to support the tripod legs. 

SOLAR OBSERVATIONS 

21*3. Observations on the Sun. To observe the sun directly through the 
telescopic eyepiece may result in serious injury to the eye. A piece of 
colored or smoked glass may be held between the eye and the eyepiece. 
Some transits are equipped with a colored sun glass that may be attached to 
the eyepiece. 

Good observations can be made by bringing the sun’s image to a focus on 
a white card held several inches in the rear of the telescopic eyepiece. A 
rough pointing on the sun is made by sighting over the telescope. The eye- 
piece is then drawn back, and the objective is focused until the sun’s image 
and the cross-hairs are clearly seen on the card. If the eyepiece of the 
telescope is erecting, the image on the card will be inverted; if the eyepiece is 
inverting, the image will be erect. The cross-hairs are visible only on the 
image of the sun. As the angle between lines of sight defined by the stadia 
hairs is 34', while the diameter of the sun is only 32', all three horizontal 
hairs are not visible on the sun’s image at the same time. A common 
blunder is to mistake one of the stadia hairs for the middle cross-hair. 
This mistake can be avoided by rotating the telescope slightly about the 
horizontal axis until all three hairs have been seen. 

When the vertical angle of sighting is large, it is impossible to look directly 
through the transit telescope. Tbe prismatic eyepiece is a device which, 
when attached to the telescopic eyepiece, reflects the rays through an angle 
of 90° with the axis of the telescope. The image appears upside down, but 
it is not reversed horizontally. The prismatic eyepiece is equipped with a 
sun glass. The sun may be sighted at high altitudes by means of a white 
card held in the rear of the eyepiece, as described in the preceding paragraph. 

The solar screen is a device utilizing the principle of the card. It consists 
of a piece of ground white glass fixed to a metal arm which is screwed or 
clamped to the eyepiece end of the telescope. The sun and the cross-hairs 
are brought to a focus on the ground glass as previously described. 

21 * 4 . Correction for Semidiameter. As the sun is large (apparent angular 
diameter about 32'), its center cannot be sighted precisely with the ordinary 
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transit, and it is customary to bring the cross-hairs tangent to the sun’s 
image When the horizontal cross-hair is brought tangent to the lower 
edge of the sun, the sight is said to be taken to the sun’s lower limb, and this 
is indicated in the notes by the symbol Si- Similarly the symbol indi- 
cates a sight to the sun’s wpper limb, 0| a sight with the vertical cross-hair to 
the sun’s ngU limb, and |0 a sight to the sun’s Ufl hmb. 

When a single observation is taken to the sun’s| jlimb, it is neces- 
sary toj I the sun’s semidiameter in order to obtain the observed 

altitude of the sun’s center. The “American Ephemeris’’ and other solar 
ephemerides give values of the semidiameter of the sun for each day of the 
year. The semidiameter varies from about 15'46" in July to about 16 18 
in January; for rough calculations it may b© taken as 16 . 



Tia. 21*1. Semidiameter correction to liorizontal angle. 


When a horizontal angle is measured to the sun's right or left limb, a cor- 
rection equal to the sun's semidiameter times the secant of the altitude is 
applied. Thus if the altitude h is 60° and the semidiameter is 16', the cor- 
rection to a horizontal angle is 16' sec h = 32'. As the sun approaches the 
zenith, the correction becomes very large (approaching 90°), hence the sur- 
veyor should not depend on readings to one limb when the sun is at a high 
altitude. 

The semidiameter correction to a horizontal angle for the sun at any altitude is 
illustrated in Fig. 21*1 in which A is the station of an observer on the earth. S is the 
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sun at tile horizon, S' is the sun at some altitude h above the horizon, r is the radius 
of the sun, and a and jS are the small horizontal angles (scmidiamctcr corrections) 
subtended by the radius of the sun at S and S'^ respectively. In the plan view, « • 
AC " r and ^ • AB ^ r; hence a • AC = /3 * ABj or ^ ^ a • AC/AB. But in the 
elevation view AC == AD and AD/AB — sec h. Therefore, 

/5==asec^ (1) 

For most solar observations, an equal number of sights are taken to oppo- 
site limbs of the sun; the mean of the horizontal angles and the mean of the 
vertical angles at the mean of the times are taken, and no corrections for 
semidiameter are necessary. 



nrs+ Observation Second Observation 

(Telescope Normal) (Telescope Invented) 


Fig. 21*2. Position of sun in field of view just prior to tangency in morning. 

21'5. Procedure of Sighting. The process of bringing both cross-hairs 
tangent to the sun is illustrated by Fig. 21*2, which shows the position of the 
sun in the field of view of an erecting telescope just prior to tangency, in the 
morning. The portion of the field of view covered by the sun in the position 
shown depends on the angle of the field of view. For telescopes of low 
magnifying power, the full disk may be visible. If the position of the sun 
is determined by a card held in the rear of the eyepiece, the image on the 
card will include that portion of the sun^s disk shown in the figure, and the 
cross-hairs on the shaded portion oLthe field of view will not be visible. 

For the first of a pair of observations, the horizontal cross-hair is sighted a 
short distance above the sun^s lower limb as illustrated. As the altitude of 
the sun is increasing, the horizontal cross-hair approaches tangency owing 
to the sun^s apparent movement. At the same time, the vertical cross-hair 
is kept continuously on the sun^s western limb by means of the upper-motion 
tangent-screw. At the instant when the vertical and horizontal cross-hairs 
are simultaneously tangent to the sun^s disk, the motion of the telescope is 
stopped, the time is observed, and the horizontal and vertical circles are 
read. The telescope is then plunged, and the second observation is taken 
with the sun in the lower right-hand quadrant as shown in Fig. 21*2, as 
follows: The vertical cross-hair is set a short distance to the right of the sun's 
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eastern limb. As the sun is traveling westward, the vertical cross-hair 
approaches tangency owing to the sun^s apparent movement. At the same 
time, the horizontal cross-hair is kept continuously on the sun's upper 
limb by means of the telescope tangent-screw. As before, observations are 
taken for the instant when the horizontal and vertical cross-hairs are simul- 
taneously tangent to the sun's disk. The procedure is such that the final 
setting for either observation requires the manipulation of only one tangent- 
screw and that the cross-hair which is approaching tangency is visible upon 
the sun's disk. Also the procedure of double-sighting eliminates certain 
instrumental errors. 

For afternoon observations in northern latitudes, a similar demonstration 
may be made to show the advantage of sighting at the sun first in the upper 
right-hand quadrant and then in the lower left-hand quadrant. 

If the transit is not equipped with a full vertical circle, it cannot be plunged 
between sights, but otherwise the procedure may be as just described, and 
the means for the two observations taken as the observed angles. 

Simplex Solar Shield. A special device for observing the sun without 
correction for semidiameter is the Simplex solar shield developed \>y Professor 
C. H. Wall of Ohio State University. It consists of a symmetrically per- 
forated shield (Fig. 21* 3) which is mounted between the eyepiece of the 

transit and a plate upon which the sun's 
image is focused. The perforations and 
other sighting points are so arranged that 
when a selected pair is brought tangent to 
the sun’s image, the center of the sun’s 
image is on the horizontal (or vertical) 
cross-hair. The illustration shows the 
sun’s image in five successive positions as 
it travels (from left to right) for a distance 
Siv?— of one full diameter in azimuth while the 

to Simplex solar shield. horizontal motion is clamped and the ver- 

tical tangent-screw is operated by the ob- 
server. At each position the time and the vertical angle are observed. The 
telescope is then plunged, and a second series of five readings is taken. 
The device can be used for observations of either azimuth or latitude. 

Solar Prism, Another sighting device which requires no correction for 
semidiameter consists of a prism attachment whereby four overlapping 
images of the sun are simultaneously formed into a symmetrical square 
pattern the center of which is at the intersection of the cross-hairs. The 
device and its use are described in Eef. 6 at the end of this chapter. 

21*6. Parallax Correction. In the previous discussions, it has been as- 
sumed that the celestial sphere is of infinite radius and that a vertical angle 
measured from a station on the surface of the earth is the same as it would 
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be if measured from a station at the center of the earth. For the fixed stars 
this assumption yields results that are sufficiently accurate for the work 
described herein; but the distance between the sun and the earth is relatively 
small, and for solar observations a parallax correction is added to the observed 
altitude to obtain the altitude of the sun from the center of the earth. 

In Fig. 21 •4a, h/ is the altitude of the sun above the horizon of an observer 
at Aj and h is the altitude of the sun above the celestial horizon. The paral- 
lax correction is equal to the difference between these two angles. As h is 
always larger than h'j the correction must be added to the observed altitude. 


Sun Sun or Star 



(a) Parallax, (b) RefracHon 

Fig. 21-4. Parallax and refraction. 

The parallax correction can be computed, since the distance to the sun 
is known. The magnitude of the correction depends upon the altitude, 
being zero when the sun is directly overhead, and being a maximum when 
the sun is on the observer's horizon. When the sun is on the observer’s 
horizon, the correction Ch is called the horizontal parallax. It can be readily 
demonstrated that the parallax correction for any observed altitude h' is 

Cp == Ch cos h' (2) 

Values of horizontal parallax are given for each day of the year in the 
'' American Ephemeris.” The horizontal parallax is always slightly less 
than 09"; hence the parallax correction at any altitude cannot exceed 09". 

Corrections for parallax and refraction are usually made together (see Art. 

21 - 8 ). 

21 *7, Refraction Correction. When a ray of light emanating from a 
celestial body passes through the atmosphere of the earth, the ray is bent 
downward, as illustrated in Fig. 2T46. Hence the sun and stars appear to 
be higher above the observer’s horizon than they actually are. The angle 
of deviation of the ray from its direction on entering the earth’s atmosphere 
to its direction at the surface of the earth is called the refraction of the ray. 
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A refraction correction Cr of amount equal to the refraction is subtracted 
from the observed altitude to determine the actual altitude h' above the 
observer’s horizon. 

The magnitude of the refraction correction depends upon the temperature 
and barometric pressure of the atmosphere and upon the altitude of the ray, 
varying as the cotangent of the altitude. It does not depend upon the 
distance to the body from which emanates the ray. Under normal condi- 
tions the refraction correction is about 34' when the sun or star is on the 
observer’s horizon, about 01' when the altitude is 45°, and zero when the 
altitude is 90°. Table II herein gives values of refraction corrections for a 
barometric pressure of 29.5 in. (which may be assumed with sufficient pre- 
cision for practical purposes), for various temperatures, and for altitudes 
between 10° and 90°. 

Owing to the uncertainties of the refraction correction for low altitudes, 
observations for precise determinations are never taken on a celestial body 
which is near the horizon. 

21-8. Combined Correction. For solar observations, refraction and 
parallax corrections are usually made together. The refraction correction, 
which is subtractive, is many times larger than the parallax correction, 
which is additive; hence the combined correction is of the same sign as the 
refraction correction. Table I herein gives corrections for the combined 
effect of refraction and parallax, to be subtracted from observed altitudes 
of the sun to determine the true altitudes above the celestial horizon. 

21*9. Decimation of the Sun, For the determination of azimuth, lati- 
tude, or longitude by solar observations, it is necessary that the declination 
of the sun at the instant of sighting be known. The declination at a given 
instant is obtained by interpolating between values given in a solar ephem- 
eris for the current year. Either of the two common types of ephemeris 
may be used. 

One type gives the apparent declination for each day of the year at the 
instant of 0^ Greenwich civil (mean) time and is especially adapted for use 
when the standard time or the Greenwich civil time is known. The solar 
ephemeris for the Greenwich meridian as given in the ^'American Ephem- 
eris ” is an example of an ephemeris of this kind. The “ Nautical Almanac ” 
gives declinations for each hour of Greenwich civil time. 

The other type gives the apparent declination for each day of the year at 
the instant of Greenwich apparent noon and is especially adapted for use 
when the longitude of the place and the local apparent time of the observa- 
tion are known. The ‘‘Ephemeris of the Sun and Polaris” contains an 
ephemeris of this sort. 

Abbreviated solar ephemerides, either for civil time or for apparent time, 
are published annually in the form of pamphlets by various manufacturers 
of surveying instruments and are furnished to surveyors free of charge. 
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The following examples illustrate the use of each of these types of ephem- 
eris to determine declination: 

Example 1: An observation is taken on the sun at 10KH)“ a.m. Eastern standard 
time, on December 15, 1951. It is desired to determine the declination at the given 
instant. 

The Greenwich civil time at the instant of observation is 10^00“ + 6^. = 15K)(F“ =* 
15.00^. By ephemeris for 0^ Greenwich civil time the declination for 0^ on Decem- 
ber 15 is — 2S°13'03", and the change per day is — 20L4'\ The change in declination 
since 0^ G.C.T. is —201.4'' X (15.00/24) = — 02'06". The declination at the in- 
stant of observation = -23n3'03" - 02'06" - -23n5'09'^ 

Example 2: An observation is taken on the sun as it crosses the meridian on 
November 16, 1951, at a place whose longitude is 87°49'30" west of Greenwich. It 
is desired to determine the apparent declination at the given instant. 

G.A.T. = 87®49'30"/15 - 5^51 “18® (after apparent noon) = 5.86^ From the 
“Ephemeris of the Sun and Polaris,” the declination at Greenwich apparent noon is 
Si8®36'24". The average difference for 1^ = —37.9'', the minus sign indicating that 
south declinations are increasing. The change in declination since Greenwich ap- 
parent noon is 37.9" X 5.86 = 03'42''. The declination at local apparent noon at 
the place = 18°36'24'' + 03'42'' = S18"40'06". 

Example 3: It is desired to determine the appareht declination of the sun at the 
instant of 1KK)“ p.m. Eastern standard time, on November 18, 1951, from a solar 
ephemeris giving values for Greenwich apparent noon. 

The difference betweefi Eastern standard time and Greenwich mean time is 5^; 
hence the instant of observation is 6K)0“ after Greenwich mean noon. At Greenwich 
apparent noon the equation of time as given in the ephemeris is — 14“55.5*. Since 
this is to be subtracted from Greenwich apparent time to give Greenwich mean time, 
it follows that apparent time is faster than mean time, and the Greenwich apparent 
time is roughly 6W“ + 15“ = 6.25^. The daily rate of change in the equation of 
time is given by the difference between the equation of time for November 18 and that 
for November 19, or 14“55.5® — T4M3.0® = 12.5®. The change in the equation of 
time since Greenwich apparent noon is (6.25 X 12.5) /24 = 3.3®. The equation of 
time is decreasing, and hence the equation of time for the given instant is 14'55.5® — 
3,3® = 14“52.2®. The interval since Greenwich apparent noon is 6NX)“ + 14“52.2® = 
6^14“52.2® = 6.248^. At Greenwich apparent noon the apparent declination is 
S19°06'05''; the average difference for D is 36.3''. The change in apparent declina- 
tion since Greenwich apparent noon is 36.3" X 6.25 = 3'47". South declinations 
are increasing, hence the apparent declination at the given instant = 19®06'06" + 
3'47" = S19'’09'52". 

In example 3 the equation of time has been determined for- the given 
instant. For all practical purposes the equation of time for Greenwich 
apparent noon might have been employed, since the small error of 3.3® in 
time would have no effect upon the computed change in the declination 
unless declinations were carried out to tenths of seconds. 


If the equation of time were neglected entirely, the error introduced in the 
computed value of the apparent declination would be but 09", not suffi- 
ciently large to be of consequence in rough calculations. 
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2140. Latitmde by Observation on Sun at Noon. The latitude of a given 
station may be determined with a fair degree of precision by observing with 
the engineer's transit the altitude of the sun at local apparent noon, when 
the sun crosses the meridian. If the longitude of the place is roughly known, 
it is unnecessary to observe the time, but if the longitude is unknown, the 
standard time of the observation must be taken. It is not necessary that 
the direction of the meridian be known. The problem consists in determin- 
ing the true altitude h of the center of the sun above the celestial horizon 
and computing the apparent declination 8 of the sun at the instant of 
sighting. Then as explained in Art. 20.9, the latitude <f> is 

<f> -h + 8 ( 3 ) 

The accuracy obtainable ordinarily depends upon the precision of the 
instrument. As the maximum rate of change of declination is only about 
01' per hour, a considerable error in time will affect the declination but 
slightly. With the ordinary transit having a vertical circle reading to 
single minutes, the latitude may be determined in this manner with an 
error not greater than 01'. The mean of a series of observations on different 
days will, of course, render a much closer result. 

The usual procedure is as follows: The transit is set up and carefully 
leveled. The horizontal cross-hair is sighted continuously on either the 
lower or the upper limb of the sun untff the sun reaches its maximum altitude 
and begins its apparent descent. At that instant the watch time is observed. 
The maximum altitude and the watch time are recorded. With the tele- 
scope still approximately in the plane of the meridian, the index error is 
determined, preferably by the method of double-sighting on a mark as 
described in Art, 21-2. The watch is compared with a timepiece keeping 
correct standard time, and the error is noted. The Greenwich civil time 
of the observation is calculated, and the declination is found in the solar 
ephemeris as illustrated by example 1, Art. 21-9. The true altitude of the 
sun^s center is determined by applying to the observed altitude the correc- 
tions for index error, semidiameter, and refraction and parallax. The 
latitude is then determined by Eq. (3). It should be noted that the sign 
of the refraction and parallax correction as given in Table I is always nega- 
tive. The sign of the declination is negative from September to March and 
is positive for the remainder of the year. 

When desired, a second sight may be taken on the opposite limb of the sun with 
the telescope inverted. The mean of the two vertical angles is taken as the altitude 
of the sun’s center at the mean of the two times of observation, no correction for index 
error being necessary. If the time between sights does not exceed 3 or 4 min., the 
mean altitude may be considered as the altitude at apparent noon. The latitude is 
then calculated as described in the preceding paragraph. 

If an ephemeris giving values at Greenwich apparent noon is to be used, the 
longitude of the place being unknown and the standard time being known, the 
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Greenwich apparent time of the observation is determined and the declination 
at the given instant is found as illustrated by example 3, Art. 21*9. 

The field notes and computations are made in a form similar to that shown in 
Fig. 21-5. For these observations the longitude of the place was unknown, and the 
standard time was recorded. Only the sun’s lower limb was sighted. The index 
error was determined by double-sighting at a mark; the letters “L” and “R” in the 
column headed “Circle” indicate whether the vertical circle was left or right and, 
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Fig. 21-5. Latitude by observation on sun at noon. 

therefore, whether the telescope was normal or inverted. As the available ephemeris 
gave values of declination at Greenwich apparent noon, the watch time was converted 
into Greenwich apparent time. In the line beginning “ a 5,” the change in declination 
during the 4.66 hr. that elapsed since Greenwich apparent noon was computed by 
multiplying the elapsed time by the variation per hour (57.6“) taken from the 
ephemeris. 

If the longitude of the place is known, it is assumed that the instant of ob- 
servation is local apparent noon. Hence the Greenwich apparent time is taken 
as the longitude of the place. The procedure in the field is identical with that 
described in Art. 21-10, except that time is not observed; however, the approxi- 
mate standard time is calculated in advance. The declination is most con- 
veniently found from an ephemeris giving values for Greenwich apparent noon, 
as illustrated by example 2, Art. 21-9, 
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2141. Azimuth by Direct Solar Observation. The azimuth of a line 
may be determined by a single observation of the sun at any time when it 
is visible, provided the latitude of the place is known. (See Art. 2144 for 
simultaneous determination of azimuth and longitude.) 

At a known instant of time the sun is observed, and the altitude of the 
sun and the horizontal angle from the sun to a given reference line are 
measured. The declination of the sun at the given instant is found from a 
solar ephemeris. With the declination 5, latitude <l>, and altitude h known, 
the PZ/S triangle may be solved as described in Art. 2042, the azimuth of 
the sun being given by any of several expressions, one of which is 

cos.2^ = — — 7 — tan h tan (4) 

cos h cos ^ 

where Z is the azimuth from north. The azimuth A from south is given by 

cos A == tan h tan ^ ^ - (5) 

cos h cos 

The azimuth of the line is readily computed from the azimuth of the sun and 
the observed horizontal angle. 

The usual procedure is as follows: The transit is set up and carefully 
leveled over one end of the line. The A vernier is set at zero on the hori- 
zontal circle, and the reading of the B vernier is noted. A sight is taken 
along the given line with the telescope in, say, the normal position, and the 
lower motion is clamped. The upper motion is loosened, and sights are 
taken on the sun as described in Art. 21*5. The field work is completed by 
again sighting along the line and reading the horizontal circle, this time with 
the telescope still inverted. The watch is compared with a timepiece keep- 
ing correct standard time, and the error is noted. The mean of each pair of 
observed angles is taken as the angle to the sun’s center at the mean of the 
observed times. The observed values are corrected, and the azimuth of 
the sun is computed as previously described, five-place logarithms being 
used. The azimuth of the line is computed by subtracting algebraically 
the mean of the horizontal angles from the azimuth of the sun, angles taken 
in a clockwise direction from line to sun being considered positive. 

To the mean of the observed altitudes are applied corrections for refrac- 
tion and parallax (Table I). The sun’s apparent declination is found from a 
solar ephemeris as described in Art. 2T9. The azimuth of the sun at the 
given instant can be computed by solving Eq. (13) or (13a) of Chap. 20, 
either by using a computing machine or by logarithms. When observations 
are of ordinary precision, as those taken with a transit reading to minutes, 
five places are sufficient for computations. In solving the equations, it 
should be noted that, when declinations are south, the sign of sin 8 is nega- 
tive, A field sketch showing relative positions of the transit, sun, and line 
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is helpful. The angle Z, Eq. (13); is measured clockwise or counter- 
clockwise from the north to the sun; the angle A, Eq. (13a); is measured 
clockwise or counter-clockwise from the south to the sun. 

Figure 21*6 illustrates a suitable form for notes, the observations being 
taken with a transit having a vertical circle reading to 01' and a horizontal 
circle reading to 20". It is seen that horizontal angles are read from the 
azimuth circle. An ephemeris giving declinations for 0^ Greenwich civil 
time was used. 
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Fig, 21*6. Azimuth by observation on sun. 

Great care should be taken in leveling the instrument, for reasons ex- 
plained in Art. 2T2. Unless it is equipped with a striding level, the final 
test prior to observing the sun should be to see that the telescope bubble 
remains centered as the instrument is revolved about the vertical axis. 
Plunging the telescope between observations will not eliminate the effect 
of inclination of the vertical axis. 

If the transit is not equipped with a full vertical circle, it cannot, of course, 
be plunged between sights, but otherwise the procedure may be as just 
described. If the transit has not a full vertical circle, care should be taken 
to see that it is in good adjustment. 

If for any reason it is desired to obtain the azimuth of a line by a single 
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pointing, the sun may be brought tangent in any of the quadrants. The 
altitude and azimuth corrections for the sun’s center will then be made as 
described in Art. 21*4. 

When it is assumed that at the mean of the two times the sun is at a 
position given by the mean of the vertical and the mean of the horizontal 
angles, it is equivalent to saying that the sun is apparently traveling in a 
straight line, which of course is not true. Within a period of 10 min., how- 
ever, the error introduced is so small as to be of no consequence. 

The watch time need not be observed closely, as it is used only for the 
purpose of determining declination. 

Precision. The precision with which azimuths may be determined 
depends not only upon the precision of field observations and the exactitude 
of the corrections in altitude, but also upon the shape of the astronomical 
triangle. The PZS triangle becomes weak as the sun approaches the 
meridian, and the solution becomes indeterminate at the instant of apparent 
noon. On the other hand, the refraction correction becomes large and very 
uncertain for low altitudes, particularly for those less than 10°. For these 
reasons, when possible, observations within the latitudes of the United States 
are usually taken between the hours of 8 and 10 a.m. or 2 and 4 p.m. 
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The effect of errors in the sides of the astronomical triangle upon the precision of 
the computed azimuth of the sun at the instant of observation is given by the accom- 
panying table,, in which are shown the changes in azimuth of the sun due to changes 
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of or in the latitude, declination, and altitude at the latitude of 40°, which is about 
the mean for the United States. The changes in azimuth have been computed by- 
means of Eq. (5). The values are approximate and are given for comparative pur- 
poses only. The months named are those during which the declination is not greatly 
different from the value given in the second colunrn. Thus during the period of 
November, December, and January, the declination varies from —15° to —23°. The 
hour angles give the approximate time interval before or after local apparent noon. 
It will be seen that, when the hour angle is 1*^30™, a 01' error in latitude, declination, or 
altitude produces an error of about 03' in the azimuth. When the hour angle has in- 
creased to 3^ an error of 01' in latitude or altitude produces an error of about 01' in 
the azimuth. Under the given conditions, the effect of an error in declination is 
greater than the effect of an error of the same magnitude in either latitude or altitude. 


21*12. Time by Observation on Sun at Noon. If the longitude of a sta- 
tion is known and the direction of the meridian has been established, the 
standard time may be determined accurately by observing the sun as it 
crosses the meridian at local apparent noon. In determining time in this 
manner, the transit is set up and carefully leveled over the north end of the 
meridian line, and a sight is taken along the meridian. The line of sight 
is elevated to intercept the path of the sun, and, at the instant of tangency 
between the west limb and the vertical cross-hair, the time is noted. The 
telescope is quickly plunged, and a second sight is taken along the meridian. 
The line of sight is again elevated to intercept the path of the sun, and the 
time of tangency between the vertical cross-hair and the east limb of the 
sun is observed. The mean of the two times thus observed is the watch 
time of upper transit of the sun's center, which is local apparent noon. 

The longitude of the place expressed in hours, for reasons explained in 
Art. 20*22, is the’ Greenwich apparent time reckoned from noon. From the 
^'Ephemeris of the Sun and Polaris," or other ephemeris giving values for 
Greenwich apparent noon, the equation of time at the instant of observa- 
tion is determined as illustrated by example 3, Art. 20-20. Since the equa- 
tion of time is the difference between mean and apparent time at the instant 
of observation, it is clear that 12^ plus or minus the equation of time is the 
local mean time of local apparent noon, the sign being plus or minus accord- 
ing as meantime is faster or slower than apparent time, as indicated by the 
ephemeris. The local mean time of local apparent noon is changed to 

standard time byj difference in longitude (in hours) be- 

tween the place of observation and the standard-time meridian if the place 
is I I of that meridian. The computed standard time of local apparent 

noon is the correct watch time of the observation, and a comparison with 
the observed watch time indicates the correction to be applied to the watch 
time. Figure 21*7 is an example where the correction for Pacific standard 
time is found. 


530 


AZIMUTH, LATITUDE, LONGITUDE, AND TIME 


[CH. 2J 
lp\ 


TIME BY OBSERVATION 


Meridian af Student 0 

jservatorv. Berkelev.Calif. 


■■■ 


■IHII 


bmmi 



mi 




■nBI 







Ci 





IIQIH 


HHI 

■■11 


BHII 

R 

■ail 


■■11 









Time ofoassinQ of sun's 

center 

//^ss'^so^ 


HHIHHIIIi 

lllHi 


iiiiiii[iiiHi 

LA.T. of observed ion 


I2^00'^00^ 

fa. of if me of 6. A, Noon 


- IS^45.6^ 


+ 1 2.6^ 

LC.r.of LA.Noon I 


Chanae to sfandarol if me 

-t 09^02.7^ 


19.9^ 



Watch fast 1 1 1 

\30S 

Corn to 

watch time to a 

it sfd time -30^ 













































Fig. 21-7. Time by observation on sun at noon. 


If the ephemeris used gives values for 0^ Greenwich civil time, an exact 
determination of the equation of time necessitates changing the Greenwich 
apparent time of observation (reckoned from noon) to Greenwich civil 
time (reckoned from by means of an approximate equation of time. The 
true equation of time is then found by interpolation between values given 
in the ephemeris. Since the equation of time is always less than 17“ and 
since its rate of change is small, for rough determinations of time the error 
will be negligible if, for the purpose of calculating the equation of time, 
mean and apparent time are assumed to agree, as the following example 
illustrates. 

Example: It is desired to determine the equation of time at 18*" G.A.T. on October 6, 
1951. 

By the Ephemeris of the Sun and Polaris,” the equation of time at Greenwich 
apparent noon is 11“39.25‘’ and the daily change is 4-17.59®. The increase since noon 
Is +17.59 X 6/24 =+4.40®, and the exact equation of time at the given instant is 
11"«39.25® + 4.40® = 11""43.05®. 

By the American Ephemeris” the equation of time at 0*" G.C.T. is ll'"30.46®; 
neglecting the difference between mean and apparent time, the approximate time 
interval since 0*" is 18*". The daily change is +17.77®, and the increase since 0** is 
+ 17.77 X 18/24 = +13.33®. The approximate equation of time at the given instant 
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is, therefore, 11“43.79®, differing from the exact value of the preceding paragraph by 
only 0.14®. 

From the ephemeris it is seen that the mean time is slower than apparent time, 
hence the Greenwich civil time is slower than that assumed above by approximately 
11M3.79® (the approximate equation of time), or is approximately 18^ ~ 11“43.79» = 
17^48™16.21® == 17,805^. The increase in the equation of time since 0^ G.C.T. is more 
exactly 17.77 X 17.80/24 — 13.18®. The exact equation of time is then 11“30.46® + 
13.18® = 11M3.64®, which is practically the same as that found by use of the ephem- 
eris giving values for Greenwich apparent noon. 

The length of time taken by the sun in crossing the meridian depends 
somewhat upon the sun’s declination and semidiameter, but it is approxi- 
mately 2J^ min. It is therefore clear that no time can be lost in plunging the 
telescope for a second sight along the meridian preparatory to observing the 
east limb of the sun. 

If for any reason it is impracticable to observe more than one limb, the 
time in seconds earlier or later than the sun’s center passes the meridian may 
be taken as approximately 4>S/cos 5, in which 5 is the sun’s semidiameter in 
minutes of arc (approximately 16') and 5 is the sun’s declination. 

21*13. Longitude by Observation on Sun at Noon. If the standard time 
is known precisely and the meridian has been established, the longitude of 
a place may be determined by an observation on the sun at local apparent 
noon, the field procedure being in all respects identical with that just de- 
scribed for finding time. 

With the standard time of passage of the center of the true sun (local 
apparent noon) known, the' Greenwich civil time of local apparent noon can 
be computed, and the equation of time at the instant of local apparent noon 
can be found readily from an ephemeris giving values for 0^ Greenwich civil 
time. The standard time of local mean noon (meridian passage of the mean 
sun) differs from the standard time of local apparent noon by an amount 

equal to the equation of time, being | mean sun is 

the true sun. The difference between the standard time of local 
and 12^ standard time is the difference in longitude AX (in time units) 
between the meridian of the place and the standard-time meridian; if local 

mean noon occurs | 1 12^ standard time, the place is | | of the 

standard meridian. 

Example: The sun’s center is observed to pass the meridian at a given place at 
1 li‘30“12.2® A.M. Pacific standard time, December 2, 1951. The longitude of the place 
is desired. 

The difference between Pacific standard time and Greenwich civil time is 8^, 
hence the G.C.T. is 19‘'30"‘12.2® - 19.503*‘. From ephemeris giving values for 0^ 
G.C.T., the equation of time at 0^ is 10“*58.25®. The difference for one day is —22.81®. 
The change since 0^ is 22.81 X (19.503/24) = —18.54®. The equation of time at the 
instant of local apparent noon is 10“‘58.25® — 18.54® = 10“39.71®. The ephemeris 


( behind } 
( ahead of ) 
mean noon 
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indicates that apparent time is faster than mean time, hence local mean noon occurs 
at a standard time later than that for local apparent noon by an amount equal to the 
equation of time, and the Pacific standard time of local mean noon is 11^30“12.2® + 
~ Il5»40w51.9». Then AX == 11*^40^51.9® ~ 12*^ =-19“08.1® =-4‘^47U2". 
Pacific standard time is local mean time for the 120° meridian, hence the longitude 
of the place is 120° - 4°47'02" - 115°12'58". 

21*14. Azimuth and Longitude by Solar Observation. By modification 
of the method described in Art. 21*11, the azimuth and longitude at a 
station can be determined closer than single minutes. If the horizontal 
circle can be read to 20" and the vertical circle to 30", the probable error in 
azimuth or longitude should not exceed 00.2'. The method is well adapted 
for use with a repeating theodolite. It consists in taking two series of 
observations, each series consisting of two sets of four observations each. 
One series is observed in the morning and the other in the afternoon; for 
most accurate results the sun should be approximately the same distance 
from the meridian in the afternoon series as it was in the morning series. 
Half of the observations are taken with the telescope normal, and half with 
it inverted. The azimuth of the reference line is computed independently 
for each set of observations, and the mean of the four values thus obtained 
is taken as the most probable value. Similarly, the longitude of the station 
is computed independently for each set, the hour angle being determined 
by one of the forms of Eq. (14) of Chap. 20; and the mean of the four values 
of longitude is taken as the most probable value. 

21*16. Solar Attachments. A solar attachment is a device which, when 
attached to the transit, furnishes a means of determining the direction of 
the meridian by mechanically solving the PZS triangle. There are several 
varieties of solar attachment differing widely in appearance but being alike 
in principle. Each type has a polar axis and a line of collimation. The 
solar attachment can be rotated about the polar axis just as the transit can 
be rotated about its vertical axis. Means are provided for laying off the 
latitude (or the colatitude) of the place and the declination of the sun. 
When these quantities have been laid off, the instrument is oriented by 
bringing the sun^s image into position in the solar reticule; the line of sight 
of the transit telescope is then in the plane of the meridian. 

The use of a solar attachment makes it possible to determine the azimuth 
of a line more quickly than by direct observation and numerical computa- 
tion, but the precision of the azimuth determination is likely to be lower. 
The solar attachment is little used except on certain mining and public-land 
surveys of moderate precision, where several azimuth determinations must 
be made daily. 

AH that has been said regarding favorable hours for taking direct observa- 
tions applies equally well to observations with a solar attachment. Also, 
errors in latitude and in declination settings will have the same effect as 
when the azimuth is computed mathematically. 
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The three types of solar attachment which have been used most are the 
Smith, the Saegmuller, and the Burt, each of which will be briefly described. 
The Smith is in most general use. 

21*16. Smith Solar Attachment. This attachment consists of a telescope 
of low magnifying power, called the solar telescope, mounted in collar bear- 
ings which are attached to a graduated vertical arc called the latitude arc. 


Fig. 21-8. Smith solar attachment. 


This assembly is mounted on a horizontal axis, called the axis of the latitude 
arc, which is attached to one of the standards of the transit as shown in 
Fig. 21- 8. The solar telescope can be rotated about its own axis in the collar 
bearings and can also be revolved about the axis of the latitude arc. The 
latitude arc is read by means of a vernier which is fixed to the standard of 
the transit. In front of the objective is a plane mirror, called the reflector, 
which reflects the sun’s rays into the solar telescope. The mirror is mounted 
(in bearings) on an axis which is normal to the line of sight of the solar 
telescope. From the axis of the mirror an arm carrying a vernier leads to a 
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graduated arc, called the declination arc, attached to the barrel of the tele- 
scope, Movements of both latitude and declination arcs are controlled by- 
clamps and tangent-screws. Near the eyepiece end of the solar telescope 
is an hour circle, the index of which is on one of the collars. The solar 
telescope is equipped with cross-hairs and with a set of equatorial hairs 
parallel to the axis of the reflector and at a distance apart approximately 
equal to the apparent diameter of the sun. 

When the latitude is laid off on the latitude arc and the main telescope 
(in the normal position) is pointed in the direction of north, the axis of the 
solar telescope points toward the pole. Further, for the position just 
specified, if the declination of the sun, corrected for refraction, is laid off on 
the declination arc, the mirror is so tilted that the course of the sun may be 
followed by rotating the solar telescope about its own axis, the image of the 
sun being reflected from the mirror to the objective and thence to a focus 
at the crosshairs of the solar telescope. When the sun is viewed in this 
manner, the index of the hour circle reads the local apparent time. 

The advantage of the Smith solar attachment lies in a construction which 
permits the use of the main telescope without disturbing the latitude and 
declination settings. Since the latitude is constant for a given locality and 
the declination changes but slowly, this is a decided advantage when fre- 
quent observations are necessary; and for this reason the Smith solar attach- 
ment may be regarded as superior to either of the other attachments 
described herein. It has been adopted by the Bureau of Land Management 
as the standard instrument for use on public-land surveys. 

21*17. Azimuth with Smith Solar Attachment. In using the Smith solar 
attachment, the latitude and declination settings are made on the appro- 
priate arcs, with the declination setting corrected for refraction. The 
transit is set up and carefully leveled, and the horizontal circle is set at zero. 
The local apparent time is then set off on the hour circle by rotating the solar 
telescope in its collar bearings. The transit is revolved on the lower motion 
until the image of the sun appears between the equatorial hairs of the solar 
telescope, when the line of sight of the transit telescope lies in the plane of 
the meridian, and the axis of the solar telescope points toward the celestial 
pole. Since the declination changes slowly, if no mistake has been made it 
will be possible to keep the image of the sun between the equatorial hairs 
for some time by simply rotating the telescope in its collar bearings, keeping 
the hour circle set at the apparent time. When a sight is taken along a 
line with the transit telescope, the reading of the clockwise scale gives the 
azimuth. 

This type of solar attachment is particularly convenient for checking 
azimuth traverses, since the latitude and declination settings may be main- 
tained without interfering with the normal functions of the transit telescope. 
At any station the azimuth can be checked simply by setting the horizontal 
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circle back to zero, rotating the solar telescope until the hour circle reads 
the apparent time, and making any slight change in the declination setting 
that may have occurred in the declination since the preceding observation. 

21*18. Adjustments of Smith Solar Attachment In adjusting the 
Smith solar attachment, the latitude of the place should be known precisely, 
and the instrument should be set up in a position where objects a mile or 
more away may be viewed when the telescope is level. The following 
relations should exist: 

1. The equatorial hairs should he parallel to the axis of the reflector. With all settings 
made as for a solar observation for azimuth, the transit is turned about the vertical 
axis until the sun’s image is precisely spaced between the equatorial hairs, the vertical 
axis is clamped in this position, and the solar telescope is rotated about its own axis, 
causing the sun’s image to travel across the field of view. If the limbs of the sun 
follow the equatorial hairs, the hairs are parallel to the axis of the reflector. If the 
sun’s limbs depart sensibly from the hairs, adjustment is made by loosening the cross- 
hair ring and rotating it through a small angle, as for the corresponding adjustment of 
the dumpy level. 

2. The line of sight of the solar telescope should coincide with the axis of the collar bear- 
ings. The test and adjustment is performed in a manner identical with the corres- 
ponding adjustment of the wye level. The mirror is swung to give an unobstructed 
view through the solar telescope, and the intersection of the cross-hairs is focused on 
some distant point. The telescope is then rotated about its axis through an hour 
angle of 12^ (180°). If the intersection has moved from the point, it is brought half- 
way back to its original position by means of the adjusting screws controlliug the 
cross-hair ring. 

3. The line of sight of the solar telescopCf and hence Ike polar axis^ should he perpendicu- 
lar to the axis of the latitude arc. Further, when the solar telescope is rotated about 
the axis of the latitude arc, its line of sight should generate a plane parallel to that 
generated by the line of sight of the main telescope when it is revolved about the hori- 
zontal axis. Some patterns have no provision for this adjustment, the desired relation 
being established by the manufacturer and being assumed to remain permanently 
fixed. In the Bureau of Land Management pattern, provision is made for this adjust- 
ment, the axis of the latitude arc being of considerable length, and a striding level 
for this axis being furnished with the instrument. For the Bureau of Land Manage- 
ment pattern, the transit is very carefully leveled, the main telescope is sighted at a 
distant point, and the solar telescope is sighted toward the same point. The striding 
level is placed on the latitude axis and the latter is made level by means of the lower 
pair of capstan nuts on the base frame of the attachment. If the line of sight of the 
solar telescope falls to one side of the distant point, it is brought to the point by means 
of the left-hand upper pair of capstan nuts on the base frame of the attachment. 
When these two relations have been established, both telescopes are plunged, the 
transit is revolved 180° in azimuth, and a sight is taken to the distant point as before. 
If the line of sight falls to one side of the point, one half of the apparent error is due to 
the line of sight’s not being perpendicular to the latitude axis, and the correction is 
made by bringing the line of sight halfway to the point by means of the capstan nuts 
at one end of the telescope and the remaining distance by means of the left-hand 
upper pair of capstan nuts on the base frame of the attachment. This procedure 
should be repeated until the adjustment is verified. 

4. The latiUide arc should read zero when the line of sight of the solar telescope, or the 
polar axis, is horizontal. The transit is leveled very carefully, and the main telescope 
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is leveled and sighted at some distant point of the landscape. The solar telescope is 
revolved about the latitude axis until its line of sight strikes the same point (the polar 
axis is now horizontal), when the vernier of the latitude arc should read zero. If it 
does not read zero, either the index error may be observed and applied to future lati- 
tude settings or the vernier may be loosened and moved laterally until it does read 
zero. If the solar telescope is equipped with a striding level, the index error may be 
observed by leveling the solar telescope, and a sight to the distant point is unneces- 
sary. 

5. The dedimtion arc should read the true dedination of the sun, corrected for refrac- 
tion. A short time before apparent noon the transit is set up and carefully leveled 
over one end of an established meridian. The latitude of the place is laid ofif on the 
latitude arc, the hour circle is set at 12^ and the main telescope is sighted along the 
meridian. At the instant of apparent noon, the image of the sun is brought between 
the equatorial hairs of the solar telescope by rotating the reflector about its axis, 
and the reading on the declination arc is observed. The difference between this read- 
ing and the declination of the sun at the given instant (as determined from the solar 
ephemeris), corrected for atmospheric refraction, is the index error of the declination 
arc. This may be applied to future declination settings, or the error may be corrected 
by loosening the vernier and moving it along the arc until it reads the calculated decli- 
nation setting. 

On public-land surveys where the Snaith solar attachment is in constant use, it is 
the practice to make this test dally, since it serves to check not only the adjustment 
of the declination vernier but also the adjustment of the latitude vernier and the 
collimation of the solar telescope. 

6. The reading of the hour cirde at any instant should give the local apparent time. 
The watch time of local apparent noon is determined by observing with the main 
telescope the instant when the sun’s center crosses the meridian, as described in Art. 
21-13. At any convenient time thereafter, the main telescope is pointed along the 
meridian, the latitude and declination are set off on their respective arcs, the sun’s 
image is brought to the center of the field of view by rotating the solar telescope about 
its own axis, and the watch time is observed. If the time interval since the observed 
passage of the sun over the meridian, which is the correct local apparent time, does 
not agree with the reading of the hour circle, the set-screw clamping the hour circle to 
the barrel of the telescope is loosened, and the hour circle is rotated until the index 
reads the correct value. 

7. The collar bearings should be free from inequality or roughness, which will be- 
come apparent when the solar telescope is rotated in its collar bearings. Further, 
ths spadng of the equatorial wires should he uniform throughout and should fit the out- 
side line of the inner circle. Defects with regard to these relations can be corrected 
only by the manufacturer. 

2149. Saegmuller Solar Attachment. This attachment consists of a telescope of 
low power, called the solar telescope, mounted between standards which revolve about 
a polar axis. The assembly is mounted on top of the transit telescope, the polar axis 
being normal to the plane defined by the line of sight of the main telescope and the 
horizontal axis of the transit. The solar telescope is equipped with cross-hairs de- 
fining the line of sight as do those of the main telescope, and in addition is provided 
with four hairs forming a square the sides of which are approximately equal to the 
apparent diameter of the sun. Attached to the solar telescope is a level tube the axis 
of which is parallel to the line of sight of the solar telescope. The solar telescope is 
etjuipped with a prismatic eyepiece. The movement of the solar telescope about the 
polar axis and about the axis of the standards, or the equatorial axis, is controlled by 
clamps and tangent-screws. 
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When the image of the sun appears inside the square formed by the four hairs, the 
line of sight of the solar telescope is directed toward the sun’s center. When the 
main telescope is elevated through an angle equal to the colatitude of the place and 
is pointed along the meridian in a southerly direction, it is clear from the discussion 
of Art. 20*10 that the line of sight of the main telescope is in the plane of the equator, 
and that the polar axis of the solar attachment points to the celestial pole. Further, 
with the main telescope in this position, if the line of sight of the solar telescope makes 
an angle with the polar axis equal to the sun’s codeclination or polar distance, then 
at any time when the sun is above the horizon and the solar telescope is pointed in the 
direction of the sun, it should be possible to bring the line of sight to the sun’s center 
simply by rotating the solar telescope about the polar axis. Also, when the lines of 
sight of both telescopes are in the same vertical plane, it is clear that the angle be- 
tween them is equal to the sun’s declination. 

The methods of adjusting the Saegmuller solar attachment are similar to those 
governing the adjustment of the transit. 

21*20. Burt Solar Attachment. The Burt solar attachment is attached to the 
main telescope in the same manner as is the Saegmuller, but the solar telescope is 
replaced by biconvex lenses and metallic screens in duplicate, these being rigidly 
mounted at opposite ends of a bar which forms the vernier arm for a graduated arc 
on which declinations may be set off. The line of collimation of the attachment is 
defined by the optical center of one of the biconvex lenses and the intersection of lines 
etched upon the opposite metallic screen, these lines corresponding to cross-hairs in 
the transit telescope. 

When the line of collimation is pointed at the sun’s center, the sun’s unmagnified 
image appears at the intersection of the cross-hairs. With a magnifying glass the 
line of collimation can be directed more exactly at the sun’s center by bringing the 
image inside a square etched on the metallic screen, this square corresponding to 
that formed by the four hairs in the solar telescope of the Saegmuller attachment. 
Regardless of whether the sun is above or below the equator, declinations are laid 
off in the same direction on the arc. When the attachment is in use, if the declination 
is north or positive the line of collimation is pointed at the sun with the declination 
arc nearer the sun; if the declination is south or negative xhe line of collimation is 
pointed with the declination arc nearer the observer. Surrounding the base of the 
polar axis is an hour circle graduated in hours and reading to 5 min. of time. If the 
colatitude is laid off on the vertical circle of the transit and the main telescope is 
pointed south, the index of the hour circle reads the local apparent time when the 
line of collimation of the attachment points at the sun. The use of the Burt attach- 
ment is identical with that of the Saegmuller attachment, except as indicated by the 
preceding description. 

21 ‘21. Decimation Settings for Use with Solar Attachment. If any of 
the varieties of solar attachment is to be used frequently, a table is prepared 
giving the declinations to be laid off when using the solar attachment at 
various hours of the day. The time may be either local apparent or standard 
time, but is usually the former. The apparent declination for a given time 
is found from a solar ephemeris, as described in Art. 21*9. Since the sun 
appears to be higher than it really is, due to atmospheric refraction, it is 
evident from a study of the PZS triangle (Fig. 20*8) that the declination 
setting for a sight to the apparent position of the true sun at a given instant 
must be algebraically greater than the true declination of the true sun, 
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which is the value obtained from the ephemeris. If the refraction correction 
in altitude is known, the refraction correction in declination for a given 
latitude, hour angle, and declination may be computed by solving the spheri- 
cal triangle. Table III herein gives such values throughout the year for 
latitude 40°. Any number in the second column gives the hour angle of the 
true sun on either side of the meridian — or in other words, gives the local 
apparent time before or after apparent noon — to which the refraction correc- 
tion given in the third column applies. For a latitude other than 40°, the 
correction of Table III is multiplied by the appropriate latitude coefficient 
of Table Ilia. 

Example: Following is a table of decimation settings computed for November 3, 
1951, at a place where the latitude is 34®30' and the longitude is 7^48™ west of Green- 
wich. The hours are local apparent time. The setting for 8. a.m. is computed as 
follows. 

From the ‘^Ephemeris of the Sun and Polaris,'^ the apparent declination at Green- 
wich apparent noon is —14'’53'51", and the change for 1 hr. is —47". At 8 a.m. 
local apparent time, it is 8*^ -}- 7H8”^ — 12^ ~ 3M8“ = 3.8^ after Greenwich apparent 
noon. Hence the declination at 8 a.m. local apparent time is — 14*53^51" — 3.8 X 
47" =-14°56'50". 


Local 

apparent time 

Declination 

Refraction 

correction 

Decimation 

setting 

8^ A.M. 

-14°56.8' 

+2.7' 

-14°54.1' 

9 

-H°57.6' 

+1.7' 

-14°55.9' 

10 

-14°58.4' 

+1.3' 

-14°57.V 

n 

-14°59.1' 

+ 1.1' 

-14'’58.0' 

12 M. 


+1.0' 

-14°58.9' 

1 P.M. 

-15°00.7' 

+1.1' ■ 

-14°59.6' 

2 

-15°01.5' 

+1.3' 

-15°00.2' 

3 

-15°02.3' 

+1.7' 

-15°00.6' 

4 

-15°03.1' 

+2.7' 

-15°00.4' 


From Table III, at latitude 40° the refraction correction for November 3 and an 
hour angle of 4^ (equivalent to 8 a.m. or 4 p.m. local apparent time) is +3'21". By 
Table Ilia the latitude coefficient for latitude 34°30' is 0.80. The declination cor- 
rection for 8 A.M. at the given latitude is, therefore, 3'21" X 0.80 = +2'41". 

The declination setting at 8 a.m. L.A.T. is, therefore, — 14°56.8'+2.7' = — 14°54.l'. 
Settings for the other hours of the day are computed similarly. 

When an observation is to be made, the watch time is noted and the local 
apparent time is roughly calculated. The declination setting is then taken 
from the table, interpolating if necessary. Even by careful estimation the 
declination may be set only to half minutes of arc, hence values of the settings 
do not need to be interpolated with great accuracy. In fact, under certain 
conditions the declination setting may not change appreciably for several 
hours, as illustrated by the afternoon values in the example. 
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OBSERVATIONS ON STARS 

21*22. General. In general, the methods of determining azimuth, latitude, 
longitude, and time by direct solar observations are, with slight modifications, 
applicable to observations on the stars. If a high degree of precision is 
not required, the same procedure may be followed for stellar observations 
as for solar observations. Usually, however, it is expected that a higher 
degree of precision will be obtained by stellar than by solar observations; 
consequently a corresponding degree of refinement is necessary, and special 
care is taken to eliminate systematic errors. For observations on stars, 
no correction is required for parallax or semidiameter. 

As there are fixed stars in all parts of the heavens, it is an easy matter to 
select a star or stars in a celestial region favorable to a precise determination 
of the quantity sought. 

Thus, conditions favorable to a precise determination of latitude by measuring 
the altitude of a star at culmination are (1) a fairly high altitude, in order that the 
uncertainty of the refraction correction be small, and (2) a rate of apparent movement 
that is small, in order that a series of observations may be taken without an appreci- 
able change in the altitude. Within the latitudes of the United States, stars near 
the pole satisfy these conditions. 

Likewise for precise determination, an observation for azimuth by measured alti- 
tude and known declination and latitude should be taken on a star in the east or west 
far enough above the horizon to eliminate the uncertain refraction, but not so near the 
meridian as to produce a weak astronomical triangle. An observation for azimuth 
with the hour angle, declination, and latitude known should be taken on a circumpolar 
star— the nearer the pole the better — since the azimuth of such a star changes more 
slowly in a given length of time than does the azimuth of a star near the equator, and 
hence any error in time will have less effect. 

For determinations of longitude or time, stars should be chosen near the equator 
because they are apparently traveling more rapidly than those near the pole. 

The right ascensions and declinations for many stars are given in the 
^‘American Ephemeris’’ and in the Nautical Almanac.” Since for the 
fixed stars these coordinates change very slowly, it is not necessary to deter- 
mine values for the hour of observation, as with the sun. In the ephemeris 
of the sun the sidereal time of 0^ G.G.T. is given, from which the sidereal 
time corresponding to any given solar time can be found, and the hour 
angle can be computed by the expression t — d — a as explained in Art. 
20 - 21 . 

Stars may be identified by means of charts which show the various con- 
stellations. For many stellar observations, however, the published direc- 
tion and altitude of the star can be set off on the transit with sufficient 
precision that the star will be brought into the field of view at a given time; 
and it is not necessary to distinguish the star from among its neighbors. In 
fact, observations are often taken on stars during daylight hours near the 
hours of darkness, even when the stars are invisible to the naked eye. 
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In sighting on a star, the objective should be focused until the star ap- 
pears as a fine, brilliant point of light. Prior to looking for a star just before 
sunset or after sunrise, the objective may be focused approximately by 
sighting at a distant object in the landscape. The proper position of the 
objective slide for focus on a star may be permanently marked on the barrel 
of the transit telescope. 

During the hours of darkness, artificial illumination is required to make 
visible the cross-hairs of the transit. Some instruments are equipped with 
a reflector sleeve which slips over the objective as does the sun shade. 
When a flashlight is held to one side of the reflector, the field of view is faintly 
illuminated and both the cross-hairs and the star can be seen. With a 
transit not so equipped, the cross-hairs can be illuminated sufficiently by 
holding the light a few inches in front of the objective and a little to one side 
of the telescope barrel, thus causing the rays to enter the telescope diagonally. 
There will be found a position of the light where both cross-hairs and star 
are visible. A better diffusion of light will be given by a drop of paraffin 
wax at the center of the objective lens, the wax being shaved to a thin layer. 
A piece of thin paper with a hole in the middle, the paper being secured over 
the objective by means of a rubber band, answers the same purpose. 

The location of any terrestrial mark that naay be used in observing is 
indicated by a light. Often the mark is a slit in the side of a box in which 
there is a lamp. The mark may be a strongly illuminated target, the source 
of illumination being shielded from the observer. 

21*23. Polaris. The polestar, Polaris (a Ursa Minor), is the star more 
than all others on which observations for latitude and azimuth are taken in 
the latitudes of the United States. Its distance from the pole is approxi- 
mately 1®. Its annual change in polar distance (or in declination) is less 
than 01' (Table VII), and its maximum daily change in polar distance is less 
than It is a second-magnitude star the position of which is readily 
identified by the neighboring constellations of Ursa Major and Cassiopeia. 
Figure 21*9 shows the position of Polaris with respect to the pole and to 
these constellations. The seven most brilliant stars in the constellation of 
Ursa Major are known as the Great Dipper; and the two stars forming the 
part of the bowl farthest from the handle are called the pointers because a 
line through these stars points very nearly to the celestial north pole. It 
will be noted that the constellation of Cassiopeia is on the same side of the 
pole as Polaris, so that when Cassiopeia is above the pole, Polaris is near 
upper culmination; when Cassiopeia is west of the pole, Polaris is near 
western elongation; and so on. The position of Polaris relative to the pole 
may be quite closely estimated by noting the positions of B Cassiopeia and 
t Ursa Major. A line joining these two stars passes nearly through the 
pole and Polaris. The line is nearly vertical when the star is at either cul- 
mination, and nearly horizontal when the star is at either elongation. 


Unso/ Minor S 


4 *‘- 

^Po/ofr/s 
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Observations to determine latitude are usually made when Polaris is at 
upper or lower culmination (Art. 20*17), when the star appears to be moving 
almost horizontally for some time. Observations to determine azimuth are 
usually made when Polaris is at eastern or western elongation (Art. 20* 14), 
when it appears to be traveling vertically 

for some time. NOllVNllNinO hl^ddn IV 

Data concerning the position of Po- ^★'17 

laris can be found from a variety of ★ 6 ^ ^ 

sources. In the ^‘American Ephemeris^' i \ 

the declination and right ascension of 8^-^ ^^01 q/jor 

Polaris for each day are given in a table ^ oc I 

entitled ^‘Apparent Place of Polaris.’’ \ 1 § 

From the relation between sidereal and 5 ^ w. £ 

solar time which is given in the solar f;:{ j ^ 

ephemeris for Greenwich, the hour angle g ^ 3 

of the star may be computed as previ- §/ ^ 

ously described. In the ^‘American g ^%Pohr/s g 

Ephemeris” are also given, for dates at ^ 

intervals of 10 days, the declination and ^ ^ 

right ascension of Polaris and the civil § 1 k 

time of its upper culmination for the I 

meridian of Greenwich. Since Polaris, ^ ^ 

in common with other fixed stars, travels cassh eiot ^ 
at an angular rate more rapid than that ” * ^ ^ 

of the sun, it follows that at a given AT LOWER CULMINATION 
meridian it arrives at culmination at Positions of constella- 

a little earlier mean solar time each day tions near the North Pole when Polaris 
than it did the day before, the amount ^ culmination and elongation, 
earlier being approximately equal to the 

gain of sidereal time on mean solar time for a 24^ interval, or approxi- 
mately 3®^56® per day. In the column headed “variation per day” this 
daily gain in time is given. Also, for the same reason, on any given date the 
star arrives at culmination at a local mean time which becomes greater or 
less, according to whether one travels easterly or westerly, the increase or 
decrease in time between two places being approximately equal to the gain 
of sidereal on solar time within the mean time interval represented by the 
difference in longitude between the two places. In the column headed 
“variation per hour” is given the change in local mean time of culmination 
per hour of longitude. To determine the local mean time of upper culmina- 
tion at any given meridian on any given date, a value is taken from the 
table for the date nearest that given, and this is reduced to the given date by 
means of the “ variation per day,” and to the longitude of the place by means 
of the “variation per hour.” This is illustrated by the following example: 


Cmslopeiof ^ ^ ^ 

AT LOWER CULMINATION 


Fig. 21*9. Positions of constella- 
tions near the North Pole when Polaris 
is at culmination and elongation. 
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Example: It is desired to find from the “American Ephemeris” the Eastern stand- 
ard time of the upper culmination of Polaris on December 9, 1951, at a place whose 
longitude is 5^i5®45® west of Greenwich. 

On December 5, 1951, U.C. at Greenwich occurs at 20^55“15® G.C.T. 

The decrease in civil time for 4 days is —4 X 3“56.6® = --15°"46® 

The aC.T. of U.C. at Greenwich on December 9 - 20‘^39“29® 

Change in time for AX is —5.26 X 9.86® — —52® 

Local civil time of U.C. at place — 20^38“37® 

AX - 5^15“45® — 5^ = +15”45® 


E.S.T. of Upper Culmination at place 


= 20^54“22® 

- 8^54“22® P.M. 


The ^^Ephemeris of the Sun and Polaris” also gives values of the declina- 
tion of Polaris and the Greenwich mean time of culmination at the meridian 
of Greenwich. 

In Table lY herein are given data by means of which the approximate 
standard time of culmination may be determined for any place and date. 
Accompanying the table is an explanation of its use. The reasons for the 
various steps are clear when it is remembered that the hour angle of Polaris 
is changing at a faster rate than that of the mean sun, this gain being 
approximately the gain of sidereal time on mean time. 

21*24. Latitude by Observation on Polaris at Culmination. As shown 
in Art. 20-9, the latitude of a place is equal to the altitude of the elevated 
pole or, if h is the true altitude of any circumpolar star as it crosses the 
meridian, then the latitude <t> is 

<!> — h ± p (6) 

in which the sign preceding the polar distance p is positive or negative ac- 
cording as the star is at lower or upper culmination. By this method the 
latitude of a station is determined by measuring the altitude of Polaris when 
at either upper or lower culmination, and by applying to this altitude, 
corrected for refraction, the star’s polar distance as given in Polaris tables. 
Inasmuch as the star is apparently traveling in a horizontal line when at 
either of these two positions, it is not essential to the precision of the latitude 
determination that the time of culmination be found, but in any case it 
facilitates the work of observing if the approximate time is known. For all 
ordinary observations the time of culmination may be found with sufficient 
precision from Table lY. 

Further, it is not essential that the altitude of the star be observed at the 
instant it crosses the meridian. For some minutes before and after culmina- 
tion, the star travels in so nearly a horizontal line that, with the ordinary 
transit, vertical movement cannot be detected. Within the period 6“ 
before to 6“ after culmination, the maximum change in altitude is only 01”, 
and within a half hour of culmination the maximum change in altitude is 
only about 
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The procedure to. be employed in mating an observation depends some- 
what upon the precision with which the latitude is to be determined and upon 
the precision with which time is known. For an observation with the ordi- 
narv transit having a vertical circle reading to minutes, when the watch 
time or the longitude of the place may be in doubt by a few minutes, the 
standard time of culmination at the given station is roughly determined 
(within perhaps 5 min.) by Table IV herein, or by use of an ephemeris as 
described in the preceding article. A few minutes before the estimated 
time of culmination, the transit is set up and is leveled carefully; as a final 
test the telescope bubble should remain centered as the transit is revolved 
about the vertical axis. The star is found with the naked eye by noting 
its position with respect to the neighboring constellations shown in Fig. 21-9. 
The telescope is focused for a star. If the latitude is known approximately, 
its estimated value, plus or minus the star's polar distance, is set off on the 
vertical circle to facilitate finding Polaris. The telescope is sighted at 
Polaris, When the star has been brought within the field of view, the cross^ 
hairs are illuminated if necessary, and the star is continuously bisected with 
the horizontal cross-hair. When during a period of 3 or 4 min. Polaris no 
longer appears to move away from the hair but moves horizontally along it, 
the star is practically at culmination. The vertical angle is read with dis- 
patch the transit is carefully releveled, the telescope is plunged, and a 
second observation on the star is taken with the telescope inverted. Usually 
the instrument is releveled, and a second pair of .observations is made. 
The mean of the observed altitudes, corrected for retoetion (Table II) and 
index error, is taken as the true altitude of the star. The polar distance can 
be found approximately by Table VII herein, which gives the polar distance 
for one day of each month of each year; or it can be found more exactly from 
any ephemeris giving declinations of Polaris for the days of the current year. 
Finally the latitude is computed by applying to the true altitude the polar 
distance with proper sign. Under ordinary^ conditions,^ by this method 
the latitude can be determined within about 01 , or less if the mean of several 
observations is taken. 

Precise Determination, When it is desired to determine the latitude within 
a few seconds and the standard time and longitude of the place are known 
within a minute or so, the watch time of culmination may be precisely 
computed as illustrated in the example of Art. 21*23, and a series of observa- 
tions may be taken when the star is near culmination. To find the time of 
lower culmination, 12^ minus one half of the variation per day (practically 
one half of 3“56®) is added to or subtracted from the time of upper culmina- 
tion. The time of lower culmination may also be found from Table IV 
herein without error of consequence. The number of observations will 
depend upon the precision with which the latitude is to be determined. 
The observing program is usually arranged so that an equal number of ob- 
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servations will be taken before and after culmination. The observations 
are begun at a given time interval (usually not more than 10“) before the 
calculated time of culmination, and at each sighting of the star, the watch 
time and the altitude are observed. Half of the observations are taken 
with the telescope normal and half with it inverted, and between pairs of 
observations the telescope is carefully releveled. The observed altitudes 
of the star for positions other than culmination are reduced to the altitude 
at culmination by applying a correction which, for altitudes within the 
United States, is given approximately in the accompanying table. 


Cokrections to Be Applied to Altitudes of Polaris Near Culmination to 
Give Altitude at Culmination 


Interval from culmination, minutes 
of time 

Change in altitude from culmination, 
seconds of arc 

3 

00 

6 

01 

9 

03 

12 

06 

15 

■■....■'..'.■09 

18 

12 

21 

17 

24 

22 

30 

34 


When the star is at lower culmination, the correction is subtracted; when 
at upper culmination, the correction is added. The mean of the altitudes 
reduced to culmination is corrected for refraction (Table II), and the polar 
distance is found and the latitude is computed as for the case described in 
the preceding article. 

21*26. Azimuth by Observation on Polaris at Elongation.^ The azimuth 
of a line can be determined conveniently by an observation on Polaris at 
eastern or western elongation, provided the latitude of the place is known. 
As shown in Art. 20*14, the azimuth of any star at elongation is given by 
the expression 


sin Z — 


sin p 
cos 


( 7 ) 


where Z is the azimuth east or west of north according as the star is at eastern 
or western elongation, p is the star’s polar distance, and (j> is the latitude of 
the place. The azimuth of Polaris at elongation is given in published 
tables such as Table V herein. 


^ For rough determination of meridian by ranging plumb lines on Polaris, see Art. 
12 - 10 . 
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In the field, the direction of Polaris from the observer's station is es- 
tablished by projecting a vertical plane from the star to the earth at the 
time of elongation. The terrestrial line thus established has the same azi- 
muth as the star at elongation, hence the azimuth of any connecting line 
can be found if the horizontal angle between the two lines is measured. 

The star’s polar distance is found approximately by Table VII or more 
exactly by the “American Ephemeris” or other ephemeris giving values of 
the declination of Polaris for the days of the year in which the observation 
is made. The latitude is determined by observation, as explained in pre- 
ceding articles. Inasmuch as the star is apparently traveling in a vertical 
line when at either elongation, it is not essential to the precision of azimuth 
determination that the time of elongation be found, but in any case it facili- 
tates the work of observing if the approximate time is known. For all 
ordinary observations, the time of elongation may be found with sufficient 
precision from Table IV herein. The time of elongation may be determined 
with greater precision from an ephemeris for the current year. 

Further, it is not essential that the direction to Polaris be observed at the 
exact instant of elongation. For some minutes before and after elongation 
the star travels in so nearly a vertical line that, with the ordinary transit, 
horizontal movement cannot be detected. For latitudes of the United 
States, within the period 4“ before elongation to 4“ after elongation, the 
maximum change in the azimuth of Polaris is less than 01", and within 
of elongation the maximum change in azimuth is only 0.1'. 

The procedure to be followed depends somewhat on the precision with 
which azimuth is to be determined and on the precision with which the 
time of elongation is known. When the watch time or the longitude of the 
place may be in doubt by a few minutes, the standard time of elongation is 
roughly determined (within perhaps 5 min.) by Table IV herein or by 
use of an ephemeris. A few minutes before the estimated time of elonga- 
tion, the transit is set up over a given station and is carefully leveled. The 
telescope is focused for a star, the latitude of the place is laid off on the 
vertical circle to facilitate finding the star, and the transit is revolved about 
the vertical axis until Polaris comes within the field of view. The horizontal 
and vertical motions are then clamped, the cross-hairs are illuminated if 
necessary, and the star is continuously bisected with the vertical cross-hair. 
When during a period of 2 or 3 min. Polaris no longer appears to move away 
from the hair but moves vertically along it, the star is practically at elonga- 
tion. The telescope is depressed, and a point on the line of sight is marked 
on a stake or other reference monument 300 ft. or more away. The tele- 
scope is then plunged, and another sight is taken on Polaris. The line of 
sight is again depressed, and a second point is set on the stake beside the 
first. Usually the transit is releveled and a second pair of observations is 
made. 
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Later the mean of the points is found and marked on the stake. The 
line joining the occupied station with the established mean point defines the 
direction of Polaris at elongation. Its azimuth is either computed by 
Eq. (7) or found directly from tables. It is given within a few seconds by 
Table V herein, to seconds by the tables in the annual ^^Ephemeris of the 
Sun and Polaris,^’ and to tenths of seconds in the annual American 
Ephemeris.’^ The azimuth of any other line through the station can be 
determined by measuring the horizontal angle between the two lines, by the 
method of repetition (Art. 13*13) if necessary to secure the required preci- 
sion. A true meridian can be established by a perpendicular offset from 
the established point on the stake, as illustrated in the following example: 

Example 1: In taking an observation on Polaris at western elongation, the reference 
point marking the azimuth of the star is 400 ft. from the transit. The azimuth of the 
star at elongation is — 1°40'45". A point on the true meridian through the transit 
station is to be established by a perpendicular offset from the reference mark. 

log 400 == 2.60206 

log tan r40'45" 
log offset «= 1.06916 

Offset = 11.725 ft. 

The precision of azimuth determination by this method necessarily de- 
pends upon the quality of the instrument, the care and skill of the observer, 
and the number of observations; but, for the procedure described, under 
ordinary conditions the error should not exceed 10". 

It should be noted that a given error in latitude produces a relatively small error 
in azimuth. For latitudes of the northern part of the United States, an error of 01' 
in latitude produces an error of about 02" in azimuth, and for lower latitudes the 
effect is less. Since the latitude can easily be determined within 20" with the ordinary 
transit, it is evident that the principal error in azimuth is likely to be due, not to errors 
in the computed value of the azimuth of Polaris, but to the field operations of pro- 
jecting the direction of the star to the earth. If the transit is equipped with a full 
vertical circle, the procedure is such that practically all instrumental errors of pro- 
jecting the direction of the star to the ground, except that due to the vertical axis not 
being truly vertical, are eliminated. For reasons explained in Art. 13-28, if precise 
observations are to be obtained, it is important that the transit be leveled with great 
care, and in order that the error may be of an accidental rather than of a systematic 
nature, the instrument should be releveled at least for each set of two observations. 
When the transit is equipped with a striding level for the horizontal axis, the bubble 
should be centered prior to each sight on the star. 

Precise Determination. When the azimuth of a line is to be established 
within 02" or 03", a high-grade transit with a telescope of large magnifying 
power and with a sensitive striding level for the horizontal axis should be 
employed, and the standard time and longitude should be known within a 
minute or so in order that the time of elongation may be calculated with 
precision. A series of several observations may then be taken, at known 
times, during the interval just before and just after the instant of elongation, 
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and the observations for times other than that of elongation may be reduced 
to elongation by applying a small correction. 

The hour angle of the star when at elongation may be precisely determined 
as explained in Art. 20-14 by the -equation cos t = tan <l> tan p. The hour 
angle T expressed in time is practically the sidereal time interval between 
upper culmination and eastern or western elongation. The corresponding 
mean solar time interval is found by deducting from the computed hour 
angle a correction of 9.83® per hour which, as explained in Art. 20-21, is the 
difference in solar time between the sidereal hour and the mean solar hour. 
In the ^‘American Ephemeris’^ this mean time interval is given for various 
latitudes. The standard time of upper culmination of the star is found as 
shown in the example of Art. 21-23. The standard time of eastern or western 
elongation is then determined by adding to or subtracting from the time of 
culmination the mean time interval between upper culmination and elonga- 
tion. Following is a numerical example: 

Example 2: It is desired to find precisely the Eastern standard time of western 
elongation of Polaris occurring in the early morning hours of December 10, 1951, at 
a place where the longitude is 5^15“45*^ west of Greenwich and the latitude is 60®00'00" 
north. 

From Table VII of the ‘^American Ephemeris,^^ 

5 - 89®02'40" = 90'^ - p 
p=57'20" 
log tan p = 8.222174 
log tan 10.076186 
log cos t ~ 8.298360 
t = 88'’51'40" 

Hour angle at elongation — t — 5*‘56’®26.7" = 5.92*^ 

-5.92 X 9.83® = -58.2® 

Mean time interval from U.C. == 5*"54“28.5" 

From example, Art. 21-23, 

E.S.T. of U.C. on December 9, 

1951 = 8^^54»°22« p.m. 

E.SlT. of western elongation 
on December 10, 1951 = 2M8“51® a.m. 

In the ‘‘Ephemeris of the Sun and Polaris,^’ the mean time of elongation 
for the meridian of Greenwich and latitude 40® is given for each day. To 
find the standard time of elongation for any other meridian and latitude 
40°N, the procedure is the same as explained in Art. 21-23 for finding the 
mean or standard time of culmination. For latitudes other than 40®, to the 
time of western elongation is added 0.10“ for every degree south of 40°, and 
from the time of western elongation is subtracted 0.16“ for every degree 
north of 40°. These operations are reversed to determine time of eastern 
elongation. 
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When it is desired to determine azimuths with precision and the watch 
time of elongation of Polaris is precisely known, a series of observations is 
taken on the star as described in Art. 21*25, the program being so timed that 
approximately one half of the observations will occur in an interval of a few 
minutes before the instant of elongation, and the remainder will occur in a 
like period after elongation. If the transit is equipped with a striding level, 
the horizontal axis is leveled each time the star is sighted. If not so 
equipped, the transit is carefully leveled with the telescope bubble prior to 
each set, which consists of two observations, one with the telescope normal 
and the other with the telescope inverted. 

For each set of points marked on the distant reference monument, a mean 
is taken, and the azimuth of the star at the mean of the times of the two 
observations comprising each set is found by applying a slight correction to 
the azimuth at elongation, this correction being found in Table V6. It will 
be noted that for the average latitude of the United States this correction 
amounts to less than 01" when the star is 4”=^ from elongation, and about 
05" when the star is 10“ from elongation. 

The distance from reference monument to transit station is measured. 
The mean mark for each set of two observations is corrected to give the equiv- 
alent mark at the instant of elongation, by calculating the linear offset 
(for the distance from transit to mark) corresponding to the angular correc- 
tion found in Table V6. If it were not for the accidental errors connected 
with the observations, the points thus determined would coincide. The 
mean of the group is taken as the point which gives the most probable direc- 
tion of the star when at elongation. By measuring the linear variations 
from the mean and transforming these into angular variations, the probable 
angular error in the direction of the line defined by the transit station and 
the mean mark at the reference monument can be computed, and thus the 
reliability of the observations can be ascertained. 

For observations of this character the stability of the transit during the 
course of the measurements is of the greatest importance. Preferably the 
transit should be removed from the tripod and placed on a concrete pier. 
Changes in temperature may also seriously affect the relations between the 
fundamental lines of the instrument, and hence the transit should be allowed 
to come to the temperature of the air before observations are begun. Also, 
the transit should be protected from wind. 

Example 3: The azimuth of Polaris is to be computed for the time of western 
elongation at latitude 50®00'00"N and longitude 5^15M5«W on December 10, 1951. 
From Table VII of the “American Ephemeris,” the decimation 5 for the given date is 
89°02'40". 

p - 90° - 5 57'20" 

log sin p = 8.222113 
log cos « 9.808067 
log sin Z = 8.414046 
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Azimuth from North - — 1®29'12''. Table V of the ‘^American Ephemeris'V gives 
1°2912.0''. 

Example 4: With conditions as given in example 3, an observation is taken 10“ 
after western elongation. What is the azimuth of Polaris at the given instant? 

By example 3, the azimuth at western elongation = "-1°29'12.0'' 

By Table V6 herein, the correction _= 5.1^^ 

Azimuth of the star at given instant - ~1°29'06.9" 


Example 5: For the observation of example 4 the telescope is depressed, and a point 
in the same vertical plane as the star is marked on a monument which is 400 ft. from 
the transit. What are the amount and direction of a linear offset to be measured from 
this point to establish an equivalent point for Polaris when at western elongation? 

The angular correction is 5. 1" as stated in example 4. The offset is 400 tan 5.1" - 
KX) X Q-9000247 == 0.010 ft. 

As the star has reached its most westerly position and is traveling east, the offset is 
made to the west. 


21»26. Azimuth by Observation on Polaris at Any Time. Although 
elongation is the most favorable time for precise determination of the azi- 
muth of Polaris, it is often inconvenient or impossible to view the star when 
in this position. Under these circumstances, if the standard time and the 
longitude of the place are precisely known, the hour angle of the star at any 
instant can be found and the azimuth of the star at any instant can be 
determined, as described in Art. 20*15, by the expression 


sin^ 

cos tan 8 — sin cos t 


where ^ is the azimuth east or west of north, and t is the hour angle reckoned 
from 0° to 180° before or after upper culmination. It should be noted that 
for angles between 90° and 180° the sign of cos f is negative. Table VI 
gives the azimuths for a declination of 89°02'20" and various hour angles. 
By interpolation the azimuth for any hour angle and declination can be 
found. 

The field observation consists in measuring the horizontal angle between 
a terrestrial mark and the star. For a rough determination correct, say, 
within 3^', a single set of two observations, one with the telescope normal 
and the other with it inverted, should be taken, the time of the passing of 
the star across the vertical cross-hair being noted at each setting. The hour 
angle of the star is then found for the mean of the two times of observation, 
and the azimuth of the star (for this hour angle and the proper declination) 
is computed by means of the preceding equation or is found in Table VI. 
This azimuth combined with the mean of the two observed horizontal 
angles gives the azimuth of the reference line. 

To find the hour angle of Polaris at any observed watch time, the watch 
is compared with a timepiece keeping correct standard time, and the 
observed time is corrected accordingly. The correct standard time is 
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changed to local mean time by adding or subtracting the difference in longi- 
tude expressed in hours between the place of observation and the standard 
meridian (meridian where standard time is also local mean time), adding 
if the place of observation is east of the meridian, and subtracting if west. 
The local mean time of the culmination nearest the time of observation is 
determined from the ephemeris, as illustrated by the example of Art, 21*23, 
or is found with lower precision by Table IV herein. The difference be- 
tween this value and the local mean time of observation gives the mean 
solar time interval before or after upper culmination. For reasons pre- 
viously explained (Art. 20*21) Polaris is gaining on the mean sun at prac- 
tically the same rate that sidereal time is gaining on mean solar time. 
Since in a mean solar hour there are 60“ + 9.856® of sidereal time, it follows 
that the hour angle of the star expressed in time is greater than the mean 
solar time interval by 9.856“ or nearly 10“ per solar hour. 

Example 1: What is the hour angle of Polaris December 9, 1951, at 10^30“15« 
p-M. Eastern standard time at a place whose longitude is 5*'15“45“? The standard 
meridian is The place is west of the standard meridian and hence local time 

is slower than E.S.T. by the difference in longitude. The local mean time of observa- 
tion is, therefore, 

10^30“16» - 15“45» - 10H4“30« p.m. 

1 ^ 

The civil time from 0^ = 22^14“30». 

By the example of Art. 21*23, the local civil time of 

U.C. = 2Qt»38“37« 

Mean time interval since XJ.C. = 1^35“53® « 1.60^ 

Gain of sidereal on mean =» 1.60 X 9.86 - 16“ 

Hour angle of Polaris = 1^36“09® west of meridian 

Example 2 shows the use of Table VI for finding the azimuth of Polaris. 

Example 2: By use of Table VI find the azimuth of Polaris for the observation of 
example 1 and latitude 60®N. 

From an ephemeris the declination of the star for this date (December 9, 1951) is 
89'‘02W'. 

In Table VI, for t = P30“ and 5 - 89‘^02'20'' Z * 35.0' 


Change in Z in 6”09» = 6.15 X - = 2.2' 

Azimuth for declination of 89°02'20" == 37.2' 

In Table Via, change in Z for change in 5 ~ —0.2' 

Azimuth west of North ~ 37.0' 


In the “Ephemeris of the Sun and Polaris,” azimuths of Polaris at all 
hour angles are given, the argument being mean time interval before or 
after upper culmination. When using this table, it is unnecessary to deter- 
mine the actual hour angle of the star. 

When the azimuth of a line is to be precisely determined by observation 
on Polaris not at elongation, a series of observations is taken. Each angle 
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from the star to the line is added to the sum of the preceding angles as when 
measuring an angle by repetition, and sights are taken first with the tele- 
seope normal and then with it inverted. The total angle turned divided by 
the number of observations gives the horizontal angle from the mean posi- 
tion of the star to the line. The azimuths of Polaris for the mean of the times 
for the two observations of each set are determined from Table VI or from 
similar tables in an ephemeris. The average of the azimuths thus deter- 
mined for the several sets forming the series is considered to be the azimuth 
of the mean position of the star; and this value, combined with the mean 
horizontal angle from the star to the line, gives the azimuth of the line. 

Precision. The precision to be obtained depends on the position of the star, 
the precision of observations of time, the number of observations, the quality of the 
instrument, and the care and skill of the observer. From an inspection of Table VI, 
it will be noted that when the star is near upper or lower culmination, the azimuth 
changes at a relatively rapid rate, this change amounting to about 01' of arc in 3“ 
of time for latitude 40°N. For this reason the method should not be expected to 
give precise results when Polaris is near culmination unless the time is observed pre- 
cisely. It is also important that systematic errors due to inclination of the vertical 
axis be eliminated by carefully releveling the instrument. If the transit is equipped 
with a striding level, the horizontal axis is leveled just before each observation when 
the telescope is pointed in the direction of the star. The ordinary transit not so 
equipped should be carefully leveled before each set, making the final test with the 
telescope level as described elsewhere. The stability of the instrument likewise plays 
an important part in determining the precision, and for precise measurements the 
transit should be set on a pier or other substantial object. 

21*27. Observations on Other Stars. Latitude and azimuth by observa- 
tion on any circumpolar star can be determined by methods identical with 
those for Polaris. The other stars near the pole are of less magnitude than 
Polaris and are therefore not so readily identified; but if the approximate 
direction of the meridian is known and the hour angle and declination of the 
star are known, the approximate altitude can be laid off and the telescope 
can be pointed so that the star will come within the field of view. 

Latitude, azimuth, time, and longitude can be determined by observation 
on stars distant from the pole by methods similar to those described for 
the sun. 

In the ^'American Ephemeris’’ for each year are tables giving the right 
ascensions and declinations of stars for the upper transit at Greenwich. 
Also there is given in the ephemeris of the sun the sidereal time of 0^ civil 
time. 

As the right ascension of the fixed stars changes but a small fraction of a 
second per day, through the relation 6 = t a (Art. 20*6) it is seen that 
the hour angle i of a star at any meridian other than Greenwich is readily 
found if the sidereal time is known, and that the sidereal time of upper 
culmination or upper transit of the star is equal to its right ascension a 
Further, knowing the longitude of the place of observation and having given 
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the sidereal time of Greenwich civil time, the relation at a given instant 
i)etween sidereal time and local civil or standard time can be determined as 
explained in the preceding chapter. It is therefore possible to find (by aid 
of an ephemeris) not only the declination of a star but also its hour angle at 
any instant of mean solar or standard time. This is illustrated in the follow- 
ing examples. 

Example 1: What is the Pacific standard time of the upper transit of Betelgeuse 
{a Orionis) on February 27, 1951, at a place whose longitude is 8^9™2.8«W? 

Prom the “American Ephemeris” the sidereal time of upper 
transit at the meridian of Greenwich — 5^52™32.S® 

On February 28 (by ephemeris) the sidereal time of O*' civil 
time at Greenwich = 10^28"H)1.3‘^ 

The sidereal time interval (at upper transit at Greenwich) 
preceding 0^ on February 28 at Greenwich = —4^35^29.0® 

Change to upper transit at place \ - 8^09”^ 2.8® 

Sidereal time interval after 0*^ G.C.T., Feb. 28, when upper 
transit occurs at place = 3*^33“33.8« =* 3.56^ 

To change to mean solar time, subtract 3.56 X 9.83® — 35.0® 

Mean time interval after 0^ G.C.T., February 28, of upper 
transit at place = 3^32®®58.8® 

+24^^ 

27^32“58.8® 

Change to Pacific standard time —8^ 

Pacific standard time of upper transit = 19^32"'58.8® — 12^ 

- 7^32«‘58.8® P.M. 

Example 2: What is the hour angle of Betelgeuse at 11^™0® p.m. Pacific standard 
time on February 27, 1951, at a place whose longitude is 8^9“2.8®W? 

From example 1, the Pacific standard time of upper transit is 7^32“58.8®, The 
mean time interval since upper transit is, therefore, 3^27K)1.2®; sidereal time gains on 
mean time at the rate of 9.86® per hour. The hour angle of the star is 

3^27«K)1.2» + 3.45 X 9.86 - 3^27“‘35.2® 

Solutions similar to those of the preceding examples are expedited by 
using tables for the conversion of mean solar into sidereal time interval or 
vice versa j which tables are given in the “American Ephemeris” and the 
“ Nautical Almanac.” 

21*28. Detemination of Latitude. To determine latitude by an observa- 
tion on a star at upper transit, the starts declination and right ascension are 
found in an ephemeris, and the approximate standard time of upper transit 
at the given place is determined as illustrated by example 1, Art. 21-27. 
Before this time, the transit is set up and the estimated altitude of the star 
is laid off on the vertical circle. (The latitude will be roughly known, the 
declination is known, and hence the altitude can be estimated with suflScient 
precision to bring the star within the field of view.) The telescope is pointed 
approximately along the meridian, and the instrument is revolved about the 
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vertical axis back and forth through a small angle until the star is sighted. 
The star is followed with the horizontal cross-hair until the maximum alti- 
tude is reached and then the vertical angle is read. The latitude is deter- 
mined as described in Art. 21*10. 

In this way several stars whose times of upper transit differ by short 
intervals can be observed, and the latitude can be computed by taking the 
mean of the values thus found. 

21*29. Determination of Time. To determine time by observing the 
upper transit of any star, the direction of the meridian and the longitude of 
the place being known, the standard time of upper transit is calculated as in 
example 1 of Art. 21*27. The starts declination is found from the ephemeris, 
and its altitude is roughly calculated, the latitude of the place being at 
least approximately known. Before the estimated time of upper transit, 
the instrument is set up, a sight is taken along the meridian, and the hori- 
zontal motion is clamped. The estimated altitude of the star is laid off on 
the vertical circle, and the course of the star is followed until it crosses the 
vertical hair. At this instant, time is observed. The difference between 
this time and the calculated time is the error of the timepiece. Time 
determinations should be made on stars near the celestial equator. 

For more precise determinations a succession of observations such as that just 
described may be made on stars whose calculated times of upper transit differ from 
each other by only a few minutes. Most instrumental errors will be eliminated if the 
instrument is plunged between two successive observations. The average clock error 
thus determined is considered to be the error of the timepiece. 

It is evident that time and latitude observations may be made simultaneously if, 
in addition to the observations just described, the vertical angle to each star as it 
crosses the meridian is measured. 

21*30. Determination of Longitude. To determine longitude by observ- 
ing the upper transit of any star, the direction of the meridian and the 
standard time of the place being known, the standard time of upper transit 
is calculated for a longitude estimated to be that of the place. The star is 
found as described in Art. 21*28, and the standard time of its upper transit 
is observed. The interval between the calculated time and the observed 
time of upper transit, changed to sidereal time, is the difference between 
the estimated longitude and the true longitude of the place. 

21*31. Determination of Azimuth. In some cases it is impossible or 
impractical to observe circumpolar stars for azimuth, either because of 
clouds or because the star is too near the horizon or too near the zenith. To 
determine azimuth by observation on any star other than a circumpolar 
star, the same general procedure is followed as for solar observations of this 
character described in Art. 21*11. To determine the approximate position 
of a given star at a given time so that the star riiay be brought within the 
field of view, the right ascension and declination are found from an ephem- 
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eris, and the hour angle of the star is calculated as illustrated in example 2, 
Art. 21*27. The approximate altitude is then computed by Eq. (21), 
Art. 20*16, and the approximate azimuth is computed by Eq. (19), Art. 
20*15. With these two approximate values, the star is readily brought 
within the field of view if the direction of the meridian is roughly known. 
The intersection of the cross-hairs is then sighted at the star, the time is 
observed, and the horizontal and vertical circles are read. If a star chart 
is available, the position of a given star may be readily determined with the 
eye, and it may be sighted through the telescope at once without first laying 
off the approximate azimuth and altitude. 

Where the azimuth is to be determined with a higher degree of precision, 
usually a procedure similar to that described for the sun in Art. 21*14 is 
followed, and a star is chosen which is in a favorable position (see Art. 21*11). 

Preferably several stars are observed in pairs, one star being nearly east 
and the other being nearly west of the observer, at about the same altitude 
in order to equalize any error in the correction for refraction. The altitude 
should be not less than about 20® nor more than about 40°. 

Still another method of determining azimuth, which requires little com- 
putation but which requires pairs of observations several hours apart, is as 
follows: A star, preferably southward from the observer, is sighted in the 
eastern sky at the instant it rises to a fixed altitude which should be not 
less than about 20° nor more than about 50°. Either a mark is set under 
the star or its azimuth is observed with respect to some reference line on the 
ground. Later the same star is sighted similarly in the western sky at the 
instant it descends to the same altitude. The bisector of the horizontal 
angle between the two directions of pointing lies on the meridian of the 
observer. Several stars may be observed in this manner, and the mean of 
the observations used. 

21*32. Numerical Problems. 

1. In connection with a solar observation, sights to determine index error are 
taken on a mark in the general direction of the sun. The vertical angles to the mark 
are ^Z°17W' with telescope normal and “-3°18'30'' with telescope inverted. With 
the telescope still inverted, a sight is taken to the sun and the observed vertical angle 
is -f36®02'30''. Correct the observed angle for index error of the vertical circle. 

2. The mean radius of the earth is 3,956 miles, and the mean distance to the sun is 
92,900,000 miles. What is the sun's mean horizontal parallax? What is the parallax 
correction when the altitude is 30°? 

3. The observed altitude of a star is 23°16'20". The temperature is 90°F. By 
Table 11 herein find the refraction correction, and compute the true altitude of the star. 

4. The observed altitude of the sun's center is 15°07'30''. The temperature is 
15°F. By Table I herein find the parallax and refraction correction and compute 
the true altitude of the sun. 

5. Find the apparent declination of the sun for the instant of 9^™ a.m. Central 
standard time on February 15 of the current year, using an ephemeris giving values 
for 0^ Greenwich civil time. 



6. Find the apparent declination of the sun for the instant of local apparent noon 
at a place whose longitude is 5^52*®54-l“W for the date of July 21 of the current year, 
using an ephemeris giving values for Greenwich apparent noon. 

7. Find the apparent declination of the sun at 3*^18“ p.m. Pacific standard time 
on November 4 of the current year, using an ephemeris giving values for Greenwich 
apparent noon and taking into consideration the equation of time. Determine the 
effect of neglecting the equation of time. 

8. The observed altitude of the lower limb of the sun as it crosses the meridian 
at a given place is 55®3F30". The observation is made at 1D34»20® a.m. Eastern 
standard time on May 16 of the current year. The temperature is 55°F. Calculate 
the latitude of the place. 

9. The observed altitude of the upper limb of the sun as it crosses the meridian 
at a given place is 52®13'. The longitude of the place is 7^32“W. The date is March 
4 of the current year. The temperature is 47®F., and the index error of the transit is 
-i-F30". What is the latitude of the place? 

10. At a place the latitude of which is 41®58T0''N,, the observed altitude of the 
sun’s center (taken as the mean obtained by double-sighting) at 3^12“ p.m:. Central 
standard time on October 21 of the current year is 20°04'30’'. The horizontal angle 
measured clockwise from a reference line to the sun is 81‘’32'20". The temperature is 
40°F. What is the azimuth (measured from south) of the sun at the given instant 
and what is the azimuth of the reference line? Compute the azimuth of the sun by 
Eq. (13a), Art. 20-12. 

11. On August 1 of the current year the observed altitude of the sun at a given 
place is 30®51'45’' at 7H2'^20^ a.m. local apparent time. The latitude of the place is 
37®18’20"N, and the longitude is 102®17'30"W. The temperature is 75°F. The 
horizontal angle (measured clockwise) from reference line to sun is 89°39'15'’. What 
is the azimuth of the sun measured from north, and what is the azimuth of the refer- 
ence line? Compute the azimuth of the sun by Eq. (13), Art. 20-12. 

12. Compute the changes in azimuth of sun due to a 01' change in latitude, in 
declination, and in altitude for latitude 50°, declination 0°, and altitudes of 15° and 
30°. Use Eq. (13), Art. 20-12, as a basis for computations. Compare results with 
corresponding quantities for latitude 40° given in table of Art. 21-11. 

13. Same as problem 12 but for latitude 30°. 

14. When an azimuth observation is taken on the sun, the vertical axis of the tran- 
sit is inclined 01' to the true vertical, the inclination being in a plane normal to the 
sight plane when the line of sight is directed toward the sun. The altitude of the sun 
is 60°. Owing to this inclination, what error will be introduced in the horizontal 
angle from reference line to sun? 

15. At Orono, Maine, on December 5 of the current year the sun's center is ob- 
served to cross the meridian at a watch time of 11*'24”‘21® a.m. The longitude of the 
place is 4^34M0.3«W. What is the watch correction to give local mean time? What 
is the watch correction to give Eastern standard time? 

16. At a given place the center of the true sun crosses the meridian at 11M1“37* 
A.M. Pacific standard time on September 15 of the current year. What is the longi- 
tude of the place? 

17. By a series of observations the true altitude of the sun's center at a given station 
is 24°28'44" at the instant of 4^13“‘12® p.m. Mountain standard time on March 14 
of the current year. The clockwise horizontal angle from reference line to sun is 
312°16'37". The latitude of the place is 39°01'42"N. By Eqs. (15a) and (16a), 
Art. 20-13, compute the azimuth and hour angle of the sun at the given instant. 
Determine the longitude of the place and the azimuth of the reference line reckoned 
from south. 
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18. Compute the declination settings for a solar attachment at local apparent times 
of 1^, 2^, 3^, and 4^ after noon on October 13 of the current year for a place whose lati- 
tude is 59°06'N and whose longitude is 118°36'45"W. 

19. On September 7 of a given year, upper culmination of Polaris at the meridian 
of Greenwich occurs at 2^35™29® Greenwich civil time. What is the Eastern standard 
time of upper culmination on September 10 of the same year at a place whose longi- 
tude is 78°3015'W? 

20. On January 12 of the current year the observed altitude of Polaris at upper 

culmination at a given place is 44°36'25^'. The temperature is What is the 

latitude of the place? 

21. From Table IV herein find the Central standard time of upper culmination of 
Polaris on December 7, 1960, at Des Moines, Iowa (longitude 6’^14'"30,6*’W), 

22. The altitude of Polaris is observed 20*^ after the time of upper culmination 
and found to be 48°32'20", The polar distance is 1°0T35". What is the latitude of 
the place? 

23. Compute the azimuth and hour angle of Polaris when at elongation, the polar 
distance being 1°01'35" and the latitude of the place being 43°00^49''N. 

24. What is the time of western elongation of Polaris at a given place when upper 
culmination occurs at 2^15“'20® p.m. Eastern standard time and the latitude is 
42^2'47.6''N? 

26. By Table IV find the Pacific standard time of eastern elongation of Polaris on 
August 18 of the current year for latitude 37°52'24''N and longitude 8^9"‘3*W. 

26. By Table V find the azimuth of Polaris when at elongation on August 18 of the 
current year for a place whose latitude is 37®52'24'^N. 

27. By Table V6, determine the azimuth correction to be applied to an obseiwation 
on Polaris 15“ after elongation to reduce to elongation, the azimuth at elongation 
being 1®34T2". Compute the corresponding perpendicular offset at the reference 
monument beneath the star when the monument is 600 ft. from the station occupied. 

28. At a given place upper culmination of Polaris occurs at 3^15“20® p.m. Central 
standard time on a given date. On the same date an azimuth observation is made at 
7K)“20® P.M. The latitude of the place is 41°15'30^'N, and the polar distance of the 
star is 1‘^01T2". Compute the hour angle and azimuth of the star. Check the azi- 
muth by Table VT. 

29. By use of the ‘‘American Ephemeris’’ compute the Central standard time of 
upper transit of a Canis Minoris on January 8 of the current year at a place whose 
longitude is 6''15“12®W. 

What is the hour angle of a Ijeonis at 2M)“0« a.m. Eastern standard time on 
April 30 of the current year at a place whose longitude is 4^49“8®W? 

21*33, Field Problems. 

Problem 1. Latititdb by Observation on Sun at Noon 

Object. To determine the latitude of the place by an observation on the sun at 
local apparent noon, using the engineer’s transit. 

Procedure. Follow the procedure outlined in Art. 2 MO, assuming that the 
longitude of the place is unknown. If the transit has a full vertical circle, use the 
method of double-sighting to determine the mean vertical angle to the sun’s upper 
and lower limbs. If the transit is not equipped with a full vertical circle, the altitude 
correction for semidiameter (which may be taken as 16') must be applied. 

Hints and Precautions. (1) See Art. 21-5. (2) Pay particular attention to the 
algebraic sign of each quantity and of each correction. (3) If the longitude of the 
place is known approximately, the approximate standard time of upper transit of 
the sun may be calculated in advance as a guide in observing. 
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FIELD PBOBLEMS 

Problem 2. Azimuth by Direct Solar Observation 

Object To determine the true azimuth of a line by an observation #n the sun 
with the engineer's transit. 

Procedure. (1) Follow the procedure outlined in Art. 2 ML If the transit is 
not equipped with a full vertical circle, the correction for semidiameter (taken as 16') 
must be applied to the altitude; further, either sights must be taken to both right and 
left limbs of the sun, or the correction for semidiameter (taken as 16' X sec h) must 
be applied to the observed horizontal angle. (2) As a check, observe the magnetic 

bearing of the line. ^ 

Hints and Precautions. (1) See Art. 21-5. (2) Pay particular attention to 
algebraic signs. 

Problem 3. Latitude by Observation on Polaris at Culmination 

Object. To determirte the latitude of the place by observing Polaris at upper or 
lower culmination. 

Procedure. Follow the procedure outlined in Art. 21-24. If the transit is not 
equipped with a full vertical circle, make two observations with the telescope normal, 
releveling the instrument between observations. 

Hints and Precautions. (1) See Art. 21-22. (2) Pay particular attention to 
algebraic signs. (3) As a check, the mean of the times of observation should agree 
(within a few minutes) with the computed time of culnoination. 

Problem 4. Azimuth by Observation on Polaris at Elongation 

Object. To determine the azimuth of a line by observation on Polaris at eastern 
or western elongation. 

Procedure. (1) Follow the procedure outlined in Art. 21-25. If the transit is not 
equipped with a full vertical circle, make two observations with the telescope normal, 
releveling the instrument between observations. (2) As a check, observe the mag- 
netic bearing of the established line. 

Hints and Precautions. (1) See Art. 21-22. (2) Pay particular attention to 
algebraic signs. (3) As a check, the mean of the times of observation should agree 
(within a few minutes) with the computed time of elongation. 
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CHAPTER 22 


LAND SURVEYING— RTJRAL AND URBAN 

22* 1. General. Land surveying deals with the laying off or the measure- 
ment of the lengths and directions of lines forming the boundaries of real 
or landed property. Land surveys are made for one or more of the following 
purposes: 

1. To secure the necessary data for writing the legal description and for 
finding the area of a designated tract of land, the boundaries of the property 
being defined by visible objects. 

2. To reestablish the boundari^ of a tract for which a survey has pre- 
viously been made and for which the description as defined by the previous 
survey is known. 

3. To subdivide a tract into two or more smaller units in accordance with 
a definite plan which predetermine the size, shape, and location of the units. 

Whenever real estate is conveyed from one owner to another, it is impor- 
tant to know and state the location of the boundaries, particularly if there 
is a possibility of encroachment by structure or roadways. 

The functions of the land surveyor are to carry out field surveys as sug- 
gested above, to calculate dimensions and areas, to prepare maps showing 
the lengths and directions of boundary lines and areas of lands, and to write 
descriptions by means of which lands may be legally conveyed, by ded, 
from one party to another. 

The land surveyor must be familiar not only with technical procedures 
but also with the legal aspects of real property and boundaries. Usually 
he is required to be licensed by the state, either directly or as a civil engineer. 
Technical standards and equitable fees for property surveys are discussed 
in Refs. 1 and 2 at the end of this chapter. 

In this chapter, land-surveying practices as applied to both rural and 
urban properties are described, and some of the legal aspects of land 
surveying are discussed. In Chap. 23 the United States system of sub- 
dividing the public lands is outlined. Methods of calculating and sub- 
dividing areas are discussed in Chap. 19. 

22*2. Kinds of Land Surveys. In accordance with the purposes listed 
in the preceding article, surveys may be classified as follows : 

1. Original surveys, made for the purpose of measuring the unknown 
lengths and directions of boundaries already established and in evidence. 
Surveys of this character are usually of rural lands. For example, Adams 
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may purchase from Brown a certain parcel of pasture land bounded or 
defined by features or objects such as fences, roads, or trees. In order that 
the deed may contain a definite description of the tract, a survey is necessary. 

2. ResurveySj run for the purpose of relocating the boundaries of a tract 
for which a survey has previously been made. The surveyor is guided by a 
description of the property based upon the original survey, and by evidence 
on the ground. The description may be in the form of the original survey 
notes, an old deed, or a map or plat on which are recorded the measured 
lengths and bearings of sides and other pertinent data. When, without 
further division, land is transferred by deed from one party to another, often 
a resurvey is made. 

3. Buhdivmon surveys, run for the purpose of subdividing land into more 
or less regular tracts according to a prearranged plan. The division of the 
public lands of the United States into townships, sections, and quarter sec- 
tions is an example of the subdivision of rural lands into large units. The 
laying out of blocks and lots in a city addition or subdivision is an example 
of the subdivision of urban lands. 

22*3. Instruments and Methods. Nearly all land surveys are run with 
the transit and tape, by methods described in Chaps. 7, 13, and 14. The 
directions of lines are usually referred to the true meridian, and angular 
measurements are transformed to bearings. Ordinarily, distances are 
measured to feet and decimals, and angles are measured to minutes or frac- 
tion thereof. On the United States public-land surveys all distances are 
in Gunter’s (66-ft.) chains, as prescribed by law, measurements being taken 
with a tape graduated to read chains and links (1 chain = 100 links). 

Formerly the surveyor’s compass and 66-ft. link chain were used exten- 
sively, particularly in rural surveying; and the directions and lengths of 
lines contained in many old deeds are given in terms of magnetic bearings 
and Gunter’s chains. In retracing old surveys of this character, allowance 
must be made for change in magnetic bearing since the time of the original 
survey. Also, it must be kept in mind that the compass and link chain 
used on old surveys were relatively inaccurate instruments and that great 
precision was not regarded as necessary since generally the land values were 
low. Further, for many years the United States public lands were surveyed 
under contract, at the low price of a few dollars per mile. Many of the lines 
and corners established by old surveys are not where they theoretically 
should be; nevertheless these boundaries legally remain fixed as they were 
originally established. 

Wherever possible, the fiield procedure is such that the lengths of boundary 
lines and the angles between boundaries are obtained by direct measurement. 
Therefore, the land survey is in general a traverse, the transit stations being 
at comers of the property, and the traverse lines coinciding with property 
ines. Where obstacles render direct measurement of boundaries impossible, 
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a traverse is run as near the property lines as practicable and measurements 
are made from the traverse to property corners; the lengths and directions 
of the property lines are then calculated. Where the boundary is irregular 
or curved, the traverse is established in a convenient location, and offsets 
are taken from the traverse line to points on the boundary; the length of 
the boundary is then calculated. 

In general, the required precision of land surveys depends upon the value 
of the land, being higher in urban than in rural areas. (The possibility of 
increase in land values should also be considered.) Distances are usually 
measured with the tape horizontal. On urban surveys, frequently the dis- 
tances are measured on the slope and are then reduced to the horizontal. 
On rural surveys if slopes are steep, measurements are often made on the 
slope, vertical angles being observed with a clinometer. 

22*4. Comers, Monuments, and Reference Marks. It is customary to 
mark the corners of landed property by visible monuments. The term 
corner is applied to a point established by a survey or by an agreement; 
the term monument is applied to an object placed to mark the corner point 
upon the surface of the earth. For early original surveys, many of the cor- 
ners were marked by natural objects such as trees and large stones already 
in place before the survey was made. In general, however, the corner 
monuments are established by the surveyor either to mark the intersections 
of boundaries already in existence or to define new boundaries. Unfortu- 
nately, many monuments (such as wooden stakes) thus established are 
temporary in character, and many resurveys are necessitated by the obliter- 
ation of temporary markers. So far as possible, the surveyor should estab- 
lish permanent monuments. 

Examples of markers of a more permanent character are an iron pipe or bar driven 
in the ground; a concrete or stone monument with drill hole, cross, or metal plug 
marking the exact corner; a stone with identifying mark, placed below the ground 
surface; charcoal placed below the surface; a mound of stones; a mound of earth 
above a buried stone; and a metal marker set in concrete below the surface, reached 
through a covered shaft. Monuments for city lots are usually set nearly flush with 
the ground. Subsurface stones are commonly used for corner monuments in localities 
■where roads follow section lines. On many old governmental surveys, through 
■wooded country where stones were not available, corners were established by building 
up a mound of earth over a quart of charcoal or a charred stake, or by building a 
mound about a tree at which the corner fell. The U.S. Bureau of Land Management 
has more recently adopted as the standard for the monumenting of the public-land 
surveys a post made of iron pipe filled with concrete, the lower end of the pipe being 
split and spread to form a base, and the upper end being fitted with a brass cap with 
identifying marks (Art. 23-25). 

Damage to public and private survey monuments, or interference with 
the proper use of such monuments, is usually prohibited by law. 

If there is a possibility that a corner monument will become displaced, 
the corner should be referenced, or connected to nearby objects of more or 
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ermanent character in such manner that it may be readily replaced in 
^of loss (Art. 14' 17). Usually the recorded measurement is called a 
object is called a reference mark or a corner accessory. 
les’of corner accessories are trees, large stones, and buildings. In 
* V large cities, systems of permanent monuments are established, and 
Tthese all surveys are referred. On public-land surveys, the bearing a,nd 
Hktance from a corner to a tree are taken where possible, the tree being 
Wa?ed and so marked as to identify the section on which the tree stands, 
L mark terminating with the letters “ B.T.” signifying beari^ tree. _ The 
Bureau of Land Management specifies that every corner established in the 
Dublio-land surveys shall be referenced by one or more objects of any of 
the following classes: (a) “bearing trees, or other natural objects . . . j per- 
manent improvements; and memorials; (5) mound of stone; and (c) pits. 

If the location of a corner within very narrow limits can be determined 
beyond all reasonable doubt, the corner is said to exist; otherwise it is said 
to be lost. If the monument marking an existing corner cannot be found, 
the corner is said to be oUiteraied, but it is not necessarily lost. 

Where a corner falls in such location as to make it impossible or impracti- 
cable to establish a monument in its true location, it is customary to set a 
Doint on one or more of the boundary lines leading to the corner, as near to 
the true corner as possible. A point thus established is called a witness 
comer. Everything that has been said concerning monuments at the true 
corners also applies to witness corners. Witness corners a.re necessa^ 
where the true corner falls in a road, stream, lake, or marsh, within a build- 
ing or upon a precipitous slope. Under certain circumstances, as when 
boundaries are in roads, it is impossible to place the witness corner on any 
of the property lines approaching the true corner, in which case the witness 
corner is established in any convenient location. . ,, , 

The field notes should give detailed information concerning the character, 
size and location of all monuments and reference marks; and the data should 
be recorded in such manner that th4re will be no possibility of misinterpreta- 
tion. So far as possible, all points established in the field should be clearly 
marked to indicate the object which they represent. 

22-5. Meander Lines. In United States public-land surveys where 
regular corners fall in water, traverses called meander lines are run rou^ly 
following the bank of stream or shore of lake (see also Art. 23-20).- The 
process of estabUshing such a line is caUed meandering. Meander lines are 
for surveying and mapping purposes only and are not property lines except 
in the rare cases where they are specifically stated as property hnes in a 

deed. i « i? i 

22*6. Boundary Records. Descriptions of the boundaries of real prop- 
erty may be found from deeds, official plats or maps, or notes of original 
surveys. Typical descriptions are given in Arts. 22*13 and 22*17. 
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Unfortunately, many descriptions are inadequate or incorrect, and these 
faulty descriptions are a frequent source of confusion and expense. An 
adequate description should include, or be accompanied by, (1) the name of 
the author, (2) the date, (3) the source of the survey data, (4) the identity 
of the property, (5) ties to at least two durable monuments, (6) all dimensions 
and bearings of property lines, and (7) a plat or a reference to a recorded 
plat or map (Ref. 12 at the end of this chapter). 

Records of the transfer of land from one owner to another are kept either 
in the office of the city clerk or more usually in the county registry of deeds, 
exact copies of all deeds of transfer being filed in deed books. These files 
are open to the public and are a frequent source of information for the land 
surveyor in search of boundary descriptions when it is inconvenient or im- 
possible to secure permission of the owner to examine the original deed. 

In connection with the register an alphabetic index is kept, usually by 
years, giving in one part the names of grantors or persons selling property, 
and in the other the names of grarUees or persons buying property. It is, 
therefore, a simple matter to find a given deed if either or both parties to the 
transfer and the approximate date of transfer are known. Usually the 
preceding transfer of the same property is noted on the margin of the deed. 

Many states already have special ^Uand courts where title to land can 
be confirmed by simple procedure and at nominal cost, and the number is 
increasing (Refs. 11 and 16 at the end of this chapter). Land courts, to- 
gether mth the recently adopted state systems of plane coordinates (which 
in some states may be used as the legal basis for description of land), are 
gradually simplifying and rendering more certain the registration and trans- 
fer of land titles. 

In most cases the deeds of transfer of city lots give only the lot or block 
number and the name of the addition or the subdivision. The official plat 
or map showing the dimensions of all lots and the character and location of 
permanent monuments is on file either in the office of the city clerk or in the 
county registry of deeds; copies are also on file in the offices of city and 
county assessors. 

Some organizations, generally called title companies, for a fee will search 
the records for boundary descriptions and will guarantee the title against 
possible defects in description, legal transfer, and certain types of claims 
such as those for right of way. Title insurance does not necessarily mean 
that the property corners are correctly marked on the ground; and if assur- 
ance is desired, a survey should be made. 

As the United States public lands are subdivided, official plats are pre- 
pared showing the dimensions of subdivisions and the character of monu- 
ments marking the corners. When the surveys within a state have been 
completed, records are given to the state. An exception is Oklahoma, for 
which the United States survev records are filed with the Director of the 
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_ eau of Land Management at Washington, D.C. States in possession 
f "eoords have them on file at the state eapitol. Usually information con- 
s these records qan be secured from the state secretary of state. 
PhXsraphic copies of the official plats are obtainable at nominal cost. 

^ 22.7 Legal Terms. Following are definitions, quoted from Bouvier’s 
“Law Dictionary” (Ref. 6 at the end of this chapter), of a few of the more 
common legal terms having to do with the conveyance of landed property. 

i Aifrsc Possession. The enjoyment of land, under such circumstances as indi^te 
tK t Mch enjoyment has been commenced and continued under an assertion of nght 
nart of the possessor, is adverse possession. 

'’^men such possession has been actual and has been adverse for 20 years (or less 
mder certain conditions), the law rais^ the presun^ition of a grant. 

™mpre one enters into possession of real property by permission of the owbct, 
•*i!™,t nnv tendency whatever being created, possession bemg given as a mere matter 
dfevor, he can never acquire title by adverse possession, no matter how long con- 

rtniipd aeainst the true owner thereof. 

The adverse possession must be “actual, contmued, visible, notorious, distinct, 

^^Th^title by adverse possession for such a period as is required by statute to bar 
an action, is a fee-simple title, and is as effective ss any otherwise acquired. _ 
Mum That increase of earth on a bank of a nver, or on the shore of the s^ 
bv the force of the water, as by a current or by waves, or from the recession of water 
• o nnviirable lake, which is so gradual that no one can judge how much is added at 
^^r^nt oftilne, is known^S alluvium. The proprietor of the bank which is 
tecreasSby alluvium is entitled to the addition, this being regarded as the equivalent 
for te?l(^^he might sustain from the encroachment of the waters u^n his land. 

The removal of a considerable quantity of soil from the land of one 
mnn and its deposit upon or annexation to the land of another, suddenly and by t 
^Tp^lteaSS water, is avulsion. In such case the property Wongs to the first 
SLef \vulsioB by the Missouri Biver, the middle of whose channel 
SZdary toe betwl" the states of Missouri and Neb^ka works no change m such 
Vwnmdarv but leaves it in the center toe of the old Aannel. 

^olJ^of Tile. Color of title, for the purposes of adverse possession mder the s^ 
ute of litotations, is that which has the semblance or appearance of title, legal or 

®"ltStoStint1Sref^topasstitiebut which do^ 
eitoeXm a “rf title in the person making it or frem the defective ,»nveyanre 
also known as color of title. The term is also applied to a title that is 
imperfect, but not so obviously that it would be apparent to one not skilled m the 

'“’pee The word fee signifies that the land or other subjW of property hetew to 
to o^er ^d transmSible, in the case of an mdividual, to those whom the law 

JsSS. li ss™ to •« »«««“«" ” 

restrictions as to the persons who may inherit it as heirs. . , . 

Hiahrsvater Mark. The high-water mark is wherever the presence of tne warer 
is so common M to mark on the soil a character, m r^Wt 

from that of the banks; it does not include low lands which, though subject to periodic 
overflow, are valuable for agricultural purposes. 
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That part of the shore of the sea to which the waves ordinarily reach when the tide 
is at its highest is also known as the high-water mark. 

Low-water Mark. Low-water nxark is that part of the shore of the sea to which the 
waters recede when the tide is lowest, that is, the line to which the ebb tide usually 
recedes; or it is the ordinary low-water mark unaffected by drought. It has been said 
to be the point to which a river recedes at its lowest stage. 

Parol. Parol is a term used to distinguish contracts which are made verbally, or 
in writing not under seal, which are called parol contracts, as distinguished from those 
which are under seal, which bear the name of deeds or specialties. 

Patent. A patent is the title deed by which a government, either state or Federal, 
conveys its lands. 

Reliction. An- increase of the land by the retreat or recession of the’sea or a river 
is known as reliction. 

22*8. Legal Interpretation of Deed Description. As in(||cated in the pre- 
ceding pages, the descriptions of the boundaries of a tract include the 
objects that fix the corners, the lengths and directions of lines between the 
corners, and the area of the tract. A deed description may contain errors 
or mistakes of measurement or mistakes of calculation or record, thus intro- 
ducing inconsistencies which cannot be reconciled completely when retrace- 
ment becomes necessary. In such cases, where uncertainty has arisen as to 
the location of property lines, it is a universal principle of law that the 
endeavor is to make the deed effectual rather than void, and to execute the 
intentions of the contracting parties. The following general rules are pur- 
suant to this principle: 

1. Monuments. It is presumed that the visible objects w’hich marked the corners 
when a conveyance of ownership was made indicated best the intentions of the parties 
concerned; hence it is agreed that a corner is established by an existing material object 
or by conclusive evidence as to the previous location of the object. A corner thus 
established will prevail against all other conflicting evidence, provided there is reason 
to believe that the monument was set in accordance with the original intention and 
that its location has not been disturbed. The kinds of evidence which are valid in 
relocating obliterated corners are stated in Art. 23-28. 

2. Distance and Direction vs. Area. In the case of discord between the described 
courses and the calculated area of a tract, the deed-description requirements, or 
“calls,” for distances or directions of courses will prevail against the call for area, 
again on the assumption that the boundary lines are more visible and actual evidence 
of the intentions of the parties than is the calculated area of the tract. 

3. Mistakes. It is a well-established principle that a deed description w^Hch taken 
as a whole plainly indicates the intentions of the parties concerned will not be invali- 
dated by evident mistakes or omissions. For example, such obvious mistakes as the 
omission of a full tape length in a dimension or the transposition of the words “north- 
east” for “northwest” will have no effect on the validity of a description, provided 
it is otherwise complete and consistent or provided its intention is manifest. 

4. Purchaser Favored. In the case of a description that is capable of two or more 
interpretations, that one will prevail which favors the purchaser. 

6. Ownership of Highways. Land described as being bounded by a highway or 
street conveys ownership to the center of the highway or street. Any variation from 
this interpretation must be explicitly stated in the description. 
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6 Original Government Surveys Presumed Correct. Errors found in original govern- 
ment surveys do not affect the location of the boundaries established under those sur- 
veys, and the boundaries remain fixed as originally established. 

22-9. Riparian Rights. An owner of property that borders on a body of 
water is a riparian proprietor and has riparian rights (pertaining to the use 
of the shore or of the water) which may be valuable. Because of the diffi- 
culties arising from the irregularity of such boundaries, it is important that 
the surveyor be familiar with the general principles relating to riparian 
rights and with the statutes and precedents established in his particular 
state. For example, as regards the ownership of the bed of a navigable 
river, the two states of Iowa and Illinois bordering on the same river have 
very different laws. Clark (Ref. 7 at the end of this chapter) states: '^It is 
a rule of property in Illinois, that the fee of the riparian owner of land in that 
state bordering on the hlississippi River extends to the middle line of the 
main channel of the river,” whereas the Iowa courts hold “that the bed of 
the Mississippi River and the banks to the high-water mark belong to the 
state, and that the title of the riparian proprietor extends only to that line.” 

In establishing the property lines of riparian owners many dissimilar and 
complex situations, are encountered, but the principles which usually apply 
are stated below under six general cases. 

1. Meander Lines. It is a well-established principle that government patents of 

land bordering on meandered streams or lakes convey ownership, not to the meander 
line, but to the thread of a nonnavigablc stream, or to the bank of a navigable stream, 
or to the shore of a lake. _ _ 

2. Origin of Dividing Lines. There are two opposing lines of decisions. Under 
one it is held that a dividing line has its origin at the high-water line of a river, or at 



the shore line of a lake, and not at the meander line. Thus in Fig 22 1, the dividing 
line between lots 2 and 3 would be made perpendicular to the thread of the stream, 
beginning at e (on the high-water line) and not at E (on the meander line). Under the 
other line of decisions, the reverse is held. 
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3. Alluvium and Reliction. The direction of the property lines dividing areas 
created by alluvium or by reliction is determined by the proportional lengths of the 
old and of the new shore lines. The extremities of these lines are fixed either by defi- 
nite bends, as A, F, A', and F' (Fig. 22-2) or by the intersections of the old and new 



lines, as A and F (Fig. 22*3). The general rule is to measure along the old shore line 
between the old extremities, as A and F; measure along the new shore line between 
the new extremities, as A' and F'; and divide the new line (A'F') into parts propor- 
tional in length to those of the old line (AF). Thus for lots 4 and 12 by proportion 
B'C'/BC = A*F*/AF, The area BB'C*C represents the area added by alluvium to 
lots 4 and 12. 



4. Bays or Coves. Property lines fixing riparian rights in bays or coves some- 
times are established by lines beginning at the extremities of the property lines on 
shore and having a direction perpendicular to a line connecting the adjacent head- 
lands of the bay or cove. Thus the lines BB't CC% etc., for lots 1, 2, and 3 (Fig. 224) 
are established perpendicular to . the line AF, which connects the two headlands A 
and F, 

Other court decisions have fixed the lines according to the following rule: Divide 
the straight line joining the headlands (AF in Fig. 224) into parts proportional to the 
lengths of the shore line held by each owner; the property line of inundated land is 
determined by joining the extremities of the property lines on shore" and the corre- 
sponding points of subdivision on the line between headlands. These are shown, in 
the figure by lines BB", CC", etc. 

5. Streams and Rivers. The lines fixing the riparian rights of owners of property 
bordering on streams and rivers are established by lines perpendicular to the thread 
of the stream if nonnavigable, or to the low-water line (sometimes to the middle of the 
channel) if navigable. Thus the lines for lots 2 and 3 of Fig. 22-1 are established per- 
pendicular to the line ABCD. 
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6. Lakes. In the case of lakes, the riparian property lines are established perpen- 
dicular to the center line of the lake; or, in the case of a circular shore line, by lines 
to the center of the lake. Thus in Fig. 22 '5, the lines for lot 7 are established by the 
boundary ABODE, and for lot 4 by the boundary FGCHL Where the shore line is 
circular at the end of the lake, the land lines terminating at J and K are drawn to 0, 
the center of the circular shore line. 



22*10. Adverse Possession. The many legal aspects of adverse posses- 
sion cannot be treated here, but it is desirable to direct the attention of the 
surveyor to the important fact that property lines may be fixed by continued 
possession and use of the land (usually for 20 years) as against original 
survey boundaries. The conditions and the period of time necessary to 
gain title are fixed by statute in the various states. 

According to the definition given in Art. 22-7, adverse possession, to be- 
come effective, must be plainly evident to the owner, without his permission, 
to his exclusion, and hostile to his interests. Such possession may be evi- 
denced by fencing, cultivation, erection of buildings, etc. 

Right to title by adverse possession may be acquired by individuals, 
corporations, and even by the state. But the statute does not run against 
the state; that is, property in a street or highway cannot be acquired by 
adverse possession. 

Under this principle, if a person should use the land up to a fence and 
should recognize it as a boundary line, to the exclusion of the owner, for the 
statutory period,- the fence then becomes the legal property line even though 
it may be shown later that it is not on the true and original line. However, 
if the possession of the land has not been held adversely, that is, to the exclu- 
sion of the owner, and if the fence has merely served the convenience of the 
persons concerned, both parties recognizing that it was probably not on the 
true line, title cannot be claimed. 
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It is therefore clear that the application of the principle of adverse posses- 
sion is entirely a matter of intention and belief. If land is held openly and 
notoriously with the intent to acquire title, or with the belief that the occupa- 
tion is proper and right, then title will be granted if and when the statutory 
requirements are fulfilled. But if by parol agreement or by actions it is 
manifest that the parties concerned had no intention to occupy beyond the 
true line, at the same time knowing that the location of the true line was 
uncertain, then title cannot be gained adversely. 

Adverse possession under “color of title will “ripen into title under the 
statute of limitations in some jurisdictions in half the time required without 
color of title; for example, if title may be gained without color of title in 
20 years, it may be gained in 10 years with it. 

22‘11. Legal Authority of the Surveyor. A resurvey may be run to 
settle a controversy between owners of adjoining property. The surveyor 
should understand that, although he may act as an arbiter in such cases, 
it is not within his power legally to fix boundaries without the mutual consent 
and authority of all interested parties. In the event of a dispute involving 
court action, he may present evidence and argument as to the proper loca- 
tion of a boundary, but he has no authority to establish such a boundary 
against the wishes of either party concerned. A competent surveyor by 
wise counsel can usually prevent litigation; but if he cannot bring his clients 
to an agreement, the boundaries in dispute become valid and defined only 
by a decision of the court. In boundary disputes the surveyor is an expert 
witness, not a judge. 

The right to enter upon property for the purpose of making public surveys 
is generally provided by law, but there is no similar provision regarding 
private surveys. The surveyor (or his employer, whether public or private) 
is liable for damage caused by cutting trees, destroying crops or fences, etc. 

22-12. Liability of the Surveyor. It has been held in court decisions that 
county surveyors and surveyors in private practice are members of a 
learned profession and may be held liable for incompetent services rendered. 
Thus Clark (Ref. 7 at the end of this chapter), quoting from court decisions, 
states: “If a surveyor is notified of the nature of a building to be erected on a 
lot, he may be held liable for all damages resulting from an erroneous survey; 
and he may not plead in his defense that the survey was not guaranteed.^^ 
Similarly, it has been held that in any case where the surveyor knows the 
purpose for which the survey is made, he is liable for damages resulting from 
incompetent work. 

The general principle invoked in such cases is that the surveyor is bound 
to exhibit that degree of prudence, judgment, and skill which may reasonably 
be expected of a member of his profession. Thus in the following quotations 
from Clark a Connecticut court says “the gist of the plainOTs cause of 
action was the negligence of the defendant in his employment as a civil 
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engineer. Having accepted that service from the plaintiff, the defendant 
. . . was bound to exercise that degree of care which a skilled civil engineer 
would have exercised under similar circumstances.’^ Also, a Kansas court 
declares, ^treasonable care and skill is the measure of the obligation created 
by the implied contract of a surgeon, lawyer, or any other professional prac- 
titioner.” But Ruling Case Law says, ‘t. . . yet a person undertaking to 
make a survey does not insure the correctness of his work, nor is absolute 
correctness the test of the amount of skill the law requires. Reasonable 
care, honesty, and a reasonable amount of skill are all he is bound to bring 
to the discharge of his duties.” 

RURAL-LAND SURVEYS 

2243. Description of Rural Land. In the older portions of the United 
States, nearly all of the original land grants were of irregular shape, many of 
the boundaries following stream and ridge lines. Also, in the process of sub- 
division the units were taken here and there without much regard for 
regularity, and it was thought sufficient if lands were specified as bounded 
by natural or artificial features of the terrain and if the names of adjacent 
property owners were given. Thus a description of a tract as recorded in a 
deed reads: 

Bounded on the north by Bog Brook, bounded on the northeast by the irregular 
line formed by the southwesterly border of Cedar Swamp of land now or formerly 
belonging to Benjamin Clark, bounded on the east by a stone wall and land now or 
formerly belonging to Ezra Pennell, bounded on the south and southeast by the turn- 
pike road from Brunswick to Bath, and bounded on the west by the irregular line 
formed by the easterly fringe of trees of the wood lot now or formerly belonging to 
Moses Purington. 

1. By Metes and Bounds. As the country developed and land became 
more valuable, and as many boundaries such as those listed in the preceding 
description ceased to exist, land litigations became numerous. It then be- 
came the general practice to determine the lengths and directions of the 
boundaries of land by measurements with the link chain and surveyor’s 
compass, and permanently to fix the locations of corners by monuments. 
The lengths were ordinarily given in rods or chains, and the directions were 
expressed as bearings usually referred to the magnetic meridian. Surveys 
of this character are now usually made with the transit and tape, distances 
being recorded in feet or chains, and directions being given in true bearings 
computed from angular measurements. In describing a tract surveyed in 
this manner the lengths and bearings of the several courses are given in 
order, and the objects marking the corners are described; if any boundary 
follows some prominent feature of the terrain, the fact is stated; and the cal- 
culated area of the tract is given. When the bearings and lengths of the 
sides are thus given, the tract is said to be described by metes and bounds. 
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Within the limits of the precision of the original survey, it is possible to re- 
locate the boundaries of a tract if its description by metes and bounds is 
available, provided at least one of the original corners can be identified and 
the true direction of one of the boundaries can be determined. 

Later in this article is an illustrative description by metes and bounds 
typical of rural lands in the eastern states and of isolated grants in the wes- 
tern states where the subdivision of lands has been outside the rectangular 
system of the public-land surveys. (See also Art. 22* 17.) 

2. Bij Subdivisions of Public Land. The type of description employed for 
lands which have been divided in accordance with the rectangular system 
of the Bureau of Land Management is described in detail in Chap. 23. The 
records and plats of the United States surveys are a part of the permanent 
public records and are accessible to anyone desiring to consult them. In 
conveying by deed a United States subdivision or fraction thereof, no doubt 
can at any time exist as to the tract involved if it is described by stating its 
sectional subdivision, section number, township, range, and name of the 
principal meridian on which the initial point is located (Figs. 23*2 and 23*3). 
Following is an example of the legal description of a 40-acre tract comprising 
a full quarter-quarter section: 

The north-east quarter of the south-west quarter of section ten (10), Township 
four (4) South, Range six (6) East, of the Initial Point of the Mount Diablo Meridian, 
containing forty (40) acres, more or less, according to the United States Survey. 

3. By Coordinates. In some of the states, the locations of land corners 
are legally described by their coordinates with respect to the state-wide 
plane coordinate system. Although practice is not as yet uniform in this 
regard, the following description by the Tennessee Valley Authority illus- 
trates the description of land by metes and bounds and by coordinates, with 
further reference to corners and lines of the United States public-land 
survey. The public-land survey is referred to the Huntsville principal 
meridian. A map of the tract is shown in Fig. 22*6. 

A tract of land lying in Jackson County, State of Alabama, on the left side of the 
Tennessee River, in the South Half (S 34) of the Northwest Quarter (NW 3€) of 
Section Three (3), Township Six (6) South, Range Five (5) East, and more par- 
ticularly described as follows: 

Beginning at a fence corner at the southwest corner of the Northwest Quarter 
(NW M) of Section Three (3) (coordinates N 1,470,588; E 416,239), said corner being 
North six degrees twenty-four minutes West (N6®24'W) twenty-six hundred (2600) 
feet from the southwest corner of Section Three (3) (N 1,468,004; E 416,529), and a 
corner to the land of T. E. Morgan; thence with Morgan's line, the west line of Section 
Three (3), and a fence line, North five degrees thirty-three minutes West (N5°33'W) 
thirteen hundred four (1304) feet to a fence corner (N 1,471,886; E 416,113), a corner 
of the lands of T. E. Morgan, and the G. T. Cabiness Estate . , . thence with Weeks' 
line, the south line of the Northwest Quarter (NW of Section Three (3), and a 
fence line, North eighty-nine degrees eleven minutes West (N89°11'W) two thousand 
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five hundred fifty (2550) feet to a point on the ground shown by S. L, Cobler, a comer 
of the lands of H. O. Weeks and T^^E. Morgan; thence with Morgan’s line, the south 
line of the Northwest Quarter (NW 34) of Section Three (3), and the fence line North 
eighty-nine degrees eleven minutes West (N89®11'W), one hundred twenty-five (125) 
feet to the point of beginning. 



The above described land contains seventy-nine and six-tenths (79.6) acres more 
or less, subject to the rights of a county road which affects approximately five-tenths 
(0.5) acres, and is known as Tract No, GR 275, as shown on Map No. 8-4159-45, 
prepared by the Engineers of the Tennessee Valley Authority. 

The coordinates referred to in the above description are for the Alabama Mercator 
(East) Coordinate System as established by the U. S. Coast and Geodetic Survey, 
1934. The Central Meridian for this coordinate system is Longitude eighty-five 
degrees (85°) fifty minutes (500 iio seconds (OO'O* 
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2244. Original Survey. The need for an original survey usually arises 
when one person desires to transfer to another a tract of land which has not 
been previously surveyed but which is defined by certain natural or artificial 
features of the terrain. 

With the desired boundaries of the land given, the surveyor establishes 
monuments at the corners and runs a closed transit traverse about the 
property, measuring the lengths of lines and the angles between intersecting 
lines. Where boundaries are not straight, offsets from transit line to curved 
boundary are measured at known intervals; and where obstructions make 
direct measurement along boundaries impossible, the traverse is run as 
close to the boundary as convenient and measurements are taken from transit 
stations to corners of the tract. Angular measurements may be taken by 
any of the methods described in Chap. 14, but most often the interior angles 
are observed. Preferably the corners should be referenced to permanent 
objects. Also the direction of the true meridian should be determined, 
usually by a solar observation (see Art. 21*11). 

The information thus obtained is recorded in the surveyor’s notebook, 
the angles and distances of the main traverse being tabulated, and the 
remaining data being recorded in the form of a sketch. The bearings of the 
sides are then computed, properly with respect to the true rather than the 
magnetic meridian. 

A description of the tract, usually by metes and bounds, is prepared. 
Usually a plat is drawn, the boundaries being plotted by one or another of 
the methods described in Chap. 18, and details being shown as suggested 
by Fig. 22*6 and Art. 6*3. The area is computed as described in Chap. 19. 
In the process of computation, the error of closure of the traverse is deter- 
mined and thus a check on the reliability of the survey is obtained. A 
copy of the description and a tracing of the plat are submitted to the person 
for whom the survey is made. 

22*15. Restxrvey. The resurvey of lands is attended with greater diffi- 
culty than is usually appreciated by those inexperienced in work of this 
character. Particularly is this true in the older sections of the United States 
where the early surveys were not of the rectangular system and were not 
under the control of the U.S. Bureau of Land Management. The proper 
relocation of old lines calls for greater ingenuity and broader experience on 
the part of the surveyor than does any other kind of surveying. 

The purpose of the resurvey is to reestablish boundaries in their original 
locations. To guide him the surveyor has available the description con- 
tained in the deed or obtained from old records, and descriptions of adjoining 
property. 

If the description of the property were without error and one or more of the original 
comers were in evidence, and, further, if the resurvey could be mn without error, the 
problem would be as simple as mnning the original survey. When the lengths and 
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directions given in the description had been laid ojff, the surveyor could say with as- 
surance that the reestablished corners were in their original location. The facts are, 
however, that the original survey did contain errors and probably rather large ones 
if it was made during the era of the compass and link chain. Further complications 
may be added by directions in the description being given by magnetic bearings and 
the declination at the time of the original survey being unknown, or by no statement 
having been made as to whether the bearings of the original survey were referred to the 
magnetic or to the true meridian. Often large mistakes are made in transposing 
from one record to another or are present in the measurements of the original survey. 
Loss of corners, lack of reference measurements, removal or alteration of physical 
boundaries, conflicting testimony of persons having knowledge concerning the position 
of boundaries, conflicts with adjoining property, and numerous other factors may add 
to the uncertainties of the problem. 

As a first step the surveyor critically examines the descriptions for gross 
errors; he then calculates the latitudes and departures of the several courses 
as given in the description, determines the error of closure, and plots the 
boundaries of the tract to scale. 

If original bearings are magnetic, the magnetic declination at the time of 
the original survey is found, and true bearings are computed. If true 
bearings cannot be found in this manner (as when the date of the original 
survey is unknown) and if one or more boundaries can be positively iden- 
tified, observations are made to determine the true bearings of these known 
lines; and by a comparison of true and original magnetic bearings the decli- 
nation at the time of the original survey is estimated and the true bearings of 
the other lines are computed. 

One or More Boundaries Evident If one or more boundary lines can be 
identified from the monuments or from reliable reference marks, a compari- 
son is obtained between the length of the chain or tape used on the original 
survey and that to be used on the resurvey; the proportionate lengths of 
other sides of the tract are then computed. 

With the computed directions and proportionate lengths, the surveyor 
starts from a known corner and reruns the courses; at each estimated 
location of a corner he seeks physical evidence of the location of the original 
corner. If such evidence is found and if the old monument is not in good 
condition, he sets a new monument. 

Thus if a stake had originally been set at the corner, careful slicing of the top soil 
with a shovel might reveal rotted wood, a hole in the ground, or even discolored earth, 
which might be considered rather positive evidence of the old location. Ties to bear- 
ing trees or other objects to which reference measurements were taken would also 
prove useful in finding the probable location of an obliterated monument. 


At any point where the surveyor finds what he regards as positive evidence 
as to the original location of the corner and this location does not agree with 
the relocation measurements derived from the description of the property. 
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a monument is set at the original location and new measurements of angles 
and distances are made to refer to the mark thus established. 

At any point where physical evidence as to the original location of the 
corner is entirely lacking, the corner is located temporarily by measurements 
derived from the description of the property. The survey is then continued 
until positive evidence of the location of a succeeding corner is found or 
until the traverse is brought to a closure at the initial point. 


In the former case, the temporary monuments established between two comers 
which are located with certainty are regarded as correctly located and are replaced 
by more permanent markers if the points established by the angles and distances of 
the resurvey fall at the true location of corresponding corners as indicated by visible 
evidence. If the points do not so fall, the error is determined and the locations 
of intermediate temporary comers are adjusted by proportionate measurements, the 
discrepancy between the original survey and the resurvey being assumed to have ac- 
cumulated gradually. 


If no physical evidence except one boundary is found, the survey is run 
to the point of beginning, and the linear error of closure is measured. The 
survey is then balanced as described in Art. 18 - 1 1 , and the computed correc- 
tions are applied by moving the preceding temporary monuments and es- 
tablishing them as permanent. Finally the lengths and bearings of the ad- 
justed courses are measured in the field. 

One Comer Evident Where only a single corner can be found, the 
process of reestablishing boundaries is not so simple, particularly when the 
bearings of the original survey were observed with a compass and were 
referred to the magnetic meridian without the declination being given. 
Usually an estimate of the amount of the magnetic declination at the time 
of the original survey can be obtained by consulting old records, but often 
the date of the survey from which the description is derived is unknown and 
cannot be closely determined. 

By means of the estimated declination, the magnetic bearings are changed 
to true bearings, the latitudes and departures of the boundaries are cal- 
culated, and the linear error of closure of the original survey is determined. 
If this error is reasonably small (say, not greater than Moo if the old survey 
was run with a compass), it is indicated that there are no mistakes in the 
lengths and bearings given in the description. About the only course then 
open to the surveyor is to establish the true meridian and to rerun the sur- 
vey in accordance with the old description, and to consider the corners as 
being relocated to the best of his ability if the error of closure of the resurvey 
is no larger than that of the original survey. This error of closure is dis- 
tributed proportionally among the several courses as described in the 
preceding article. 

It is evid^t that there might be a large error in the length of the chain or tape 
used in making the original survey and still the traverse would close. Inasmuch as 
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there is no way of making a comparison between the original and resurvey lengths, 
distances laid off during the resurvey may be considerably different from correspond- 
ing ground distances measured during the original survey. Hence although the 
resurveyed tract may have the same shape as the original tract, and its boundaries 
may maintain the same direction as the corresponding boundaries of the original, 
yet the actual area of the resurveyed tract may be considerably different from that of 
the original. Also, by a similar course of reasoning, it is evident that any error in 
the estimated declination will result in a resurvey figure which, although it may close, 
will be composed of lines each of which will make a constant angle with the corre- 
sponding boundary of the original tract. The surveyor should realize that, for a case 
such as this, a small error of closure of the resurvey is not conclusive evidence of the 
closeness with w’hich corners are reestablished with respect to their original locations. 

No Corner Evident If a description of the tract is available but all 
evidence of the location of original corners is lost, the surveyor will find it 
expedient to search the records for descriptions of adjoining property and 
by means of these descriptions to reestablish by measurement as many cor-r 
ners of the tract in question as seems feasible. It is possible that these 
locations may be considerably in error. A corner may be reestablished by 
measurements from several different sources, each resulting in a different 
location; in such cases the surveyor is called upon to exercise his judgment 
as to the most probable location of the original corner. 

Sometimes it is possible to determine the location of an obliterated corner 
through evidences of previously existing lines such as fences and roads. 
Thus, if the surveyor has reason to believe that a fence once stood on the 
line, he may be able to find evidences of rotted posts in the ground. Differ- 
ences in the ground surface, or even differences in vegetation along a definite 
line, are valuable clues. Occasionally the surveyor may find it desirable to 
consult old settlers who were familiar with the original boundaries; but 
although such persons are usually very positive in their opinions, the infor- 
mation is seldom of much value and is frequently misleading. 

Having thus tentatively fixed the location of one or more corners, the sur- 
veyor attempts to reconcile these locations with the description of the given 
tract, the resurvey being conducted somewhat as just described. Readjust- 
ments of the tentatively located corners are made to conform to the judgment 
of the surveyor in Hght of the information that he obtains as the survey 
progresses. 

Report When a resurvey has been completed, it is the duty of the sur- 
veyor to render a report to his client stating exactly what he found and what 
course of procedure he employed in attempting to reestablish missing corners. 
The report should be accompanied by a plat showing the observed lengths 
and directions of the sides of the tract and other data similar to that shown 
on the plat of an original survey (see Art. 22*14). In addition, it should 
indicate which are original monuments and which are monuments estab- 
lished at the time of the resurvey. Mistakes in the original description 
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should be pointed out, but the surveyor should clearly understand that it is 
his function to reestablish boundaries of a given tract in as nearly as possible 
their original location. 

22vl6. Subdivision Survey of Rural Land. A subdivision survey implies 
a survey which is conducted for the purpose of subdividing into two or more 
tracts, in accordance with some prearranged plan, an area whose boundaries 
are already established. In such cases, a resurvey of the tract is run, new 
monuments are established on the new boundary lines, and a new plat and 
description are prepared as in the case of an original survey. 

Public Lands. The public lands are divided into townships, sections, and 
quarter sections by United States land surveyors, in a manner prescribed by 
law. In general the United States surveys establish the boundaries of sec- 
tions and establish quarter-section corners on section lines; and any further 
subdivision is made after the lands have passed into the hands of private 
individuals, the work being carried out by surveyors in private practice. 
Subdivisions of this kind are described in detail in Arts. 23*17 to 23*19, 

Irregular Suhdivisiom. Surve;^ of this class are conducted for a variety 
of purposes. The following examples serve to illustrate the procedure for 
certain cases: 


Example 1: A railroad is to traverse the land belonging to Black, and the railroad 
company desires to secure title to a right of way of a definite width on either side of 
the center line which has already been surveyed and marked with stakes. A descrip- 
tion of Black's tract has been secured. 

The right-of-way surveyor reruns the boundaries of Black's tract that are inter- 
sected by the railroad line, establishes the directions of the right-of-way boundaries 
parallel with the center line, and sets monuments at the intersections of these bound- 
aries with those of Black's tract. He then makes a survey of the tract thus defined, 
securing sufficient data so that the lengths and directions of the boundaries of the 
right-of-way tract now within Black's tract are obtained. He also ties right-of-way 
corners w-hich he has established to the nearest old corners of Black's property. 

With these data the area of the rightof-way tract is calculated, and a description 
of the tract is prepared as for an original survey (see Art. 22- 13). The point of begin- 
ning is referred to one of the old monuments marking the original tract, and not to the 
center line of the railroad. 

Example 2: It is stipulated in the will of Green that his New England farm is to 
be divided equally among his three sons, each to have an equal frontage on the high- 
way which forms one of the boundaries of the tract. The farm is of irregular shape 
and has not been surveyed for many years. 

In a case of this kind, the surveyor first makes a resurvey of the entire tract, angles 
being measured probably to minutes, and distances being measured probably to 
tenths of feet. From the data thus obtained the area is calculated. In connection 
with the resurvey, subdivision corners are established on the highway. 

The simplest division is one for which the subdividing lines are straight, each 
cutting off the required area from the given tract. With the area of the entire tract 
known, the area each son is to receive is calculated, and the length and bearing of 
each of the lines rendering the subdivision are computed as described in Art. 19*18. 

Finally, from each of the two subdivision corners already established on the high- 
way frontage, the surveyor lays off the computed direction of the subdividing line 
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through that point and establishes the remaining unknown corner at the point where 
this subdividing line intersects the opposite boundary. The distances from this latter 
corner to adjacent corners are measured, and the survey is considered as checked if 
these measured distances agree closely with the computed lengths of the same courses. 
A plat is drawn as for an original survey, the lengths and bearings of all lines and the 
area of each subdivision being shown; and a description of each of the three subdivi- 
sions is prepared. 

URBAN-LAND SURVEYS 

22*17. Description of Urban Land. The manner of legally describing the 
boundaries of a tract of land within the corporate limits of a city depends 
upon conditions attached to the survey by which the boundaries of the tract 
were first established, as indicated by the following classification: 

1. By Lot and Block. If the boundaries of the tract coincide exactly with 
a lot which is a part of a subdivision or addition for which there is recorded 
an official map, the tract may be legally described by a statement giving 
the lot and block numbers and the name and date of filing of the official map. 
Most city property is described in this way. Following is a description of 
this character occurring in a deed: 

Lot 15 in Block No. 5 as said lots and blocks are delineated and so designated upon 
that certain map entitled Map of Thousand Oaks, Alameda County, California, filed 
August 23, 1909, in Liber 25 of Maps, page 2, in the office of the County Recorder of 
the said County of Alameda. 

2. By Metes, Bounds, and Lots. If the boundaries of a given tract within 
a subdivision for which there is a recorded map do not conform exactly to 
boundaries shown on the official map, the tract is described by metes and 
bounds (Art. 22*13), with the point of beginning referred to a corner shown 
on the official map. Also, the numbers of lots of which the tract is composed 
are given. Following is an example of a description of this kind: 

Beginning at the intersection of the Northern line of Escondido Avenue, with the 
Eastern boundary line of Lot No. 16, hereinafter referred to; running thence Northerly 
along said Eastern boundary line of Lot 16, and the Eastern boundary line of Lot 17, 
eighty-nine (89) feet; thence at right angles Westerly, fifty-one (51) feet; thence 
South 12°6'East, seventy-five (75) feet to the Northern line of Escondido Avenue; 
thence Easterly along said line of Escondido Avenue, fifty-three and (53.13) 

feet, more or less, to the point of beginning. 

Being a portion of Lots 16 and 17, in Block No. 5, as said lots and blocks are delin- 
eated and so designated upon that certain map entitled Map of Thousand Oaks, 
Alameda County, California, filed August 23, 1909, in Liber 25 of Maps, page 2, in 
the office of the County Recorder of the said County of Alameda. 

3. By Metes and Bounds to City Monuments. Some of the larger and older 
cities of the United States have, by precise surveys, established a system of 
reference monuments and have determined the coordinates of these monu- 
ments with respect to an arbitrarily selected initial point. If the tract can- 
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not be defined by descriptions such as the preceding, the point of beginning 
may be definitely fixed by stating its direction and distance from an official 
reference monument and by describing the monument that marks the corner. 
The boundaries of the tract may then be described by metes and bounds. 

The location of corners may also be defined by rectangular coordinates 
referred to the origin or initial point of the city system and/or the statr 
system, as described in Art. 22T3. 

If the tract is within a city not so monumented, the point of beginning of 
the boundary description may be referred by direction and distance to the 
intersection of the center lines of streets. It is not good practice to refer 
to the intersection of sidewalk or curb lines, for these are apt to be changed 
from time to time. In sections of the country within the rectangular system 
of United States surveys, the point of beginning of a boundary description 
may properly be referred to section lines and corners. 

22*18. Subdivision Survey of Urban Land. As a city or town develops, 
unimproved lands are subdivided into lots which are placed on sale as 
residential or business property. In most instances such extensions are 
the result of the activities of real-estate operators who acquire a tract of 
rural land of considerable area, develop a plan of subdivision which is ap- 
proved by the authorities of the municipality to which the tract is to be 
attached, and cause surveys to be made for the purpose of establishing the 
boundaries of individual lots. A tract thus divided according to an accept- 
able plan is known as an addition or subdivision. 

For large and important developments the work of originating the general 
plan is often carried out by persons specializing in city planning and land- 
scape architecture, under whose direction the surveyor works. Such de- 
velopments require a high degree of skill, and usually extensive surveys 
(particularly in hilly sections) are carried out before the actual plan of sub- 
division can be decided upon. Problems of this character can be adequately 
discussed only in treatises on city planning; some of the many excellent 
references on this subject are listed at the end of this chapter. However, 
it is appropriate to state here that the preliminary studies should consider 
the probable future character of the district; the probable location of busi- 
ness sections; the probable magnitude, direction, and character of future 
traffic; the topography of the land; the location, width, grade, and character 
of paving of streets; the size and shape of lots and blocks; the location and 
size of storm and sanitary sewers; and the disposition of electric and tele- 
phone wires and cables. 

For the ordinary real-estate development the owner usually calls for the 
services of an engineer or surveyor who has had experience in such work. 
The surveyor confers with the owner, and they discuss a general plan. 
The surveyor makes a resurvey of the entire property; and if the character 
of the topography is irregular, he usually makes certain preliminary surveys 
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for the purposes of finding the location and elevation of the governing 
features of the terrain. In some cases a complete topographic survey may 
be made. With the general plan fixed, and having studied the results of the 
field investigation and having considered the items listed in the previous 
paragraph, the surveyor works out a detailed plan on paper, showing on the 
drawing the names of all streets and the numbers of all blocks and lots, the 
dimensions of all lots, the width of streets, the length and bearing of all 
street tangents, and the radius and length of all street curves. He also 
prepares a report which, in addition to a discussion of the plan of subdivision, 
may consider the cost of subdividing, including not only the establishing of 
boundaries but also the work of grading, paving, constructing sewers, and 
landscaping. 

This detailed plan, when approved by the owner, is submitted to the 
governing body in the municipality. If it meets with the requirements of 
this body, it is approved. 

Upon the authority of the owner, the surveyor then proceeds to execute 
the necessary subdivision surveys, including the laying out of roads, walks, 
blocks, and lots. Often the lot ^d block corners are marked with perma- 
nent monuments; but in many cases, contrary to what may be considered 
good practice, the lot corners are marked by wooden stakes. When the 
surveys are completed, the map of the subdivision is revised to show minor 
changes made during the survey, together with the location and character ^ 
of permanent monuments. A tracing is submitted to the municipality, 
and this, when duly signed by those in authority, becomes the official map of 
the subdivision. It then becomes a part of the publie records and is usually 
filed in the registry of deeds of the county in which the municipality lies. 
Upon this approval, if the subdivision is outside the corporate limits of the 
municipality, they are extended to include it. 

22*19. City Surve 3 ring. It has been stated (Art. 1*6) that the term city 
surveying is frequently applied to the surveying operations within a munici- 
pality with regard to mapping its area, laying out new streets and lots, and 
constructing streets, sewers and other public utilities, and buildings. Al- 
though the principles of city surveying are not different from those of ordinary 
surveying, there are some differences in the details of the methods employed. 
Some features pertinent to city surveying are as follows: 

1. Measurements are made with a greater degree of refinement than for land of less 
value. 

2. Some cities maintain a standard of length with which tapes may be compared. 

3. Usually the horizontal control of the survey for the map of a city is by triangula- 
tion rather than by traversing, which would be employed for an equal area outside 
the city. 

4. A system of reference points and bench marks is established, usually by trav- 
ersing, at points a few blocks apart, usually at street intersections. Preferal)ly 
this system is tied in with the United States precise surveys. Points are located 
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either in the street, at the curb, or on the sidewalk, one such point being sufficient 
for each chosen intersection. On subsequent surveys, it is good practice to tie in to 
more than one of these established points, as monuments may have been moved. 
(For a description of monuments and reference marks, see Art. 22*4.) 

5. The established points are monumented and are well referenced (see Art. 14-17) 
to more or less permanent objects such as building comers, curb or walk lines, centers 
of street intersections, and manhole covers. In undeveloped districts, these points 
are referenced to stakes. 

6. Maps showing the location of proposed sewers, street extensions, and other 
improvements usually show, to scale and in figures, the exact dimensions of adjacent 
lots and of all other lots that will be benefited by, or assessed for, the proposed im- 


provement. 

7- Sometimes separate maps are made of surface and underground utilities such 
as car lines, sewers, water lines, gas lines, electric power and telephone lines and con- 
duits, tunnels, etc., both for convenient reference and in order to avoid interference 
in the location of new projects. 


The subdivision of urban lands is discussed in Art. 22*18, and typical 
descriptions of urban lands are given in Art. 22*17. The usual methods of 
keeping records are described in Art. 22*6. 

The operations of surveying for buildings, bridges; sewers, pipe lines, 
pavements, and railroads are described in Chap. 28, and the building-site 
survey in Art. 28*15. Some details of running lines and locating details, 
pertinent to urban surveys, are given in Arts. 13*19, 13*24, and 14*19. 

Details regarding the width of streets, size of blocks and lots, location of 
utilities, etc., are to be found in texts and manuals on city planning, highway 
engineering, and sanitary engineering (see references at end of this chapter). 

City Survey, Recently the term city survey has come to mean an exten- 
sive coordinated survey of the area in and near a city for the purposes of 
fijxing reference monuments, locating property lines and improvements, and 
determining the configuration and physical features of the land. Such a 
survey is of value for a wide variety of purposes, particularly for planning 
city improvements. The technical procedure for a city survey of this type 
is described in detail in Ref. 4 at the end of this chapter. Briefly, the work 
consists in: 


1. Establishing horizontal and vertical control, as described for topographic survey- 
ing. The primary horizontal control is usually by triangulation, supplemented as 
desired by precise traversing. Secondary horizontal control is by traversing of ap- 
propriate precision. Primary vertical control is by precise leveling. 

2. Making a topographic survey and topographic map. Usually the scale of the 
topographic map is 1 in. = 200 ft. The map is divided into sheets which cover 
usually 60" of longitude and 35" or 40" of latitude. Points are plotted by rectangular 
plane coordinates. 

3. Monumenting a system of selected points at suitable locations such as street 
corners, for reference in subsequent surveys. These monuments are referred to the 
plane-coordinate system and to the city datum, 

4. Making a property map. The survey for the map consists in (a) collecting 
recorded information regarding property, (5) determining the location on the ground 
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of street intersections, angle points, and curve points, (c) monumenting the points so 
located, and (d) traversing to determine the coordinates of the monuments. Usually 
the scale of the property map is 1 in. =50 ft. The map is divided into sheets which 
cover usually 15'' of longitude and 10" of latitude, thus bearing a convenient relation 
to the sheets of the topographic map. The property map shows the length and bear- 
ing of all street lines and boundaries of public property, coordinates of governing 
points, control, monuments, important structures, natural features of the terrain, 
etc., all with appropriate legends and notes. 

5. Making a wall map which shows essentially the same information as the topo- 
graphic map but which is drawn to a smaller scale; preferably the scale should be not 
less than 1 in. = 2,000 ft. The wall map is reproduced in the usual colors— culture in 
black, drainage in blue, wooded areas in green, and contours in brown. 

6. Making a map, or maps, to show underground utilities. Usually the scale of 
the underground map and the size of the map sheets are the same as those for the 
property map. The underground map shows street and easement lines, monuments, 
surface structures and natural features affecting underground construction, and 
underground structures (with dimensions), all with appropriate legends and notes. 

22* 20, Cadastral Surveying. Cadastral surveying, as defined in Art. 1 *6, 
is a general term referring to extensive surveys relating to land boundaries 
and subdivisions, whether they are city surveys as described in the preceding 
article or surveys of rural land. The term is applied to the United States 
public-land surveys (Chap. 23) by the U.S. Bureau of Land Management. 

A cadastral map shows individual tracts of land with corners, length and 
bearing of boundaries, acreage, ownership, and sometimes the cultural and 
drainage features. The surveying methods are the same as those described 
for topographic surveying for maps of intermediate and large scale 
(Chap. 25). 

In Manual 15 of the American Society of Civil Engineers, cadastral 
surveys are defined as follows: 

Surveys relating to land boundaries and subdivisions, made to create or to define 
the limitations of titles, and to determine imits suitable for transfer. The term in- 
cludes surveys involving retracements for the identification, and resurveys for the 
restoration, of property lines. (The term “cadastral” is practically obsolete; use 
“land survey" or “property survey.") 

22*21. Field and Office Problem. 

Pboblem 1. Survey op Tracjt fob Deed Description 

Object. To obtain sufficient data for a proper legal description of a tract and to 
prepare such a description (see also field problem 3 of Chap. 12). 

Procedure. (1) Around the assigned field run an azimuth traverse with the 
transit, measuring the sides with a steel tape and setting hu bs at the corners . The 
angular error of closure in minutes should not exceed X Vnumber of sides. Dis- 
tribute the error of closure among the angles of the traverse. Refer azimuths to the 
true meridian, (2) Calculate the latitudes and departures and the linear error of 
closure; the linear error of closure should not exceed 1/5,000. (3) Balance 

survey, and calculate the area of the tract by the coordinate method. (4) Determine 
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the location of one comer of the traverse from an established reference point (Art. 
22- 17) andj beginning at this corner, write a description of the tract by metes and 
bounds. 
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CHAPTER 23 


UNITED STATES PUBLIC-LAND SURVEYS 

23* General. This chapter deals with the methods of subdividing the 
public lands of the United States in accordance with regulations imposed by 
law. The public lands are subdivided into townships, sections, and quarter 
sections— in early years by private surveyors under contract, later by the 
Field Surveying Service of the General Land Office, and currently by the 
Bureau of Land Management which succeeded the General Land Office in 
1946. Further subdivision of such lands is made after the lands have 
passed into the hands of private owners, the work being carried oui by sur- 
veyors in private practice. 

The methods described herein are those now in force, but with minor 
differences they have been followed in principle since 1785, when the rec- 
tangular system of subdivision was inaugurated. Under this system, the 
public lands of 29 states and the Territory of Alaska have been or are in 
progress of being surveyed (Art. 23*3). In general, these methods of sub- 
dividing land do not apply in the 13 original states and in Kentucky, Ten- 
nessee, and Texas. As the progress of the public-land surveys has been 
from east to west, the details in states east of the Mississippi River differ 
somewhat from those of present practice. 

The laws regulating the subdivision of public lands and the surveying 
methods employed are fully described in the “Manual of Instructions for 
the Survey of the Public Lands of the United States,^’ published by the 
Bureau of Land Management (Ref. 4 at the end of this chapter). From the 
manual is drawn much of the material for this chapter. 

Field notes and plats of the public-land surveys may be examined in the 
regional offices of the Bureau, and copies may be procured for a nominal fee. 

23*2. Laws Relating to Public-land Surveys. Beginning with an ordi- 
nance passed by the Continental Congress in May, 1785, which provided for 
townships 6 miles square, each containing 36 sections 1 mile square, laws 
regulating the surveying, marking, and disposal of the public lands of the 
United States have from time to time been enacted by Congress. Following 
are the provisions of the Public Land Laws in which the surveyor is princi- 
pally interested: 

1. All responsibility for the surveying and sale of the public lands of the United 
States is placed in the hands of the Director of the Bureau of Land Management, 
who under the direction of the Secretary of the Interior is authorized to carry into 
execution every part of the Public Land Laws not otherwise specially provided for. 
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2. When the surveys and records of a state are completed, all the field notes, 
maps, and records pertaining to land titles are delivered to the secretary of state of 
that state. 

3. Any agent of the United States, acting upon the authority of the Director of 
the Bureau of Land Management, has free access to public records delivered to any 
state, but no transfer of such records is made to any state until the state has enacted 
legislation providing for the safekeeping of such records and for the allowance of free 
access thereto by authorities of the United States. 

4. It is required that all surveys and resurveys of public lands under the super- 
vision of the Director of the Bureau of Land Management are to be made by surveyors 
selected by the Bureau of Land Management. (Prior to 1910, surveys were made by 
contract.) The field work is now performed by a permanent corps of engineers under 
civil-service regulations. 

6. It is provided that resurveys may be made by the Government under certain 
conditions. 

6. Boundaries of public lands, when established by duly authorized surveyors and 
when approved by the Director, are unchangeable. 

7. The original corners established by the surveyors stand as the true corners they 
were intended to represent, whether in the place shown by the field notes or not. 
The primary purpose of the public-land surveys is to mark the boundaries on the ground: 
the field notes and plats are subordinate, 

8. The unit of length is the Gunter^s (66-ft.) chain divided into lOD links, each 
7.92 in. long. 

9. Quarter-quarter-section comers not established by the original surveys are 
to be on the line joining the section and quarter-section corners and midway between 
them, except in the northern and western half miles of the township. 

10. The center lines Of sections are to be straight between opposite quarter-section 
comers. 

11. In a fractional section where no opposite quarter-section corner has been or 
can be established, the center line of such section is to be run from the proper quarter- 
section comer as nearly in a cardinal direction as due parallelism with section lines 
will permit to the meander line, reservation, or other boundary of such fractional sec- 
tion. 

12. Lost or obliterated corners of the approved surveys are to be restored to their 
original location, if possible. 

23*3. Historical Notes. The first surveys of the public lands of the United States, 
made under the ordinance of May, 1785, divided lands north of the Ohio River. Only 
the exterior lines of the townships were run, but section corners were established at 
intervals of 1 mile on the township lines, and the plats were marked into subdivisions 
1 mile square. These surveys were made under the direction of the Geographer of 
the United States. 

The act of Congress of May, 1796, provided for a surveyor general and directed 
the survey of lands northwest of the Ohio River and above the mouth of the Kentucky 
River, Under this law it was provided that the sections be numbered according to 
the plan in operation at the present time. 

In 1800 an act of Congress provided for the subdivision of lands into half sections 
and required that excesses or deficiencies in measurement should be placed in the sec- 
tions or half sections in the most northerly or westerly half miles of each township. 

In 1805 an act of Congress directed that the public lands should be divided into 
quarter sections, and provided that all comers marked in the public surveys should be 
established as the proper corners which they were intended to designate, and that 
corners of half and quarter sections should be placed as nearly as possible equidistant 
from the two adjacent section corners on the same line. 
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and comers will often be found in other than their theoretical positions. 
However, the original corners as established legally stand as the true corners, 
and the surveyor must be guided by them in making resurveys or sub- 
divisions, regardless of irregularities in the original survey. It is, therefore, 
important that he be familiar with the methods used in the original survey. 

234. General Scheme of Subdivision. The regulations for the sub- 
division of public lands have been altered from time to time; hence, the 
methods employed in surveying various regions of the United States show 
marked differences, depending upon the dates when the surveys were made. 
In general principle, however, the system has remained unchanged, the 
primary unit being the township, bounded by meridional and latitudinal 
lines and as nearly as may be 6 miles square. The township is divided into 
36 secondary units called sections, each as nearly as may be 1 mile square. 
Because the meridians converge (Art. 2341), it is impossible to lay out a 
square township by such lines; and because the township is not square, not 
all the 36 sections can be 1 mile square even though all measurements are 
without error, 

23*6. Standard Lines, Since the time of the earliest surveys, the town- 
ships and sections have been located with respect to principal axes passing 
through an origin called an initial point; the north-south axis is a true 
meridian called the principal meridian, and the east-west axis is a true par- 
allel of latitude called the hose Une, 

The principal meridian is given a name to which all subdivisions are 
referred. Thus the principal meridian which governs the rectangular 
surveys (wholly or in part) of the states of Ohio and Indiana is called the 
First Principal Meridian; its longitude is 84®48'50"W, and the latitude of 
the base line is 41^00'00"N. The extent of the surveys which are referred 
to a given initial point may be found by consulting a map, published by the 
Bureau of Land Management, entitled '-United States, Showing Principal 
Meridians, Base Lines, and Areas Governed Thereby,^^ or from Ref. 4 at the 
end of this chapter. 

Secondary axes are established at intervals of 24 miles east or west of the 
principal meridian and at intervals of 24 miles north or south of the base line, 
thus dividing the tract being surveyed into quadrangles bounded by true 
meridians 24 miles long and by true parallels, the south boundary of each 
quadrangle being 24 miles long, and the north boundary being 24 miles long 
less the convergency of the meridians in that distance. (In some early 
surveys, these distances were 30 or 36 miles.) The secondary parallels are 
called standard parallels or correction lines, and each is continuous throughout 
its length. The secondary meridians are called guide meridians, and each is 
broken at the base line and at each standard parallel. 

The principal meridian, base line, standard parallels, and guide meridians 
are called standard lines. 
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A typical system of principal and secondary axes is shown in Fig, 23*1. 
The base line and standard parallels, being everywhere perpendicular to the 
direction of the meridian, are laid out on the ground as curved lines, the 
rate of curvature depending upon the latitude. The principal meridian 
and guide meridians, being true north-and-south lines, are laid out as straight 
lines but converge toward the north, the rate of convergency depending 
upon the latitude. 


Stomdoird 


Fia. 23*1. Standard lines. 


Standard parallels are counted north or south of the base line; thus the 
second stand rd parallel south indicates a parallel 48 miles south of the base 
line. Guide meridians are counted east or west of the principal meridian; 
thus the third guide meridian west is 72 miles west of the principal meridian. 

23*6. Townships. The division of the 24-mile quadrangles into town- 
ships is accomplished by laying off true meridional lines called range lines 
at intervals of 6 miles along each standard parallel, the range line extending 
north 24 miles to the next standard parallel; and by joining the township 
corners established at intervals of 6 miles on the range lines, guide meridians, 
and principal meridian with latitudinal lines called township lines. 

The plan of subdivision is illustrated by Fig. 23*2, A row of townships 
extending north and south is called a range; and a row extending east and 
west is called a tier. Ranges are counted east or west of the principal 
meridian, and tiers are counted north or south of the base line. Usually for 
purposes of description the word 'Hownship"' is substituted for 'Hier.^' 
A township is designated by the number of its tier and range and the name 
of the principal meridian. 
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For example, T7S, R7W (read township seven southf range seven west) designates a 
township in the seventh tier south of the base line and the seventh range west of the 
principal meridian. 
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Fig. 23*2. Township and range lines. 


23*7. Sections. The division of, townships into sections is performed 
by establishing, at intervals of 1 mEe, meridional lines parallel to the east 
boundary of the township and by joining the section corners established at 
intervals of a mile with straight latitudinal lines. (Strictly speaking, these 
lines are not meridional, but they are parallel to the east boundary of the 
township, which is a meridional line.) These lines, called section lines, divide 
each township into 36 sections, as shown in Fig. 23’ 3. The sections are 
numbered consecutively from east to west and from west to east, beginning 
with No. 1 in the northeast corner of the township and ending with No. 36 in 
the southeast corner. Thus Section 16 is a section whose center is 33^ miles 
north and miles west of the southeast corner of a township. 

A section is legally described by giving its number, the tier and range of 
the township, and the name of the principal meridian; for example, Sec- 
tion 16, T7S, E7W, of the Third Principal Meridian. 

On account of the convergency of the range lines (true meridians) forming 
the east and west boundaries of townships, the latitudinal lines forming 
the north and south boundaries of townships are less than 6 miles in length, 
except for the south boundary of townships that lie just north of a standard 
parallel. As the north-south section lines are run parallel to the east bound- 
ary of the township, it follows that all sections except those adjacent to the 
west boundary will be 1 mile square, but that those adjacent to the west 
boundary will have a latitudinal dimension less than 1 mile by an amount 
equal to the convergency of the range lines within the distance from the 
section to the nearest standard parallel to the south. 



Fig. 23*3. Numbering of sections. 
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The subdivision of sections is described in Arts. 23*17 to 23*19. 


Township Line- 


23*8. Standard Comers. . Corners called standard corners are established 
on the base line and standard parallels at intervals of 40 chains; these 
standard corners govern the meridional subdivision of the land lying between 
each standard parallel and the next standard parallel to the north. Other 
corners called correction comers or closing comers are later established on the 
base line and standard parallels during the process of subdivision; these 
corners fall at the intersection of the base line or standard parallel either 
with the meridional lines projected from the standard township corners of 
the next standard parallel to the south (see Fig. 23*2) or with the inter- 
mediate section and quarter-section lines. Standard parallels are also 
called correction lines. 

23*9. Irregularities in Subdivision. It should be understood that the 
plan of subdivision just described is the one which is carried out when condi- 
tions allow. There are, of course, always present the errors of measurement, 
so that the actual lengths and directions established in the field do not 
entirely agree with the theoretical values. But in addition, conditions met 
in the field often make it inexpedient or impossible to establish the lines of 
the survey in exact accordance with the specified plan. Thus there are 
numerous instances of standard parallels and guide meridians having been 
originally established at intervals of 30 and 36 miles, under old regulations ; 
and of regions having been only partly surveyed. Later, under present 
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regulations, meridians liave been established between the old guide merid- 
ians; and recent subdivisions are, therefore, referred to standard lines many 
of which are less than 24 miles apart. Also the presence of large bodies of 
water, mountain ranges, Indian reservations, etc., may greatly modify the 
method of division, many townships and sections being made fractional. 

23* 10, Establishing the Standard Lines. Principal Meridian. The 
principal meridian is established as a true meridian through the initial point, 
either north or south, or in both directions, as conditions require. Per- 
manent quarter-section and section corners are established alternately at 
intervals of 40 chains mile), and regular township corners are placed 
at intervals of 480 chains (6 miles). 

Independent linear measurements are taken either by two sets of chainmen or, 
when this is not possible, by the duplication of each measurement by one set of chain- 
men. When the discrepancy between two sets of measurements taken in the pre- 
scribed manner exceeds 20 links per mile, it is required that the line be remeasured to 
reduce the difference. The corners are set at the mean distances. When successive 
independent tests of the alinement, as determined by astronomical observations, 
indicate that the line has departed from the true meridian by more than 03^ it is re- 
quired that the necessary correction be made to reduce the deviation in azimuth. 

Base Line. From the initial point the base line is extended east and west 
on a true parallel of latitude, standard quarter-section and section corners 
being established alternately at intervals of 40 chains (H mile) and standard 
township corners being placed at intervals of 480 chains (6 miles). The 
manner of taking the linear measurements of the base line and the required 
precision of both linear measurements and alinement are the same as for 
the survey of the principal meridian. Any of the three methods described 
in Art. 23*12, for laying out the true latitude curve, may be used. 

Standard Parallels. At intervals of 24 miles north and south of the base 
line, true parallels of latitude called standard parallels or correction lines are 
run east and west from the principal meridian, these lines being estab- 
lished in a manner identical with that prescribed for the survey of the base 
line. 

Guide Meridians. The guide meridians are extended north from the base 
line and standard parallels at intervals of 24 miles east and west of the 
principal meridian. Each guide meridian is established as a true meridian 
in a manner identical with that employed in laying off the principal meridian. 
The guide meridians terminate at the points of their intersection with the 
standard parallels, and hence are broken lines, each segment being theoreti- 
cally 24 miles long. Errors of measurement are placed in the most northerly 
half mile of each 24-mile segment. At the point of intersection of the guide 
meridian and standard parallel, a closing township corner (correction 
corner) is established by retracing the standard parallel between the first 
standard corners to the east and to the west of the point for the closing 



By substitution of the values for CD and DE obtained above 

B == X sin 0 (1) 

Let tbe distance between two meridians measured along a parallel be 
d = CD, and let the radius of the earth at the parallel be i2. Then from 
the figure 

CO' Rcob4> 

By substitution of this value in Eq. (1), there results 
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corner; and the distance from the closing corner to the nearest standard 
corner on the standard parallel is measured. 

2341. Convergency of Meridians. In Fig, 23*4, let AGP and BDP 
represent two meridians, P being the North Pole of the earth, 0 the center 
of the earth, and AB an arc of the equator 
intercepted by the two meridians; and let CD 
be the arc of a parallel of latitude at a lati- 
tude ^ = CO A = DOB at which it is desired /Wl 

to determine the angular and linear conver- / / p 

gency of the meridians. Consider the earth 
as a perfect sphere. \ 7 "■ 

The difference in longitude between the \\ 

two meridians is \ 


CD = CO' ■ 


The latitude of the arc CO is 
= DOB = DEO' 


or DE = 

Sin 


Fig, 23*4. Convergency of 
meridians. 


With a negligible error the angle of convergency is 


0 ^ ^ ^ ^ ^ 

E cos <i> R 

where 6 is in radians. 

If d is in miles and R = 20,890,000 ft., the approximate mean radius 
earth, then 0 in seconds is, from Eq. 
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Jn Fig. 23-5 let I be the length of the meridian between two parallels and 
let B be the mean angle of convergency of two meridians whose mean latitude 
is <l> and whose mean distance apart measured on a 
parallel is d. Also let the linear convergency of the 
two meridians, measured along a parallel, be c. Then, 
with small approximation, 6 - c/L 

By substitution of this value in Eq. (2), there re- 
sults 

^ (4) 



R 


PoirofHel 
Fig. 23*5. 


which gives with sufficient precision for land surveying 
the linear convergency between two meridians. If d 
and I are in miles and R is the mean radius of the 
earth, then c in feet is given approximately by the expression 


Cf = ^dl tan ^ (5) 

o 

which is derived from Eq. (4) and which gives the linear convergency with 
sufficient precision for land surveying. The convergency in 66-ft. chains, 
where d and I are miles, is then 

Cc = 0.0202dnan / (6) 

Example 1: Find the angular convergency of two guide meridians 24 miles apart at 
' latitude 43°20'. By Eq. (3), 

e" - 52.13 X 24 tan 43'^20' - 1,182" 
d^l9'42" 


Example 2: Find the convergency in chains of two guide meridans 24 miles apart 
and 24 miles long at a mean latitude of 43°20'. By Eq. (6), 

Cc » 0.0202 X 24 X 24 tan 43°20' - 10.95 chains 

It will be noted in example 1 that the convergency of the two guide meridians is 
nearly a third of a degree. In example 2 the linear convergency is nearly 11 chains 
in the 24 miles; this would represent the jog at the correction line in the first guide 
meridian east or west, or one half of the jog in the second guide meridian. The north 
boundary of a township 24 miles north of a correction line at the given latitude is 
approximately 2^i chains less than 6 miles. 

In Table XI are given, for each degree of latitude, the linear and angular 
convergency of meridians 6 miles long and 6 miles apart. The linear con- 
vergency represents the correction to be applied to the north boundary of 
a regular township in computing the error of closure about the township. 
This value likewise represents double the amount of the offset from the 
tangent to the parallel at a distance of 6 miles from the point of tangency 
(see Art. 23*12). 
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Table XI also gives for the various latitudes the difference in longitude 
for 6 miles in both angle and time, and the difference in latitude for both 1 
and 6 miles in angular measure. 

Meridional Section Lines. In the subdivision of townships into sections, 
the establishment of section lines parallel to the east boundary of the town- 
ship necessitates a correction in azimuth of these section lines on account 
of the angular convergency of the meridians. While meridional section 
lines are being run north, they are made to deflect to the left or west of the 
true meridian by an angle equal to the convergency in the distance to the 
section line from the east boundary. Hence, %, and H of the 

angles of convergency given in Table XI represent, respectively, the deflec- 
tions from the true meridian for section lines respectively 1, 2, 3, 4, and 5 
miles west of the east boundary of the township. 

2342. To Lay Off a Parallel of Latitude. As the base line, standard 
parallels, and latitudinal township lines are true parallels of latitude, they 
are curved lines when established on the surface of the earth. This is 
evident from the fact that meridians converge and that a parallel of latitude 
is a line whose direction at any point is perpendicular to the direction of the 
meridian at that point. Its projection on the surface of the earth is the 
base element of a cone whose vertex is at the earth’s center, and the radius 
of whose base is R cos in which R is the earth’s radius and <j) is the latitude 
(see Fig. 23*4). It is defined by a plane at right angles to the earth’s polar 
axis cutting the earth’s surface on a circle whose radius is less for higher 
latitudes. The rate of curvature within the latitudes of the United States is 
so small that two points a quarter of a mile apart on the same parallel of lati- 
tude will, for all practical purposes, define the direction of the curve at either 
point; but the continuation of a line so defined in either direction would 
describe a great circle of the earth, gradually departing southerly from the 
true parallel. The great circle tangent to the parallel at any point along 
the parallel is called the tangent to the parallel^ and it coincides with the true 
latitude curve only at the point of origin. 

Though the tangent to the parallel is a straight line, its bearing is not 
constant but varies with the distance from the point of tangency, the 
deflection from true east or true west being equal to the angle of convergency 
of the meridians within the distance from the point of tangency to the given 
point. Hence the angles of convergency given in Table XI also represent 
the deviation in azimuth of the tangent from the parallel in a distance of 
6 miles, and Hj and ^ of the tabulated angles represent the 

changes in azimuth in distances respectively 1, 2, 3, 4, and 5 miles from the 
point of tangency. 

Within the limits of precision necessary in land surveying, the offset from 
tangent to parallel at any distance from the point of tangency is one half of 
the linear convergency of the meridians within the same distance. This 
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can be seen from Fig. 23*6, in which the angle of convergeney is exaggerated ; 
actually the angle Q and the distances c and a are relatively small. Hence 
values one half as great as the values of the 
linear convergeney in 5 miles given in Table XI 
represent the offset from tangent to parallel, 
measured along the meridian, at a distance of 6 
miles from the point of tangency. With small 
error a parallel of latitude may, within the limits 
of distance here considered, be assumed to behave 
as a parabola. Hence, the offset from tangent 
to curve at any point, for all practical purposes, 
may be said to vary as the square of the distance 
from the point of tangency; and the offsets at 3^, 
1, l}4, 2, etc., miles from the point of tangency 

Fig. p* 6. Relation be- ^ould bear to the offset at 6 miles the ratios H 44? 

tween tangent onset and , - , a* t 

linear convergeney. Me? Ke? M? ®tc., respectively. 

There are three general methods of establishing 
a true parallel of latitude, which may be employed independently to arrive 
at the same result: (1) the solar method, (2) the tangent method, and (3) the 
secant method. The secant method is most commonly employed. 

Solar Method. By this method a sPlar attachment to the engineer's transit is em- 
ployed as described in Art, 2M7. If the instrument is in good adjustment, the true 
meridian may be established with sufficient precision at each transit station, and the 
true parallel may be established by turning an angle of 90° in either direction from the 
meridian. If sights taken with the telescope pointing in the latter direction are not 
longer than 20 to 40 chains, the line thus defined will not depart appreciably from the 
true parallel. 

Tangent Method. This method consists in determining the true meridian at the 
point of tangency, from which the tangent to the parallel is established by laying off 
an angle of 90°. The tangent is extended in a straight line for a distance of 6 miles, 
and as each 40 chains is laid off along the tangent, the corresponding section or 
quarter-section corner is established on the parallel by laying off along the meridian 
the appropriate offset from tangent to parallel. 

At the end of 6 miles a new tangent is laid off, and the process just described is 
repeated. The values of the offsets may be found from Table XI, as previously sug- 
gested. 

Secant Method. This is a modification of the tangent method, in which the secant 
is a straight line 6 miles in length forming the arc of a great circle, which intersects 
the true parallel at the end of the first and fifth miles from the point of beginning, as 
illustrated by Fig. 23-7. For the latitude of the given parallel, the offsets (in links) 
from secant to parallel are given in the figure, at intervals of M mile. From the figure 
it is clear that the secant is parallel with a tangent to the parallel at the end of the 
third mile (240 chains); hence, the offset south from the third-mile point on the secant 
line to the corner on the true parallel is the same as the offset from the tangent to the 
parallel in a distance of 2 miles. Also, it is evident that the offset south of the point 
of beginning to the initial point on the secant, and the offset north of the secant to 
tlie true parallel at the end of the sixth mile, is equal to the difference between the 
tangent offset in a distance of 3 miles and the tangent offset in a distance of 2 miles. 
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If the secant is laid off toward the east, the direction of the secant from the point 
of beginning to the end of the third mile is north of true east, and beyond the end of 
the third mile is south of true east, the variation from true east increasing directly 
with the distance in either direction from the third-mile point* At the third-mile 
point the secant bears true east; at the point of beginning the secant bears north of 
east by an amount equal to the angular convergency of meridians 3 miles apart; and 
at the end of the sixth mile the secant bears south of east by the same amount. In 
Table XII are given, for various latitudes, the azimuths (measured in either direction 
from true north) of the secant at intervals of 1 mile. In Table XIII are tabulated the 
offsets from the secant to the parallel at intervals of 34 mile. 



Fig. 23-7. Parallel of latitude by secant method. 


The procedure employed in establishing a true parallel by this method is 
as follows: 

The initial point on the secant is located by measuring south of the beginning comer 
a distance equal to the secant offset for 0 mi. given in Table XIII (5 links in Fig. 23-7). 
The transit is set up at this point, and the direction of the secant line is established by 
laying off from true north the azimuth given in Table XII in the column headed 0 mi.; 
for the conditions illustrated by Fig. 23*7 the bearing of the secant which extends 
east from the point of beginning is N89°57'.3E. The secant is then projected in a 
straight line for 6 miles; and as each 40 chains (34 mile) is laid off along the secant the 
proper offset is taken to establish the corresponding section or quarter-section corner 
on the true parallel. 

At the end of 6 miles, if it is not convenient to determine the tme meridian, the 
succeeding secant line may be established by laying off, at the sixth-mile point, a 
deflection angle from the prolongation of the preceding secant to the succeeding se- 
cant, the angle being equal to the convergency of meridians 6 miles apart. Values 
of these deflection angles are given in the last column of Table XII. When the direc- 
tion of the new secant has been thus defined, the process of measurement to establish 
corners on the true parallel is continued as before. 

The secant method is recommended by the Bureau of Land Management 
for its simplicity of execution and for the proximity of the straight line 
(secant) to the true latitude curve. All measurements and all cutting (to 
clear the line) are substantially on the true parallel. 

23*13. Establishing Township Exteriors. The exact procedure employee 
in establishing township boundaries depends upon factors so variable that a 
complete discussion of the subject will not be attempted here. When prac- 
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ticable, the township exteriors are surveyed successiveiy through a 24-mile 
quadrangle in ranges, beginning each range with the township on the south. 
The range lines or meridional boundaries of the townships take precedence 
in the order of survey and are run from south to north on true meridians, 
quarter-section and section corners being established alternately at intervals 
of 40 chains. At the end of 6 miles a temporary township corner is set, 
pending latitudinal measurements necessary to close the township exterior 
and to calculate the error of closure. 

Each township line forming the north or south boundary of a township is 
run as a random line, as described in Art. 23*12, from the old toward the 
new meridional boundary, and if the error of closure is within the permissible 
value, the line is corrected back on a true parallel joining the two township 
corners. On the true parallel are established quarter-section and section 
corners, alternately at intervals of 40 chains, measurements being made 
from the boundary last run. The fractional measurement is placed in the 
most westerly half mile. 

Where both meridional boundaries of a township are new lines or where 
both have been established by a previous survey, the random latitudinal 
boundary is run from east tp west, but in other particulars the procedure 
is as outlined above. 

A range line is terminated at its intersection with a standard parallel, the 
excess or deficiency in the measured distance between standard parallels 
being placed in the most northerly half mile. At the point of intersection 
between the range line and the standard parallel, a closing township corner 
(correction corner) is established. In order to determine the alinement of 
the line closed upon, the standard parallel is retraced between the two 
standard corners adjacent to the closing corner. The distance from the 
closing corner to the nearest standard comer is measured in order that the 
error of closure may be calculated. 

Following the ideal procedure outlined above, when a full 24-miIe quadrangle is 
to be divided into townships, the survey is usually begun at the southeast corner of 
the southwest township of the quadrangle (see Fig. 23 ‘2). The range line is run 6 
miles north, and the latitudinal boundary connecting the regular township corner 
prcvioxxsly established on the guide meridian or principal meridian with the 6-miIe 
point on the range line is established as described in the preceding paragraphs. The 
range line is then continued another 6 miles, and a second latitudinal boundary is 
established in the same manner as the first, connecting the second regular township 
corner north of the standard parallel on the guide or principal meridian with the 12- 
mile point on the range line. Again the process is repeated, and then the range line 
is extended north of the 18-mile point to the closing township corner on the standard 
parallel. The most westerly range of townships is thus surveyed. 

In a similar manner the boundaries of the townships forming the next range to the 
east are established. 

Finally, the third range line, started at the southwest corner of the southeast town- 
ship, is laid off as the others, but at the 6-, 12-, and 18-mile points latitudinal hnes 
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are run (1) to the west to connect with corresponding township corners, and (2) to 
the east to connect with the first, second, and third regular township corners north 
of the standard parallel on the guide meridian. 

2344. Allowable Limits of Error of Closure. The maximum allowable 
error of closure prescribed for the United States rectangular surveys is K 52 
provided the error of closure in either latitude or departure does not exceed 
3^40. Where a survey qualifies under the latter limit, the former is bound 
to be satisfied. It is equivalent to a systematic error of 1234 links, in either 
latitude or departure, per mile of perimeter. On this basis both the latitudes 
and the departures for the exterior lines of a normal township should close 
within 3 chains; of a normal range or tier of sections within chains; or 
of a normal section within 34 chain. The general requirement is applied 
as a test of the accuracy of the angular and linear measurements incidental 
to all classes of lines embraced in the division of the public lands. Whenever 
a closure is effected, the latitudes, departures, and error of closure of the lines 
composing the figure (quadrangle, township, section, meander, etc.) must 
be calculated, and corrective steps must be taken whenever the test discloses 
an error in excess of the allowable value. 

In addition to the foregoing general requirement, township exteridrs 
must be so established that the rectangular limits of township subdivisions, 
as discussed in the following article, are not exceeded. 

Normally the boundaries of a township are considered to be established 
within satisfactory governing limits from which to control the subdivisional 
surveys when the calculated position of the section lines may be theoretically 
projected from the township boundaries without invading the danger zone 
in respect to the rectangular limits. 

2346. Rectangular Limits. Before considering further the methods em- 
ployed in the subdivision of townships, the legal requirement relative to 
the rectangular surveys of the public lands should be stated. Of the 36 
sections in each normal township (Fig. 23*8), 25 are returned as containing 
640 acres each; 10 adjacent to the north and west boundaries (comprising 
sections 1-5, 7, 18, 19, 30, and 31) each contain regular aliquot parts totaling 
480 acres with 4 additional fractional lots each containing 40 acres plus or 
minus definite differences to be determined in the survey; and one section 
(section 6) in the northwest corner contains regular aliquot parts totaling 
360 acres with 7 additional fractional lots each containing 40 acres plus or 
minus certain definite differences to be determined in the survey. The 
aliquot parts of 640 acres, called the regular subdivisions of a section, are 
the quarter section (34 ^nile square), the half-quarter or eighth section (3C 
by 34 mile), and the quarter-quarter or sixteenth section (34 33iile square), 
the last containing 40 acres and being the legal minimum for purposes of 
disposal under the general land laws. 

With regard to the allowable limits of precision, the “Manual of Survey- 
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ing Instructions” of the Bureau of Land Management is quoted as fol- 
lows: 

In the administration of the surveying laws it has been necessary to establish a 
definite relation between rectangularity (square miles of 640 acres, or aliquot parts 
thereof), as contemplated by law, and the resulting unit of subdivision consequent 
upon the practical application of surveying theory to the marking out of the lines 
on the earth’s surface, wherein the ideal section is allowed to give way to one which 
may be termed “regular.” Such relation, as applied to the boundaries of a section, 
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Fig. 23*8. Township subdivision. 

has been placed at the following limits: (a) For alinement, not to exceed 21' from cardi- 
nal in any part; (6) for measurement, the distance between regular comers to be nor- 
mal according to the plan of the survey, with certain allowable adjustments not to 
exceed 25 links in 40 chains; and (c) for closure, not to exceed 50 links in either latitude 
or departure. 

Township exteriors, or portions thereof, will be considered defective when they do 
not qualify within the above limits. It is also necessary, in order to subdivide a 
township regularly, to consider a fourth limit, as follows: 

(d) For position, the corresponding section corners upon the opposite boundaries 
of the township to be so located that they may be connected by tme lines which will 
not deviate more than 21' from cardinal. 

23*16. Subdivision of Townships. The procedure to be employed in the 
subdivision of a township into sections depends upon the regularity of the 
established boundaries of the township. If these boundaries are within 
the governing limits previously mentioned, the subdivision may proceed in 
a general order, the south and east boundaries of the township being the 
governing lines. When the township exteriors are irregular the variations 
in the procedure of subdivision are too numerous to allow of description 
here. 
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Following the normal plan for subdividing townships with regular bound- 
aries, the subdivisional survey is begun on the south boundary of the town- 
ship at the section corner between sections 35 and 36 (see Fig. 23*9). The 
line between sections 35 and 36 is run in a northerly direction parallel to 
the east boundary of the township, the quarter-section corner between 35 
and 36 being set at 40 chains, and the section corner common to sections 25, 
26, 35, and 36 being set at 80 chains. From the latter corner a random line 
is run eastward on a course calculated to be parallel with the south boundary 
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Fig. 23-9. Order of establishing section lines. 


of section 36, a temporary quarter-rsection corner being set at 40 chains. 
If this random line intersects the east boundary of the township exactly at 
the corner of sections 25 and 36, it is blazed and established as the true line, 
and if the linear error of closure is within the allowable limits, the temporary 
quarter-section corner is made permanent by shifting it to a position midway 
between adjacent section corners, as determined by field measurements. 

If the point of intersection between the random line and east boundary falls to 
the north or to the south of the section corner on the township boundary, as will gen- 
erally be the case, the falling is measured and from the data thus obtained the bearing 
of the true return course is calculated and the true line joining the section corners is 
blazed and established, the quarter-section corner common to sections 25 and 36 
being placed midway between section corners, as described above. 

This process is repeated for the successive meridional and latitudinal 
lines in the eastern range of sections until the north boundary of section 12 
is established, the order in which the lines are surveyed being as indicated by 
the numbers on the section lines in Fig. 23*9. 

When the northern boundary of the township is not a base line oi standard 
parallel, the line between sections 1 and 2 is run north as a random line 
parallel to the east boundary, the distance to its point of intersection with 
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the northern boundary of the township being measured. If the random 
line intersects the northern boundary at the corner of sections 1 and 2 and 
the linear error of closure of the tier of sections is within the allowable limit, 
the random line is blazed back and established as the true line, the fractional 
measurement being thrown into that portion of the line between the quarter- 
section corner and the north boundary of the township. 

If, as is usually the case, the random line intersects the north boundary to the east 
or to the west of the corner of sections 1 and 2, the falling is measured, the bearing 
of the true return course is calculated, and the true line joining the section corners is 
established, the permanent quarter-section comer common to sections 1 and 2 being 
placed a full 40 chains from the south boundary of these sections. In this way the 
excess or deficiency in linear measmement is, as before, placed in that portion of 
the line between the permanent quarter-section comer and the north boundary of 
the township. 

When the north boundary of the township is a base line or standard 
parallel, the line between sections 1 and 2 is run as a true line parallel to 
the east boundary of the township, a permanent quarter-section corner 
being set at 40 chains, a closing section corner being established at the point 
of intersection of the section line and base line or standard parallel, and the 
distance from this closing corner to the nearest standard corner being 
measured. 

The successive ranges of sections from east to west are surveyed in a 
manner identical with the procedure described in the preceding paragraphs 
for the most easterly range until the two most westerly ranges are reached. 

The west and north boundaries of section 32 are established as for corre- 
sponding sections to the east. A random line parallel to the south boundary 
of the township is then run west from the corner of sections 29, 30, 31, and 
32, and the point of intersection between the random line and the west 
boundary of the township is determined. The falling of the intersection 
from the true corner is then measured, the course of the true line is calcu- 
lated, and the true line is blazed and established, the permanent quarter- 
section corner being placed on the true line at a full 40 chains from the corner 
of sections 29, 30, 31 and 32. Thus the deficiency due to convergency of 
the meridians and the excess or deficiency due to errors in linear measure- 
ments are thrown in the most westerly half mile. 

The survey of the other sections comprising the two most westerly ranges 
is continued in similar manner, the order in which the lines are surveyed 
being indicated by the numbers shown in Fig. 23*9. 

23 *17. Subdivision of Sections. Although acts of Congress contain the 
fundamental provisions for the subdivision of sections into quarter sections 
and quarter-quarter sections, the sections are only in rare instances sub- 
divided in the field by United States surveyors. However, certain lines of 
subdivision are shown upon the official plats, and the surveyor in private 
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practice who may be employed by the entrymen or landowners to establish 
the lines of subdivision is compelled to correlate conditions found on the 
ground with those shown on the approved plat. The function of the United 
States surveyor is to establish the official monuments so that the officially 
surveyed lines may be identified and the subdivision of the section may be 
controlled as contemplated by law. There the duties of the United States 
surveyor cease, and those of the surveyor in private practice begin. In 
the work of subdividing sections into the parts shown on the official plat the 
local surveyor cannot properly serve his client unless he is familiar with the 
land laws regarding the subdivision of sections, nor in the event of the loss of 
original monuments can the surveyor expect legally to restore the same 
unless he understands the principles employed in the execution of the 
original survey. 
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Fig. 23*10. Subdivision of sections. 

2348. Subdivision by Protraction. Upon the official government town- 
ship plats the interior boundaries of quarter sections are shown as dashed 
straight lines connecting opposite quarter-section corners. The sections 
adjacent to the north and west boundaries of a normal township, except 
section 6, are further subdivided by protraction into parts containing two 
regular half-quarter sections and four lots, the latter containing the frac- 
tional areas resulting from the plan of subdivision of the normal township. 
Figure 2340 illustrates the plan of the normal subdivision of sections. The 
regular half-quarter sections are protracted by laying off a full 20 chains 
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from the line joining opposite quarter-section corners. The lines sub- 
dividing the fractional half-quarter sections into the fractional lots are pro- 
tracted from mid-points of the opposite boundaries of the fractional quarter 
sections. 

In section 6 the two interior quarter-quarter-section corners on the 
boundaries of the fractional northwest quarter are similarly fixed, one at a 
point 20 chains north and the other at a point 20 chains west of the center 
of the section, from which points lines are protracted to corresponding points 
on the west and north boundaries of the section. Hence the subdivision of 
the northwest quarter of section 6 results in one regular quarter-quarter 
section and three lots. 
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Fig. 23-11. Subdivisional 
areas of section 6. 



Showing Calculated Distances 

Fig. 23-12. Subdivisional 
dimensions of section 6. 


In all sections bordering on the north boundary the fractional lots are 
numbered in succession beginning with No. 1 at the east. In all sections 
bordering on the west boundary the fractional lots are numbered in succes- 
sion beginning with No. 1 at the north, except section 6 which, being com- 
mon to both north and west boundaries, has its fractional lots numbered in 
progression beginning with No. 1 in the northeast corner and ending with 
No. 7 in the southwest corner, all as illustrated by Fig. 23*10. 

Figure 23*11 illustrates a typical plat of section 6 on which the protracted 
areas are shown. Figure 23*12 is a similar section giving the calculated 
dimensions of the protracted areas. 

Fractional Lots. In addition to sections made fractional by reason of their 
being adjacent to the north and west boundaries of a township, there are also 
sections made fractional on account of meanderable bodies of water (Art. 
23*20), mining claims, and other segregated areas within their limits. Such 
sections are subdivided by protraction into such regular and fractional parts 
as are necessary for the entry of the undisposed public lands and to describe 
these lands separately from the segregated areas. 



§ 23 - 19 ] SUBDIVISION BY STJEVEY 603 

Figures 23*13 and 23*14 illustrate two sections made fractional by mean- 
derable bodies of water. The practice is to number the lots in each section 
in sectional tiers beginning with No. 1 as the most easterly lot in the most 
northerly tier containing fractional sections, and to number the lots pro- 
gressively toward the west in that tier, then toward the east in the tier to 
the south, and so on, tier by tier. This system of lot numbering is shown 
in both of the figures. A lot extending north and south through two or 
more tiers is numbered in the tier containing its greater area. 


Meahderable Loke 

Fig. 23-13* Fractional lots. Fig. 23-14. Fractional lots. 

23*19. Subdivision by Survey. The rules for the subdivision of sections 
given in the following paragraphs are based upon the general land laws. 
When an entryman has acquired title to a certain legal subdivision, he be- 
comes the owner of the identical ground area represented by the same sub- 
division on the official plat. Preliminary to subdivision it is necessary to 
identify the actual boundaries of the section, as it cannot be legally sub- 
divided until the section and exterior quarter-section corners have been 
found or have been restored to their original locations, and the resulting 
courses and distances have been redetermined in the field. When the oppo- 
site quarter-section corners have been located, the legal center of the section, 
or interior quarter-section corner, may be placed. If the boundaries of 
quarter-quarter sections or of fractional lots are to be established on the 
ground, it is necessary to measure the boundaries of the quarter section and 
to fix thereon the quarter-quarter-section corners at distances in proportion 
to those given upon the official plat; then the legal center of the quarter 
section may be placed. 

Subdivision of Sections into Quarter Sections, According to law, the pro- 
cedure to be followed in the subdivision of a section into quarter sections is 
to run straight lines between the established opposite quarter-section cor- 
ners. The point of intersection of lines thus run is the quarter-section 
corner common to each of the four quarter sections into which the section 
is divided. It is called the interior quarter-section comer and is the legal 
center of the section. 
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Subdivision of Fractional Sections. Where opposite corresponding quar- 
ter-section corners of a section have not been or cannot be fixed, as is fre- 
quently the case when sections are made fractional by streams, lakes, etc., 
the lines of sectional subdivisions are run on courses mean between those of 
adjoining established section lines, or are run on courses parallel to the east, 
south, west, or north boundary of the section where there is no opposite 
section line. 

Subdivision of Quarter Sections into Quarter-quarter Sections. Preliminary 
to the subdivision of regular quarter sections, the quarter-quarter-section 
(sixteenth-section) corners are established at points midway between the 
section and exterior quarter-section corners and between the exterior 
quarter-section corners and the center of the section. The quarter-quarter- 
section corners having thus been established, the center lines of the quarter 
section are run as straight lines between opposite corresponding quarter- 
quarter-section corners on the boundaries of the quarter section. The 
intersection of these lines is common to the four quarter-quarter sections 
into which the quarter section is divided. It is called the interior quarter-^ 
quarter-section corner, and it marks the legal center of the quarter section. 

а. Irregular Quarter Sections. This case arises (1) when the quarter 
section is adjacent to the north or west boundary of a regular township and 
(2) when the quarter section adjoins any irregular boundary of an irregular 
township. The procedure is the same as that outlined in the preceding 
paragraph, except that the quarter-quarter-section corners on the boundaries 
of the quarter section which are normal to the township exterior are placed 
at 20 chains, proportionate measurement, counting from the regular quarter- 
section corner. 

б. Fractional Quarter Sections. The subdivisional lines of fractional 
quarter sections are run from properly established quarter-quarter-section 
corners, with courses governed by the conditions represented upon the 
official plat, to the lake, water course, or reservation which renders such 
quarter sections fractional. 

23-20. Meandering. In the process of surveying the public lands, all 
navigable bodies of water and other important rivers and lakes below the 
line of mean high water are segregated from the lands which are open to 
private ownership. In the process of subdivision, the regular section lines 
are run to an intersection with the mean high-water mark of such a body of 
water, at which intersection corners called meander corners .are established. 
The traverse which is run between meander corners, approximately following 
the margin of a permanent body of water, is called a meander line, and the 
process of establishing such lines is called meandering. The mean high-water 
mark is taken as the line along which vegetation ceases (see also Art. 22*7). 
The fact that an irregular line must be run in tracing the boundary of a 
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reservation does not entitle such a line to be called a meander line except 
where it follows closely the shore of a lake or the bank of a stream. 

Meander lines are not boundaries but are lines which are run for the puiv 
pose of locating the water boundaries approximately, and although the 
official plats show fractional lots as bounded in part by meander lines, it is 
an established principle that ownership does not stop at such boundaries (sec 
Arts. 22-5 and 22*9). A Supreme Court decision reads as follows: 

Meander lines are run in surveying fractional portions of the public lands bordering 
on navigable rivers, not as boundaries of the tract, but for the purpose of defining the 
sinuosities of the banks of the stream and as the means of ascertaining the quantity 
of land in the fraction subject to sale, which is to be paid for by the purchaser. In 
preparing the official plat from the field notes, the meander line is represented as the 
border line of the stream, and shows to a demonstration that the water-course, and 
not the meander line as actually run on the land, is the boundary. 

In running a meander line, the surveyor begins at a meander corner and 
follows the bank or shore line, as closely as convenience permits, to the next 
meander corner, the traverse being a succession of straight lines. The 
true length and bearing of each of the courses of the meander line are ob- 
served with precision, but for convenience in plotting and computing areas 
the intermediate courses are laid off to the exact quarter degree and each 
intermediate transit station is placed a whole number of chains, or at least 
a multiple of 10 links, from the preceding station. Inasmuch as meander 
lines are not true boundaries, this procedure defines the sinuosities of the 
mean high-water line with sufficient accuracy. When a meander line is 
'^closed” on a second meander corner, the latitudes and departures of the 
courses bounding the fractional lot are computed and the error of closure 
is determined. If this exceeds the allowable value, the line is rerun until an 
error in bearing or distance is discovered which will bring the closure within 
the specified limits (maximum error in either latitude or departure K 4 o)* 

a. Rivers. Proceeding downstream, the bank on the left hand is termed the left 
bank and that on the right hand the right bank. Navigable rivers and bayous as 
well as all rivers not embraced in the class denominated ‘^navigable,” the right-angle 
width of which is 3 chains and upward, are meandered on both banks, at the ordinary 
mean high-water mark, by taking the general courses and distances of their sinuosities. 

b. Lakes. Regulations provide for the meandering of all lakes having an area of 
25 acres or greater, the procedure being the same as for the meandering of streams. 
If the lake lies entirely within a section, there will be obviously no regular meander 
cornem, and a special meander corner is established at the intersection of the shore of 
the lake with a line run from one of the quarter-section corners on a theoretical course 
to connect with the opposite quarter-section corner, the distance from the quarter- 
section corner to the special meander corner being measured. The lake is then mean- 
dered by a line beginning and ending at the sp)ecial meander corner. If a meanderable 
lake is found to lie entirely within a quarter-section, an auxiliary meander corner is 
placed at any convenient place on its margin, and this is connected by traverse with 
one of the regular comers established on the boundary of the section. 
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c. Islands. In the progress of the regular surveys, every island of any meanderable 
body of water, except those islands which have formed in navigable streams since the 
admission of a state to the union, is located with respect to regular corners on section 
boundaries and is meandered and shown upon the official plat. Also in the survey of 
lands fronting on any nonnavigable body of water, any island opposite such lands is 
subject to survey. 


23*21. Field Hotes. The field notes taken in connection with the survey 
of public lands are required to be in narrative form and are designed to 
furnish not only a record of the exact surveying procedure followed in the 
field but also a report showing the character of the land, soil, and timber 
traversed by the line of subdivision and a detailed schedule of the topo- 
graphic features adjacent to the lines, together with reference measurements 
showing the position of the lines with respect to natural objects, to improve- 
ments, and to the lines of other surveys. In this way the notes serve three 
purposes: (1) The field procedure is made a matter of official record, (2) the 
general characteristics of the territory served by the subdivision surveys 
are secured, and (3) the reference measurements to objects along the sur- 
veyed lines furnish evidence by which the established points and lines 
become practically unchangeable. 

23*22. Marking Lines between Comers- As a final step in the survey 
of the public lands, it is the aim permanently to fix the location of the legal 
lines of subdivision with reference to objects on the surface of the earth. 
This is accomplished (I) by setting monuments, of a character later to be 
defined, at the regular corners, (2) by finding the location of the officially 
surveyed lines with respect to natural features of the terrain, and (3) by 
indicating the position of the regular lines through living timber by Hazing 
and by hack marks. 


The last method of fixing the location of the regular subdivisional lines is required 
by law just as definitely as is the establishment of monuments at the corners. All 
legal lines of the public-land surveys through timber are marked in this manner. 
Those trees which are on the line, called line treeSj are marked with two horizontal 
notches, called hack marks ^ on each side of the tree facing the line; and an appropriate 
number of trees on either side of the line and within 50 links thereof are marked by 
flat axe marks, called blazes, a single blaze on each of two sides quartering toward the 
line. 


23*23. Comers. In the subdivision of the public lands as described in 
the preceding articles, it is required that the United States surveyors shall 
permanently mark the location of the township, section, exterior quarter- 
section, and meander corners, as well as such quarter-quarter-section corners 
as it is necessary to establish in connection with the subdivision of frac- 
tional sections. For this purpose are employed monuments of a character 
specified by regulations of the Bureau of Land Management. 

The location of every such corner monument is, in accordance with defi- 
nite mle, referred to such nearby objects as are available and suitable for 
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this purpose; and where the corner itself cannot be marked in the ordinary 
manner an appropriate witness corner is established (Art. 23* 24)* 

At the appropriate place in the field notes of the survey a record of each 
established monument is introduced, this record including the character and 
dimensions of the monument itself, the manner in which it is placed, the 
significance of its location, its markings, and the nature of the objects to 
which reference measurements are taken, together with these measurements. 

23*24. Witness Comers. Where a true corner point falls within an 
unmeandered stream or lake, within a marsh, or in an inaccessible place, a 
witness corner is established in a convenient location nearby, preferably on 
one of the surveyed lines leading to the location of the regular corner. Also 
where the true point falls within the traveled limits of a road, a cross-marked 
stone is deposited below the road surface, and a witness corner is placed in 
a suitable location outside the roadway. 

The witness corner is placed on any one of the surveyed lines leading to a 
corner, if a suitable place within a distance of 10 chains is available; but if 
there is no secure place to be found on a surveyed line within the stated limit- 
ing distance, the witness corner may be located in any direction within a 
distance of 5 chains. 

23*25. Comer Monuments. The Bureau of Land Management has 
adopted a standard iron post for monumenting the public-land surveys, 
which post is to be used unless exceptional circumstances warrant the use 
of other material. The post is made from zinc-coated wrought-iron pipe 
of inside diameter 2 in. ; it is cut to a length of 30 in., one end is split for 4 
or 5 in., and the two halves are spread outward to form a base. A brass cap 
is securely fastened to the top, and the pipe is filled with concrete. (For- 
merly 3-in. posts were specified for township corners, 2-in. posts for section 
corners, and 1-in. posts for quarter-section and meander corners and all 
other permanent points.) At the time of installation, the appropriate 
corner marking is stamped on the brass cap by means of steel dies. The 
posts are set in the ground for about three fourths of their length. 

Where the procedure is duly authorized, durable native stone may be 
substituted for the model iron post described above, provided the stone is 
at least 20 in. long and at least 6 in. in its least lateral dimension. Stone 
may not be used as a monument for a corner whose location is among large 
quantities of loose rock. The required corner markings are cut with a chisel, 
and the stone is ordinarily set with about three fourths of its length in the 
ground. 

Where the ground is underlaid with rock close to the surface and it is 
impracticable to complete the excavations for monuments to the regular 
depth, the monument is placed as deep as practicable and is supported above 
the natural ground surface by a mound of stone. Where the solid rock is at 
the surface, the exact corner point is marked by a cross cut in the rock; and 
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if practicable to do so, the corner monument is established in its proper 
location and is supported by a mound of stones. 

Where the corner point falls within the trunk of a living tree which is too 
large to be removed readily, the tree becomes the corner monument and, 
as such, is scribed with the proper marks of identification. 

Legal penalties are prescribed for damage to Government survey monu- 
ments or marked trees. 

23 ’26, Marking Corners. Although to treat completely the system of 
marking employed by the Bureau of Land Management on corner monu- 
ments established in the survey of the public lands is beyond the scope of 
this text, a brief description of the general features of the system is here 
given. For further details the reader is referred to the “Manual of Survey- 
ing Instructions’^ of the Bureau of Land Management. 

All classes of monuments are marked in accordance with a system which 
has been designed to provide a ready identification of the location and char- 
acter of the monument on which the markings appear. Iron posts and tree 
corners are marked with capital letters which are themselves keys to the 
character of the monument and with arabic figures giving the section and 
township and range numbers of the adjacent subdivisions and the year in 
which the survey was made. Certain marks in the form of notches and 
grooves are placed on the vertical edges or faces of stone monuments; in the 
case of an exterior corner the number of marks is made equal to the distance 
in miles from the adjoining township corner along the township or range 
line to the monument, and in the case of an interior corner the number of 
marks is made equal to the distance in miles from the adjoining township 
boundary along section lines to the monument. These marks furnish a 
means of determining the number of the adjoining sections. 

A witness corner and its accessories are constructed and marked similarly 
to a regular corner for which it stands, with the additional letters “WC” 
to signify witness comer and with an arrow pointing to the true corner. 

Following is an index of the ordinary markings common to ail classes of 
corners: 


Mark 

Meaning 

Mark 

Meaning 

AMC 

Auxiliary meander corner 

S 

Section 

BO 

Bearing object 

S 

South 

BT 

Bearing tree 

SC 

Standard comer 

C 

Center 

SMC 

Special meander comer 

GC 

Closing comer 

T 

Township 

E 

East 

W 

West 

MC 

Meander comer 

wc 

Witness comer 

N 

North 

WP 

Witness point 

R 

Range 

H 

Quarter section 

RM 

Reference monument 

He 

Quarter-quarter section 
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All standard township, section, and quarter-section corners on base line 
and standard parallels are marked ‘‘ SC/’ All closing township and section 
corners on these lines are marked “ CC.” 

1. Markings on Iron Monuments. Following are descriptions of the 
markings on the caps of certain of the iron-post monuments. These mark- 
ings are made to read from the south side of the monument, and the year of 
establishing the monument is stated below the markings. 


SG 

T25N 

K17E|R18E 

S36S31 


T27N R17W 
S31 S32 


T26N R17W 

S6 

1916 1916 

(a) Standard township corner. (6) Section corner. 

Fig. 23*16. Typical markings on iron monuments. 

a. Standard Township Corner. The township number (as T25N) on north half, 
and the ranges and sections of the two adjoining subdivisions to the northeast and 
northwest (as RISE, S31, and R17E, S36) in the appropriate quadrants (Fig. 23* 15a). 

h. Comers Common to Four Townships. Township numbers (as T23N, T22N) on 
north and south halves; range numbers (as RISE, R17E) on east and west halves; 
section numbers (as S31, S6, SI, S36) in the four quadrants. 

c. Closing Section Comers. Township and range on the half from which the closing 
line approaches the monument; section numbers in proper quadrants; also, if known 
at the time, the township, range, and section on the side of the correction line opposite 
the closing section line. 

d. Corners Common to Four Sections on Township Exterior. Township (or range) 
common to the adjoining townships (as T25N); ranges (or townships) on opposite 
sides of the exterior (as R17E, RISE); section numbers in appropriate quadrants. 

e. Interior Section Corners Common to Four Sections. Township and range in 
northern half; sections in appropriate quadrants. 

/. Standard Quarter-section Corners. On north half marked “ 3^ ” followed by sec- 
tion number (as J^S36). 

g. Quarter-section Corners. On a meridional line, “34” on north and sections on 
east and west halves; on a latitudinal line, on west half and sections on north 
and south halves. 

2. Markings on Stone Monuments. The letters and figures on stone monu- 
ments are cut on the exposed sides of the stone and not on the top. In 
addition, grooves are cut in the faces of certain monuments, and notches 
are cut in the vertical edges of certain others. Grooves are employed 
where the faces are oriented to the cardinal directions, and notches are em- 
ployed where the vertical edges are turned to the cardinal directions. 

S. Markings on Tree Monuments. The system of marking tree monu- 
ments is practically the same as that employed in marking the caps of the 
iron monuments, already described in some detail. If side of tree be substi- 
tuted for quadrant of cap, the markings given above are applicable to corre- 
sponding tree monuments. The appropriate marks are made on the trunk 
of the tree just above the root crown, and the series of marks on a particular 
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side of a tree are scribed to read downward in a vertical line. The scribe 
marks are usually made in a vertical blaze. The marks thus made will 
remain long after the blaze is covered with new growth, and will in fact be 
destroyed only with the wood itself. 

23*27. Comer Accessories. When a corner is referred by direction and 
distance to some other more or less permanent object and the operation 
becomes a matter of record, it is possible to relocate the corner with respect 
to the object. In land surveying a recorded measurement of this kind is 
often called a connection, and the object thus located is called a corner acces- 
sory. It is specified that the United States surveyors in the survey of the 
public lands shall employ at least one accessory for every corner established, 
the character of the accessories to fall within the following groups: (a) bear- 
ing trees, or other natural objects such as notable cliffs and boulders, per- 
manent improvements, and reference monuments, (6) mounds of stone, and 
(c) pits and memorials. 

The marks on a bearing tree are made on the side nearest the comer, in the manner 
already described for tree-comer monuments. The mark includes the section num- 
ber in which the tree stands and is terminated by the letters ‘*BT.^^ 

Where a bearing object is of rock formation, the point to which measurements are 
taken is indicated by a cross, and it is marked with the letters and the section 
number, all marks being cut with a chisel. 

Where it is impossible to make a single connection to a bearing tree or other bearing 
object and where a mound of stone or a pit is impracticable, a memorialy or durable 
article such as glassware, stoneware, a cross-marked stone, a charred stake, a quart 
of charcoal, or piece of metal is deposited alongside the base of the monument. 

Where native stone is at hand, a mound of stones of sufficient size to be conspicuous 
is employed as an accessory. 

Where accessories such as those mentioned in the preceding paragraphs are not 
available, pits may be used if conditions are favorable to their permanence. Where 
the ground is covered with sod, the soil is firm, and the slope is not steep, the pit will 
gradually fill with a material different in color or in texture from the original soil; 
and often a new species of vegetation springs up. Thus it may be possible to identify 
the location of a pit after the lapse of many years. 

23*28. Restoration of Lost Comers. Although it has been the aim of 
the Bureau of Land Management in the subdivision of the public lands so 
to monument the established corners that there will always be physical evi- 
dence of their location, it is a matter of common experience that many corner 
marks become obliterated with the progress of time. It is one of the impor- 
tant duties of the local or county surveyor, in the relocation of property 
lines or in the further subdivision of lands, to examine all available evidence 
and to identify the official corners if they exist. Should a search of this 
kind result in failure, then it is the duty of the surveyor to employ a process 
of field measurement which will result in the obliterated corner’s being 
restored to its most probable original location (see Art. 22*15 and Ref. 5 at 
the end of this chapter). 
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As here employed, the term corner is used to designate a point established 
by a survey, while the term monument is used to indicate the object placed 
to mark the corner point upon the surface of the earth. 

A corner is said to exist when its location within very narrow limits can 
be determined beyond all reasonable doubt, either by means of the original 
monument, by means of the accessories to which connections were made at 
the time of the original survey, by the expert testimony of surveyors who 
may have identified the original corner and recorded connections to other 
accessories, or even by land owners who have indisputable knowledge of the 
exact location of the original monument. If the orginal location of a corner 
cannot be determined beyond reasonable doubt, the corner is said to be lost. 
If the monument of an existing corner cannot be found, the corner is said to 
be obliterated, but it is not necessarily lost. 

In the absence of an original monument, either a line tree or a definite connection 
to natural objects or to improvements may fix a point of the original survey for both 
latitude and departure. The mean location of a blazed line, when identified as the 
original line, may sometimes help to fix a meridional line for departure, or a latitudinal 
line for latitude. Other calls of the original field notes in relation to various items of 
topography may assist materially in the recovery of the locus of the original survey. 
Such evidence may be developed in infinite variety. 

A lost corner is restored to its original location, as nearly as possible, by 
processes of surveying that involve the retracement of lines leading to the 
corner. Restoration of a corner does not insure that it is placed exactly 
in its original location, and when a corner is restored the record of the survey 
should so state. 

23*29. Proportionate Measurement. It is essential that the laying off 
of a given distance at the time of a resurvey to restore a lost corner should 
render the same absolute distance between two points on the ground as was 
measured during the original survey. For r^sons which have been dis- 
cussed in earlier chapters (Art. 7-16, etc.), the measurement of a given known 
line at the time of a resurvey will not in general agree with the length of the 
line as recorded in the original survey. Thus where linear measurements 
are necessary to the restoration of a lost corner, the principle of proportionate 
measurement must be employed. Single proportionate measurement con- 
sists in first comparing the resurvey measurement with the original measure- 
ment between two existing corners on opposite sides of the lost corner, and 
then laying off a proportionate distance from one of the existing corners to 
the lost corner. Double proportionate measurement consists in single pro- 
portionate measurement on each of two such lines perpendicular and inter- 
secting at the lost corner (see also Art. 22*15 and problems 10 and 11, Art. 
23*31). 

23*30. Field Process of Restoration. Following are the field processes 
to be followed in a few of the simpler cases of the restoration of lost corners. 
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In any event the restorative process must be in harmony with the methods 
employed in originally establishing the lines involved, and the preponderant 
lines must be given the greater weight in determining whether a corner 
should be relocated by single or double proportionate measurement or by 
some other method. Thus, standard parallels are given precedence over 
township exteriors, the latter are given precedence over subdivisional lines, 
and quarter-section corners are relocated after adjoining section corners have 
been restored. 


1. Township Corner Common to Four Tovmships. Where all the connecting 
lines have been established in the field, retracement is made between the nearest exist- 
ing corners on the meridional line, one north and one south of the lost corner, and a 
temporary stake is set at the proportionate distance for the lost corner; this defines 
the latitude of the lost corner. Similarly measurement is made between the nearest 
existing corners on the latitudinal line through the point, and at the proper propor- 
tionate distance a second temporary stake is set; this marks the departure (or longi- 
tude) of the lost corner. The location of the lost corner is then found at the inter- 
section of an east-west line through the first stake and a north-south line through the 
second; the corner is thus relocated by double proportionate measurement. 

2. Section Comer Common to Four Sections in Interior of Township, Where all 
lines have been run, the section corner common to four sections in the interior of a 
township is restored by double proportionate measurement, in the manner described 
in (1). 

3. Regular Comer on Range Line hui Not at Comer of Township. The range line 
is straight between township comers. Two original corners on the 6-mile segment of 
the range line, one north and one south of the point sought, are identified and a line 
is run between them. The lost comer is relocated by a single proportionate measure- 
ment along this line. This procedure applies either to section or quarter-section 
comers. 

4. Regular Comer onTowmhip LinehutNotatCorner of Township. The township 
line was originally run as a parallel of latitude for 6 miles. A parallel is rerun between 
the nearest existing comers to the east and west of the point sought, and the corner is 
relocated by proportionate measurements along this line. 

6. Standard Comer. The standard corner includes any township, section, 
quarter-section, or meander comer, established on a base line or standard parallel at 
the time the line was originally run. The corner is relocated by the process explained 
in (4), that is, by single proportionate measurement along the parallel reestablished 
between the nearest existing standard corners on opposite sides of the point sought. 

6. Quarter-Section Comer on Either Meridional or Latitudinal Section lAne hut Not 
on Range or Township Line. The comer is relocated by single proportionate measure- 
ment along the straight line joining the adjacent section corners of the same section. 
If these section comers cannot be identified, they must be restored, as previously ex- 
plained, before the quarter-section comer can be reestablished. 

7. Quartersection Comer at Center of Section. The corner is relocated at the inter- 
section of meridional and latitudinal lines between opposite quarter-section comers 
on the boundaries of the section. 

8. Closing Comer on Standard Parallel. The parallel is reestablished between 
the nearest existing comers on opposite sides of the corner sought. The lost comer is 
relocated by single proportionate measurement along the parallel from the nearest 
Mcmdard comers on opposite sides of the point sought. 
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g, Qmrter-guarter-seciim Corner on Sedim 
.nrner k relocated by single proportionate measurement between qua 

COIUCi JUS* Oi-Iiio-V^f 


aAi'tion corners on opposite sides of the point sought. „ rpup corner is re- 

10 . Qnarter-giuirter-sedion Corner at Cmter «/ Sween opposite 

at the intersection of the meridional and latitudinal 1 
S^tiquarter-seotion corners on the exterior of the quarter section. 


23 'SI- Numerical Problems. 

I. Find the angle of convergenoy between two “eridians 6 mite apart 
latitude of 32°20'. Compute the linear convergency, measured along a p 

latitude, in a distance of 6 miles. • j* „ wVinse distance apart is 

2 Find the angle of convergency between two meridians whos _ . 

24 miles and whose mean latitude is 45°. Compute the linear conv S y 

FW the length of 1° longitude at a latitude of j intervals of 

4. Calculate the offsets between the tangent and the parallel a 

mile over a distance of 6 miles at a latitude of 40 06'20 . +Vio 

5. Calculate the azimuth of the secant and the offsets from the ^ .QOQgf20".^ 

ot intervals of mile over a distance of 6 miles at a latitude QrtnfSrtn 9 

t ShoTlL dteensions and areas of the protracted ®Xnna 

as required by law to be shown on the official plat, when the north, so , 

west boundaries are respectively 80.24, 80.16, 79.92, ^^[ons of Section 7, 

7. Show the dimensions and areas of the protracted subdivte 

as required by law to be shown on the official plat, when the north, east, 

west boundaries are respectively 76.84, 80.00, 76.64, and Section 6 as 

8. Show the dimensions and areas of the protracted subdiwioM o 

required by law to be shown on the official plat, when the north, eas , > 

boundaries are respectively 76.36, 80.44, 76ffi0, and to northeast 

9. A meanderable river follows a winding coi^ from s water, 

across a section, the position of the regute southw^-t ™ oaittens of 
Draw a sketch assuming the described condition; the numbering of 

meander corners, witness corners, and meander hues, and indicate 

the fractional lots. ^ ^ u + ^ k,r « rpsurvey. The nearest 

10. A lost interior section corner is to be restored by a resu^ j ^ 

corners which can be identified are Aguiar section cornem corre- 

3 miles south, and 1 mile west of the point sought. The r chains, 

spending original measured distances to be 80.40, on the meridional 

The resurvey measurement between the nearest existing monumc^ ^.^^^^^^^ ^ 

line through the lost corner is 320.16 chains, and that proportionate 

tween the nearest existing corners is 238.48 chains. the procedure 

measurements to be used in the relocation of the lost corner an 

to be employed in its reestablishment, ^ hv a resurvey. One 

II. A lost section corner on a range line is to be restorea oy 

mile to the south the township corner is identified, and ending distances 

quarter-section comer is found. According to the records ^ 00 grains. The re- 
measured at the time of the original survey were 80£0 and ^ procedure 

survey distance between the existing comem JJf^^’^ 'j.^ionate distances to 

to be followed in restoring the lost corner, and calculate the propui 
be employed. 
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CHAPTER 24 


TOPOGRAPHIC MAPS 

24*1. General. A topographic map shows by the use of suitable symbols 
(1) the configuration of the earth's surface, called the relief, which includes 
such features as hills and valleys, (2) other natural features such as trees 
and streams, and (3) the physical changes wrought upon the earth’s surface 
by the works of man, such as houses, roads, canals, and cultivation. The 
distinguishing characteristic of a topographic map, as compared with other 
maps, is the representation of the terrestrial relief. 

Topographic maps are used in many ways; they are a necessary aid in the 
design of any engineering project which requires a consideration of land 
forms, elevations, or gradients. In addition, topographic maps are used to 
supply the general information necessary to the studies of geologists, econo- 
mists, and others interested in the broader aspects of the development of 
natural resources. The preparation of general topographic maps is largely 
in the hands of governmental organizations; the principal example is the 
topographic map of the United States being constructed by the U.S. Geologi- 
cal Survey. This map is published in quadrangle sheets, which generally 
include territory 15' in latitude by 15' in longitude; a portion of such a 
sheet is shown in Fig. 24-7. Altogether there are more than 30 Federal 
agencies engaged in surveying and mapping. 

As an aid to any survey, the surveyor should obtain available maps and/or 
aerial photographs of the region, even though they may not be of the particu- 
lar nature or scale desired for his purpose. The central source of informa- 
tion regarding all Federal maps and aerial photographs is the Map Informa- 
tion Office, U.S. Geological Survey, Washington, D.C. Likewise, many 
maps are available from state, county, and city agencies. 

24*2. Representation of Relief. Relief may be represented by relief 
models, shading, hachures, form lines, or corUour lines. Of the symbols used 
on maps, only contour lines indicate elevations directly; they have by far 
the widest use. They are the principal subject of this chapter. Form lines 
are similar to contour lines but are not true to scale and are, therefore, 
qualitative rather than quantitative. 

24*3. Relief Model. A relief model is a representation of ground forms 
done in three dimensions to suitable hoiizoutal and vertical scales; it is a 
miniature of the terrain it represents. Materials such as wax or clay, which 
will retain a shape given them while in a plastic state, are used; also lami- 
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nated models are made by cutting cardboard sheets to the shape of successive 
contours and then assembling the sheets. Recently the U.S. Army Map 
Service has developed a process for producing three-dimensional contour 
maps in the form of sheets of plastic which are flat-printed and then molded 
over a relief model. 

The relief model is the most legible of all methods of representing relief, 
and it is of great value for purposes of instruction and public exhibit. It is 
also an aid in many of the special studies of the geologist, the geographer, 
and the engineer. However, its use is limited because of its cost and bulk. 

24*4. Shading. Shading in black and white or in brown is a method of 
showing relief roughly in plan as it would appear from a point vertically 
above and with parallel rays of light flooding the landscape from a given 
angle, causing shadows to lie upon the less-illuminated areas. The method 
is pictorial and is useful in showing the general features where the relief is 
high and the slopes are steep. Shading is sometimes used in combination 
with hachures or contour lines, to render the map more legible. Improved 
techniques of relief shading have been developed recently by the U.S. Geo- 
logical Survey. 



24*6. Hachures. Hachures show relief more definitely but less legibly 
than does shading. The symbol consists of rows of short, nearly parallel 
lines whose spacing, weight, and direction produce an effect similar to 
shading but capable of more definite handling. The lines are drawn 
parallel to the steepest slopes, and in the best practice a standard scale of 
lengths and weights of lines is used to represent the various degrees of 
W inclination of slopes. The method is illustrated in Fig. 24*1, which is a 

I -■ representation of a portion of the relief shown by contour lines in Fig. 24*2. 




^24.7] CHABACTEEISTICS OF CONTOUR LINES 

24*6. Contours find Contour Linos- A cotUout is an imaginary line of 
constant elevation on the ground surface. It may be thought of as the trace 
formed by the intersection of a level surface with the ground surface, for 
example, the shore line of a still body of water. 


Fig. 24*2. CJontour lines. 


Tf on the drawing are plotted the locations of several ground pointe of 
mal Ivation Ty, 720 ft. above sea level, the line on the map joimng 
S St i'Sd . — r 1-. Th« oo.t.u«. » <h. g,.u.d ™ 
mres^nted by contour lines on the map. Loosely, however, the terms 
ontour and cLtour line are often used interchanpably. On a 
accessive contour lines represent elevations differing by a fixed vertical dis 

ance called the contour interval. , , , „ H nermits the 

The use of contour lines has the great advantage t ereater 

enresentation of relief with much greater facility, and wth far greater 
iuracy, than do other symbols. It has the disadvantage that the map is 

”L”."ciS.“tStl»Tcnl.» Lin... Contour U.« iUrnttoW 

nFk ‘>4-2 For the purpose of this discutoion the Slop, of Denver surf. 

.n eletortion of 510 ft, hen., the shore line on “ 

of the OlO-ft. ...to., hne. f 'w—t ip^nted 
refeLS^rS — , eo.to«r fines .t 520 ft. 
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525 ft., etc. represent shore lines which the river would have if it should rise 
farther by 5-ft. stages. 

The principal characteristics of contour lines are as follows: 

1. The horizontal distance between contour lines is inversely proportional 
to the slope. Hence on steep slopes (as at the railroad and at the river banks 
in Fig. 24*2) the contour lines are spaced closely. 

2. On uniform slopes the contour lines are spaced uniformly. 

3. Along plane surfaces (such as those of the railroad cuts and fills in 
Fig. 24*2) the contour lines are straight and parallel to one another. 

4. As contour lines represent level lines, they are perpendicular to the 
lines of steepest slope. They are perpendicular to ridge and valley lines 
where they cross such lines. 

5. As all land areas may be regarded as summits or islands above sea 
level, evidently all contour lines must close upon themselves either within 
or without the borders of the map. It follows that a closed contour line on 
a map always indicates either a summit or a depression. If water lines or 
the elevations of adjacent contour lines do not indicate which condition is 
represented, a depression is shown by a hachured contour line, called a 
depression contour ^ as shown at M in Fig. 24*2. 

6. As contour lines represent contours of different elevation on the ground, 
they cannot merge or cross one another on the map, except in the rare cases 
of vertical surfaces (see bridge abutments of Fig. 24*2) or overhanging ground 
surfaces as at a cliff or a cave. 

7. A single contour line cannot lie between two contour lines of higher or 
lower elevation. 

24v8. Contour Interval. The appropriate vertical distance between con- 
tours, or contour interval, depends upon the purpose and scale of the map 
and upon the character of terrain represented. For small-scale maps of 
rough country, the interval may be taken as 50 ft., 100 ft., or more; for 
large-scale maps of flat country, the interval may be as small as ft. For 
maps of intermediate scale, such as are used for many engineering studies, 
the interval is usually 2 or 5 ft. (see also Art. 24*15). 

24*9* Contour-map Construction. Normally the construction of a topo- 
graphic map consists of three operations: (a) the plotting of the horizontal 
control, or skeleton upon which the details of the map are hung, (6) the 
plotting of details, including the map location of points of known ground 
elevation, called ground points, by means of which the relief is to be indi- 
cated, and (c) the construction of contour lines at a given contour interval, 
the ground points being employed as guides in the proper location of the 
contour lines. A ground point on a contour is called a contour point 

The common methods of plotting both horizontal control and details 
were described in Chap. 18 and will not be considered further. 

Regardless of the number of ground points whose plotted locations are 
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known, it is evident that any contour line must be drawn, to some degree, by 
estimation. This condition requires that the draftsman use his skill and 
Judgment to the end that the contour lines may best represent the actua/ 
configuration of the ground surface. 

Contour lines are shown for elevations which are multiples of the contoui 
interval. They are drawn as fine smooth freehand lines of uniform width, 
preferably by means of a contour pen (Fig. 6*14). Usually each fifth com 
tour line is made heavier than the rest, and sometimes these lines are drawn 



Fig. 24-3. Contour lines by checkerboard system. 

first in order to facilitate the location of intermediate contour lines. How- 
ever, the location of intermediate lines should be considered just as impor- 
tant as that of the fifth lines, and an excessive degree of conformity between 
the contour lines is a sure sign of an inaccurate contour map. 

Elevations of contours are indicated by numbers placed at appropriate 
intervals; usually only the fifth or heavier contour lines are numbered. The 
line is broken to leave a space for the number. So far as possible the num- 
bers are faced so as to be read from one or two sides of the map; but on some 
maps the numbers are faced so that the top of the number is uphill. ^‘Spot 
elevations’^ are shown by numbers at significant points such as road inter- 
sections, bridges, water surfaces, summits, and depressions. 
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Since contours ordinarily change direction most sharply where they cross 
ridge and valley lines and since the gradients of ridge and valley lines are 
generally fairly uniform, these lines are important aids to the correct draw- 
ing of the contour lines. Special care is taken in the field to locate the ridge 
and valley lines, and usually these lines are drawn first on the map. Ex- 
amples of such locations are shown plotted as at point a in Fig. 24*3. The 
stream lines are drawn through those points which represent valleys, and the 
contour crossings are spaced along them before any attempt is made to 
interpolate or to draw the contour lines. This procedure aids the drafts- 
man in his interpretation of the data. For example, in the square bounded 
by the points D~5, D-G, F-6, and F~5, the contours are made to show the 
head of the valley, the existence of which is indicated only by the valley 
line previously drawn in the square below. In the figure shown, the ridge 
line is somewhat indefinite, and but little aid would result from the attempt 
to sketch it on the map before drawing the contour lines. 

24*10. Interpolation. The process of spacing the contour lines propor- 
tionally between plotted points is called interpolation. Consider the two 
points A-2 and 3-2 (Fig. 24*3), whose elevations are 848.0 and 852.0 ft., 
respectively. The contour interval for this map has been taken as 2 ft., 
and the 848 and 852-ft. contour lines pass through the corresponding points. 
Under the assumption that the slope is uniform, the 850-ft. contour line 
passes through a point midway between A~2 and B-2. If a 1-ft. interval 
were used, then the additional 849 and 851-ft. contour lines would be drawn 
through the quarter points of the line from A~2 to B-2. 

The procedure is usually not so simple as in the case just cited. The 
elevations at the corners of the other squares in the figure are mostly of 
such values that the contour lines do not pass through them; further, on 
many maps the points of known elevation are spaced irregularly. Under 
such conditions, the interpolations may be made by estimation on the map, 
by arithmetical computations, or by graphical means, as follows: 

1. Estimation. Since each contour map is the result of more or less inter- 
pretation by the draftsman, in many cases it is not inconsistent with the 
other methods of map construction if the interpolation is made by careful 
estimation supplemented by approximate mental calculations. This method 
is most commonly used on intermediate- and small-scale maps. 

2. Compilation. Where considerable precision is desired in the map, 
the errors of estimation may be eliminated by simple arithmetical computa- 
tions made with the aid of a slide rule. For example, the elevations of 
points F-6 and F*-6 (Fig. 24*3) are 857.9 and 862.8 ft., respectively. The 
contour interval is 2 ft., hence the difference in elevation between F-6 and 
the 858-ft. contour is 0.1 ft. Then, since the total difference in elevation 
is 4.9 ft., the proportional part of the distance from F-6 to F-~6 to locate 
the 858-ft. contour line is 0. 1/4.9 of the map distance between these points. 
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Similarly, the proportional parts for the 860 and the 862-ft. contour lines 
are, respectively, 2.1/4.9 and 4.1/4.9 of the distance from E-6 to F-6. The 
computed map distances are plotted to scale. 

3. Graphical Means, The computations indicated in the previous para- 
graph become laborious if many interpolations are to be made, and accord- 
ingly various means of graphical interpolation are in use. One of these is 
shown in Fig. 24-4. A number of parallel lines are drawn at equal intervals 
on tracing cloth, each fifth or tenth line being made heavier than, or of a 
different color from, the rest and being numbered as shown. Now if it is 



Fig. 24*4. Graphical interpolation of contour lines. 

desired to interpolate the position of, say, the 52 and 54-ft. contours be- 
tween a with elevation of 50.7 and b with elevation of 55.1, the line on the 
tracing cloth corresponding to 0.7 ft. (scale at left end) is placed over a, and 
the tracing is turned about a as a center until the line corresponding to 5.1 
ft. (scale at left end) covers h. The interpolated points are at the inter- 
sections of lines 2.0 and 4.0 (representing elevations 52 and 54) and the 
line ab, and may be pricked through the tracing cloth. Had the known 
points been much closer together, the figures at the right end of the tracing 
would have been used, and thus the value of each space would have been 
doubled; or if the scale were small, the contour interval large, and the 
topography rugged, each space might represent 1 ft. Thus by assigning 
different values to the spaces, a single piece of tracing cloth prepared in 
this way can be made to suit a variety of conditions. 

Another convenient graphical means of interpolation is by the use of a 
rubber band graduated at equal intervals with lines forming a scale similar 
to that just described for the tracing cloth. The band is stretched between 
two plotted points so that these points fall at scale divisions corresponding 
to their elevations. The intermediate contour points are then marked on 
the map. 
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2441. Systems of Ground Points. Several methods of determining the 
location and elevation of ground points are used in topographic surveying 
(Chap. 25), and in topographic mapping the methods of plotting are the 
counterpart of the field methods. The principal systems of ground points 
are the trace-contour, checkerboard, controlling-point, and cross-profile systems. 

1. Tracing Contours. A number of points on a given contour are located 
on the ground, and their corresponding locations are plotted on the map. 
The contour line is then drawn through these plotted points. 



2. Checkerboard. A system of squares or rectangles is plotted as in 
Fig. 24*3, and near each corner is written its elevation. Also, the locations 
of valley and ridge lines are shown. Following the principles stated in Art. 
24*9, the contour crossings are interpolated on the valley and ridge lines 
and on the sides of the squares, and the contour lines are drawn. 

3. Controlling Points. The significance of valley and ridge lines has 
already been mentioned. It has also been noted that where a uniform slope 
exists between two ground points the intermediate contour lines on the map 
may be located by interpolation. Hence, if a system of ground points is 
chosen which locates the summits, depressions, valley and ridge lines, and 
all important changes in slope, a contour map of the region may be drawn. 
Such an irregular system is illustrated in Fig. 24*5, in which are shown the 
points used in drawing the summit and immediate vicinity illustrated in 
the map of Fig. 24*2. In this sketch the ridge and valley lines have been 
drawn, the contour lines have been spaced along them and between other 
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controlling points (by interpolation), and the fifth contour lines have been 
sketched. It is evident that this information is of great aid in plotting and 
that the additional interpretation required to complete the map is simple. 

4. Cross Profiles. The cross-profile method is most frequently used in 
connection with route surveys. The field 
surveys determine the location either of all 
contour points or of all points of change in 
slope, along selected lines normal to the 
route traverse line. The traverse, cross- 
profile lines, and ground points are plotted, 
and the contour lines are drawn. In Tig. 

24*6 a transit traverse is represented as a 
straight line along which the 100-ft. sta- 
tions are shown. The cross-profile lines are 
dashed, and the contour points are shown 
as dots. These dots obviously lie on the 
contour lines themselves, hence the latter 
may be drawn on the map as in the case of 
the trace-contour system. The number of 
points on a given contour line will generally 
be much less in the cross-profile than in the 
trace-contour system, hence the draftsman 
will be called upon for a greater amount of 
interpretation. 

2442. Finishing the Map. In Chap. 6 
the general subject of map drafting is dis- 
cussed and map symbols are given. Methods of plotting are explained in 
Chap. 18. 

Modern map drafting tends toward restraint in the use of titles and sym- 
bols. Although the use of certain colors and ornate symbols is justified by 
the character of some maps, these devices should be employed skillfully. 

The standards most generally used for topographic map drafting and for 
any colors used in finishing the map are those employed by the U.S. Geo- 
logical Survey (see Fig. 24*7) and the U.S. Coast and Geodetic Survey (see 
Fig. 30-6). 

2443. Tests for Accuracy. A topographic map can be tested for ac- 
curacy, both in plan and in elevation. In this discussion it is assumed that 
the errors in field measurement may be disregarded and that a graphical 
scale is provided on the map to render negligible any effect of shrinkage of 
the paper. 

1. Test for Horizontal Dimensions. This test consists in comparing dis- 
tances scaled from the map and distances measured on the ground between 
the corresponding points. The precision with which distances may be 
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scaled from a map depends on the scale of the map and on the size of the 
plotting errors. Thus, if for a map scale of 1 in. — 100 ft. it is known that 
the error in location of any one point with respect to any other on the map 
is in., then the error represents 2.5 ft. on the ground. 

Some surveys are made for the purpose of estimating areas as, for example, 
of a reservoir site. The errors in areas scaled from such maps can readily 
be deterndned from a consideration of the errors in the scaled distances, 
if it is remembered that the percentage of error in the area of a figure is equal 
to the sum of the percentages of error in the length and the breadth of the 
area (Art. 4-5). As an example, assume that a given area on a map is 8 by 
24 in., that the scale of the map is 1 in. = 400 ft., that the average error 
in plotting and scaling the map distances is ± 0.03 in., and that the errors in 
scaled distances are independent of the lengths of the lines. The errors in 
the scaled dimensions of this area are then 0.03 X 400 = 12 ft. in each side. 
The percentage of error in the area is then 
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8 X 400 24 X 400 267 800 200 

2. Tests for Elevations. One test for elevations consists in comparing, for 
selected points, the elevations determined by field levels and the corre- 
sponding elevations taken from the map. Usually the points are taken at 
100-ft. stations along traverse lines crossing typical features of the terrain. 

A more searching test is to plot selected profiles of the ground surface as 
determined by the field levels and the corresponding profiles taken from the 
map. These profiles provide a graphical record of the agreement between 
the map profile and the corresponding ground profile. As in the case men- 
tioned above, the comparison between separate 100-ft. station points can be 
made; also, the presence of systematic errors will be evidenced if the map 
profile is above or below the ground profile for an undue proportion of its 
length. Careless work in spots will be made evident by wide divergences 
between the profile lines at such places. 

24*14. Choice of Map Scale. From a consideration of the tests described 
in the preceding article it is possible to choose a map scale consistent with 
the purpose of the survey if the approximate size of the plotting errors is 
known. For example, if it is known that (with reasonable care in plotting) 
the average error in distance between any two definite points on the map 
is in. and if it is known that the purpose of the survey will be met if the 
average error in scaled distances is 10 ft., these conditions are satisfied by a 
map scale of 1 in. = 400 ft. 

By a similar course of reasoning, a map scale may be chosen that will 
represent a given area within desired limits of plotting error. Assume that 
it is desired to estimate the area within the flow line of a proposed reservoir 
with a permissible error not greater than 5 acres, that the area is roughly 
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4 mi. long and K mi. wide, and that the errors in map distances will not 
exceed 34o From these assumptions the area contains roughly 640 acres, 
is 1,300 ft. ill width by 21,000 ft. in length, and the allowable ratio of error 
in the area is or H 28 * It follows that the permissible ratio of error in 
the perimeter m H 5 & (Art. 4-5). Hence the permissible errors in scaling the 
two sides of a rectangle which approximates the extent of the area on 
the map are 1,300/256 = 5 ft, and 21,000/256 = 82 ft., respectively. 
Therefore, the smallest permissible error in the map is 5 ft., and for a map 
in which the plotting error is Hq in., the scale of the map should be 1 in. ^5= 
200 ft. 

In addition to accuracy, considerations in the choice of a map .scale are 
(1) the clarity with which features can be shown, (2) cost (the larger the 
scale, the greater the cost), (3) correlation of data with related maps, and 
(4) physical factors such as the number and character of features to be shown, 
the nature of the terrain, and the necessary contour interval. 

2445. Choice of Contour Interval. The contour interval may be 
thought of as the scale by which the vertical distances or elevations are 
measured on a map. The choice of a proper contour interval for a topo- 
graphic survey and map is based upon three principal considerations: (1) the 
desired accuracy of elevations read from the map, (2) the characteristic 
features of the landscape, and (3) the legibility of the map. 

1. Accuracy. Let it be assumed that two maps are equally accurate, so 
that the average error in elevations, read from the map, of points chosen 
at random is one half of a contour interval. Assume one map to have a con- 
tour interval of 5 ft. and the other 2 ft. It is evident that the average error 
in elevations of points chosen at random on one map is 2)^ ft. and on the 
other 1 ft. Therefore, the more refined the scale (that is, the smaller the 
interval), the more refined should be the measurements of the elevations of 
chosen points. 

2. Features. Often field conditions exist where characteristic features 
require the use of a contour interval which would otherwise be inappropriate. 
Thus, if the shape of the terrain is such as to show much variation within a 
small area, or in other words, if the topography is of fine texture, then a 
smaller contour interval is required to show the greater complexity of con- 
figuration. On the other hand, if the landscape is composed of large regular 
forms or is of coarse texture, then a larger interval may be used. 

3. Legibility. A map otherwise excellent may be rendered useless and its 
appearance disfigured by a mass of contour lines which obscures other 
essential features. In general, contour lines should not be spaced on the 
map more closely than 30 to the inch, although the legibility of the map 
depends largely upon the fineness and precision with which the lines are 
drawn. The lithographed maps of the TT.S. Geological Survey and of the 
U.S. Coast and Geodetic Survey yield good results with much closer spacing. 
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Table 24-1 represents good practice in the choice of contour interval, for 
usual conditions. 


Table 24-1. Relation between Scale op Map, Slope op Geound, and Con- 
tour Interval 


Scale of map 

Slope of ground 

Interval, ft. 

Large 

Flat 

0.5 or 1 

(1 in. = 100 ft. or loss) 

Rolling 

1 or 2 


Hilly 

2 or 5 

Intermediate 

Flat 

1, 2 or 5 

(1 in. = 100 ft. to 1,000 ft.) 

Rolling 

2 or 5 


Hilly 

5 or 10 

Small 

Flat 

2, 5, or 10 

(1 in. == 1,000 ft. or more) 

Rolling 

10 or 20 


Hilly 

20 or 50 


Mountainous 

50, 100, or 200 


24*16. Specifications for Topographic Maps. The principles stated in 
the preceding articles provide criteria by which the accuracy of topographic 
maps may be specified. Thus the accuracy in horizontal dimensions may be 
required to be such that (1) the average errors in scaled dimensions between 
definite points chosen at random shall not exceed a stated value, or (2) the 
percentage of error in areas scaled from the map shall not exceed a stated 
value. 

The accuracy of contour lines may be specified by assigning maximum 
values to (1) the average error in elevations taken from the map, (2) the 
maximum error indicated by random test profiles, and (3) the ratio of the 
length of the map profile that lies above the ground profile to the length 
that lies below the ground profile. 

For example, the accuracy of a given topographic map might be specified as follows: 
Tiu) average error in distances Ixitween definite points as scaled from the map shall 
riot exceed 8 ft.; the average error in elevations read from the map shall not exceed 
I ft . ; t he maximum error indicated by random test profiles shall not exceed 4 ft. ; and 
t h(‘ ratio of the length of t he map profile that lies above the ground profile to the length 
that lies below the ground profile shall lie between and 3. 

Recently several Federal agencies engaged in mapping have agreed on 
minimum requirements wliich entitle the following statement to be printed 
on the map, “This map complies with the National Standards of Map 
Accuracy requirements.^’ With regard to horizontal accuracy, it is required 
that for maps on publication scales larger than 1 : 20,000, not more than 10 
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per cent of the well-defined points tested shall be in error by more than 
3^0 measured on the publication scale; and for maps on publication 
scales of 1:20,000 or smaller, Ho in* Well-defined points are those that 
are easily visible or recoverable on the ground; in general, those which are 
plottable on the scale of the map within Hoo in. With regard to vertical 
accuracy, it is required that not more than 10 per cent of the elevations 
tested shall be in error more than one half the contour interval; the apparent 
vertical error may be decreased by assuming a horizontal displacement 
within the permissible horizontal error. The accuracy of the map may be 
tested by comparing the positions of points whose locations or elevations 
are shown on it with corresponding positions as determined by surveys of a 
higher accuracy. 

Another specification for accuracy of maps is that proposed by the com- 
mittee on topographic surveys of the American Society of Civil Engineers 
(Ref. 1 at the end of this chapter). The requirements of this specification 
include the following: 



Detailed maps 

General maps 

Scale of map 

1 in. = 200 ft. or less 

1 in. = 400 to 1,000 ft. 

Contour interval 

Maximum error of location of defi- 

1 or 2 ft. 

5 or 10 ft. 

nitely recognizable points 

Maximum error of elevations de- 

0.02 m. j 

0.1 in. 

termined by interpolation from 
contours. 

! 34 contour interval 

1 contour interval 

Maximum error of spot elevations 
Minimum percentage of points 

0.1 ft. 

H contour interval 

complying with specification for 
accuracy 

90 per cent 

90 per cent 


USES OF TOPOGRAPHIC MAPS 

2447. Cross-sections and Profiles from Contour Maps. Figure 24*8 
shows a contour map, the purpose of which is to estimate the earthwork 
necessary to grade a portion of the area to a uniform slope. The full lines 
represent contours before earth is removed, and the dash lines represent 
contours after earthwork is completed. Below the map is a cross-section 
along the line AB, The horizontal location of each point marking the inter- 
section of contours with the line AB is first projected to CO, the base line 
of the cross-section. The elevations are then read from the contours, and 
the appropriate distances are scaled up from the base lino. A line (profile) 
drawn through the points thus plotted defines the cross-section. In tl\e 
figure the full line of the cross-section shows the original surface, and the 
dash line shows the surface after grading is completed. 
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In practice, parallel lines along which the cross-sections are to be taken 
are drawn on the map, and the distance between them is scaled. For each 
cross-section, one person scales horizontal distances to contour crossings 
and reads contour elevations, while a second person plots the data on 
regular cross-section paper in the manner described in Art. 11-5. Frequently 
the horizontal scale to which the profile line is plotted is not the same as 
that used on the map, and usually the horizontal alinement is both curved 



CROSS SECTtON ON LINE AS 
Fig. 24*8. Cross^ction and profile from contour map. 


and straight. For these conditions the mechanical means of plotting the 
profile described in the preceding paragraph cannot be used. The usual 
procedure is to mark the 100-ft. station points on the map, from them to 
scale the distances to contour crossings, and then to plot these distances on 
profile paper as if the elevations and stations were being taken from profile 
notes. 

Figure 24*11 shows the profile of the ground line and of the grade line for 
a roadway construction. The manner of drawing the profile is similar to 
that for the cross-section described above. 
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2448. Earthwork for Grading Areas. Quantities of earthwork to be 
moved in grading operations may be estimated from contour maps by (1) 
vertical cross-sections, (2) horizontal planes, and (3) equal-depth (or equal- 
height) contours. The probable errors involved are discussed in Art, 11-15. 

1. Cross-sections. When cross-sections have been plotted in the manner 
described in the previous article, volumes of earthwork between adjacent 
cross-sections may be determined by the use of average end areas (Art. 
IMl). 

2. Horizontal Planes. For preliminary estimates for grading areas, 
especially where the graded surface is itself more or less irregular, the com- 
mon practice is to utilize the topographic map directly as a basis for calcu- 
lations of volume. On the map are shown contours for the natural ground 
and contours for the proposed graded surface. This method consists in 
determining the volumes of earth to be moved between the horizontal planes 
marked by successive contours. 

The light full lines of Fig. 24-9 represent contours of the original ground, 
and the dash lines represent contours of the proposed graded surface. The 
heavy full lines are drawn through points of no cut or fill. Thus the line 



Fig. 24-9. Volume by horizontal planes. 


abcdefa bounds an area that is entirely in fill, and the line dghjked bounds an 
area that is entirely in cut. The “no cut or fiir’ lines are seen to pass 
through the points of intersection between full contours and the correspond- 
ing dash contours, as at a, b, d, e, h, and The conditions surrounding the 
problem make it possible to estimate the position of the lines where the cut 
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or fill runs out between contours, as the lines hcd, efa, and jke. The cross- 
hatched portions are the horizontal sections of earth cut or filled at the con- 
tour elevations; thus Fi represents the horizontal section of earth filled at 
elevation 96. The volume of earthwork between the two horizontal planes 
at the elevations of successive contours is a solid the altitude of which is the 
contour interval and the top and bottom bases of which are the horizontal 
projections of the cut or fill at the contour elevations (as, for the fill between 
the 94 and 96-ft. contours, the height is 2 ft. and the bases are F 2 and Fi). 
Where the cut or fill runs out between contours (as along line bed), the height 
of the end volume will be less than the contour interval. This height may 
be estimated by assuming the slope of the ground to be uniform between 
contours; thus, point c is estimated to be at elevation 97.2, and the volume 
above the 96-ft. contour is a solid the base of which is Fi and the altitude 
of which is 97,2 — 96 = 1.2 ft. The end volumes may be considered as 
pyramids. 


Example 1: It is desired to determine the volume of earthwork in fill bounded by 
the line dbedefa (Fig. 24*9). The intermediate volumes are to be calculated by the 
method of average end areas; the end volumes are to be considered as pyramids. The 
areas of fill at the contours are as shown in the figure. The point c is estimated to 
lie 1.2 ft. above the 96-ft. contour, and the point / is estimated to be 1.6 ft. below 
the 92-ft. contour. For solution, see the accompanying tabulation. 


Elevation 

Base area, 
square feet 

Altitude, 

feet 

1 

1 

Volume, 
cubic feet 

c = 97.2 






i 

1.2 


131 

96 

328 







M X 2.0 X 892 

892 

94 

564 

_ J 






MX 2.0X1,180 

1,180 

92 

616 

mSm 


IHHHH 



1,6 

M X 1.6 X 616 

329 

/ = 90.4 

^lllllllllllQII^ 





Total 2,532 cu. ft. 

or 93 . 8 cu. yd. 


3. Equal-depth Contours. This method consists in determining volumes 
between irregularly inclined upper and lower surfaces bounding certain in- 
crements of cut or fill. In either case, horizontal projections of the inclined 
areas are taken from the map, usually with the planimeter, and the volume 
between any two successive areas is determined by multiplying the average 
of the two areas by the depth between them. 
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Figure 2440 represents the topographic map of a tract a portion of which 
is to be graded by filling. The light full lines represent contours of the orig- 
inal ground, and the dash lines represent contours of the proposed fill. 
Above the dash 102-ft. contour the fill drops abruptly to the natural ground. 
Along the bank thus formed just above and paralleling the 102-ft. contour, 
actually there would be 100, 98, and 96-ft. contour lines, but to avoid con- 
fusion of lines these are not shown. At the intersection of each light full 
line with each of the dash lines the depth of fill (or cut) is recorded. 



The heavy full lines drawn through points of equal fill are sometimes 
called lines of equal fill (or cut). The heavy outer line passes through points 
of zero fill and marks the limit of the fill. The next heavy line encloses the 
area over which the fill is a minimum of one contour interval and passes 
through points of intersection between a full contour and a dash contour 
the elevation of which is 2 ft. greater; and so on. Along the side of the bank 
above the dash 102-ft. contour, the heavy lines are seen to be close together 
and nearly parallel. 

The fill between the graded surface and the surface 2 ft. below is repre- 
sented by the solid the altitude of which is 2 ft. and the upper and lower 
surfaces of which are shown in horizontal projection by the line of zero fill 
and the line of 2-ft. fill, respectively. Likewise the lines of 2 and 4-ft. fill 
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define the volume of fill between the depths of 2 ft. and 4 ft. from the graded 
surface. The volume below the innermost line of equal fill may be con- 
sidered as a pyramid the base area of which is that bounded by the line and 
the altitude of which is estimated, being always less than the full contour 
interval. Though volumes are usually determined by multiplying the 
contour interval by the average of the areas of successive surfaces of equal 
cut or fill, when there is a large difference between successive areas the 
prismoidal formula (Art. 1M2) is sometimes used. 


Example 2: An estimate of volume of earthwork in fill is to be made from a contour 
map similar to that of Fig. 24-10. Lines of equal fill are drawn, and the areas of the 
horizontal projections of surfaces of equal fill are determined by measurement with a 
planimeter. The altitude of the pyramid below the innermost surface of equal fill 
is estimated to be 1 ft. The computations are tabulated below. 


Fill, feet 

Area, 

square feet 

Altitude, 

feet 


Volume, 
cubic feet 

0 

101,000 






2.0 

H X 2 X 134,000 

134,000 

2 

33,000 






2.0 

HX2 X 50,000 

60,000 

4 

17,000 






2.0 

X 2 X 22,000 

22,000 

6 

5,000 






1.0 

H X 1 X 5,000 

2,000 

7 

0 





Total 208,000 Gu. ft. 

or 7,700 cu. yd. 





24*19. Earthwork for Roadway. Figure 24*11 shows (below) the con- 
tour lines for a proposed roadway drawn dotted over the existing contour 
lines of the map of the region. Above the contour map are shown a profile 
of the ground along the center line and the grade of the proposed roadway. 
The side slopes of the earthwork are to I* The width of the roadway 
is 36 ft. in cut and 30 ft. in fill. From a study of these two drawings the 
following observations may be made: 

1. The 840-ft, contour line of the proposed roadway crosses the roadway at a point 
on the map vertically beneath the point on the profile where the grade line crosses the 
840-ft. elevation line; and similarly for the other gradient contours. 

2. On the side slopes of the earthwork at any station, tlic distance out from the 
edge of the roadway to a contour line is given by the difference in elevation (between 
that which the contour line represents and t he ehwafion of the grade at that station), 
multiplied l)y the side-slope ratio. Thus at station 76 -f- 40 the elevation of grade is 
840.0 ft. and the ekwation of the fii*st contour line out from the edge of the fill is 838.0 
ft.; hence the distance out Is 2 X Ij-'a = 3 ft. (For clearness, in the illustration the 
lateral scale is exaggerated.) 




Fig. 24-11. Earthwork for roadway. 

If a line is drawn across a plotted roadway normal to the center line, a 
cross-section of the proposed roadway (Art. 11*5) can be plotted from the 
data of the contour map. Between adjacent cross-sections, the quantity of 
earthwork can be calculated as explained in Art, 11-11 or 11-12. 

The volume of earthwork may also be estimated by means of either hori- 
zontal planes or equal-depth contours as explained in Art. 24- 18. 

24*20. Reservoir Areas and Volumes. A contour map may be employed 
to determine the capacity of a reservoir, the location of the flow line, the 
area of the reservoir, and the area of the drainage basin. The procedure 
may be illustrated by reference to the fill across the valley in Fig. 24*11, the 
fill being considered as a dam. If water is imagined to stand at the eleva- 
tion of 834 ft., the water surface is represented by that within the full and 
dotted 834-ft. contour line. If the water were to rise through a 2-ft. stage 
to the elevation of 836 ft,, the water surface would be represented by that 
within the full and dotted 836-ft. contour line. The volume of water that 
caused the 2-ft. rise is given by the average of the two surface areas multi- 
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3. As the grade line is not level, the contour lines on the earthwork slopes are not 
parallel to the roadway. Thus, the 844-ft. dotted contour line which crosses the 
roadway at station 73 -b 30 is so inclined in direction that at station 74 -f 80 where 
the elevation of grade is 842 ft. the 844-ft. contour line is out from the edge of the road- 
way a distance of 2 X 134 = 3 ft. 

4. The toe of a slope is drawn on the contour map by connecting the points where 
the dotted lines intersect the corresponding full lines. 


drounol Line 
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plied by the vertical distance of 2 ft. Similarly, the volume of water re- 
quired to cause a rise of the water surface from 836 to 838 ft. may be found. 
By a similar procedure the volume of any reservoir may be estimated. 

The flow line marking the outline of the submerged area of a proposed 
reservoir is given by the contour line representing the maximum stage of the 
impounded water. The drainage area may be estimated by sketching on 
the map the watershed line and measuring the extent of the watershed with 
a planimeter. 



24*21. Route Location. A contour map is useful in locating a proposed 
route for such projects as highways, railways, drainage ditches, and canals. 

In roadway location it is desired to fix the center line of the proposed con- 
struction so that the subgrade will conform as nearly as practicable to the 
original ground surface (Chap. 26). This desired condition could be at- 
tained without difficulty if there were no limitations as to the amount of 
curvature, radius of curves, or distance. But a proper design of any project 
imposes more or less severe restrictions as to these factors. 

Suppose that a proposed highway is to be located in the valley shown in 
Fig. 24*12, joining the existing highways at opposite corners of the mapj 
and let the maximum permissible gradient be 4 per cent. Beginning at the 
lower highway, the proposed route is projected on the map up the valley 
until the steep slopes require a careful study of the ground, say, to the 
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1,130-ft. contour line. Then a pair of dividers is set at a map distance equal 
to the contour interval divided by the desired gradient, in this case 10 ft. ^ 
0.04 = 250 ft. One foot of the dividers is placed on the intersection of the 
proposed roadway and the 1,130-ft. contour line, and the other foot of the 
dividers is placed on the 1,140-ft. contour line, as indicated in the figure by 
a heavy dot; and so on for successive contour lines. The series of dots marks 
on the plotted ground surface the location of a 4 per cent grade line up the 
valley. Hence, the route is made to follow this line as closely* as other 
limitations, such as the radius of curves, will permit. 

The profile of this projected location may now be plotted and grade-line 
studies made upon it, from which desirable changes will be indicated on the 
map location. Thus an indefinite number of projected locations might be 
made on the map; but the process is not carried far because, finally, the 
location of the line must be fitted to the ground in the field. 

24*22. Numerical Problems. 

1. On a map of scale 1 in. — 400 ft. with a contour interval of 5 ft., two adjacent 
contour lines are 0.54 in. apart. What is the slope of the ground in per cent? 

2. In Fig. 24-3, assume that the corners of the squares are 100 ft. apart. Plot the 
ground profile along line C-l to C-6, using a horizontal scale of 1 in. = 50 ft. and a 
vertical scale of 1 in. — 10 ft. 

3. The following tabulation gives elevations of points over the area of a 00 by 
100-ft. city lot. The elevations were obtained by the checkerboard method, using 
20-ft. squares. Point .4-1 is at the northwest corner of the lot, and point F-l is at 
the southwest corner. Plot the contours, using a horizontal scale of 1 in. = 10 ft. 
and a contour interval of 2 ft. 


Elevation, Ft. 


Point 

1 

2 

3. 1 

4 

A 

322.9 

327.0 

327.5 

328.4 

B 

326.6 

331.0 

333.3 

332.2 

C \ 

327.4 

333.3 

335.7 

333.5 

D 

236.6 

334.6 

337.0 1 

334.2 

E 

327.5 

333.0 

337.4 

337.7 

F 

328.2 

333.6 

338.3 

341.2 


24*23. Office Problems. 

Problem 1. Topographic-map Construction 

Object. To construct a complete topographic map from field notes, relief being 
represented by contours. The data of the field problems in Chaps. 15, 25, and 26 may 
be used. 

Procedure. (1) If the skeleton of the survey is a traverse, plot the traverse either 
by the method of tangents (Art. 18*5) or by the method of coordinates (Art. 18-17); 
if the horizontal control is in the form of rectangles or squares, plot the control by the 
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method of coordinates. (2) Plot the details of the map by methods corresponding 
to those used in the field, as described in Art. 18’ 19. Use conventional signs wherever 
applicable (Art. 6-12). (3) Mark each ground point by a dot, and mark each ele- 
vation in such location that there will be no doubt as to which point it refers, by 
letting the decimal point of the elevation represent the ground point. (4) Interpolate 
the contour crossings. (5) Place necessary notes so that they will not interfere with 
the map. (6) Draw a meridian arrow, and make an appropriate title. (7) Ink the 
map. 

Problem 2. Profile from Topographic Map 

Object. To plot the profile for a proposed highway or similar route from data of a 
contour map. It is assumed that the governing points are given and that the 
maximum rates of grade, the width of roadbed, and the side slopes are fixed. 

Procedure. (1) Sketch in pencil a route between governing points that appears 
favorable. (2) Set bow dividers to measure 100 ft. or some multiple thereof at the 
scale of the map. From the point of beginning of the route, step off distances and 
read elevations as indicated by the contours. (3) Plot the corresponding profile. 
(4) Fix the grade line, making such readjustments of the proposed route as seem 
necessary to secure the most favorable location. (5) Compute the volumes of cuts 
and fills by the second method of Art- 11T4; check the computations by the first 
method of that article. (6) On each of the cuts and fills of the profile show the 
volume in cubic yards. 

Problem 3. Volume of Earthwork from Contours 

Object. To determine volumes of earthwork from a topographic map showing 
contours before and after grading. It is assumed (1) that a map showing contours 
of the original ground is assigned and (2) that other conditions attached to the prob- 
lem, such as the area to be graded and the slopes of the finished surface, are given. 

Procediue. (1) On the assigned map draw dotted contour lines of the proposed 
ground surface. Draw heavy lines of no cut and fill. Ink all the foregoing lines in 
black. (2) With the planimeter measure the horizontal sections of earth cut and 
filled at each contour elevation. By method 2 of Art. 24-18, determine the volume 
between successive contour planes and the total volume for each cut and fill. (3) 
Draw all lines of equal cut and fill, and ink these lines in red. With the planimeter 
measure the horizontal projections of the areas enclosed by successive lines of equal 
cut and fill. By method 3 of Art. 24-18, determine the volume between successive 
surfaces of equal cut and fill. (4) Compare the total volumes given by the two 
methods, and show these total volumes on the drawing. 


REFERENCES 

1. American Society op Civil Engineers, ** Topographic Surveys — Progress Report 

of the Committee of the Surveying and Mapping Division on Topographic 
Surveys,” Proc. Aw. Soc. CivU Engr,, Vol. 72, No. 4, pp. 483-497, April, 1946. 

2. Sloanb, R. G., and J. M. Montz, Elements of Topographic Drawing,” 2d ed., 

McGraw-Hill Book Company, Inc., New York, 1943. 

3. See also references at end of Chap- 25. 


CHAPTER 25 


TOPOGRAPHIC SURVEYING 

254. General. The distinguishing feature of a topographic survey is 
the determination of the location, both in plan and in elevation, of selected 
ground points which are necessary to the plotting of the contour lines and 
to the construction of the topographic map. The topographic survey of a 
tract consists in (1) establishing over the area a system called the horizontal 
and vertical controly which consists of key stations connected by measure- 
ments of relatively high precision, and (2) locating the details (Art. 14*18), 
including the selected ground points, by measurements of lower precision 
from the control stations. 

Topographic surveys fall roughly into three classes, according to the map 
scale to be employed, as follows: 

Large scale: 1 in. = 100 ft. or less 

Intermediate scale: 1 in. = 100 ft. to 1 in. = 1,000 ft. 

Small scale: 1 in. = 1,000 ft. or more 

Because of the range of uses of topographic maps and because of the 
variation in character of the areas covered, topographic surveys vary widely 
in character. Some are simple in plan and execution, and cover but a few 
acres; others are complex in plan and difficult in execution, and extend over 
hundreds of square miles. In this chapter will be discussed primarily the 
ordinary topographic survey for areas of moderate size and for maps of 
intermediate and large scale, with special comments as necessary to cover 
other conditions. The methods described are those of surveying on the 
ground. Attention is called to the rapidly increasing use of aerial photo- 
grammetry (Chap. 31) for topographic surveying of all kinds. Even for 
ground surveys, the surveyor should secure and study aerial photographs 
of the area whenever they are available; examination of overlapping pairs of 
photographs by means of a simple stereoscope affords vision as in three 
dimensions and is of great aid. 

26*2. Planning the Survey. The choice of field methods for topographic 
surveying is governed by (1) the intended use of the map, (2) the area of 
the tract, (3) the map scale, and (4) the contour interval. 

1. Intended Use of Map. Surveys for detailed maps should be made by 
more refined methods than surveys for maps of a general character. For 
example, the earthwork estimates to be made from a topographic map by a 
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landseape architect must be determined from a map which represents the 
ground surface much more accurately in both horizontal and vertical dimen- 
sions than one to be used in estimating the storage capacity of a reservoir. 
Also, a survey for a bridge site should be more detailed and more accurate 
in the immediate vicinity of the river crossing than in areas remote there- 
from. 

2. Area, It is more difficult to maintain a desired precision in the relative 
location of points over a large area than over a small area. Control meas- 
urements for a large area should be more precise than those for a small 
area. 

3. Scale of Map. It is sometimes considered that, if the errors in the 
field measurements are not greater than the errors in plotting, the former are 
unimportant. But since these errors may not compensate each other, the 
probable errors in the field measurements should be considerably less than 
the probable errors in plotting at the given scale. The ratio between field 
errors and plotting errors should be perhaps one to three. 

The ease with which precision may be increased in plotting, as compared 
with a corresponding increase in the precision of the field measurements, 
points to the desirability of reducing the total cost of a survey by giving 
proper attention to the excellence of the work of plotting points, of interpo- 
lation, and of interpretation in drawing the map. 

The choice of a suitable map scale is discussed in Art. 24* 14. 

4. Contour Interval. The smaller the contour interval, the more refined 
should be the field methods. The choice of a suitable contour interval is 
discussed in Art. 24*15. 

26*3, General Field Methods. The principal instruments used are the 
engineer's transit, the plane table, the engineer’s level, the hand level, and 
the clinometer. The use of the transit has advantages over the use of the 
plane table where there are many definite points to be located or where the 
ground cover limits the visibility and requires many set-ups. Conditions 
favorable to the use of the plane table are open country and many irregular 
lines to be mapped; the plane table is also advantageous for small-scale 
mapping. Sometimes the transit and the plane table, or the transit and 
the engineer’s level, may be used together to advantage. Through dense 
woods, elevations of details are determined most advantageously by means 
of the hand level or the clinometer, and distances are usually determined by 
chaining. 

The horizontal control (Art. 25*5) is established by triangulation or by 
traversing, and the vertical control (Art. 25*8) is established by leveling, 
generally by direct leveling. 

The details are located by methods described in Chaps. 7, 14, 17, and 
24 and Arts. 25*10 to 25*15. The selected ground points used in plotting 
the contour lines may or may not be points on the eontours, according to the 
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field method employed. The horizontal locations of the selected ground 
points are determined in the same manner as for definite details, usually by 
radiation. The elevations of ground points are determined usually by 
trigonometric leveling or, where the terrain is flat, by direct leveling. The 
stadia is used extensively except on surveys for maps of very large scale, 
say 1 in. == 20 ft. or less; for such surveys the errrors in stadia distances are 
large compared with the errors of plotting. On large-scale surveys the dis- 
tances to definite details are usually measured with the tape. The details 
may be located either at the time of establishing the control or later. 

Systems of Ground Points, For the four systems of ground points com- 
monly employed in locating details (Art. 24-11), the general field methods 
are as follows: 

1. Where the conirolling-point system is used (Art. 25*12), the ground 
points form an irregular system along ridge and valley lines and at other 
critical features of the terrain (Fig. 24*5). The ground points are located 
in plan by radiation or intersection with transit or plane table, and their 
elevations are determined commonly by trigonometric leveling or some- 
times by direct leveling. 

2. Where the cross-profile system is used (Art. 25*13), as on route surveys, 
the ground points are on relatively short lines transverse to the main 
traverse. The distances from traverse to ground points are measured with 
the tape, and the elevations of ground points are determined by direct 
leveling, often with the hand level. 

3. Where the checkerboard system is used (Art. 25*14), as where the scale 
is large and the tract is wooded or the topography is smooth, the tract is 
divided into squares or rectangles with stakes set at the corners'. The 
elevation of the ground is determined at these corners and at intermediate 
critical points where changes in slope occur, usually by direct leveling. 

4. Where the trace-contour system is used (Art. 25*15), the contours are 
traced out on the ground. The various contour points occupied by the rod 
are located by radiation with transit or plane table. Frequently the engi- 
neer's level is employed as an auxiliary instrument. 

Summary, The following statements summarize the use of the various 
systems of ground points employed in locating details : 

1. Intermediate-scale Surveys, Generally, the controlling-point system is 
used on hilly or rolling ground, and the cross-profile system is used on flat 
ground or for route surveys. 

2. Large-scale Surveys. Generally, the trace-contour system is used if the 
required accuracy is high and the ground is somewhat irregular in form, and 
the checkerboard system is used if the ground is smooth and the contour 
lines may be generalized to some extent. 

3. Small-scale Surveys. The controlling-point system is used almost uni- 
versally. A relatively small number of ground points are located, often by 
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triangulation with the plane table; their elevations are determined by trig- 
onometric leveling, the horizontal distances, that are used in computing the 
differences in elevation often being scaled from the map. 

CONTROL 

26*4. General. Control consists of two parts: (1) horizontal control, for 
which by triangulation and/or traversing the control stations are located in 
plan, and (2) vertical control, for which by leveling the bench marks are 
established and the control stations are located in elevation. The control 
provides the skeleton of the survey which is later clothed with the details, or 
locations of such objects as roads, houses, trees, streams, ground points of 
known elevation, and contours. 

On surveys of wide extent a few stations distributed over the tract are 
connected by more precise measurements, forming the primary control; 
within this control system other control stations are located by less precise 
measurements, forming the secondary control. For small areas only one 
control system is necessary, corresponding in precision to the secondary 
control for larger areas. The terms primary’’ and secondary” are 
purely relative; for example, the degree of precision used on a secondary 
traverse for one survey might be sufficient for a primary traverse on another. 
This fact may be noted by inspection of Table 25*1, which gives approximate 
values of the limits of permissible error for control measurements suitable to 
the different map scales. 

Another classification of control — either triangulation, traversing, or 
leveling — with regard to precision is by orders. The various orders are 
absolute, not relative. The extensive surveys executed by the Federal 
agencies include j^rsi-order, second-order, third-order, Skiidi fourth-order control; 
roughly these correspond, respectively, to primary, secondary, tertiary, and 
quaternary control for small-scale maps (Table 25*1). A similar classifica- 
tion by orders is recommended by the American Society of Civil Engineers 
(Ref. 1 at the end of this chapter), 

26*6. Horizontal Control. The horizontal control may consist of a 
traverse system, a triangulation system, or a combination of the two. For 
an extensive survey there is first established a primary system, and this is 
extended by a secondary system. On surveys of less extent only the primary 
system is necessary, corresponding to the secondary control of large areas. 
The required precision of horizontal control depends upon the scale of the 
map and the size of the tract. In Table 25*1 are given approximate values 
of permissible error on ordinary surveys; for small areas the tabulated 
values for secondary control may be used for primary control. 

26‘6. Traversing. The instruments, methods, and personnel required 
for traversing with the transit are described in Chaps. 14 and 16, and for 
traversing with the plane table in Chap. 17. 
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Primary Traverse, The primary traverse for an intermediate-scale map 
is usually run with transit and tape* Convenient routes are chosen which 
will result in che advantageous location of stations; preferably the routes 
are taken along roads, ridge or valley lines, or public-land lines. If the area 
is small, the traverse is run near the perimeter of the tract. 

Because of the cumulative effects of the errors in transit-tape traversing, 
in primary traversing it is desirable as a check to arrange closed circuits 
of length not to exceed perhaps 10 miles, dividing the tract into roughly 



Fig. 25-1. Primary traversing for topographic survey. 

equal areas. If closed circuits cannot be secured conveniently, checks for 
distance should be applied as the work proceeds, and checks for azimuth 
by astronomical observations (Chap. 21) should be applied at intervals of 
perhaps 10 miles. In applying the azimuth checks, it is of course necessary 
to take the convergency of meridians (Art. 23-11) into account. 

Example 1: A spt^cific case of primary traversing is illustrated by Figs. 25-1 and 
25-2. (For portion of completed map, see Fig. 25-7.) The tract is approximately 
3 by 7 miles, and the scale of the map is to bo 1 in. = 500 ft. The field survey is 
planned with the aid of an existing small-scale map (not shown). Because of its size, 
the intermediate-scale map is to be drawn on a series of 15 by 25-in. sheets each repre- 
senting an area 7,500 by 12,500 ft. on the ground. A system of plane rectangular co- 
ordinates is chosen such that all coordinates will be positive, by assigning x and y 
values of 5,000 ft. each to the center of a highway-railway crossing near the southwest 
corner of the tract. A coordinate map projection is then laid out to fix the coordinates 
of each corner of each map sheet, as shown by the straight dash lines of Fig. 25-1. 

The routes for the traverses are chosen along the highway and railway lines in such 
a manner as to provide closed circuits not over 10 miles in length, which traverses fol- 
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iow roughly the perimeters of the various sheets. The transit party then runs azi- 
muth traverses with transit and tape along the chosen routes, being governed by the 
condition that the permissible error of closure is 1/3,000. Permanent monuments are 
placed at intervals of not over 1 mile and are carefully referenced to nearby permanent 
objects. All streams, bridges, houses, and road crossings are located with reference 
to the traverse line. The trees and windmill shown in the enlarged reproduction 
of Sheet No. 5 (Fig. 25-2) are examples of prominent objects to which azimuths are 
read from transit stations on the traverse, to serve as checks on the work. 



Secondary Traverse, Wherever a secondary traverse is required to es- 
tablish the instrument stations from which the details are located, the 
traverse may be run either simultaneously and in connection with the survey 
for location of details or before and separately from the location of details. 
A considerable amount of time is saved by the use of the first method, pro- 
vided no serious errors or mistakes are made, and provided the accumula- 
tion of errors between primary control points is not so great as to require 
unduly large adjustments of the secondary-traverse measurements to effect 
a closure. If the details are to be located by the plane-table method, it, will 
usually be desirable to run the secondary traverse before the location of 
details is begun because, in this case, there is no opportunity to adjust the 
secondary traverse to the primary stations if the details are mapped as the 
secondary traverse proceeds. 

The route of the secondary traverse is selected with particular regard to 
the location of instrument stations that will be best situated for observing 
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details. The route is frequently chosen along a ridge or a valley line, and 
in all cases the length is made such as to avoid an unduly large accumulation 
of errors. An area within a closed traverse of the primary control may be 
divided by means of secondary traverses into a series of roughly parallel strips. 

Secondary traverses are usually run with the transit but are sometimes 
run with the plane table and occasionally with the compass. The lengths 
of the traverse lines are determined commonly by stadia or, if greater pre- 
cision is required, by means of the tape. 

Example 2: In the survey illustrated in Fig. 25-2, it is assumed that for a permissible 
error of Moo the method used is that of a compass-stadia traverse, and that the 
traverse is run before the location of details. The secondary traverse shown closes 
on a primary station at 0. 

A traverse having the same degree of precision as that assumed in the previous 
paragraph may be run with the plane table. As in the case of the compass traverse, 
the instrumentman occupies alternate stations only, and the instrument is oriented 
by use of the compass needle. This method may also be used for higher degrees of 
precision up to the limit which can be secured with stadia measurements, perhaps 
1/1,000; and with taped distances a precision of perhaps 1/2,500 can be obtained. 
For these degrees of precision the table is oriented by backsighting, and great care 
is used in drawing the rays and scaling the distances. 

If the precision required in the secondary traverse is 1/1,000 or greater, a transit- 
tape traverse is most commonly used. 

25*7, Triangulation. The field conditions favorable to the use of tri- 
angulation to establish the horizontal control are (1) a fairly extended area 
in an open hilly region, (2) a city where traversing is difficult because of 
street traffic, or (3) a rugged mountainous region where traversing would 
be slow and laborious. Wooded regions seriously lessen the usefulness of 
this method; observation towers are required to establish lines of vision 
between stations, and the necessary expense of time and money is not justi- 
fied except for surveys of considerable magnitude. 

A general description of the instruments, methods, and personnel for tri- 
angulation with the transit is given in Chap. 16, and graphical triangulation 
with the plane table is described in Art. 17-10. 

Primary Triangulation, A general layout of the scheme of primary tri- 
angulation is planned on an existing small-scale map, the field stations are 
established on summits where visibility is good, and signals are erected. 
One or more base lines are established and measured, and their true azimuths 
are determined by astronomical observations (Chap. 21). Observations 
of angles are made on (1) major stations, which are marked by signals and 
which are to be occupied by the instrument, and (2) minor stations marked 
by such objects as trees, spires, and chimneys. When the field measure- 
ments have been completed, the necessary computations and adjustments 
are made (Chap. 16) ; then the coordinates of each station are computed for 
use in plotting. 
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Normally the transit is used for primary triangulation. However, for 
map scales smaller than 1 in. == 500 ft., usually it is possible to obtain the 
required map accuracy by the method of graphical triangulation with the 
plane table. This method has the advantage that no computations are 
required. 

Example: The method of establishing primary triangulation with the transit is 
illustrated in Figs. 25-3 and 25*4. The conditions assumed for this survey are the 
same as those assumed in Art. 25*6. 

A general layout of the scheme is planned, the region is reconnoitered, and signals 
are erected at the selected stations. 

Sites for two base lines, “West Base” and “East Base,” are selected, one along 
a highway near one end of the tract and the other along a railroad near the other end 
of the tract. The base lines for this survey have lengths of about 2,500 and 4,000 ft., 
respectively, and are measured with a probable error not to exceed 1/10,000. 

The angles are measured with such precision that each station closure, that is, 
the sum of the angles measured about each station, does not differ from 360° by more 
than 30”; and each triangle closure, that is, the sum of the angles in each triangle, 
does not differ from 180° by more than 1'30”. 

A stellar or a solar observation is made at each base line to determine its true 
azimuth, and the true meridian at the south end of the West Base is taken as the ref- 
erence meridian for the rectangular-coordinate, or grid, system. (The true meridian 
at the East Base, or at any other point in the area, will of course differ from that 
at the West Base by the amount of the convergency of meridians between the two 
locations.) 

To the south end of the West Base are assigned the arbitrary coordinate values of 
X - 11,500 ft. and y — 11,000 ft., thus placing the tract entirely in the northeast quad- 
rant of the coordinate system and making all coordinates positive. 

The system of coordinates is projected on a series of map sheets, and the locations 
of all observed objects and stations are plotted by the method of coordinates (Fig. 
25-3). 

In Fig. 25‘4 are shown to a larger scale the results of the primary triangulation 
as it exists on and near sheet 5 of Fig. 25-3. The instrument stations are shown by 
small triangles; other objects are indicated by symbols and names. 

The checks afforded in this work are (1) the duplicate measurements of the base 
lines, (2) the station and the triangle closures of the angle measurements, (3) the com- 
parison of the length of East Base as measured directly and as computed from the 
measured length of West Base, and (4) the comparison of the azimuth of East Base 
as observed directly and as computed from West Base. 

Secondary TriangvlaUon. The primary triangulation has resulted in the 
location of a number of transit stations, hilltops, chimneys, trees, and other 
prominent objects, the locations of which have been plotted on the field 
sheets (Fig. 25-4). The secondary control stations may now be located 
either by one of the methods of traversing previously explained or, where 
field conditions are suitable, by methods involving resection and intersec- 
tion. If a secondary triangulation system is to be established, the work may 
be done with either the transit or the plane table. The advantage of the 
plane table is that it provides a ready means of solving the three-point and 
two-point problems. . On the other hand, three-point determinations made 
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with the transit can be plotted conveniently in the office either by the use of a 
three-arm protractor or by the tracing-cloth method (Art. 17*146). 

The method of secondary triangulation has the advantage that instru- 
ment stations can be chosen at strategic points, unaffected by the cumulative 
errors inherent in traversing. It is sometimes employed in open rough 
country where chaining would be difficult. 

25*8. Vertical Control. The purpose of the verticah control for a topo- 
graphic survey is to establish bench marks at convenient intervals over the 
area, to serve (1) as points of departure and closure for the leveling opera- 
tions of the topographic parties when Locating details, and (2) as reference 
marks during subsequent construction work. 

Primary and secondary level routes are required in about the same 
amount, and bear about the same relation to each other, as do the primary and 
secondary traverses or triangulation systems. Often the level routes follow 
the traverse lines, the traverse stations being used as bench marks. In Table 
25*1 are given approximate values of permissible error on ordinary surveys. 

The methods of leveling are described in Chaps. 8 and 9. Ordinarily, 
vertical control is accomplished by direct leveling, but for small areas or in 
rough country frequently the vertical control is established by trigonometric 
leveling (Art. 25-9). 

The datum may be assumed for a given survey; but the results of govern- 
mental precise levels, referred to sea-level datura, are now available for all 
but the most isolated regions of the United -States. 

Precision, For intermediate-scale maps, four degrees of precision are 
commonly used in establishing the primary ver tical control: (1) a maximum 
er ror expressed by th e coefficient of 0 .05 ft. v distance i n miles, (2) 0.1 ft. 
Vdistance in mile s, (3) 0.3 ft. Vdistance in miles, and (4) 0.5 ft. 
Vdistance in miles. The first applies to very flat regions where a contour 
interval of 1 ft. or less is used and on surveys which require the determina- 
tion of gradients of streams, or which are to establish the grades of proposed 
drainage and irrigation systems. The second, third, and fourth coefficients 
apply to surveys in which no more exact use is made of the results than to 
determine the elevation of ground points for contours having 2, 5, and 10-ft. 
intervals, respectively. The last degree of precision listed can be reached by 
careful stadia leveling, which method has important advantages in hilly 
country. 

Since the lengths of the secondary level circuits are, in general, roughly 
one fourth of the lengths of the primary circuits and since the errors vary 
approximately as the square root of the distance, the coefficients of per- 
missible errors (for the same error of closure) are about twice the correspond- 
ing coefficients used on the primary circuits. 

For large-scale maps, the contour interval is usually 1 or 2 ft. Ordinarily 
for these intervals the vertical control is of sufficient precision if level circuite 
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cl ose within Q.Q5 ft > Vdistance in miles for extensive surveys or 0.1 ft, 
Vdistance in miles for smaller areas. 

25*9. Trigonometric Leveling. The height of the instrument, either 
plane table or transit, which has been oriented by the two-point or the three- 
point problem, is usually determined by trigonometric leveling, that is, by 
a vertical angle and a horizontal distance (Art. 8*5). The distance is either 
scaled from the map or measured directly by stadia or tape. Usually two 
or more stations are observed in order to increase the precision of the meas- 
urement. The method of trigonometric leveling is also applicable to field 
conditions where the horizontal control is established by triangulation and 
where a high degree of accuracy in the measured elevations is not required. 

The required precision in the vertical angle bears a direct relation to that 
in the horizontal distance, and the permissible error in each depends upon 
the contour interval and the scale of the map. The following values will 
enable the topographer to determine the precision required in both the 
vertical and the horizontal distances: An error of 01' in any vertical angle 
up to 10®, at a distance of 1,000 ft. produces an error in elevation of 0.3 ft. 
(approximately). Errors in the determination of the horizontal distances 
which likewise cause an error of 0.3 ft. in elevation are tabulated below: 


Vertical 

angle 

r 

3 

6 

9 


Error in horizontal 
distance, ft. 

18 

6 

3 

2 


Example: At a distance of 1,000 ft. and at a vertical angle of 9®, if the vertical angle 
is measured with a maximum error of 01', the horizontal distance should be measured 
with a maximum error of 2 ft. 

For distances greater than about 1,000 ft., either corrections for curvature 
of the earth and for atmospheric refraction should be made or preferably 
reciprocal measurements to eliminate natural and instrumental errors should 
be taken (see Art. 8*5). 

LOCATION OF DETAILS 

25*i0. General. It is assumed in the articles which follow that the 
necessary horizontal and vertical control measurements have been made 
and that the field party is concerned with the location of details only. If 
the plane-table method is to be used, the horizontal control is plotted on 
the plane-table sheet. 

The adequacy with which the resultant map meets the purpose of the 
survey depends largely upon the work of locating details, and the topographer 
should be completely informed as to the uses to be made of the map, to the 
end that he may give the proper emphasis to each part of the work. 
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The instruments used in locating details, and the four typical systems of 
ground points used in map construction, are discussed briefly in Art. 24-11 
and more completely in Arts. 25-12 to 25-15. A combination of methods 
may be used; for example, distances to points near the instrument may be 
measured by pacing or tape, and to more distant points by stadia, or a num- 
ber of irregular controlling points may be located in a cross-profile or checker- 
board survey. The aim is to locate the details with a minimum of time and 
effort. 

Aerial photographs, or even ground views with the ordinary camera, may 
be of value in locating and plotting details. 

26 -11. Precision. The precision required in locating such definite ob- 
jects as buildings, bridges, and boundary lines should be consistent with the 
precision of plotting, which may be assumed to be a map distance of about 
3^0 definite objects as shore lines, streams, and edges of 

woods are located with a precision corresponding to a map distance of per 
.haps Ho or For use in maps of the same relative precision and for a 

given area, more located points are required on large-scale surveys than on 
intermediate-scale surveys; hence the location of details is relatively more 
important on large-scale surveys. 

Contours. The veracity with which contour lines represent the terrain 
depends on (1) the accuracy and precision of the observations, (2) the 
number of observations, and (3) the distribution of the points located. 
Ground points are definite, but as the contour lines must necessarily be 
generalized to some extent it would be inappropriate to locate the points 
with refined measurements. The error of field measurement in plan should 
be consistent with the error in elevation, which in general should not exceed 
one fifth of a contour interval; thus generally the error in plan should not 
exceed one fifth of the horizontal distance between contours, and the error 
in elevation should not exceed one fifth of the vertical distance between con- 
tours. The purpose of a topographic survey will be better served by locat- 
ing a greater number of points with less precision, within reasonable limits, 
than by locating fewer points with greater precision. Thus, if for a given 
survey the contour interval is 5 ft., a better map will be secured by locating 
with respect to each instrument station perhaps 50 points whose average 
error in elevation is 1 ft. than by locating 25 points whose average error is 
only 0.5 ft. 

A general principle which should serve as a guide in the selection of ground points 
may be noted. As an example, let it be supposed that a given survey is to provide a 
map which shall be accurate to the extent that if a number of well-distributed points 
are chosen at random on the map, the average difference between the map elevations 
and ground elevations of identical points shall not exceed one half of a contour inter- 
val. Under this requirement, the attempt is made in the field to choose ground points 
such that a straight line between any two adjacent points will in no case pass above or be- 
low the ground by more than one contour interval. Thus, in Fig. 25-5, if the ground 
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points were taken only at a, h, c, d, and e as shown, the resulting map would indicate 
the straight slopes cd and de; the consequent errors in elevation of mn and op on the 
profile amount to two contour intervals and show that additional readings should have 
been taken at the points n and o. The corresponding displacement of the contours on 
the map is shown by dotted and full lines in Fig. 25-6. 




Angles. The precision needed in the field measurements of angles to 
details may be readily determined by relating it to the required precision of 
corresponding vertical and horizontal distances. Thus for a sight 1,000 ft. 
in length, a permissible error of 0.3 ft. in elevation corresponds to a permissi- 
ble error of 01' in the vertical angle; likewise, a permissible error of 0.3 ft. in 
azimuth (measured along the arc from the point sighted) corresponds to a 
permissible error of 01' in the horizontal angle. Values for other lengths 
of sight or degrees of precision are obtained by proportion; thus if it is 
desired to locate a point to the nearest 2 ft. in azimuth (or elevation) and if 
the length of the sight is 500 ft., the corresponding permissible error in the 
angle is 2/0.3 X 1,000/500 X 01' = 13'. 

2542. Details by Controlling-point Method. Details may be located 
by the controlling-point method employing the transit and stadia (Art. 
25* 12a), the plane table (Art. 25425), or the transit and plane table together 
(Art. 2542c). The distances are usually measured by stadia, but on large- 
scale surveys the distances to definite details may be measured with the 
tape. 
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If the ground is flat; such that direct rod readings over large areas are 
possible, the cross-profile method or the trace-contour method will usually 
be more expeditious than the controlling-point method employing the transit. 

26 •12a. Transit and Stadia. The personnel of the topography party 
using the transit usually consists of the transitman, recorder, and one or 
two rodmen. In wooded country one or more axemen are usually needed 
to clear the lines of vision. The organization may be modified to allow all 
other members of the party to work as rapidly as possible. 

In locating ground points, usually the vertical angles are observed more 
precisely than the horizontal angles. Accordingly, the vertical circle of the 
instrument assumes greater importance than the horizontal circle; but 
because all vertical angles are measured with respect to a horizontal plane, 
it is important that the horizontal plate be truly horizontal and remain so 
without the need of constant releveling. If vertical angles are to be meas- 
ured to the nearest minute of arc, a level tube of about 30" sensitiveness 
should be attached to the vernier arm of the vertical arc. Many topog- 
raphers prefer a stadia circle or Beaman arc for purposes of stadia leveling 
(Art. 15-11). 

It is often advantageous to set the instrument at some isolated but strategic point 
which has not been located by the horizontal control surveys. This may be done 
and the position of the instrument located by means of the three-point or two-point 
problem if definite objects suitably located are visible and if these objects have been, 
or can be, observed from other stations. The elevation of the station may be deter- 
mined by a stadia- or trigonometric-leveling observation on one or more points within 
the range of vision from the occupied station. 

Relatively inaccessible or distant points may at times be located by the principle 
of intersection (Art. 14*8). On a topographic survey of a steep canyon wall, a method 
of intersection employing two transits may be used. The transits are set up over 
stations of known location and elevation, at a distance apart such that good inter- 
sections will be obtained, A man, perhaps suspended by ropes, holds a target at con- 
trolling points of the canyon wall, and the transitmen simultaneously observe the 
azimuth and vertical angle to each point. The location and elevation of each point 
are later computed for plotting on the map. A check on the elevation of each point 
is afforded by the two values computed from the two observed vertical angles and 
scaled map distances. 

Field sketches are valuable aids to supplement the observed data, espe- 
cially where the ground exhibits many irregular features and where many 
details are to be mapped. They vary in character from freehand sketches 
and notes entered in a cross-ruled book, to elaborate field drawings for 
which an assistant is employed and which amount to an execution of the 
office procedure in the field. Where details are numerous, a drawing board 
is employed near the transit, and as the salient points are located by the 
transit, they are plotted on the drawing, usually to a smaller scale than 
that of the map. The more complex and detailed topographic features are 
then sketched while the terrain is in viewv 
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Procedure. For typical conditions on hilly ground as illustrated in the 
examples of Arts. 25-5 to 25-7, and for a contour interval of 5 ft. and a map 
scale of 1 in. = 500 ft., the procedure of locating details by the transit- 
stadia method will now be described. Figure 25*7 shows a portion of the 
finished map, being an enlarged view of sheet 5 of Figs. 25-1 and 25*3. 



The transit is set up at a station on either the primary or the secondary 
control as at station B (Fig. 25*2). The instrumentman orients the transit 
by sighting on an adjacent station and locates the details in the vicinity of 
the station by angle and distance measurements. The elevation of sta- 
tion B, it is assumed, was determined by the level party which ran the 
secondary levels; therefore, the elevation of adjacent points can be deter- 
mined by the methods explained in Art. 16*15. 

The recorder keeps the record of all values given him by the instrument- 
man, and describes all points by remarks or sketches such that the draftsman 
can interpret all data correctly and draw all features properly on the map. 
Notes are kept in the form shown by Fig. 15*8. 

The rodmen choose ground -points along valley and ridge lines and at 
summits, depressions, important changes in slope, and definite details. The 
selection of points is important, and the rodmen should be instructed and 
trained for their work. They should follow a systematic arrangement of 
routes such that the entire area is covered and that no important objects 
are overlooked. They should observe the terrain carefully (often with the 
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aid of a liand level) and report any important features which cannot be 
seen from the transit station. The recorder indicates by some symbol 
(usually the rodman’s initial) whose rod is being sighted. 

Another method of identification of “side shots/^ as observations on detail points 
are called, is that in which each man in the party carries a watch, all watches being 
set to keep time together within a few seconds. As the instrumentman motions the 
rodman to a new point, both the rodman and the recorder record the time, thus mak- 
ing it possible to identify any reading made upon either rod. 

2542b. Plane Table. The personnel of the plane-table party for map- 
ping details usually consists of the plane-table man, computer, and one or 
more rodmen. The equipment usually includes a plane table, telescopic 
alidade (preferably with a control level on the vernier arm), scale, small 
triangles, 6H or 8H pencil, and stadia slide rule or stadia tables. 

For the conditions indicated in Arts. 25*6 and 25-7 and Fig. 25*7, this 
method is as follows: Before the party goes into the field, the horizontal 
control, the coordinate system, and the outline of the map sheet are adjusted 
and plotted on the plane-table sheet as shown in Fig. 25*2. The elevations 
of all bench marks either are recorded on the sheet or are in the hands of the 
computer. 

The instrumentman sets up the table at a convenient station, as at B 
(Fig. 25-2), and orients it usually by backsighting on an adjacent station. 
He then directs the rodmen to the controlling points of the terrain, as just 
described for the transit. When a rodman holds the rod on a ground point, 
the instrumentman pivots the alidade about the plotted location of the 
station until the line of sight is on the rod, reads the stadia intercept, draws 
a short portion of the ray near the end of the alidade farthest from the station 
point, sets the cross-hair preferably on the H.I. point, and motions the rod- 
man forward. He next centers the control bubble on the vernier arm and 
reads the vertical angle. He then plots the point by scaling the horizontal 
distance (corrected for slope, if necessary, by the computer). The com- 
puter has now calculated the elevation of the point, and the instrumentman 
records it on the map near the plotted point. As rapidly as sufficient data 
are secured, the instrumentman sketches the contour lines. Other objects 
of the terrain are located and are drawn either in finished form or with 
sufficient detail so that they may be completed in the office. A more de- 
tailed account of the procedure of taking side shots, with an alidade equipped 
with stadia arc, is given in Art. 1747. 

The utmost skill of the topographer is used in judging the features of the 
terrain and in representing them on the map with the required precision 
and with the least expenditure of time. 

There is no need to identify the rod readings, or to use special precautions 
to cover the ground, as is necessary with the transit method; since all plotting 
is done in the field, mistakes or omissions are at once apparent, and any 
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information brouglit in by the rodman can readily be incorporated in the 
map. 

Many objects are located by the method of intersection, the elevations 
being determined by trigonometric leveling. 

Because the plane table permits a ready solution of the three-point and 
two-point problems, use is made of these methods to enable the topographer 
to utilize advantageous instrument stations which have not been included in 
the control surveys, especially where the control has been established by 
triangulation. The elevation of such stations is determined either by stadia 
leveling or by trigonometric leveling. 

25* 12c. Transit and Plane Table. Por large-scale maps and where many 
details are to be sighted, sometimes it is advantageous to use both the transit 
and the plane table. This method saves time in the field, but it may not 
reduce the total cost, as a larger party is required than for the plane table 
alone. 

The transit is set up and oriented at the control station, the location of 
which is plotted on the plane-table sheet. The plane table is set up and 
oriented nearby, and its location is plotted on the map in its correct relation 
to the transit station. (In some cases the map distance between the transit 
station and the plane-table station is negligible, and the two points are 
regarded as identical.) When a rodman has selected a ground point, the 
transitman observes the stadia distance and vertical angle to it; the plane- 
table man sights in the direction of the point, draws a ray toward it from the 
platted location of the plane-table station, plots the point at the correct dis- 
tance scaled from the plotted location of the transit station, and records on 
the map the elevation (computed by the transitman or the computer) of 
the plotted point. 

25*13. Details by Cross-profile Method. In the cross-profiile method of 
locating details, the ground points are on relatively short lines transverse to 
the main traverse. The required lengths of sight are not great, and the 
hand level or the clinometer is commonly employed. For the common 
conditions of a 5-ft. contour interval and a map scale of 1 in. = 400 ft., the 
maximum lengths of hand-level or clinometer sights should be limited to 
about 100 ft. For smaller scales or larger intervals, longer sights up to 
perhaps 300 to 500 ft. may be used. If, on the other hand, the lengths of 
sights are limited to 50 ft. or less, the errors in elevation may be kept below 
a few tenths of a foot in a distance of 500 ft., and the hand level or the cli- 
nometer may be employed for surveys having a contour interval of 1 or 2 ft. 

The cross-profile method is primarily suitable for route surveys. It is 
also sometimes used for area surveys if the ground cover is dense, because 
hand-level or clinometer sights can be taken through very small openings in 
the underbrush; the area is surveyed by means of a series of overlapping 
strips. 
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The procedure described herein applies primarily to intermediate-scale 
surveys of rolling or hilly country. For large-scale surveys or for flat 
country, the method is similar except that elevations are determined by 
means of the engineer's level or by the stadia method. For relatively small- 
scale, surveys, the distances may be determined by pacing. 

The party consists of a topographer and usually two men, herein called 
^'chainmen," who act either as chainmen or as rodmen. Sometimes only 
one chainman is employed, and the topographer assists in chaining. The 
equipment consists of a topographer's rod (Fig, 8-18), a steel or metallic 
tape, a hand level or a clinometer, and either a cross-ruled wide-page sketch- 
book or sketch sheets mounted on a board about 12 by 15 in. in size. Some- 
times a Jacob's staff or other rod about 5 ft, long is used as a support for the 
hand level or clinometer while sights are being taken. 

The control points are the 100-ft. stations of the transit traverse. These 
points have been marked on the ground by stakes, and their elevations have 
been determined by profile leveling and have been furnished to the topog- 
raphy party. The ground points are either contour points or more com- 
monly points of change in slope; in the latter case the intermediate contour 
points are located by interpolation. 

26* 13a. Contour Points with Hand Level. The party proceeds from 
station to station along the traverse. At each station the topographer 
notifies the chainmen of the elevation of the station. The head chainman 
carrying the rod moves out on a line estimated to be at right angles with 
the traverse line until the rod is on the next contour (either higher or lower) 
from the station, as determined by the rear chainman employing the hand 
level; the distance out to the contour is then measured with the tape. The 
rear chainman then goes out to the point occupied by the rod, and the head 
chainman again moves out until the next contour is reached; and so the 
process is repeated until all contour points are located out to the edge of the 
strip being surveyed. A similar procedure is followed on the other side of 
the traverse line. Usually the trends or directions of the contours are 
sketched at each crossline and along ridge and valley lines, but on the field 
sheets the contour lines are not sketched for their full length. Definite de- 
tails are located with relation to the transit line by tape measurements. If 
the topography is regular, sometimes the sketches are omitted, and the dis- 
tances from traverse to contour points are recorded numerically. 

Example: The method is illustrated by reference to Figs. 25-8 and 25-9, which 
represent the field notes and the finished map, respectively, of a preliminary route 
survey. The contour interval is 5 ft. Suppose that the topography party has 
reached station 9 + 00, where the topographer notifies the chainmen that the eleva- 
tion of that station is 821. 1 ft. To the left of the traverse line the ground slopes down- 
ward. To locate the 820-ft. contour, the head chainman carrying the rod (which is 
graduated from the bottom) and the zero end of the tape moves out to the left until 
the rear chainman by the use of the hand level supported, sav, on a 5.0-ft. staff, reads 
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6.1 on the rod ( 821.1 6.0 — 6.1 — 820 . 0 ). The horizontal distance out from the 

station is read, on the tape and called to the topographer who plots its location (9 ft. 
from the traverse line). To locate the 815 -ft. contour, the rear chainman moves out 
to the 820-ft. contour, and the head chainman moves out until the rear chainman 
reads 10.0 on the rod ( 820.0 + 5.0 — 10.0 = 815 . 0 ); the horizontal distance between 
the two contours (26 ft.) is read from the tape, and the second point is plotted; and 
so on. A similar procedure is followed in going uphill, except that the head chainman 
carries the hand level and the rear chainman the rod, 



Fig. 25-8. Notes for cross-profile Fig. 25-9. Preliminary map for route 

method. survey. 


Where the traverse follows a valley or a ridge, the width of the strip may 
be narrow because the range of any feasible location of the route is thereby 
restricted. Where the topography is comparatively flat, observations may 
be taken over a width of 500 ftt or more on either side of the traverse line. 
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The width of a strip which is being surveyed with the engineer’s level may be 
extended by supplementary measurements with the hand level. 

25* 13b. Points of Change in Slope by Clinometer. For relatively small- 
scale maps, sometimes the clinometer is employed to determine the eleva- 
tions of controlling points of change in slope on the crosslines by rough 
indirect leveling, and the distances are determined by pacing. The method 
is considerably faster than that just described for the hand level and tape, 
but is of lower precision. 

The topographer stations himself at a chaining station on the traverse 
line. The rodman moves out along a crossline, pacing the distance from 
the center line as he goes. When he reaches an important change in slope, 
he halts and presents his rod. The topographer sights at a point on the rod 
at the same height above the ground as his eye, and reads the angle of incli- 
nation. The rodman calls out the distance, and the topographer either 
records the angle and distance for later computation of the difference in 
elevation, or by means of a table of values he immediately computes the 
difference in elevation between the traverse station and the point indicated 
by the rod. By adding (or subtracting) this difference to the elevation of 
the center stake, the elevation of the point sighted is determined. The 
location of the point is then plotted, and the elevation (if computed at this 
time) is recorded in the sketchbook. The topographer proceeds to the 
point thus located, and the rodman moves forward to the next important 
change in slope. This process is repeated until the limit of the strip for 
which the topography is being taken is reached. A similar procedure is 
followed on the other side of the traverse line. 

25*13c. Rhodes Reducing Arc. The Rhodes reducing arc is a simple instrument 
for locating details by the cross-profile method; by its use measured slope distances 
are readily reduced to horizontal distances and differences in elevation. It consists 
of a sighting tube (Fig. 25*10) mounted along the edge of a semicircular plate, or 
*‘arc,^’ which in turn is mounted on a staff. The graphical scales on the arc are so 
arranged that when the measured slope distance (shown in the figure as, say, 50 ftO 
is set off on the vertical scale the corresponding horizontal distance (as 40 ft.) is 
read from the scale which is perpendicular to the sighting tube, and the corresponding 
difference in elevation (as 30 ft.) is read from the scale which is parallel to the sighting 
tube. 

The observer holds the instrument on a point of known location and elevation, 
plumbs the staff by means of an attached rod level, and sights on the target of the rod 
which is held on a selected ground point. Usually the target is set at a rod reading 
equal to the height of the center of the sighting tube above the ground. The slope 
distance is determined by taping, and the corresponding horizontal and vertical dis- 
tances are read from the arc, 

26*14. Details by Checkerboard Method. The checkerboard method 
of locating details is well adapted for large-scale surveys, as the points are 
located in plan by tape measurements. It is also useful where the tract is 
wooded, where the topography is smooth, and on urban surveys where 
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blocks and lots are rectangular. The tract is staked off into squares or 
rectangles— usually 50 or 100-ft. squares. The ground points and other 
details are then located with reference to the stakes and connecting lines. 



r/a/ 


Fig. 25*10. Rhodes reducing arc. 


The usual procedure is first to run a rectangular transit-tape or compass- 
tape traverse (Fig. 25*11) near the perimeter of the tract, with stakes set at 
each lOO-ft. station. The error of closure becomes apparent in the field; 
if this is greater than the permissible error, the traverse hubs and the stakes 
are reset in such manner as to reduce the error within allowable limits. A 
line of profile levels is run around this traverse to close within a permissible 
error, thus establishing the elevation of the ground at each stake and hub, 
just in front of the numbered side of each stake. The elevations thus 
determined should be correct to the nearest 0.1 ft. 

The interior stakes are set by transit-tape or compass-tape lines beginning 
at a stake on one side and closing on the corresponding stake on the opposite 
side, as from F-IS to B-l, F~17 to J5-2, etc. Each stake is marked usually 
with a letter and a number indicating its position with respect to the coor- 
dinate axes. The elevation of the ground at each of these interior stakes is 
then determined with the engineers level or with the hand level, depending 
upon the lengths of the lines and the accuracy required. Sketch sheets are 
prepared, on which are shown the elevations of the corners of the squares. 
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n .„nH irreeularities which cannot be properly interpreted from observa- 
*• ^ r^n the corners of the squares are now observed by means of a hand 
»nd tape and the features are sketched. Other details such as fences, 
Tds and buildings are located by measurements either from adjacent coor- 
tote pointe or from the sides of the squares. The map is constructed in 
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transit and tape, their elevations are determined by direct leveling, and the 
plane-table sheet is prepared showing the elevations of the corners of the 
squares, all as described earlier in this article. The plane table is then set 
up over the corner of a square and is oriented by backsighting along one of 
the control lines marked by stakes. Directions to details inside the squares 
are determined usually with a peep-sight alidade, and distances to these 
details are determined usually by chaining either from the instrument 
station or from a convenient corner or line. Only as many stations are 
occupied by the plane table as are necessary to cover the area. 

25*15. Details by Trace-contour Method. The trace-contour method 
of locating contour points on the ground is commonly used on large-scale 
surveys, and sometimes on intermediate-scale surveys where the ground is 
irregular. Under these conditions, if visibility is good, the trace-contour 
method is more rapid and more accurate than the checkerboard method. 

Although the transit may be used in this work, either alone or with the 
engineer’s level, the plane table is commonly used because it requires fewer 
points to be observed and because of the saving of time in plotting. 

Often the plane table and the engineer’s level are used together, because 
the level permits greater lengths of sight and because it can be readily moved 
to permit direct rod readings to be taken. The party consists of a topog- 
rapher at the plane table, a levelman, one or more rodmen, axemen as needed, 
and sometimes a computer. The levelman sets up the level at a convenient 
location and directs the rodman up or down the slope until a point on a given 
contour is located. This point is immediately sighted by the plane-table 
man and is plotted on the plane-table sheet. The rodman then moves to 
another contour point which may be either along the same contour or, on 
hilly ground, on the next higher or lower contour. The distances from plane- 
table station to contour points are measured by stadia; if the scale is large, 
definite objects may be located by taped distances. 

26*16, Field Problems. 

Elementary field problems in topographic surveying are given at the end of the 
chapters on stadia surveying and the plane table. In particular, field problem 3 of 
Chap. 15 and field problem 3 of Chap. 17 provide exercise in the controlling-point 
method of locating details. Field problem 1 of Chap. 26 on route location provides 
an exercise in the cross-profile method. 

Problem 1. Topographic Survey by Checkerboard Method 

Object. To obtain sufficient data for an accurate topographic map of large scale 
and small contour interval. The area to be mapped is small and possesses few details, 
and the topography is smooth. The data collected may be used in office problem 1 
of Chap. 24. 

Procedure. (1) With transit and tape divide the tract into 100-ft. squares, setting 
stakes at the corners. Letter and number each stake to conform to a coordinate 
system. (2) With the engineer’s level run levels over the area, taking rod readings 


FIELD PROBLEMS 


§ 25 - 16 ] 


661 


at summits, depressions, corner stakes, and points of change in slope along the sides 
of the squares. (3) Locate the details (either definite details or ground points) inside 
the squares by taking offsets, ties, etc. (Arts. 14-18 and 14-19). (4) Keep notes in a 
form similar to that of Fig. 10-3, ‘ identify each point by its coordinates (a letter and 
a number). 


Pbobmjm 2. 


Topogeaphic Survey by Trace-contour Method Using Plane 
Table and Engineer's Level 


Object To obtain sufficient data for an accurate topographic map of inter- 
mediate or large scale and small contour interval. The area to be mapped is small, 
and the topography is irregular. It is assumed that control points have been estab- 
lished at advantageous locations within the tract and that the control has been 
plotted (office problem 1 of Chap. 24) on the plane-table sheet. 

Procedure. (1) The plane-table man sets up and orients the table at one or more 
control stations such that the entire area may be mapped. (2) The levelman sets up 
the engineer’s level, takes a backsight on a bench mark, and computes a rod reading 
such that the foot of the rod will be at the elevation of a given contour. (3) The 
rodman moves about as directed by the levelman, locating critical contour points. 
When a contour point has been located, the plane-table man sights on the rod, deter- 
mines the distance by stadia, and plots the contour point. (4) Definite details are 
located either by radiation or by intersection; distances to such details are determined 
either by stadia or by tape measurements, depending upon the scale of the map. 
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CHAPTER 26 


ROUTE SURVEYING 

264. General. Surveys made for the purpose of locating and building 
highways, railways, canals, power-transmission lines, pipe lines, and other 
utilities which are constructed across country for purposes of transportation 
or communication are called route surveys. Surveys of this character are 
necessary for the purposes of selecting the general route to be followed and 
of fixing the grades, alinement, and other details of the selected route in 
order that the project may be constructed in accordance with a definite plan. 
In general, route surveying consists in (1) determining the ground configura- 
tion and the location of objects within a narrow strip along a proposed route, 

(2) establishing definitely the location of the route by survey lines, and 

(3) determining volumes of earthwork incidental to construction. 

Obviously the character of the enterprise has its influence upon the route 

selected. The economic location of a highway between two towns, for 
example, might be quite different from that of a power-transmission line 
between the same terminals. The location of any route involves a study to 
determine the manner in which certain definite requirements of the enter- 
prise may be met at the least expense, including not only the cost of construc- 
tion but also the cost of maintenance and operation. It is, therefore, a 
problem in engineering economics in which the conditions are few or many, 
simple or complicated, depending on the character and magnitude of the 
undertaking and on the nature of the territory through which the route must 
pass. Although a discussion of these economic questions is beyond the 
scope of this text, it is desired to draw attention to the fact that all condi- 
tions imposed by a given problem must receive full consideration before a 
route is definitely selected. 

The details of the surveying methods employed naturally vary somewhat 
with the character of the project, but certain general field methods are gen- 
erally applicable. The methods described in this chapter apply primarily 
to highway and railway surveys; some special considerations pertaining to 
canals and power-transmission lines are also stated. 

The recent development of aerial mapping (Chap. 31) has made possible 
a number of simplifications of the procedures described in this chapter for 
ground surveys. However, the nature and sequence of the various opera- 
tions are essentially the same even when aerial photographs or maps are 
employed. 
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Table 26 * 1 . Typical Sequence of Operations in Routb Surveyino 


Survey 

Party 

Operation 

Maps and reports 

Reconnais- 

sance 

Locating en- 
gineer 

Select general routes; es- 
tablish controls 

Reconnaissance report 
Reconnaissance map 
(sometimes) 


Transit-tape 

Traverse 

Preliminary map (con- 
tours) (drawn in field) 

Preliminary 

Level 

Profile; set bench marks 

Preliminary profile (drawn 
infield) 


Topography 

Cross-section to locate 
contours and principal 
details 

Paper location (drawn on 
preliminary map)* 
Preliminary cost estimate 
(optional) 


Transit-tape 

Stake location, with cir- 
cular curves 

Location map, or layout 
plan 


Level 

Profile; check bench 
marks 

Location profile 

Location sur- 
vey 

Cross-section 

Cross-section; if line is 
fixed, also set slope 
stakes 

Cross-sections 

Earthwork estimates 


Land-line 

Property lines and details, 
in plan only 

Right-of-way map 


Special 

Special surveys for struc- 
tures 

Structure maps and plans 

Construction 

surveys 

Various 

Set slope stakes; set finishing stakes; stake borrow 
pits; stake spirals; give line and grade for track or 
pavement and for culverts and structures; set mon- 
uments; estimate quantities of earthwork moved 




Final plans (include loca- 
tion map and profile as 
revised during construc- 
tion, cross-sections, etc.) 


1 Alternative method is to traverse, profile, and take topography all in one opera- 
tion. In flat country or where the route is fixed, the preliminary survey may be 
omitted. 

^ Properly considered as part of location survey, but arranged here to show se- 
quence. 
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26*2. Procedtire. Ordinarily the country through which a new route 
is to pass must be examined several times, and a series of surveys must be 
run. First, a general study called a reconnaismnce is made of the whole 
area under consideration, and one or more general routes are selected for 
further investigation. A preliminary survey is then run over each selected 
route, and a topographic map and a profile are prepared. A center line of 
the proposed roadway is then tentatively established on the topographic 
map; this is called the paper location. The line is then located on the ground 
by transit surveys; this is called the field location. Subsequently construction 
surveys may be necessary to establish lines and grades or to indicate and 
measure the amount of earthwork. Land boundaries near the route are 
surveyed and monumented, and right-of-way maps are drawn. Special 
surveys and plans are required for structures such as bridges, culverts, and 
siphons. The general sequence of operations is somewhat as listed in 
Table 26*1. 


26‘3. Reconnaissance. Many highway surveys are run along estab- 
lished routes, and little or no reconnaissance is necessary. For new loca- 
tion, the reconnaissance consists in an extensive study of the whole area that 
might possibly be used for the location, in order that no possible route may 
be overlooked or disregarded. As a result of the reconnaissance, most of 
this area will not be investigated further, and only one or two narrow strips 
of territory will be subjected to the more detailed and accurate study which is 
to follow. Consequently no possible route that is missed during the recon- 
naissance will be discovered by the later work, and probably no amount of 
care and refinement in the later work will compensate for the loss of a better 
route which may have been overlooked during the reconnaissance. The 
importance of studying the whole area for all possible routes cannot be too 
strongly emphasized. 

The information secured by reconnaissance should include the general 
rise and fall of the country, possible ruling and maximum grades, general 
slope of the sidehills, classification of material, drainage, snow conditions, 
character of clearing, development of country, service to existing communi- 
ties, etc. 


Use of Maps. The locating engineer on reconnaissance must secure a 
mental picture of the topography of the whole area under investigation. 
Maps are of the greatest assistance, and all available maps should be studied. 
If contour maps of the region can be obtained, the problem of the recon- 
naissance becomes relatively simple. Aerial photographs are also of great 
aid in reconnaissance; in fact, the preliminary survey may be made by aerial 
photogrammetry. If such data are not available, it may be found desirable 
roughly to map to small scale all or a part of the area under consideration. 
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Methods, The locating engineer goes over the territory under investiga- 
tion, preferably both by airplane and on the ground. A study is made of 
the streams—their location, size, direction, and approximate velocity and 
slope. Then the divides or watershed-limit lines between the different 
drainage basins are examined, and the elevations and locations of low points 
on the ridges (known as passes or saddles '0 ^re determined. When 
these items have been fully investigated, a general knowledge of the country 
' will have been obtained. 

i Approximate elevations and distances are necessary to give some idea of 
the grades that may be secured and the probable necessary length of line. 
Where maps are not available, distances can be found by some form of range 
finder, by pacing, or by timing; elevations can be found by aneroid barometer 
or by clinometer; and directions and angles can be found by pocket compass. 
Photographs may be taken of points of special interest. 

As a clear idea of the topography of the country takes shape in the mind of 
the locating engineer, he realizes that there are certain controlling points j that 
is, points decided upon definitely as those through which the line will run. 
Typical controlling points are important towns, passes, or bridge sites. 

Suppose that between the ends of the line three or four points are found to be 
controlling points. To that extent the route has been fixed. Let A and B be the 
towns at the ends of the line, and let C be the first controlling point, going from A to- 
ward B. Then, the points A and C being definitely fixed, the country between them 
is again gone over and studied, and the route between them is more or less definitely 
selected. Similarly for the part of the line from C to the next controlling point D; 
and so on. 

Report. There is no conventional form of reconnaissance report, but in > 
general the report is a summary of the collected information which would be 
useful to the executives of the organization. It generally includes a descrip- 
tion of the alternative routes, a discussion of the controlling elements, an 
analysis of economic values, conclusions, recommendations, and appended 
maps and photographs. 

26*4. Preliminary Survey. After the reconnaissance has fixed one or 
two general routes for further study, a narrow strip of country along each 
proposed route is surveyed and mapped, the strip being of sufficient width 
to contain the final location. The precision required for the preliminary 
survey alone is lower than that required for the location survey. However, 
in order to avoid repetition of measurements and to permit at least parts of 
the preliminary map to be used for the location map, often the preliminary 
survey is made as precise as the location survey. 

The preliminary survey may be run by use of (1) the transit, tape, and 
level, (2) the transit and stadia, or (3) the plane table. 

26*5. Transit-tape-level Method. Formerly this method was employed 
practically to the exclusion of all others. It is especially adapted to lines 
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through wooded country, but for lines through open country it has been 
largely supplanted by the transit-stadia method and the plane-table method. 

The survey corps consists of a transit party, a level party, and a topog- 
raphy party, with usually a field draftsman. In the transit party, the chief 
of the party usually runs the transit; following the instructions of the locat- 
ing engineer he runs an open traverse at random approximately along the 
middle of the strip through which it appears that the final line will lie. 
Usually the traverse is run by the method of deflection angles described in 
Art. 14- 10, and the notes are kept up the page in the form shown in Fig. 14*5. 
No curves are run in at this time. Checks for azimuth are applied at inter- 
vals of several miles, either by astronomical observations (taking account 
of convergency of meridians) or by tying in to state systems of plane coor- 
dinates. The chainage is carried forward from the point of beginning, 
stakes marked with the station number being set at all full 100-ft. stations 
and at any plus stations that are established; normally the precision of 
chaining is about 1/3,000. Hubs are set at all angles in the traverse and 
at all other transit stations. To expedite the progress of the survey a rear 
flagman is usually employed. A stakeman drives each stake after it has 
been marked by the head chainman. In wooded country the line is cleared 
by axemen, usually under the direction of the head chainman. Roads, 
streams, land lines, etc., intersected by the traverse line are shown by sketch, 
and the plus to such features is determined. The results of each day’s work 
are usually plotted on the preUminary map at the close of the day. 

The level party, consisting of levelman and rodman, follows the transit 
party, taking profile levels along the traverse (see Arts. 10*1 and 10*2). 
Ground elevations are determined on the traverse line at all stakes set by 
the transit party, at changes in slope, and at roads and streams. At the 
same time, bench marks of more or less permanent character are established 
along the line at intervals of a mile or less; and every opportunity is taken 
to check the line of levels by observations on existing bench marks, on 
bodies of still water, etc. (Some organizations run the bench-mark levels 
and profile levels separately.) Figure 10*2 illustrates the usual form of 
notes. Usually the elevations of turning points and bench marks are com- 
puted in the field as the work progresses. The preliminary profile (Art. 
26*8) is usually brought up to date at the close of each day’s work. 

The topography party (topographer, rodman, and frequently a tapeman) 
follows the level party, from winch the elevations of traverse stations have 
been obtained, and takes preliminary cross-sections as described in Arts. 10*4 
and 25*13. Figure 10*5 shows a common form of notes, and Fig. 25*8 shows 
a form of notes used when contours are located directly with the hand 
level. Normally the cross-sections are taken at each 100-ft. station along 
the traverse, but in very irregular country they may be as close together 
as 25 ft. ; in very smooth country they may be as far apart as 500 ft. The 
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topography party also locates such details as buildings, roads, property 
lines, fences, streams, and drainage; and it notes the character of cultiva- 
tion, quality of the land, probable character of excavation, and any other 
features which may have a bearing upon the location of the route. 

26*6. Transit-stadia Method. This method is particularly adapted to 
preliminary surveys through open country where clear sights may be ob- 
tained without cutting and where the topography is not badly broken. As 
compared with the method of Art. 26*5, the transit-stadia survey as ordi- 
narily performed requires fewer men and is considerably more rapid in the 
field; but it is hardly precise enough for use in final location. 

The usual procedure is to run the traverse, measuring the vertical angles 
and stadia distances, and to take side shots at the same time, as described 
in Arts. 15*15 and 25*12o; thus the horizontal and vertical controls are es- 
tablished and the details are observed in one operation. Usually the party 
consists of a chief of party who may also act as recorder, a transitman, two 
or more rodmen, and a recorder or draftsman. Hubs are set at transit 
•stations, but no intermediate stakes are set. 

On extensive surveys, vertical control is established by direct leveling 
with the engineer’s level, unless the survey can be tied to bench marks of 
known elevation at appropriate intervals. Also on long lines, distances 
between transit stations are sometimes found by direct measurement with 
the tape. Under these circumstances, the stadia is employed merely for 
the location of topographic details. 

26*7. Plane-table Method. This method is occasionally employed for 
preliminary surveys but is not adapted to use in wooded country, nor is it 
conveniently employed in extremes of weather. The use of the plane table is 
advantageous where the topography is very irregular and the country is open. 

For short lines the field procedure employing the plane table is much the 
same as that just described for the transit-stadia method, except that the 
map of the strip of country is constructed in the field as the work progresses. 
The use of the plane table for such work is described in Arts. 17*8, 17*9, and 
25* 125. On extensive surveys the plane table is often employed as an auxil- 
iary for the mapping of topographic details, the main traverse being run 
with transit and tape, and elevations of traverse stations being obtained by 
direct leveling, as described in Art, 26*5. 

26*8. Preliminaiy Profile and Map. A profile of the ground along the 
traverse line is plotted in the field, in the manner described in Art. 11*1. 
For railway surveys the usual horizontal scale is 1 in. = 400 ft., and the most 
common vertical scale is 1 in. = 20 ft. (Fig. 11*1). For highway surveys 
the corresponding scales are usually 1 in. = 100 ft. and 1 in. = 10 ft., to 
match the location profile (Fig. 26*1). 

From the notes of the preliminary survey there is also prepared a pre 
liminary map showing the topography and other details along the selected 
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strip of country. Usually the contour interval is 5 ft., but in level country 
it may be 2 ft. or even 1 ft., and in rough country it may be 10 ft. or greater. 
(For an example of a preliminary map see Fig. 25-9.) 

Both the map and the profile are employed by the locating engineer as 
a guide during the progress of the preliminary survey, and hence each day’s 
work is usually plotted before the next day’s work is begun. 

26*9. Location Survey: Paper Location. Based upon a study of the pre- 
liminary map and profile and upon further detailed study of the ground 
surface, the tentative alinement of a route (including curves) is chosen. 
Sometimes the located line is run on the ground directly, the preliminary 
map being used in the field to locate the line. More often, however, a 
location called a paper location or projection is drawn on the preliminary 
map before the line is staked out in the field. Usually a profile of this 
paper location is drawn by use of elevations taken from the contour lines, 
a grade line is fixed on the profile (Art. 11*2), and the cost of construction is 
roughly estimated. The paper location is then used as a guide in locating 
the line in the field. 

In fixing the location and grade of a roadway, some of the primary con- 
siderations are (1) to keep changes in alinement at a minimum, (2) to keep 
grades at a minimum (Art. 11*2), (3) to make the sum of the volumes in 
cut and borrow as small as possible consistent with suitable alinement and 
grades, by making the volume of earthwork in fills as nearly as practicable 
equal to that in adjacent cuts, (4) to keep at a minimum the amount of 
havl (Art. 26-12) that will be necessary to transport excavated material 
from the cuts or borrow pits to the adjacent fills, and (5) to provide for 
drainage. 

For an example of the use of a contour map in the location of a route for 
a highway, see Art. 24-21. 

26-10. Location Survey: Field Location and Office Work. The work of 
field location consists first in laying off the line in the field so that it bears the 
same relation to the preliminary traverse on the ground that the paper 
location bears to the preliminary traverse on the map. This relation may 
be determined either by intersections between paper location and prelimi- 
nary traverse or by scaling from the map the offsets from stations on the 
preliminary line to the tangents of the paper location. As the field location 
is run (see following paragraph), the tangents of the field location are estab- 
lished on the ground either by intersections with the preliminary traverse 
or by chaining the scaled offsets from the various stations on the prelimi- 
nary traverse. In the former case, the equations (relation between station- 
ing of preliminary traverse and that of located line at intersections) should 
be marked on the stakes and noted on the map; in this way a close agree- 
ment is maintained between the paper location and field location of tan- 
gents. Where practicable, adjoining tangents are run to an intersection, 
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the intersection angles are measured, and the curve notes are computed as 
explained in Ghap. 27. Usually the degree of curve for a given curve is the 
same as that assumed in the paper location. 

Beginning at some point for which the chainage is taken as zero, the field 
location is extended in the manner described in the preceding paragraph. 
Usually the located line is the center line of the roadway, but for highway 
surveys sometimes the line is located offset from one edge of the roadway. 
Stakes are set on tangents at all full stations and in some cases at 50 or even 
25-ft. stations; and hubs are set and referenced at all P.I.^s, P.C.^s, P.T.^s, 
and intermediate transit stations. Usually only the circular curves are 
staked out at this time, the staking of the spiral transition curves being left 
to the time of construction. Transit notes are kept up the page in the 
manner illustrated by Fig. 14*5 and notes for curves by the tabulation in 
the example of Art. 27*6; and all important features such as roads, streams, 
and property lines are sketched on the right-hand page in their proper 
relation to the located line, the center line of the page being considered as 
the located line. 

Profile levels are then run over the located line in the same manner as for 
the preliminary line; a suitable form of notes is shown in Fig. 10*2. From 
the data thus obtained, a location profile is prepared showing the ground 
and grade lines. For railway location usually an alinement diagram (Fig. 
11-1) is drawn on the location profile, whereas for highway location usually 
the plan (without contours) and profile are drawn on the same sheet of 
standard form called a ^‘Federal Aid plan-profile sheet” (Fig. 26*1). 

In the light of a study of this profile and of the preliminary map, the 
grades are adjusted so that the line will better fit the ground. If minor 
modifications in alinement appear desirable, parts of the location are revised 
in the field. The line as finally located on the ground is plotted both in 
plan and in profile; it is then termed the final location. On the final loca^ 
tion map are shown all features of importance in the immediate vicinity of 
the line, including the location and character of bench marks and of the 
objects to which hubs are referenced. If a system of rectangular coordi- 
nates is employed for the survey, the coordinates of significant points are 
shown. 

Cross-sections of the located line are plotted (Art. 11*5) in order to esti- 
mate earthwork quantities and for purposes of letting the construction 
contract. For approximate estimates the cross-sections may be plotted 
from the data of the preliminary contour map; but usually the final cross- 
sections are taken while the slope stakes are being set (Art. 10*11), for which 
case the form of notes is shown in Fig. 10*9. The cross-sections are plotted 
on cross-ruled paper, which can be obtained either in rolls 20 in. wide or in 
standard 23 by 36-in. sheets called ‘^Federal Aid cross-section sheets” to 
match the Federal Aid plan-profile sheets. 
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For biddiiigj)urposes the earthwork along the route is classified into such types as 
ordinary earth, hardpan, loose rock, and solid rock. To obtain this information in 
sufficient detail, often borings or soundings are necessary. The information may be 
shown on the bidding plans either in the form of notes or in the form of a profile show- 
ing the layers of earth and rock; such a profile is also of aid in planning the drainage 
structures. The amount of clearing necessary should also be shown. Other useful 
information includes the location of gravel and stone deposits, sources of water supply, 
shipping facilities, and camp sites. 

When the line is located defiinitely, a survey is run to determine and monu- 
ment the boundaries of property which will be needed for the project, in 
order to secure rights of way. The results of the survey are plotted on a 
property4ine Tmp, or right-of-way map, in the usual form for a land map 
(Ghap. 22) ; and legal descriptions of the property are prepared. 

26*11. Construction Surveys. The construction surveys for a roadway 
consist essentially in (1) staking out earthwork and structures preparatory 
to, and during the process of, grading and construction, and (2) making the 
measurements necessary to determine the volume of work actually per- 
formed up to a given date, as a basis for payment to the contractor. Details 
are given in Chap. 28. With regard to the final cross-sectioning, setting of 
slope stakes, and staking out of curves, the dividing line between the loca- 
tion survey and the construction survey is not definite; the practice varies 
according to the organization. 

26*12. Haul, A primary consideration in fixing the location and grade 
of a roadway is the amount of haul that will later be necessary to transport 
excavated material from the cuts or borrow pits to the adjacent fills or to 
waste. The construction contract usually names a price per cubic yard to 
be paid for excavation of each class of material (earth, loose rock, solid rock, 
etc.) and for transporting this material for any distance up to a limit of free 
haul. Transportation of material beyond this distance is termed overhaul 
and is paid for at a rate fixed by the contract. The unit of measurement for 
overhaul is the station yard, one station yard being 1 cu. yd. of material 
transported 100 ft. 

The limits of free haul are determined by fixing (on the profile) one point 
in cut and one point in the adjacent fill, at the specified free-haul distance 
apart, such that the included quantities of excavation and embankment 
balance. 

The overhaul distance is computed as the distance between the center 
of gravity of the remaining mass of excavation and the center of gravity of 
the resulting fill, less the limit of free haul. 

In computing the volumes of earthwork actually to be moved, due allow- 
ance must be made for the ^‘swelling” of excavated material and for the 
settlement and shrinkage (compaction) of filled material. 

In order to determine in advance the proper distribution of excavated 
material and the amount of waste and borrow, and as a basis for estimate 
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of cost, a mass diagram is commonly employed. The abscissas in the mass 
diagram are the distances along the survey line, and the ordinates are the 
algebraic sums of earthwork quantities to each ordinate, considering cut 
volumes positive and fill volumes negative. Given the mass diagram, it is 
possible to determine by trial the earthwork distribution plan that will 
result in the minimum cost for overhaul, the economical expenditure for 
overhaul, and the economical expenditure for borrow. The use of the mass 
diagram is discussed in detail in texts on railroad location and earthwork. 

26*13. Survey for Highway. Most highway surveys are made along 
established roads as a basis for improvement of such roads; only portions 
are relocated as, for example, at sharp curves. As the general route is 
fixed beforehand, little or no reconnaissance is necessary. Frequently no 
preliminary survey is required, and the location survey may be run at once, 
subject to small changes and adjustments after further study. 

In new location for a highway, the complete procedure previously de- 
scribed is applicable. Usually the measurements for the preliminary 
survey for a highway are taken more completely and more precisely than 
for a railway. 

The located line is run either on the center line of the highway or offset 
from one edge of the proposed pavement. The line is stationed in the usual 
manner, with stakes (or other markers) every 100, 50, or 25 ft. So far as 
possible, stakes are employed; but on existing pavements the stations are 
marked by nails, cross cuts, or other means appropriate to the surface. If 
no preliminary survey has been made and no topographic map is available, 
the topography is taken and plotted at the time of the field location. In 
the field the transit line is fitted to the ground, and the necessary curves 
are located. 

In highway practice, curvature is expressed on the arc basis (Art 27*2). 
On primary highways the curves are seldom sharper than 5®, and curves 
sharper than 15® are unusual regardless of the type of highway. 

Main roads are designed, where possible, with grades flat enough to be 
climbed by automobiles without shifting gears, say, not to exceed 5 or 6 per 
cent. Should such a rate of grade prove too expensive to construct, steeper 
grades are used, the exact rate of grade selected depending upon the topog- 
raphy and the density of traffic to be handled. On very steep grades, say, 15 
to 20 per cent, safety of descent is probably the controlling factor. Grades 
should be made slightly flatter, or compensated, on curves. 

In improving an existing road it is important to balance the earthwork 
quantities so that the excavated material will make all the fills, with no 
excess or deficiency, by reason of the fact that frequently there is no oppor- 
tunity for waste or borrow of material along the line. 

The planning of a suitable foundation (subgrade) and suitable drainage 
for a highway are greatly aided if the results of a soil survey are available. 
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A soil survey is a special survey of a region primarily for the purpose of 
planning to maintain the productive capacity of the land (Ref. 7 at the end 
of this chapter). The information collected in the survey is shown on a 
soil map, which is usually based on an existing topographic map of the 
region. On the soil map are plotted boundaries marking the physical con- 
dition of the land, the present land use, and the land-use capability. Within 
a given boundary marking physical condition are symbols to denote the soil 
type, slope, and character and degree of erosion. 

As part of the location survey, the earthwork along the route should be 
classified in order to determine unit costs, proper subbase and/ or surfacing 
materials, proper slopes for the cuts and fills, method of compacting fills, 
probable shrinkage and swell, probable settlement, and the probability of 
slides, frost heaves, or erosion. 

2644. Survey for Railway. The general procedure described in the 
preceding articles of this chapter is based principally on, and applies closely 
to, surveys for railway location. 

The economics of grade location is beyond the scope of this text, but it is 
appropriate to state that for standard lines the grade seldom exceeds 1 or 
2 per cent and generally is less than 0.5 per cent. For small branch lines in 
mountainous couittry, the grade may reach 4 or 5 per cent. Grades are 
compensated on curves. 

On a heavy-traffic high-speed railroad, every effort is made to have no 
curve sharper than 5 or 6° (Chap. 27). On lines of light traffic and rela- 
tively low speeds, 20° or sharper curves are used. 

Railway construction surveys are discussed in Chap. 28. 

2645. Survey for Canal. The work of location for a main irrigation 
canal is similar in many respects to that previously described for a roadway; 
however, the grades used are relatively flat, and small differences in elevation 
are relatively more important. On the reconnaissance survey the engineer’s 
level is used, hubs are set every few hundred feet at the required grade 
elevation, and distances are measured by pacing or by stadia. The recon- 
naissance survey is run from a controlling point at one end of the line, either 
the selected point of diversion from the river at the upper end of the canal 
line, or at the required position of the lower end of the line, selected high 
enough to place the canal above the area to be irrigated. 

The grade to be used is selected in such a way as to give the desired veloc- 
ity of flow with the chosen cross-section. Formulas for this purpose are 
given in Chap. 30. It is sufficient to say here that for the main canals a 
very small grade or slope is necessary, sometimes 1 ft. or less of fall per 
mile of distance. A velocity of 2 to 3 ft. per second is sufficient to prevent 
weeds and deposits of silt. Average loamy soil will not be eroded at those 
velocities, while heavy soil with much gravel and rock will be safe against 
troublesome scouring at higher velocities, say 5 or 6 ft. per second, depeiid 
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ing upon the character of the material. Canals in rock or lined with concrete 
will safely carry water at velocities up to 16 or 20 ft. per second. Any excess 
fall must be taken care of by drops or chutes, which are structures specially 
designed for that purpose. 

The preliminary survey is run ^s for a roadway, except as follows: The 
level party usually works ahead, setting stakes at grade as a guide for the 
proper placing of the line. The transit (or plane table) party then runs a 
tape or stadia traverse along the line so staked, and takes sufficient topog- 
raphy to make possible a proper location. 

In principle, the location and construction surveys for a canal are the 
same as those for a roadway; however, there are some differences due princi- 
pally to the shape of the cross-section. In shallow cuts, the canal cross- 
section takes the form of an excavated channel having on each side an 
embankment constructed of the excavated material (Fig. 1040). In sidehill 
work the material dug out will be used to form a bank on the downhill side 
of the channel. Instead of a fill across low ground, such as might be used 
in railroad construction, a flume or an inverted siphon is used. 

The water section of the canal should be entirely in cut. With this restric- 
tion, the cut and fill are made to' balance as nearly as may be. Stakes are 
set at the center to mark the located line. 

2646. Survey for Power-transmission Line. The survey methods for 
the location of a transmission line are much the same as those for roadway 
location, with reconnaissance, preliminary, and location surveys; but the 
required precision of the surveys is generally lower than that for a roadway. 
Further, it is obvious that the controlling factors differ markedly. One of 
the most important considerations is economy of tower and insulator design. 
Where there is no change of direction at a certain tower, the only loads to be 
considered in the design of the tower are the vertical load due to the weight 
of the cables, the possible ice load, the wind load, and possible occasional 
loading caused by the breaking of a cable. At the end of a line of towers, or 
where a change of direction gives rise to similar conditions, there is a large 
horizsontal force applied requiring special construction. Therefore, the 
line is made as straight as possible, changes in direction being avoided 
wherever it is practicable to do so. 

No curves are used in the alinement, a change of direction being made by 
an angle in the line at a tower. 

Although construction is cheapest in level country, fairly heavy grades 
may be adopted to avoid changes in direction in the alinement or to avoid 
unnecessarily heavy cost of right of way. Further, to reduce the cost of 
right of way it is desirable to follow section lines or other property lines. 
If the line can be located near a highway or railway, construction cost is 
reduced, as is also the cost of patrolling and maintenance. 

The line is run and stationed in the usual manner, with tower locations 
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tentatively selected and marked by stakes. A study of map and profile gives 
the final locations of the towers. These locations are then marked on the 
ground, and the necessary stakes are set as a guide to the placing of the 
poles or the tower foundations. 

2647. Applications of Photogrammetry in Route Location. A new tech- 
nique available to the location engineer is the use of aerial photographic 
products to provide a representation of the area to be studied for location 
of a proposed route. The methods of producing maps from aerial photo- 
graphs are being adopted by many engineering organizations, since these 
methods have demonstrated a considerable direct economic advantage over 
ground-survey methods and since they shorten materially the time neces- 
sary to produce maps on which location studies can be based. In a broad 
sense, the information obtained by these techniques serves to implement 
the traditional route-location procedures; and when they are employed, the 
ground surveying is reduced largely to the obtaining of control data for the 


aerial photography. 

Photogrammetric surveying and mapping in general are described in 
Chap. 31. Usually the actual photography and sometimes the mapping 
are done under contract by organizations specializing in that work. For 
many regions, aerial photographs are available from governmental agencies. 

For route-location studies the most important of the aerial photographic 
products are the mosaic, the paired stereoscopic prints, and the contour 
map. The mosaic, an assemblage of matched photographs which covers an 
extended area, is used primarily for aerial studies such as reconnaissance. 
Paired stereoscopic prints serve the purpose of detailed studies. The con- 
tour map, used for quantitative analyses of routes being studied, is pro- 
duced by stereoscopic plotting instruments such as the multiplex aero 
projector. Standard specifications for these contour maps require that at 
least 90 per cent of the elevations as indicated by the contours be correct 
within one half of the contour interval. 

Application of aerial photography to highway location is effectively 
accomplished in four stages: (1) reconnaissance of a wide area, (2) compari- 
son of the feasible alternative routes and selection of the best route, (3) pre- 
liminary survey and design of the best route, and (4) location survey and 
construction survey. (See Ref. 13 at the end of this chapter.) 

In the first stage — reconnaissance of a wide area — the mosaic is used as a 
plotting sheet on which are drawn all possible routes between the estab- 
lished termini. The selection of the scale will depend on the necessary 
width of ground coverage, on the topography, and on the land use. 

In the second stage — comparison of routes'—larger-scale photographs are 
necessary to permit rating for directness of route between controlling points, 
applicability of design standards (grades, curvature, etc.), economics of con- 
struction and operation, and esthetics. 
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In the third stage — preliminary survey and design — the selected route is 
analyzed to determine the exact location of the line on that route. The 
preliminary survey may be either a ground or an aerial survey, depending 
on administrative and physical factors. In either case, the line is laid out 
on a contour map in accordance with the requirements for locations of the 
type being projected. Paired stereoscopic photographs are used to supple- 
ment the contour-map data. The selected line is computed for stationing, 
including alinement on curves; and the other computations necessary to 
make a set of construction plans are performed. 

The fourth stage — location survey and construction survey — consists in 
the actual staking of the highway alinement, profile grade line, cross-sections, 
and structures on the ground in readiness for construction. The methods 
are as described in Arts. 26-10 and 28*2. 

In addition to being used in studies of the location problem as described in 
the preceding paragraphs, aerial photographs are suitable for application 
to related phases of route engineering. A mosaic, on which is shown the 
selected route location, is especially suited for display to property owners, 
to agencies concerned with the route (such as local planning groups), or as 
an exhibit af public meetings. Paired stereoscopic prints may be used by 
the drainage engineer in his study of drainage areas, the discharge from 
which is to be handled by culverts or bridges along the route. Sources of 
suitable construction materials may be sought by a study of the mosaic 
and stereoscopic prints; the engineer’s ability to interpret geologic forma- 
tions is applied in this newly developed phase of soils engineering. Right- 
of-way agents are frequently able to use large-scale enlargements of aerial 
photographs to determine the fair value of property to be acquired and in 
the negotiation for its purchase. In summary, applications of aerial photo- 
graphic products may feasibly be made in almost every phase of the route- 
location study. 

2648. Field Problem. 

Problem 1. Preliminary Survey for Road (Topooraphy by Cross-profile 

Method) 

Object. To obtain data for a topographic map along the route of a proposed 
highway or railroad, locating the contours directly by means of the hand level and 
metallic tape. The data may be used in office problem 1 of Chap. 14. Steps 1 and 
2 of the following procedure may have been accomplished in field problem 1 of Chap. 
14 and field problem 1 of Chap. 10. For a preliminary survey run by an alternative 
method, employing transit and stadia, see field problem 3 of Chap. 15. For an 
exercise in setting slope stakes and taking final cross-sections, see field problem 3 of 
Chap. 10. 

Procedure. (1) Over the assigned route, run an open deflection-angle traverse 
with transit and tape. (2) Establish vertical control for the route by direct profile 
leveling. (3) At each full station and at any necessary plus stations, locate the 
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5-ft. contours on a crossline extending 300 to 800 ft. on either side of the line; also 
locate the points where the 5-ft. contours cross the traverse line. Employ the hand 
level, topographer’s rod, and metallic tape (see Art. 25*13). (4) Measure distances 

from the traverse line to other topographic features such as land lines, streams, roads, 
and buildings. (5) Note the quality of the land, as to whether it is clay, rock or 
sand. Note the condition of the land, as to whether it is cleared land, pasture land, 
or woods; note the kind of trees and density of growth in woods. (6) Keep notes as 
shown in Fig. 14*5. 
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ROUTE CURVES 

27* 1. General. In highway and railway location, the horizontal curves 
employed at points of change in direction are arcs of circles. The straight 
lines connecting these circular curves are tangent to them and are there- 
fore called tangents. For the completed line, the transition from tangent to 
circular curve and from circular curve to tangent may be accomplished 
gradually by means of a segment in the form of a spiral (Arts. 27* 11 to 27* 13). 
On railway work, spirals are used almost invariably. On highway work at 
present, spirals are used only on the sharper curves of primary roads; but 
their use is rapidly being extended to include all curves except those for 
which the curvature is slight. 

Vertical curves (Art. 10* 17) are generally arcs of parabolas. Horizontal 
parabolic curves are occasionally employed in route surveying and in land- 
scaping; they are similar to vertical curves and will not be discussed herein. 

CIRCULAR CURVES 

27*2. General. The stationing of a route progresses around a curve in 
the same manner as along a tangent, as indicated in Fig. 27*1. The point 



where a circular curve begins is commonly called the point of curve, written 
P.C.; that where the curve ends is called the point of tangent, written P.T.; 
that where the two tangents produced intersect is called the point of inter- 
section or the vertex, written P.I. or V. Other notations are also used; for 
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example, the point of curve may be written T.C. signif 3 nng that the route 
changes from tangent to circular curve, whereas the point of tangent is 
written C.T. Similarly, the point of change from tangent to spiral is 
written T.S., the point of change from spiral to circular curve S.C,, and so on. 

In the field, the distances from station to station (usually 100 ft.) on a 
curve are necessarily measured in straight lines, so that essentially the curve 
consists of a succession of 100-ft. chords. Where the curve is of long radius, 
as in railroad practice, the distances along the arc of the curve are considered 
to be the same as along the chords. Where the curve is of short radius, as in 
highway practice and along curved property boundaries, usually the dis- 
tances are considered to be along the arcs, and the corresponding chord 
lengths are computed for measurement in the field. 

The sharpness of curvature may be expressed in any of three ways : 

1. Radius. By stating the length of the radius. This method is often 
employed in highway work, with the radius for a given curve taken as a 
multiple of 100 ft. 

2. Degree of Curve, Arc Basis, By stating the ‘‘degree of curve,^’ or the 
angle subtended at the center by an arc 100 ft. long. This method is gener- 
ally followed in highway practice. Thus, if the degree of curve is D and the 
radius 2?, 



From this relation the radius may be found if the degree of curve is known, 
and vice versa, 

3. Degree of Curve, Chord Basis, By stating the degree of curve as the 
angle subtended by a chord of 100 ft. This method is followed in railroad 

practice. Thus in Fig. 27*2, 



R = 


50 


( 2 ) 


sin 3^D 

On the arc basis the radius of curvature 
varies inversely as the degree of curve; 
for example, the radius of a 1° curve is 
5,729.58 ft. and the radius of a 10° curve 
is 572.96 ft. On the chord basis the 
radius of a 1° curve is 5,729.65 ft. and 
the radius of a 10° curve is 573.68 ft. 
The difference in length between the chord and the arc is for a 1° curve less 
than 0.01 ft., for a 5° curve 0.03 ft., and for a 10° curve 0.13 ft. 

Field measurements of the curve with the tape must, of course, be made 
along the chords and not along the arc. When the arc basis is used, either a 
correction is applied for the difference between arc length and chord length 
or the chords are made so short as to reduce the error to a negligible amount. 
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In the latter case, generally 100-ft. chords are used for curves up to about 5°, 
50-ft. chords from 5° to 15°, 25-ft. chords from 15° to 30°, and 10>ft. chords 
for curves sharper than 30°. 

Except as specifically stated, hereinafter the discussions refer to the chord 
basis for expressing curvature. 

27-3. Geometry of the Circular Curve. In discussing circular curves, 
the following geometrical facts are employed : 

1. An inscribed angle is measured by one half its intercepted arc, and inscribed 
angles having the same or equal intercepted arcs are equal- Thus in Fig. 27*3, 
the angle ACB (at any point C on the circumference) subtending an arc AB, is one 
half the central angle AOB subtendiivg the same arc AB; and the angles at the points 
C and C' are equal. 



2. An angle formed by a tangent and a chord is measured by one half its intercepted 
arc. Thus in Fig. 27*3, the angle at the point A between AD, the tangent to the 
curve at that point, and the chord AB, is one half the central angle AOB subtending 
the same arc AB. This is a special case of the proposition above, when the point C 
moves to A. 

3. The two tangent distances to a circular curve, from the point of intersection of 
the tangents to the points of tangency, arc equal. 

4. Two angles are equal if their sides are perpendicular each to each, in the same 
order. 

27*4. Curve Formulas. Figure 27*4 represents a circular curve joining 
two tangents. In the field the intersection angle I between the two tangents 
is measured. The radius of the curve in any particular case is selected to 
fit the topography and the operating conditions on the line when constructed. 
The line 07 bisects the angles at 7 and at 0, bisects the chord AB and the 
arc ADB, and is perpendicular to the chord AB txt F. From the figure, 
ZAOB = 7 and ZAOV = ZVOB = }iL 

The chord AB ?= C from the beginning to the end of the curve is called 
the long chord. The distance AV — BY — T from vertex to P.C. or P.T. 
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is called tlie tangent distance. The distance DF = M from the mid-point of 
the arc to the mid-point of the chord is called the middle ordinate. The 
distance DV — E from the mid-point of the arc to the vertex is called the 
external distance. 

Given the radius of the curve OA = OB — R and the intersection angle J, 
then in the triangle OA V 

^ = tan 

T — R tan - tangent distance 
E = R sec 3^/ — R R exsec = external distance 

From the triangle AOFy in which AF = 

C ~ 2R sin = long chord 
M - R — R cos — R vers — middle ordinate 

From the triangle AYFy in which ZV AF == and AF == 

1= rcosHz 

C = 2T cos MZ 
From the triangle ADFj in which ZDAF = 

M = tan HI (8) 

27*6. Length of Curve. The length of the circumference of a circle is 
2irR; this is the arc length for a full angle or 360®. As the arc length cor- 
responding to a given radius varies in direct proportion to the central angle 
subtended by the arc, the length of arc for any central angle I is 

iU- 

where the angle 7® is expressed in degrees. This solution is simplified by 
the use of a table of arc lengths for various angles and for unit radius. 

If the curvature is expressed on the arc basis, from Eqs. (1) and (9) the 
length of curve La is 

I 


(3) 

(4) 


(5) 

( 6 ) 


(7) 


Arc 


\27rR 


(9) 


La - 100 


D 


( 10 ) 


If the curvature is expressed on the chord basis, the length of curve is 
considered to be the sum of the lengths of the chords, normally each 100 ft. 
long. In this case also, the length of curve (on the chords) is 


Lc = 100 


D 


( 11 ) 


which is somewhat less than the actual arc length. Thus if the central 
angle I of the curve AD (Fig. 27*5) is equal to three times the degree of 
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curve D, as shown, then there are three 100-ft. chords between A and D, 
and the length of “curve'' on this basis is 300 ft. 



27*6. Laying Out Curve by Deflection Angles. Curves are staked out 
usually by the use of deflection angles turned at the P.C. from the tangent 
to stations along the curve together with the use of chords measured from 
station to station along the curve. The method is illustrated in Fig. 27*6, 
in which ABC represents the curve, AX the tangent to the curve at A, and 
angles XAB and XAC the deflection angles from the tangent to the chords 
AB and AC, 

Assume the transit to be set up at A. Given R, 5, B. Kequired to locate 
B and C. Considering the point P, 

ZXAB - J46 (12) 

AB = 2R sin (13) 

In the field, the point B is located as follows: The deflection angle XAB == 

is set off from the tangent, the distance AB is measured from A, and the 
forward end of the tape at B is lined in with the transit. 

Considering the point C, 

ABAC - HB (14) 

BC - 2B sin y^B (15) 

ZXAC = + e) (16) 

In the field, the point C is located as follows: With the transit still at A, 
the deflection angle XAC is set off from the tangent, the distance BC is 
measured from B, and the forward end of the tape at C is lined in with the 
transit sighted along the line AC. Succeeding stations on the curve are 
located in similar manner. 

Should the chord lengths be given instead of the central angles, then 
the angles are computed by means of the formula Ct — 2R sin 
Ci ~ 2R sin y^Bf in which the radius R and chord lengths Ci and C 2 are 
known. 
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If B is at a full station and the distance BC is the 100-ft. distance to the 
next full station at C, then B — D — degree of curve, and ZB AC = '^D. 

A curve is located in the field normally as follows: The P.C, and P.T. are 
marked on the ground. The deflection angle from the P.C. is computed for 
each full station on the curve and for any in- 
termediate stations that are to be located. The 
transit is set up at the P.C., a backsight is 
taken along the tangent with telescope in- 
verted, the telescope is plunged, and each point 
on the curve is located by deflection angle and 
by distance measured from the preceding full 
station to points not more than 100 ft. ahead. 
The following example illustrates the procedure 
and gives the usual form of field notes. 

Example: In Fig. 27-7, assume that stations have 
been set as far as B. The directions of the tangents 
BV and VM have been fixed by hubs, but distances 
along these tangents have not been measured. The 
degree of the curve CD is to be 12®00'. It is desired 
to stake out the curve CD. 

The tangents BV and VM are run to an intersection at V, the transit is set at V, 
and the angle I is read and found to be 104®36'. With the degree of curve assumed 
for the curve CD the radius is determined, and the equal tangent distances CV and 
VD are computed, as follows: 



Fig. 27-7. Laying out curve. 


R = • 


50 


= 478.3 ft. 


sin yiD 

T -=R tanj^Z = 478.3 tan 52^8' - 618.9 ft. 

By measurement from F, hubs are set at C and D. Chaining is then carried forward 
from Bf and the station and plus of C, the P.C. of the curve CD, is found to be 89 -h 
85.0. 

Station 90, the first full station on the curve, is 0.15 station beyond C, that is, 
the central angle subtended by the arc from C = 89 + 85.0 to station 90 is 0.15 the 
degree of curve. 

The central angle from C to station 90 is 12®00' X 0.15 - 1°48'. The exact dis- 
tance (along the chord) from C to station 90, computed by the formula C = 2R sin 
(1°4872), is 15.03 ft. In curves such as this, with relatively long radius, this chord 
would usually be assumed as proportional to the central angle, in this case 15.00 ft.* 
long. 

The length of curve (along the chords) from P.C. to P.T. is 

L = looi = lOoi^ = 871.7 ft. 

D 12.00 

Station at P.C. = 89 4- 85.0 
L = 8 + 71.7 
Station at P.T. = 98 + 56.7 

The deflection angle for station 90 is 1®48V2 = 0®54'. 


§ 27*7] TEANSIT SET-UPS ON THE CUEVE 683 

The angle at P,C- between station 90 and station 91 is 12°00V2 ~ 6W'. There- 
fore, the deflection angle from tangent to station 91 (angle y-P.C -91) is 6®54^ 
Similarly the angle 91-P.C.-92 is 6°00' and the angle y-P.C.-92 is 12°54'. By the 
same process the remaining deflection angles from the tangent to full stations on the 
curve are computed and tabulated up the page as shown in Table 27-1. 


Table 27-1. Field Notes for Circular Curve 


Station 

Point 

Deflection 

angle 

Curve or bearing 

. 100 

99 

98 4-56.7 

P.T. O 

62®18' 

N73°10'W 

98 


48°54' 


97 


<t2°54' 

D = 12° 

96 


36'’54' 

I = 104°36' 

95 


30°54' 

T = 618.9 

94 

G 

24*64' 

R ^ 478.3 

93 


18*54' 

L - 871.7 

92 


12*54' 


91 


6*54' 


90 


0*54' 


89 + 85.0 

P.C. 0 

0*00' 

12®L 

89 

88 



N31°26'E 


Consider the angle 98-P.C.-P.T. The central angle 98-0-P.T. from 98 to P.T. 
is subtended by an arc which is 0.567 stations long; hence the angle 98--0-P.T. is 
12 W' X 0.567 = 6°48'. One half of this is 3°24', the angle 98-P.T.-F. This added 
to the deflection angle for station 98 (48°54') gives the total deflection angle 52° 18'. 
It may be noted that the total deflection angle should equal and in this example, 
since the angle 52°18' = 104°3672, there is given a check on the computation of all 
the deflection angles. 

Table 27T illustrates the usual form of field notes, the direction of the curve with 
respect to the tangent being designated by the letter E or L for right or left, following 
the degree of curve; thus 12°L indicates a 12® curve to the left of the tangent at the 
P.C. Where the field notes include measurements to details, the notes should show 
whether the measurements are made from the curve or from the tangent. 

27*7. Transit Set-ups on the Curve, On account of obstacles, great 
length of curve, etc,, often it is impracticable or impossible to run all of a 
given curve with the transit at the P.C.; in such cases, one or more set-ups are 
required along the curve between P.C. and P.T. 

Figure 27*8 illustrates the case where the transit is set up at some inter- 
mediate point A. The curve is begun at the P.C. and is located as far as A, 
where a hub is set. The transit is then set up B,t A. A backsight (with 
telescope inverted) is taken on the last preceding station at which the transit 
was set up, in this case the P.C.; the telescope is plunged; and the angle 
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Fig. 27*8. Transit set-ups on curve. 
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(half the central angle subtended by the chord sighted over) is turned off as 
shown. The line of sight is thus directed along the tangent at A. Deflec- 
tions to points beyond A are turned as in the case previously explained. 
The angle between the tangent at A and the chord ^l-P.C. is equal to 

the deflection angle at the P.C. for the 
point A ; therefore, the vernier setting 
to locate point B from the transit sta- 
tion A is the same as that which would 
have been used had the transit re- 
mained at the P.C. According to this 
method the following procedure may 
be used to orient the transit at any 
point on the curve: 

1. Compute deflections as for use 
at the P.C. 

2. When set up at any point on 
the curve, backsight (with telescope 
inverted) at any preceding transit 
station, with the vernier reading the 
deflection angle for the point sighted 
(as computed under (1) above). 

3. To locate other points, plunge the telescope and use the deflection 
angles previously computed as for use at the P.C. 

When the point used as a backsight is the P.C., the backsight vernier 
reading is zero. 

27*8. Laying Out Curve by Intersection. Where the character of the 
topography renders chaining difficult, curves are occasionally laid out by 
the method of intersection, with one transit at, say, the P.C. or an inter- 
mediate point and another transit at the P.T. Each station on the curve 
is located by simultaneous sighting with the two transits. However, some 
of the angles of intersection will be so small that the precision of the method 
is relatively low, 

27*9. Laying Out Curve by Tape Alone. Often it is convenient or nec- 
essary to lay out a circular curve by means of the tape alone. Of the various 
methods employed, three of the more useful are briefly described here. 

Offsets from Tangent. When the angle of intersection of two tangents is small, 
occasionally it is convenient to establish the various points on the curve by perpen- 
dicular offsets from the tangents. For example, it is desired to establish the point 
A at a given station on the curve shown in Fig. 27*9, the intersection angle and degree 
of curve being known. The central angle a is equal to the distance from P.C. to A, 
in stations, multiplied by the degree of curve. The distance along the tangent from 
P.C. to B, the foot of the perpendicular offset, is equal to R sin a; and the length of 
the offset BA is equal to R vers a or B (1 — cos a). In the field, the point B is estab- 
lished by measuring along the tangent from the P.C. If the offset distance BA is 
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very short, the perpendicular may be established with sufficient precision by estima- 
tion; otherwise the point A is established by measuring from B and the P.C. with two 
tapes. Other points on the curve are established similarly, those on the second half of 
the curve being located by offsets from the forward tangent. A transit may be used 
to establish the offsets. 

Horizontal parabolic curves are laid out by offsets from the tangent, in a manner 
similar to that described for vertical curves (Art. 10-17). 

Middle Ordinate. Another method of laying out a circular curve with the tape in- 
volves the location of successive stations by use of the middle ordinate of a two-station 
chord. The first full station on the curve is located by offset from the tangent as just 
described. Thus in Fig. 27-10, B is the first full station on the curve, the distance 
from P.C. to B being less than one station. To start the curve, the point A is simi- 
larly established by perpendicular offset from the traverse line to the P.C., the angle ot 
being made such that a 4- = Z), the degree of cuiwe, and the corresponding offset 

CA being equal to U vers a. Then the chord distance AB is equal to one station (on 
the chord basis). 



tangent. middle ordinate. chord. 


The length of the mid-ordinate BE of the two-station chord AF is then computed 
by the relation BE = R vers D. In the field, the distance BE is laid off from B along 
a line whose direction is estimated to be that of the radius BO of the curve. Points 
A and E are marked on the ground by flags. One end of the 100-ft. tape is held at B, 
and the forward end of the tape at F is swung until it is in line with points A and E. 
The full station F is marked on the ground. In a similar manner the next full station 
is established by means of a middle ordinate at F; and so on around the curve. The 
work is checked by offsets from the tangent at the P.T., similar to those used at the 
P.C. 

Offsets from Chord. Points on a circular curve may be located by perpendicular 
offsets from any chord, as illustrated by Fig. 27-11. Suppose that stations A and B 
have been established on the ground, and that it is desir^ to establish a point D of 
known stationing by means of the chord distance AG and the offset distance GD. 
The line OC bisects the arc and the chord. From the known stationing, the angles a 
and iS are computed. Then 

AG = AF — DE — R sin p — Rsin a — R (sin 0 — sin a) (17) 

and 

GD - FC -- EC = R (vers /3 — versa) (18) 

2740. String-lining of Ctirves. Railroad track, particularly on curves, 
is eventually thrown out of alinement by the action of trains. String- 
lining is a simple method of determining and applying the amounts by 
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which the track must be moved laterally at various points to restore proper 
curvature. It involves the use of middle ordinates from chord to curve (see 
Art. 27*9); it is described in detail in various texts on route surveying. 
Briefly, the method is as follows: At regular intervals along the outer rail, a 
cord of length equal to two intervals is stretched, and the middle ordinate 
is measured with a scale and is recorded. Por the circular portion of the 
curve, all middle ordinates should be equal; for the portion along which a 
gradual transition is made from curve to tangent, the middle ordinates 
should be progressively smaller by uniform increments. Irregularities in 
the tabulated values of middle ordinate are noted, and for each point of 
measurement the amount necessary to move the track is computed. Stakes 
are set in the ballast to serve as reference points, and the track is moved to 
conform with the computed values. 

SPIRAL CURVES 

27*11. Superelevation. On a railway curve the velocity of movement 
of a train develops a horizontal centrifugal force. In order that the plane 
of the rails may be normal to the resultant of the horizontal and vertical 
forces acting on a car, the outer rail is superelevated, or elevated above the 
inner rail. The amount of superelevation is made equal to approximately 
0.00067 expressed in inches, in which expression V is the train speed in 
miles per hour and D is the degree of curve in degrees. The amount of this 
superelevation should not exceed 7 or 8 in. on account of the use of the track 
by slow trains. For a speed of 40 miles per hour, it equals, in inches, a 
fraction more than the degree of curve in degrees. The elevation of the 
inner rail is maintained at grade. 

Similarly, on highway curves (except very flat curves) the roadway is 
superelevated. Various tables giving recommended values of supereleva- 
tion are published; one such table is included in Ref. 3 at the end of this 
chapter. Generally the center line of the roadway is maintained at grade, the 
outer edge of the pavement is raised one half of the superelevation distance, 
and the inner edge of the pavement is depressed by an equal amount. 

Since the superelevation should be attained gradually pear the end of each 
curve, it is desirable that the centrifugal force be built up gradually, so that 
there is an approximate balance between the two at all points. 

27*12. Railway Spirals. On railway lines where trains are to be operated 
at high speed, it is common practice to insert between circular curve and 
tangent a curve of varying radius, called a spiral, in order that the degree 
of curvature and centrifugal force may be developed gradually. At the end 
of the spiral adjacent to the tangent its radius is very long; along the curve 
it decreases gradually until at the point where the spiral joins the circular 
curve the radii of the two are equal. Spiral curves are also called easement 
curves or transition curves. 
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In order to provide room for the spiral, the circular curve is offset from 
the main tangent, as to the position AFGB of Fig. 2742. If the two spirals 
EF and GH are of equal length, the offsets AC and BN are equal, and the 
distance VC = VN = (E + o) tan J^J, in which ,o is the length of the offset. 



Many mathematical solutions of the spiral are available, and the reader is 
referred to these for exact values (see Ref, 2 at the end of this chapter). 
The following approximate and empirical solution is not greatly in error. 

1. The central angle I and the degree of circular curve D are known. 

2. The length of spiral L' is selected (Ref, 2 at the end of this chapter) ; 
for curves likely to limit train speed U should be not less than 240 ft.; for 
minor curves, L' may be 100 ft. or even less. 

3. The length of the offset o — AC = BN is computed. This may be 
assumed to be 6.50 ft. for D = 10® and L' = 300 ft., varying directly as 
the degree of curve and as the square of the length of spiral. Thus for 
D = 5® andL' = 200 ft., 

4. FC = FiV = (7? 4- o) tan 

5. EC Nil = one half of the spiral length minus a correction. For 
curves of dimensions common in railroad practice this correction has approxi- 
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mately the following values: for spiral angle A = 5°, 0.06 ft.; for A = 10 °, 

0.25 ft.; for A = 15°, 0.50 ft. For exact formula, see Ref. 2, previously 
cited. 

6. Spirals bisect the offsets AC and BN so that CJ = 3^ AC and 
NK = y2BN, 

7. Between E and J", perpendicular offsets from the tangent to the spiral 
vary in proportion to the cubes of the distances from E; between J and F, 
radial offsets from the circular curve to the spiral vary as the cubes of the 
distances from F; similarly for the other spiral GH, 

8. Angle AOF - angle BOG = A - DL7200, 

9. In the field, the points AT, R, C, and A are located, and the direction 
of each offset tangent is established by means of another and equal offset 
from the main tangent. The simple curve AFGB is located. 

The necessary offsets are made to points on the spirals. For construction 
surveys it is usually sufficient to offset the circular curve, leaving the staking 
of the spirals to be done after the line is graded. 

10. The alinement with spirals is along the line EJFGKH. 

27‘13. Highway Spirals. The practice of spiraling highway curves, ex- 
cept perhaps curves of 2° or less, is rapidly increasing. The procedure of 
computing and laying out a highway spiral is similar to that for railway 
spirals to which reference has been made in the preceding article. Important 
simplifications have been made in the procedure through the publication of 
tables which give (1) values of the various functions involved, over a wide 
range; and (2) recommendations for superelevations, minimum transition 
lengths, safe maximum curvatures for various speeds, and widening of the 
pavement at the curve (see Ref. 3 at the end of this chapter). 

2744. Numerical Problems. 


1. Given: I = 34°30', D (chord basis) - 3®00', and P.C. == station 74 + 30.0. 
Required: i2, L, T, and E; also deflection angles arranged in notebook form for staking 
out this curve, using 100-ft. stations. 

2. Given: I — 92°30', T — 425.00 ft., and P.C. = station 25 + 10.0. Required: 
Rj Df C, E, M,L; also deflection angles arranged in notebook form for staking out this 
curve, using 50-ft. stations. 

3. If the curve of problem 2 represents the center line of a highway curve, suppose 
it is desired to set alinement stakes along two curves, one of which is to be 10 ft. out- 
side, and the other 12 ft. inside, the center line. Required: Li, L 2 , Ri, D 2 , Fi, F 2 , and 
the deflection angles arranged in notebook form for staking out these curves. 

4. Given: I = 60°40', E = 125.5 ft. Required: R, D, C, T, M, and L. 

5. Two tangents A 7 and BV have an intersection angle of 45°00^ A point C is 
located by the coordinates VH = 270.2 ft. and HC — 157.4 ft., VH being measured 
along the tangent VA , and HC being measured perpendicular thereto. It is desired to 
connect the two tangents with a curve passing through the point C. Required: R. 
R, T, F, andF. 

6. Having calculated the values in problem 5, change the value of R to that value 
which is a multiple of 10' and which is nearest to the calculated value. Change all 
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other elements of the curve to agree with the new value of D and compute the deflec- 
tion angles. 

7. Given the data of problem 1. Make the necessary computations for the inser- 
tion of a spiral of length 250 ft. at each end of the curve. 

27*16. Field Problem. 

Peoblem 1. Laying Out a Circular Curve 

Object. To lay out a circular curve, as for the curb line of a driveway by the use of 
deflection angles. 

Procedure. (1) From the assigned central angle and degree of curve, compute the 
tangent distance and the length of curve. (2) Assume that the P.C. is station 
9 -h 83.2, and compute deflections for each full station and -1-50. Prepare notes in 
the form shown in Table 27-1. (3) In the field, locate two tangents making the 

assumed angle. Locate the P.C. and the P.T. (4) Set up the transit at the P.C., 
orient the instrument, and stake out the full and 4-50 stations by the method de- 
scribed in Art. 27-6. Report the error observed at the P.T. (5) Set up the transit 
at the P.T. and check the angle. (6) If transit set-ups on the curve are required, 
follow the method of Art. 27-7. 
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CHAPTER 28 


CONSTRUCTION SURVEYS 

28*1. General. Surveys for construction generally involve (1) a topo- 
graphic survey of the site, to be used in the preparation of plans for the 
structure, (2) the establishment on the ground of a system of stakes or 
other markers, both in plan and in elevation, from which measurement of 
earthwork and structures can be taken conveniently by the construction 
force, (3) the giving of line and grade as needed eijbher to replace stakes 
disturbed by construction or to reach additional points on the structure 
itself, and (4) the making of measurements necessary to verify the location 
of completed parts of the structure and to determine the volume of work 
actually performed up to a given date (usually each month), as a basis of 
payment to the contractor. 

In connection with construction, often it is necessary to make property- 
line surveys as a basis for the acquisition of lands or rights of way (Chap. 22). 

The detailed methods employed on construction surveys vary greatly 
with the type, location, and size of structure and with the preference of the 
engineering and construction organizations. Much depends on the inge- 
nuity of the surveyor to the end that the correct information is given without 
confusion or needless effort. 

The topographic survey of the structure site should include adjacent 
areas that are likely to be used for construction plant, roads, or auxiliary 
structures. Aerial photographs are useful aids for planning the construction. 

28*2. Alinement. Temporary stakes or other markers are usually set at 
the corners of the proposed structure, as a rough guide for beginning the 
excavation. Beyond these, outside the limits of excavation or probable 
disturbance but close enough to be convenient, are set permanent stations 
which are established with the precision required for the measurement of 
the structure itself. These permanent stations should be well referenced 
(Art. 14-17), with the reference stakes in such number and in such position 
that the loss of one or two will not invalidate the reference. Permanent 
targets or marks called foresights may be erected as convenient means of 
orienting the transit on the principal lines of the structure and for sighting 
along these lines by eye. 

Stakes or other markers are set on all important lines in order to mark 
clearly the limits of the work. The number of such markers should be 
sufficient to avoid the necessity for many measurements by the workmen 
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but should not be so great as to cause confusion, A simple and uniform 
system of designating the various points, satisfactory to the construction 
foreman, should be adopted. Also the exact points, lines, and planes from 
which and to which measurements are to be made should be well understood. 

In many cases, line and grade are given more conveniently by means of 
batter hoards than by means of stakes. A batter board is a board (usually 
1 by 6 in.) nailed to two substantial posts (usually 2 by 4 in.) with the board 
horizontal and its top edge preferably either at grade or at some whole 
number of feet above or below grade. The alinement is fixed by a nail 
driven in the top edge of the board. Between two such batter boards a 
stout cord or wire is stretched to define the line and grade. 

Often it is impracticable to establish permanent markers on the line of 
the structure. Thus the face of a bridge abutment may be beyond the 
shore line and, therefore, inaccessible. Also, stakes placed at the edge of a 
concrete pavement would interfere with grading and with setting the forms. 
In such cases the survey line is established parallel to the structure line, as 
close as practicable and with the offset distance some whole number of feet. 

28*3. Grade. A system of bench marks is established near the structure 
in convenient locations that will probably not be subject to disturbance. 
From time to time these bench marks should be checked against one another 
to detect any disturbance. Every care should be taken to preserve exist- 
ing bench marks of state and Federal surveys; if construction necessitates 
the removal of such marks, the proper organization should be notified and 
the marks transferred in accordance with its instructions. 

The various grades and elevations are defined on the ground by means of 
pegs and/or batter boards, as a guide to the workmen. The grade pegs 
may or may not be the same as the stakes used in giving line. When stakes 
are used, the vertical measurements may be taken from the top of the stake, 
from a keel mark or a nail on the side of the stake, or (for excavation) from 
the ground surface at the stake; in order to avoid mistakes, only one of these 
bases for measurement should be used for a given kind of work, and the 
basis should be made clear at the beginning of construction. When batter 
boards are used, the vertical measurements are taken from the top edge of 
the board, which is horizontal. The stake or the batter board may be set 
either at grade or at a fixed whole number of feet above or below grade. 

When a stake is to be driven with its top at a given elevation, the rodman 
starts the stake and then holds the rod on the stake.The levelman reads the 
rod and calls out the approximate distance the stake must be driven to 
reach grade. The rodman drives the stake nearly the desired amount, and 
a second rod reading is taken; and so the process is continued until the rod 
reading is made equal to the difference between the height of instrument 
and the desired elevation. If a mark or nail on the side of the stake is to 
be used instead of the top of the stake, the rod is moved up or down the 


CONSTRUCTION SURVEYS 


692 


[CH. 28 


side of the stake until the levelman signals that the rod reading is correct; 
then the mark or nail is placed at the bottom of the rod. In some cases, the 
stake is sawed off at the desired elevation. If the grade elevation is only 
a short distance below the ground elevation, often a hole is dug in order that 
the stake may be driven to grade. This procedure avoids the necessity of 
measuring down from the top of the stake. 

284. Precision. For purposes of excavation only, usually elevations are 
given to the nearest 0.1 ft. For points on the structure, usually elevations 
to 0.01 ft. are sufficiently exact. Alinement to the nearest 0.01 ft. will serve 
the purpose of most construction, but greater precision may be required for 
prefabricated steel structures or members. 

It is desirable to give dimensions to the workmen in feet, inches, and 
fractions of an inch. Ordinarily measurements to the nearest M or ^ in. 
are sufficiently precise, but certain of the measurements for the construction 
of buildings and bridges should be given to the nearest Ke in. Often it is 
convenient to use the relation that ^ in. equals approximately 0.01 ft, 

28*6. Establishing Points by Intersection. Where conditions render the 
use of the tape difficult or impossible, often points are established at the in- 
tersection of two transit lines by simultaneous sighting with two transits in 
known locations. The process is the inverse of that in which the location 
of a ground point is determined by the method of intersection (Art. 14* 8), 
By this method, points may be located in elevation as well as in plan. The 
precision of measurement is made commensurate with the requirements of 
construction. 

28*6. Highways. Generally just prior to the beginning of construction 
of a section of highway, the located line is rerun, missing stakes are replaced, 
and hubs are referenced. Borrow pits (if necessary) are staked out and 
cross-sectioned as described in Art. 10*6. Lines and grades are staked 
out for bridges, culverts, and other structures. If slope stakes have not 
already been set during the location survey, they are set except where clear- 
ing is necessary; in that case they are set when the right of way has been 
cleared. For purposes of clearing, only rough measurements from the center- 
line stakes are necessary. 

The method of setting and marking slope stakes is described in Art. 10*11. 
Additional stakes may be offset a uniform distance away from the work, 
with appropriate marking to indicate the offset. If intercepting ditches are 
to be placed along the cuts, these are staked out also. 

Where the depth of cuts and fills does not average more than about 3 ft., 
the slope stakes may be omitted; in this case the line and grade for earth- 
work may be indicated by a line of pegs (with guard stakes) along one side 
of the road and offset a uniform distance such that they will not be disturbed 
by the grading operations. Pegs are usually placed on both sides of the 
road at curves, and may be so placed on tangents; when this is done, meas- 
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urement for grading purposes may be taken conveniently by sighting across 
the two pegs or by stretching a line or tape between them. 

When rough grading has been completed, a line of finishing stakes is set 
on both sides of the roadway at the edge of the shoulder. For fills, it should 
be understood whether these include any allowance for settlement, or 
whether they represent the final grade. If the slopes of cuts are terraced 
to provide drainage, finishing stakes are set along the terraces. 

To give line and grade for the pavement, a line of stakes is set along 
each side, offset a uniform distance (usually 2 ft.) from the edge of the 
pavement. The grade of the top of the pavement, at the edge, is indicated 
either by the top of the stake or by a nail or line on the side of the stake. 
The alinement is indicated on one side of the roadway only, by means of a 
tack in the top of each stake. For concrete highways, pegs may be set so 
that the side forms may be placed directly upon them, and a line of stakes 
set near one edge to give line for the forms. The distance between stakes 
in a given line is usually 100 or 50 ft. on tangents at uniform grade and 
half the normal distance on horizontal or vertical curves. The dimensions 
of the finished subgrade and of the finished pavement are checked by the 
construction inspector, usually by means of a templet. 

As construction proceeds, monthly estimates are made of the work 
completed to date. A quantity survey is made near the close of each month, 
and the volumes of earthwork, etc. are classified and summarized as a basis 
for payment. 

28*7. Streets. For street construction the procedure of surveying is 
similar to that just described for highways. Ordinarily the curb is built 
first. The line and grade for the top of each curb are indicated by pegs 
driven just outside the curb line, usually at 50-ft. intervals. The grade 
for the edge of the pavement is then marked on the face of the completed 
curb; or for a combined curb and gutter it is indicated by the completed 
gutter. Ground pegs are set on the center line of the pavement, either at 
the grade of the finished subgrade (in which case holes are dug when neces- 
sary to place pegs below the ground surface) or with the cut or fill indicated 
on the peg or on an adjacent stake. Where the street is wide, an interme- 
diate row of pegs may be set between center line and each curb. It is usually 
necessary to reset the pegs after the street is graded. Where driving stakes 
is impractical because of hard or paved ground, nails or spikes may be 
driven or marks may be cut or painted on the surface. 

The surveys for street location and construction should determine the 
location of all si^rface and underground utilities that may affect the project; 
and notification of necessary changes should be given well in advance. 
Information regarding the desirable location of underground utilities, 
together with methods of surveying and mapping, is given in a manual of 
the American Society of Civil Engineers (Ref. 4 at end of Chap. 22). 
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28*8. Railways. Surveys for railway earthwork are similar to those 
described in Art. 28-6 for highways. Prior to construction the located line 
is rerun, missing stakes are replaced, hubs are referenced, borrow pits are 
staked out, slope stakes are set, and lines and grades for structures are 
established on the ground. When rough grading is completed, finishing 
stakes are set to grade at the outer edges of the roadbed, as a guide in trim- 
ming the slopes. 

When the roadbed has been graded, alinement is established precisely by 
setting tacked stakes along the center line at full stations on tangents and 
usually at fractional stations on horizontal and vertical curves. Spiral 
curves are staked out at this time. An additional line of pegs is set on one 
side of the track and perhaps 3 ft. from the proposed line of the rail, with 
the top of the peg usually at the elevation of the top of the rail. Track is 
usually laid on the subgrade and is lifted into position after the ballast has 
been dumped. 

28-9. Sewers and Pipe Lines. The center line for a proposed sewer is 
located on the ground mth. stakes or other marks set usually at 50-ft. intervals 
where the grade is uniform and as close as 10 ft. on vertical curves. At 
one side of this line, just far enough from it to prevent being disturbed by 
the excavation, a parallel line of ground pegs is set, with the pegs at the 
same intervals as those on the center line. A guard stake is driven beside 
each peg, with the side to the line; on the side of the guard stake farthest 
from the line is marked the station number and offset, and on the side 
nearest the line is marked the cut (to the nearest in.). In paved streets 
or hard roads where it is impossible to drive stakes and pegs, the line 
and grade are marked with spikes (driven flush), chisel marks, or paint 
marks. 

When the trench has been excavated, batter boards are set across the 
trench at the intervals used for stationing. The top of the board is set 
at a fixed whole number of feet above the sewer invert (inside surface of 
bottom of sewer) ; and a measuring stick of the same length is prepared. A 
nail is driven in the top edge of each batter board to define the line. As 
the sewer is being laid, a cord is stretched tightly between these nails, and 
the free end of each tile is set at the proper distance below the cord as 
determined by measuring with the stick. 

If the trench is to be excavated by hand, the side pegs may be omitted 
and the batter boards set at the beginning of excavation. 

For pipe lines, the procedure is similar to that for sewers, but the interval 
between grade pegs or batter boards may be greater, and less care need be 
taken to lay the pipe at the exact grade. 

For both sewers and pipe lines, the extent of excavation in earth and in 
rock is measured in the trench, and the volumes of each class of excavation 
are computed as a basis of payment to the contractor. 
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The records of the survey should include the location of underground 
utilities crossed by, or adjacent to, the trench. 

28*10. Canals. The location survey for a canal is described in Art. 26*15. 
Slope stakes for each bank are set as described in Arts. 10*9 and 10*11, So 
far as possible, the cross-section is balanced, that is, the excavated material 
forms the fill at the same station, and little or no material needs to be moved 
longitudinally. 

28*11. Tunnels. Tunnel surveys are run to determine by field measure- 
ments and computations the length, direction, and slope of a line connecting 
given points, and to lay off this line by appropriate field measurement. 
The methods employed naturally vary somewhat with the purpose of the 
tunnel and the magnitude of the work. A coordinate system is particularly 
appropriate for tunnel work. 

For a short tunnel between two points on the surface, as, for example, a 
highway tunnel through a ridge, a traverse and a line of levels are run 
between the terminal points; and the length, direction, and grade of the 
connecting line are computed. ,When practicable, the surface traverse 
between the terminals takes the form of a straight line. Outside the tunnel, 
on the center line at both ends, permanent monuments are established. 
Additional points are established in convenient surface locations on the 
center line, to fix the direction of the tunnel on each side of the ridge. As 
construction proceeds, the line at either end is given by setting up at the 
permanent monument outside the portal, taking a sight at the fixed point 
on line, and then setting points along the tunnel, usually in the roof. Grade 
is given by direct levels taken to points in either the roof or the floor, and 
distances are measured from the permanent monuments to stations along 
the tunnel (see Arts. 29*2 to 29*5). If the survey line is on the floor of the 
tunnel, it is usually offset from the center line to a location relatively free 
from traffic and disturbance; from this line a rough temporary line is given 
as needed by the construction force. 

The dimensions of the tunnel are usually checked by some form of templet 
transverse to the line of the tunnel, but may be checked by direct measure- 
ment with the tape. 

Railroad and aqueduct tunnels in mountainous country are often several 
miles in length and are not uniform in either slope or direction. Tunnels 
of this character are usually driven not only from the ends but also from 
several intermediate points where shafts are sunk or adits are driven to 
intersect the center line of the tunnel (see Mine Surveying, Chap. 29). 
The surface surveys for the control of the tunnel work usually consist of a 
precise triangulation system tied to monuments at the portals of the main 
tunnel and at the entrances of shafts and adits, and a precise system of 
differential levels connecting the same points. With these data as a basis 
the length, direction, and slope of each of the several sections of the tunnel 
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are calculated; and construction is controlled by establishing these lines 
and grades, as the work progresses. 

28*12, Bridge Sites. Normally the location survey will provide suffi- 
cient information for use in the design of culverts and small bridges; but 
for long bridges and for grade-separation structures usually a special topo- 
graphic survey of the site is necessary. This survey should be made as 
early as possible in order to allow time for design and — in the case of grade 
crossings or navigable streams — to permit approval of the appropriate gov- 
ernmental agency to be secured. The site map should show all the data 
of the location survey, including the line and grade of the roadway and the 
marking and referencing of all survey stations. The usual map scale is 

1 in. = 100 ft., and the usual contour interval is 5 ft. on steep slopes and 

2 ft. over fiat areas. 

The preliminary report submitted with the site map should give all 
available information necessary for economic design. For a preliminary 
report on a bridge site, the itenos listed below are prescribed by the California 
Division of Highways. For a grade-separation structure, the required 
information is similar except that it relates to the intersectiifg roadway 
and its traffic instead of the intersecting stream and its flow. Photographs 
are useful adjuncts to the report. 


1. Bridge Site. Tjocation, stream, dktance from nearest iffiipping point. 

2. Source of Maieriah (with length of haul to site). Sand, gravel, stone, falsework 
timber, piling. 

3. Coat of Materiak (delivered at site). Portland cement, sand, gravel, stone, 
falsework timl)er, piling. Cost per ton mile for hauling. 

4. Watenmy. Elevation and location of nearest B.M.; drainage area (approxi- 
mate); character of watershed; elevation of highest water, with date; elevation of 
ordinary high wafer; highest ice mark; elevation of low water; elevation of permanent 
ground water. Ts st ream ever dry? I f so, at what months? Will all flood water pass 
through new’ stnicture? Can channel be cleared to afford more waterway? Is 
stream cutting or silting up? Is stream stable in its banks? Depth of scour? Does 
stream carry light, medium, or heavy drift? What clearance above high water should 
bo allowed? 

5. Foundation. Character of material (give data from soundings or borings if 
available); distance from stream bed to solid foundation; recommended depth of 
foundations. Should piles be used? What length? 

G. OM Bridge. (If no bridge at present location, give data for nearest bridge over 
same stream.) Type; number and length of spans; area of waterway provided by 
old structure; adequacy of this area in flood times; excess capacity of area; foundation 
data (logs of borings, pile-driving data, etc.); elevation of underclearance; disposition 
of existing structure. 

7. Reconimendaiiomfor New Structure. Type, number, and length of spans; width 
of roadw'ay; desirability of sidewalks; recommended angle of skew; necessity for ap- 
proaches or fill; approximate unit cost of approach filling; necessity for maintaining 
traffic, and recommended method, 

28*13. Bridges, For a short bridge with no offshore piers, first the cen- 
ter line of the roadway is ^tablished, the stationing of some governing 
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line such as the abutment face is established on the located line, and the 
angle of intersection of the face with the located line is turned off. This 
governing crossline may be established by two well-referenced transit 
stations at each end of the crossline beyond the limits of excavation or, if 
the face of the abutment is in the stream, by a similar transit line offset 
on the shore. Similarly, governing lines for each of the wing walls are 
established on shore beyond the limits of excavation, with two transit 
stations on the line prolonged at one, or preferably both, ends of the wing- 
wall line. If the faces are battered, usually one line is established for the 
bottom of the batter and another for the top. Stakes are set as a guide to 
the excavation and are replaced as necessary. When the foundation con- 
crete is cast, line is given on the footings for the setting of forms and then 
by sighting with the transit for the top of the forms. As the structure is 
built up, grades are carried up by leveling, with marks on the forms or on 
the hardened portions of the concrete. Also, the alinement is established 
on completed portions of the structure. The data are recorded in field 
books kept especially for the structure, principally by means of sketches. 

For long sights or for work of high precision, as in the case of offshore 
piers, various transit stations are established on shore by a system of tri- 
angulation, such that favorable intersection angles and checks will be 
obtained for all parts of the work. To establish the offshore piers, simuh 
taneous sights are taken from the ends of a line of known length. 

Example: It is desired to locate the central point C of a bridge pier in the middle 
of a stream of moderate width, on a tangent line of a roadway. From a transit station 
A on shore, on the center line of the roadway, a m^ured base line AB is laid ofi 
along the shore, of such length and azimuth that favorable intersection angles of a 
triangle ABC will be secured. The angle ABC is computed from the known angle 
CAB and the sides AB and AC of known length. Transits are set up at A and B, 
and at B the angle ABC is set off. The point C is then established, by simultaneous 
sighting, at the intersection of the line of sight BC with the line of sight along the 
roadway, prolonged from A. The location is checked by similar sights taken either 
on the other side of the roadway or on the other side of the stream. To establish 
the corners of the pier, a similar procedure is followed but with correspondingly differ- 
ent values of the angles at A and B, which must be computed in each case. 

Where cofferdams are used, reference points are established on the 
cofferdams for measurements to the pier. 

When the structure has been completed, permanent survey points are 
established and referenced for use in future surveys to determine the direc- 
tion and extent of any movement. 

28' 14. Culverts. At the intersection of the center line of the culvert 
with the located line, the angle of intersection is turned off, and a survey 
line defining the direction of the culvert is projected for a short distance 
beyond its ends and is well referenced. At (or offset from) each end of the 
culvert, a line defining the face is turned off and referenced. If excavation 
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is necessary for the channel to and from the culvert, it is staked out in a 
manner similar to that for a roadway cut. Bench marks are established 
nearby, and pegs are set for convenient leveling to the culvert. Line and 
grade are given as required for the particular type of structure. 

28*15, Building Sites. In the preparation of his plans for a building, 
the architect requires a large-scale map of the site to show the information 
necessary to the proper location of the building both in plan and in ele- 
?ation. Such maps are usually drawn to the scale of 1 in. = 10 ft. or 
i in. = 20 ft. 

The party consists of an instrumentman and one or two chainmen, and 
the equipment includes that of a transit party. Because of the large number 
of elevations to be determined, frequently an engineer’s level is also used. 
The notes may be kept in a transit or topography notebook; or a sketch 
board may l>e used to good advantage, as it provides more space for sketch- 
ing and recording details than does the single page of a notebook. 

First the lot corners are located, and permanent markers are set at these 
points. Then, with the property lines being used as reference lines, all 
objects are located, usually by tape measurements only, the instrumentman 
recording the data and drawing such sketches as are necessary. On exten- 
sive sites, or where it is not convenient for the chainmen to locate objects 
by coordinate measurements, transit angles and taped distances may be 
used. 

The details should be shown and described as follows: (1) lot corners, 
state kind, (2) property lines, give dimensions and the distances from the 
walks, (3) street lines, show widths, (4) sidewalks and drives, give kind 
and widths, (5) pavements, give kind and widths, (6) gas and water mains, 
state size and show exact location, (7) manholes and storm and sanitary 
sewers, give size and kind of pipe, (8) trees, state kind and size, (9) poles 
of all kinds, (10) fire hydrants, and (11) existing structures on or near the 
site, state materials of construction. Also, give the elevations of : (a) inverts 
of sewer outlets from manholes and the gradients of the sewers, (6) the 
reference bench mark, with description, (c) points along the sidewalks, 
curbs, and lot lines at intervals at 50 ft., and (d) ground points at the corners 
ol 50-ft. squares. The elevations of the sew^er inverts, sidewalks, and curbs 
should be taken to hundredths, and all ground points to tenths, of a foot; also 
contour lines are shown if the ground is irregular. 

Tlie map should give the legal description of the tract and the other 
information ordinarily shown on the plot of an urban land survey. The 
drawing is made on tracing cloth, the size being the same as the other sheets 
of the architect’s plans so that a print may be bound with each set of plans. 
A typical map of this kind is shown in Fig. 28*1. 

28*16. Buildings. At the beginning of excavation, the corners of the 
building are marked by stakes, which will of course be lost as excavation 
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proceeds. Sighting lines are established and referenced on each outside 
building line and line of columns, preferably on the center line of wall or 
column. A batter board is set at each end of each outside building line, 
about 3 ft. outside the excavation. If the ground permits, the tops of all 
boards are set at the same elevation; in any event the boards at opposite 
ends of a given line (or portion thereof) are set at the same elevation so that 
the cord stretched between them will be level. The elevations are chosen 
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at some whole number of feet above the bottom of the excavation, usually 
that for the floor rather than that for the footings, and are established by 
holding the level rod on the side posts for the batter board and marking 
the grade on the post. When the board has been nailed on the posts, a 
nail is driven in the top edge of the board on the building line, which is 
given by the transit. Carpenter’s lines stretched between opposite batter 
boards define both the line and the grade, and measurements can be made 
conveniently by the workmen for excavation, setting forms, and alining 
masonry and framing. If the distance between batter boards is great 
enough that the sag of the carpenter’s line is appreciable, the grades must 
be taken as approximate only. 
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If the space around the building is obstructed so that batter boards 
cannot be set^ other means of marking the line and grade are substituted 
to meet the requirements of the situation. 

When excavation is completed, grades for column and wall footings are 
given by ground pegs driven to the elevation of either the top of the footing 
or the top of the floor. Lines for footings are given by batter boards set 
in the bottom of the excavation. Column bases and wall plates are set to 
grade directly by the leveler. The position of each column or wall is marked 
in advance on the footing; and when a concrete form, a steel member, or a 
first course of masonry has been placed on the footing, its alinement and 
grade are checked directly. 

In setting the form for a concrete wall, the bottom is alined and fixed in 
place before the top is alined. 

Siimlarly, at each floor level the governing lines and grade are set and 
checked, except that for prefabricated steel framing the structure as a whole 
is plumbed by means of the transit at every second or third story level. 
Notes are kept in a field book used especially for the purpose, principally 
by means of sketches. 

Whenever the elevation of a floor is given, it should be clearly understood 
whether the value refers to the bottom of the base course, the top of the 
base course, or the top of the finished floor. 

Throughout the construction of large buildings, selected key points are 
checked by means of stretched wires, plumb lines, transit, or level in order 
to detect settlement, excessive deflection of forms or members, or mistakes. 

28*17. Bams. Prior to the design of a dam, a topographic survey is 
made to determine the feasibility of the project, the approximate size of 
the reservoir, and the optimum location and height of the dam. To pro- 
vide information for the design, a topographic survey of the site is made, 
similar in many respects to that for a bridge (Art. 28 * 12 ). Extensive 
soundings and borings are made, and topography is taken in detail sufficient 
to define not only the dam itself but also the appurtenant structures, neces- 
sary construction plant, roads, and perhaps a branch railroad. A property- 
line survey is made of the area to be covered by, or directly affected by, 
the proposed reservoir. 

Prior to construction, a number of transit stations, sighting points, and 
bench marks are permanently established and referenced upstream and 
downstream from the dam, at advantageous locations and elevations for 
sighting on the various parts of the structure as work proceeds. These 
reference points are usually established by triangulation from a measured 
base line on one side of the valley, and all points are referred to a system 
of rectangular coordinates, both in plan and in elevation. To establish 
the horizontal location of a point on the dam, as for the purpose of setting 
concrete forms or of checking the alinement of the dam, simultaneous sights 
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are taken from two transits set up at reference stations, each transit being 
sighted in a direction previously computed from the coordinates of the 
reference station and of the point to be established. The elevation of the 
point is usually established by direct leveling. However, it may be estab- 
lished by setting off on one (or, as a check, both) of the transits the com- 
puted vertical angle, the height of instrument being known. This method 
is the inverse of indirect leveling, described in Art, 8*5. 

A traverse is run around the reservoir, above the proposed shore line, 
and monuments are set for use in connection with property-line surveys 
and for future reference. Similarly, bench marks are established at points 
above the shore line. The shore line may be marked out by contour level- 
ing (Art. 10*15), with stakes set at intervals. The area to be cleared is 
defined with reference to these stakes. The area and volume of the reservoir 
may be computed as described in Art, 24*20. 

28*18. Aircraft Jigs. In the manufacture of aircraft it is necessary to 
employ very large jigs which are held to extremely close tolerances of meas- 
urement. It is difficult and time-consuming to aline such large structural 
assemblies by means of the plumb lines and stretched wires which are used 
for smaller jigs; therefore, the alinement is often accomplished by sighting 
with surveying instruments (see Ref. 2 at the end of this chapter). Hori- 
zontal alinement (elevation) is established usually by direct leveling with 
the engineer’s level or with the telescope level of the transit; and vertical 
alinement by use of the transit telescope, with the horizontal axis carefully 
leveled. The special techniques required are largely in the field of tool 
engineering and are beyond the scope of this text. 

A special form of the transit, called a jig collimator,” has been developed 
for use in this work. Some of its features are capability of sighting at 
close range, especially fine cross-hairs, and sensitive levels; on the other 
hand it is of simple construction in that it has no compass, no horizontal 
or vertical graduated circles, and only one spindle. The transit may be 
provided with a shifting center (Art. 29*6) for lateral movement. 
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CHAPTER 29 


MINE SURVEYING 

29*1* DefiEitions. The subject of mine surveying includes (1) tmder- 
ground surveying, as practiced in mining and tunnel operations, and (2) 
eraMand surveying, involving location and patent surveys. 

In discussing mining problems it will be necessary to use a few special 
geological and mining terms. Of these the most important are here defined: 

Vein, A relatively thin deposit of mineral between definite boundaries. 

Strike, The line of intersection of the vein with a horizontal plane; also the direc- 
tion of that line expressed as a bearing. 

Dip, The vertical angle between the plane of the vein and a horizontal plane, 
measured perpendicular to the strike. A vertical vein has a dip of 90°. If the vein 
is nearly horizontal, the dip is a small angle. 

Outcrop. The portion of the vein exposed at the surface of the ground. 

Heading. A passage driven into the rock or ore ahead of the main excavations. 

Patent. The document, issued by governmental authority, granting and convey- 
ing public land. 

UNDERGROUND SURVEYING 

29*2. General. Underground surveying differs from surface work in the 
following ways: The station is usually in the roof instead of in the floor of 
the workings; the object to be sighted and the cross-hairs of the telescope 
must be illuminated; distances are usually measured on the slope instead 
of along horizontal lines; and the transit tripod has adjustable legs to adapt 
its use to low workings or to very irregular or steeply inclined surfaces. 

29*3. Stations. When the station is in the roof, the transit may be cen- 
tered in either of two ways: (1) by first plumbing from the station mark to 
a point on the floor and then setting up over this latter point, as in surface 
work, or (2) by centering the transit beneath a plumb bob suspended from 
the roof station. When the first method is employed, usually the temporary 
floor point is a piece of lead into which a nail has been driven. There is 
always a chance that such a mark will be accidentally displaced during the 
process of setting up the instrument. In setting up the transit beneath a 
suspended plumb bob, it is necessary to have both the plate and the telescope 
level before the centering is done. 

A station set overhead is more easily found, is less liable to disturbance, 
and is therefore more durable than one underfoot. It is set in the mine 
timbering or by driving a plug of hard wood into a hole % to 1 in. in diameter 
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drilled several inches into the rock. The exact point is established by setting 
a marker called a spad in the timber or plug, just as a tack is driven into the 
transit hub in surface surveys. In the case of a roof station the object 
used must, of course, be something from which it is convenient to hang a 
plumb bob. Noncorrosive spads made especially for this purpose are 
sold by dealers. 

29*4. Illumination. Since the field of view is dark, on long sights the 
cross-hairs require artificial illumination. This may be accomplished by 
slipping a rolled piece of paper into the sunshade, then holding a miner’s 
lamp, electric flashlight, or other source of light in front of and a little to 
one side of the objective end of the telescope. By moving the source of 
light toward or away from the end of the telescope, the cross-hair illumina- 
tion is increased or decreased until both the cross-hairs and the object 
sighted are visible. Some transits are equipped with special sunshades 
which reflect light into the telescope in much the same manner as the rolled 
paper. Some transits are built with a hollow horizontal axis through which 
light is transmitted to a reflector within the telescope. 

The signal or target is usually a plumb bob hung from the roof station. 
To illuminate the plumb bob, either a light is held to one side of it, or a 
piece of thin paper or tracing cloth is held behind it and illuminated by 
means of a lamp held beyond the paper. Also with short sights such an 
illuminated screen may be all that is necessary to make the cross-hairs 
visible. If the point sighted is not too far from the transit, good results 
are obtained with a piece of cardboard illuminated by a flashlight. 

29-5. Distances. In underground traversing, except in nearly level 
workings, the distances are measured on the slope, the horizontal and ver- 
tical distances being calculated from the slope distance and the vertical 
angle. For this purpose a steel tape is used that will reach from one station 
to the other. As the stations must ordinarily be placed rather close together 
on account of the character of the workings, a tape length of 100 or 200 ft. 
will usually be suflicient. Generally the tape is graduated to hundredths 
of a foot throughout. 

The following procedure is convenient (Fig. 29T). The transit is set 
up at pne station, and the vertical distance from the station to the hori- 
zontal axis of the transit is measured. Since this distance is short, possibly 
only a few inches, it is measured vertically from a roof station to the top 
of the telescope or from a floor station to the plumb-bob hook, and a constant 
previously determined for the instrument is added to carry the measurement 
to the horizontal axis. The height of instrument, or H.I., is positive if the 
instrument is above the station and is negative if the instrument is below 
the station. A plumb bob is hung at the next station, with a point on the 
plumb line marked by some form of clamping target at a known distance 
below the roof station. This distance is the heigM of pointy or H.P. The 
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vertical angle to the point so marked is measured, and the distance is taped 
to the same point from the end of the horizontal axis, on which the point 
to be used is definitely marked. While the distance is being taped, the 
telescope must be pointing toward the plumb line at the next station. 

In underground surveying it is desirable to use the method of angular 
measurement called ‘'angles to the right” or “azimuths from back line” 
(Art. 14- 12), and to double the angle. Generally the compass cannot be 
used for checking, and under such conditions this method is less liable to 



The next step is to compute, from the measured inclined distance and 
vertical angle, the difference in elevation between center of instrument and 
point sighted; knowing this difference in elevation and the vertical distances 
of center of instrument and point sighted below their respective stations, 
the difference in elevation between the two stations may be found by alge- 
braically adding the H.I. to the product of the slope distance and the sine 
of the vertical angle, and algebraically subtracting the height of point. 


Example: 

H.I....... -3.45 ft. 

H, P -4,67 ft. 

Inclined distance 94 . 78 ft. 

Vertical angle. +17°42‘ 

94.78 X sin 17‘^42‘ « +28.82 


+(-3.45) 

+25.37 

“"(-4.67) 

+^.04 ft. = difference in elevation between 
the two stations 

The problem is identical in principle with the one that occurs in surface 
surveying when a vertical angle is read to a point on a rod, either at the 
height of instrument or at some other height. 
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A special case occurs when, by leveling the telescope, the mark on the 
plumb line at the point sighted is set at the same elevation as the transit 
telescope. The vertical distance from such mark to the station plug above 
is then measured and used as in the general case illustrated above. The 
vertical angle is, of course, zero. 

The horizontal distance between the two stations is the measured slope 
distance multiplied by the cosine of the vertical angle or angle of inclination 
of the line taped. Unless the vertical angle is large, this reduction may be 
simplified by the use of a table of versed sines, as explained in Art. 7*15. 

29*6. Mining Transit. The transit commonly used underground in 
mine or tunnel is the ordinary engineer's transit on an extensiondeg tripod. 
It should have a full vertical circle and a sensitive telescope bubble, and 
preferably should be equipped with a striding level for the horizontal axis, 
An instrument with a horizontal circle about 5 in. in diameter is preferable 
to a larger one on account of greater ease in handling. It is desirable that 
the vertical circle be graduated on the edge instead of the side, so that the 
transitman can read the circle without turning the instrument or moving 
around it. The center point of the transit should be definitely marked on 
the top of the telescope. For very steep sightings a prismatic eyepiece is 
convenient. 

On account of the dirt and water frequently present underground, it is 
desirable that the vertical circle be fully enclosed, and that as far as possible 
the instrument be so constructed as to exclude water from the telescope, 
circles, compass box, and bearings. 

In order that the transit may be lined in by moving its head laterally 
(for short distances) without moving the tripod, sometimes there is employed 
a “shifting center which fits between the tripod and the foot plate; two 
pairs of opposing screws provide for the lateral movement. 

When the slope of the underground workings requires the taking of sights 
along lines of large vertical angle, the transit as ordinarily constructed can- 
not be used on account of the fact that the horizontal plate will interfere 
with pointing the telescope. For such conditions an auxiliary telescope is 
attached either at one end of the horizontal axis or above the main telescope 
and at a distance therefrom somewhat more than one half of the diameter 
of the horizontal plate. In either type the line of sight of the auxiliary 
telescope is parallel to that of the main telescope. Figure 29*2 shows a 
transit with a side telescope attached. 

29*7. Use of Auxiliary Telescope. The side telescope is offset from the 
vertical axis of the transit, and this eccentricity affects the observed values 
of horizontal angles read with the side telescope. Similarly the top tele- 
scope, being offset from the horizontal axis of the instrument, is eccentric in 
the vertical plane, and this eccentricity affects the observed values of vertical 
angles read with the top telescope. The process of computing the true 



Fia. 29*2. Mining transit with side telescope. 

Witli the top telescope, horizontal angles will not require reduction to 
center, because the line of sight lies in the same vertical plane with the main 
telescope, and the transit is so constructed as to give the horizontal angle 
between vertical planes through the center of the instrument and the points 
sighted. For similar reasons, with the side telescope no reduction to center 
is necessary for vertical angles. 
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Top Telescope. Figure 29-3 illustrates the measurement of a vertical 
angle with the top telescope. The line of sight of the top telescope is offset 
an amount BC from the line of sight of the main telescope. If it were pos- 
sible to use the main telescope, the observed vertical angle would be 7, the 
value desired. The use of the top telescope gives a reading V'. 

y' — y = X, and sin X = BC/AB, in which BC is the distance between 
the lines of sight of the two telescopes and hence is a constant for the instru- 
ment, and AB is the measured dis- 
tance between the horizontal axis of 
the transit and the point sighted. 

Since BC is a constant, the angular 
difference X varies only with the dis- 
tance AB. In practice, a table is 
prepared showing the values of the 
difference X for various distances AB. 

The values given in this table are 
then used as differences to be applied 
to the observed vertical angles. If the 
observed vertical angle is positive, the 
-difference is added; if negative, the difference is subtracted. The field 
notes should indicate for what observations the top telescope was used, and 
whether the vertical angle read was positive or negative. The reduction 
to center should be computed later, in the office, the field record showing 
only the values read in the field. The reduced value of the vertical angle 
is, of course, used as if it had been read directly with the main telescope. 

Example; The vertical angle observed with a top telescope is F' = ~ 15®23', and 
the distance between the lines of sight of main and top telescopes is BC = 0.26 ft. 
The inclined distance to the point sighted is AB ~ 127.20 ft. It is desired to find 
the true vertical angle. 

BC 0,26 



Fig. 29*3. Reduction to center, vertical 
angle. 


sinX^.^^ 
X = OW' 


127 .^ 


Then 


V ^ -15'’23' + OW' 


-isne' 


Side Telescope. With the side telescope a similar reduction to center is 
necessary for horizontal angles, as illustrated by Fig. 29*4. If observations 
could be made with the main telescope, the angle H « AOB would be read. 
When sights are taken with the eccentric side telescope, the line of sight of 
the auxiliary telescope, which is offset a distance OC from the center 0, is 
always tangent to the circle with center 0 and radius OC, as the instrument 
is revolved. The line of sight of the auxiliary telescope has a direction CA 
when sighting upon A and a direction C'B when sighting upon B. The 
angle J7' is the difference between these two directions and is the angle 
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through which the instrument is turned between the two sightings. This 
is the angle read on the horizontal circle of the transit. 



Fia. 29*4, Reduction to center, korizontal angle. 


To reduce the observed angle H' to the angle H at the center 0, the values 
of the angles a and p must be us^. 


~i 9 £. 
AO " 


tan 


-1 Q £. 
AC 


Since AO and AC are practically equal, except in the case of very short 
lines, either distance or either function may be employed. Also 


jd « sin 


-1 Q£L 


tan" 


Then 

and 


D 

H 


OB 

//' + jS - // + a 
//' + (iS ~ a) 


gc 

BC' 


(1) 


It will be seen that the difference to be applied to the observed angle H' 
to reduce it to the angle H is the difference between the angles a and jS. 
In practice the values of a and jS are taken from a table similar to that 
used in connection with the top telescope. Care must be taken to apply 
this difference with the proper algebraic sign. 

Example: The horizontal angle observed with the side telescope of a mining transit 
is H' “ 73®19'. The distance between the lines of sight of main and side telescopes 
is OC = OC' = 0.31 ft., and the distances to points sighted from the transit are AC = 
107.31 ft. and BC' - 69.31 ft. It is desired to reduce the horizontal angle to center. 
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H = 73°19' + (0°15' - 0°10') 

= 73°24' 

^ ^ +n tnPA^ure the angle a second time with a reversal 

A better procedure^ observations. The side telescope will be 

of the instrument b telescope and the angles a and ^ will enter 

on the opposite side oft siins the reverse of those for the first 

into the differeuce with algebra^^^^g^^ ^h^ observations will be free 

?oTetoTof tccentricity’ of the telescope, and no reduction to center is 

^^“^rAdlustment of Au^a. Tehe.o^^^^^^^^^ adj— 

the transit lies in the same plane with and parallel 

ihary telesco^ that its I n g of mounting the telescope 

to that of the mam P ‘ ^ this influences somewhat the details 

varies with the make of ^aatrument and th s ™ 

:2sl"pon 4e ZZL ax^. the « 

S*.rjS XZ. » t «t thi. ...ture ia ».H.g th. 

sight the ™. .. ~OF. SSrZt, and th« h. .dl»« 

to clamp horizon strikes the same distant point, 

the auxiliary telescope until its line g , ^ oji the surface, 

In case a short sight must between them 

two points are marked on a ^^^ical ^rface, the a 

being made equal to the distance betw^^^^^ ^ 

scopes. For a top telescope, the P™Xu“ne. The line of sight of 
side telescope the two , toward one point, the horizontal and 

the main telescope is *heh direo^ ^ ^ auxiliary telescope 

vertical motions are clamped, and the line oi sig 

is adjusted until it strikes ''he °t P*^® ’ From the discussion of Art. 
29-9. setting JP -f ajle due to errors in adjust- 

13-28, It IS evident that the errors m^ imperfect leveUng of 

ment of honzontal axis P magnHude of the vertical angle; hence 
the instrument, transit must be in excellent adjust- 

when the sights are steeply inclined, . observation, a sensitive 

ment and carefully leveled “ “uf^rfmouent^^^^ employed. If the 

SSZZZp °d, i Z I" 
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2940. Connecting Sniface and Underground Surveys. The methods 
used to accomplish a connection between surface and underground surveys 
depend mainly upon the character of the opening from the surface to the 
underground workings. In the case of a tunnel which is horizontal or nearly 
so, or in the case of an incline at an angle of not more than 60® or 65® with 
the horizontal, no special methods are necessary, except that instead of the 
usual tripod for supporting the transit, some special form of support may 
he necessary. 

Where headroom is very limited or where the transit can best be supported 
upon a shelf built from the side or the top of the workings, it is mounted 
upon a trwet instead of a tripod. A trivet consists of a modified tripod head 
with three short supporting pins. 

For steeper inclines the transit with auxiliary telescope is used. 

One Vertical Shaft In the case of a vertical shaft, a vertical plane is 
defined by two plumb lines suspended in the shaft, in a plane of known 
azimuth determined by connection with the surface survey. Wire known 
as electrician’s banding wire” is recommended for use for the plumb lines, 
with bobs weighing 10 to 40 lb. suspended in oil to reduce oscillation. 

Underground, a transit is set up close to the wires and in line with them, 
that is, in the plane of known azimuth. An angle is then turned to some 
other line, and two points are permanently set on this line, which is then 
used as a reference line of known azimuth. By this method the under- 
ground survey is referred to the same meridian as the surface survey. Great 
care must be taken in lining in the transit with the two plumb lines, because 
the distance between the plumb lines is necessarily short and a small error 
in orientation at the shaft will result in a considerable error in the computed 
locations of points some distance removed from the shaft. This linear 
error in the location of any point is in a direction at right angles to a line 
from the shaft to the point, the displacement being equal to the azimuth 
error (in radians) multiplied by the distance from the shaft to the point in 
question. 

Example 1: An azimuth is carried down a shaft by means of plumb wires illustrated 
at 1 and 2 in Fig. 29-5. The distance l>etwcen the two wires is 5.(X) ft. If one of the 
wires Is displaced 0.005 ft. in a dirt^ction at right angles to the plane of the two wires, 
what angular error results in the measured direction of each of the lines of the under- 
ground traverse to which the known azimuth marked by the wires is connected? 

If A .represents the angular error, then 

tan .4. = = 0.001 

5.00 

and 

A » O*03'3O'' (approximate) 

Example 2; Calculation of the latitudes and departures of the courses of the under- 
ground traver^ of example i shows that station 8 in the figure is 550 ft. north and 
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1,250 ft. east of the shaft. What is the linear error in the calculated location of that 
station due to the above-mentioned inaccuracy in plumbing down the shaft? 

The distance from shaft to station 8 is 

V5502 + 1,2502 =: 1,365 ft. (approximate) 

The linear error in the calculated location of the station is in direct proportion to the 
distance from the shaft to the station. As the error is 0.005 ft. in 5.00 ft., then by 
proportion: 

Error in station 8 _ 0.005 
1,365 5.00 

Error in station 8 = 1.37 ft. 

Or, the linear error in location of the station is equal to the distance of the station 
from the shaft, multiplied by the sine or tangent of the angular error, hence 

1,365 sin O'^OSW' = 1.37 ft. 

The preceding example illustrates how a relatively small error in the 
aiinement of the plumb lines may produce a station error of a magnitude 
that is of real importance if a connection is to be made with other workings. 



Fig. 29-5. Connecting surface and underground surveys. 

The coordinates of one of the plumb lines and the azimuth of the hon 
zontal line j oining them must be determined from the surface survey. When 
the transit is set up underground in the plane of the two plumb lines, the 
coordinates of the transit station may be found. Then the coordinates of 
other points in the underground traverse are determined in the ordinary 
way. 

In the case of a shallow and wide shaft not too much filled with timbering, 
it is sometimes possible to set two stations at the bottom of the shaft from 
a transit set up at the surface. The two stations will be in a plane of known 
azimuth, from which the underground survey can be oriented. As in other 
cases of very steep sights, the transit should be in excellent adjustment and 
should be leveled with great care. 

If it is possible, as is generally the case, the survey should he carried into 
at least two openings and should be closed vdthin the mine. This procedure 
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gives a check on the work. At each entrance the survey should preferably 
start from a line of known azimuth and location, thus reducing the errors 
of the calculated coordinates of all underground stations. 

Two Vertical Shafts, Another satisfactory method is sometimes used 
when two vertical shafts form the entrances to the mine. A single plumb 
line is suspended in each shaft. On the surface a traverse tied to or includ- 
ing a line of known azimuth is run between the two plumb lines, and the 
length and azimuth of the straight line connecting the two plumb lines are 
computed, as described in Art. 18*21. Underground a traverse is run from 
one plumb line to the other through the mine workings. 

A reference meridian is arbitrarily chosen for the underground traverse, 
from which the length and bearing of the closing course are computed, as 
in the surface traverse. 

The lengths of the two closing courses, surface and underground, should 
be equal. The bearings, however, will not agree by an amount equal to 
the angle between the surface reference meridian and the underground 
assumed meridian. The azimuths of the underground courses are now 
corrected to agree with the surface reference meridian, and the proper coordi- 
nates of the transit stations are computed. A disadvantage of this method 
is that the check afforded consists in comparing the computed lengths of 
the closing sides only. If in the underground traverse the error of closure 
should have its direction nearly perpendicular to the closing course, the 
length of the closing course would not be greatly affected and the error 
would not be detected. 

29‘11. Computations. From the length and vertical angle of each course 
the corresponding horizontal and vertical distances are computed. From 
the horizontal distance and azimuth of each course the latitude and depar- 
ture of that course are computed. The latitude, departure, and vertical 
distance for each course are the coordinate differences in a three-dimensional 
coordinate system. Such a system is very useful in all underground work. 
The three coordinates of each station are computed and are recorded for 
future use. Later extensions to the surveys, branch lines, etc., can then 
be fitted easily into the general scheme; and surveys and maps of different 
parts of the mine can be shown in proper relation to one another. 

For computing latitudes and departures from lengths and bearings, special 
tables called traverse tables are frequently used. Such tables are included 
in Ref. 4 at the end of Chap. 18. These tables give directly the latitude 
and departure corresponding to a given bearing angle and a given length of 
line. To be useful in the calculation of a transit survey, the table must 
give values for angles varying by single minutes. If values of latitude and 
departure for each minute of angle are given for distances 1, 2, 3, 4, 5, 6, 
7, 8, 9 along the traverse courses, then the value for any distance is found 
by simple addition, moving the decimal point as may be necessary. 


Si 



Fig, 29*6. Line for connection. 

This connection may be necessary for purposes of ventilation, drainage, or 
haulage of excavated material or to provide for the miners a second route 
out of the workings in case of accident. The connection is ordinarily in a 
straight line between two given points. The problem is to determine the 
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29*12. Field Notes and Office Records. On account of the dirt and 
water usually encountered underground, it is difficult to keep the notebook 
pages clean; and the ordinary field notebook soon becomes soiled and difficult 
to read. For this reason some form of loose-leaf field notebook is desirable 
in underground surveying. By placing a few loose leaves in a metal or 
heavy cardboard binder and using them underground for one day only, a 
more legible record is secured. 

The pages of the notebook should be numbered serially to guard against 
loss of pages, and should be bound into an office binder for filing. From 
the notes the latitudes, departures, and differences in elevation are com- 
puted; these are then recorded in a special book. The three coordinates of 
each point are also tabulated. 

The following form of record is convenient for the field notebook: 





Hor. 

Angle 

i 

H. P. 
+ or 

Vert. 

Angle 

Taped 

Dist. 


Sta. 


Description 
of F. S. point 


For the office book the same headings and the following additional head- 
ings are suggested: 


Calc. 

Vert. 

Hor, 

Diff. 

Lat. 

Dep. 

Total 

I 

Brg, 

Dist. 

DistI 

EL 

1 

Lat. 

Dep. 

EL 


29*13. To Give Line for a Connection. In mining operations it is fre- 
quently necessary to drive an opening or connection between more or less 
widely separated parts of existing workings, as between A and ^ fFig. 29*6). 


\\ 
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length, direction, and slope of this line in order that the work of driving the 
connection may be properly directed. 

Starting at one of the two given points as A, a transit traverse as ABODE 
is run through the existing workings to the other point E. The length, 
azimuth, and slope of the connecting line AE are then computed by the 
usual method for a traverse with one side of unknown length and direction 
(see Art. 18*21). From either or both of the given points A and E, a line 
of the computed azimuth and slope is laid off with a transit, and thus line 
and grade for the connection AE are established. As the work of tunneling 
progresses, additional line and grade points are set at frequent intervals. 
Also in order that the progress of the work may be determined, measure- 
ments of distance are taken from given points to heading. Usually the 
connection is driven from both ends. 

29*14. To Mark a Property Boundary Underground. This also is a 
problem in supplying the missing parts of a traverse. A survey is run from 
some point as A (Fig. 29*7), on the boundary line as marked on the surface, 

to some point as X, underground 
near the boundary. At A, the direc- 
tion of the boundary line AZ is ob- 
served, The problem is to ffnd the 
distance XZ, in a demred direcMon, 
from the underground point X to the 
vertical plane which defines the bound- 
ary. From the data of the survey the 
coordinates of A and X are available, 
hence the azimuth and horizontal 
length of the line connecting A and X 
may be computed, as explained in 
Art. 18*21. This line forms one side 
of a triangle, the other two sides of 
which are ZA on the boundary line and XZ the line of known direction 
from X to the boundary. The length AX and the direction of all three sides 
of the triangle being known, the distance XZ from X to the boundary is 
computed as explained in Art. 18*23. 

29*15. To Measure Difference in Elevation down a Vertical Shaft. This 
is best done by means of the steel tape. The elevation of a point at the 
mouth of the shaft having been determined by ordinary differential leveling, 
the distance is measured vertically to some convenient point further down, 
and so on to the other points. If the distance between working levels is 
less than one tape length, the points used are conveniently placed at the 
levels, and elevations from these points can be carried into the various 
parts of the mine. The points set in the shaft for this purpose should be 
marked by small nails driven into the shaft timbers, but more perma- 



Fia. 29*7. Property boundary under- 
ground. 
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nent points should be set in the various working levels to serve as bench 
marks. 

29*16. Ttinnel Surveys. Tunnel surveys are run for the purpose of 
directing the operations of tunneling between two or more given points, 
either below the ground or on the surface, as described in Art. 28* 1 1. Essen- 
tially the same process is followed in mining except that, if the tunnel is 
between two shafts, it is necessary to transfer elevation and direction down 
each shaft ; also, if the tunnel is on a slope, this slope is ordinarily established 
with sufficient precision by laying ofif the vertical angle. 

MmERAI/-LANB STOVEYINO 

29*17. Ordmary Subsurface Ownership. The result of the survey of 
the boundaries of a piece of ordinary land is a geometrical figure in a hori- 
zontal plane. The bounding lines are usually straight, although they may 
be curved. The map of the survey shows this geometrical figure on a plane 
surface representing the horizontal plane into which all the points of the 
figure are projected. 

The boundaries of land are marked on the surface of the earth by monu- 
ments, fenc®, or other objects; and ownership is often considered as applying 
to the surface only. But \vhen we think of the construction of a building 
and realize that no part of the structure may project over the property lines, 
or when we remember that similar limitations apply below the surface, or 
that wires entirely above the ground (supported by poles upon other prop- 
erty) may not run across propei'ty without permission of the owner, we 
realize that ownership of land implies owmvBhip.vnthin vertical planes through 
the boundaries. This is the rule which usually controls, unless specifically 
modified by laws as explained in the succeeding article. 

The owner of land may deed or grant to another person or to a corporation 
the ownership or rights above or below some specified elevation or level, 
as for the purpose of driving a tunnel perhaps many feet below the surface. 
Any such privilege, whether it is above or below ground, if it is distinct from 
ownership of the soil, is known as an easemeM. 

There may be a seam of coal underlying a certain piece of land. The 
owner of the land may sell to a mining company, operating below adjoining 
land, the right to mine the coal under his property. Such a sale may be 
for a lump sum, or the amount to be paid may be based upon the quantity 
of coal taken out. In the latter case it is necessary for the surveyor to 
establish underground the boundaries of the property in question, as pre- 
viously described, in order to make possible a measurement of the quantity 
of mineral removed. 

Where the rule of vertical planes applies, the surveys of mineral lands 
do not differ from other land surveys, except in so far as the shape or size 
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of the parcel or the character of the reference points to be used for the 
survey may be fixed by law. 

2948. Lode Claims. To encourage the development of mining, the 
United States Government has passed laws modifying in certain cases the 
usual rule of vertical planes and specifying the manner in which the person 
discovering a mineral vein or lode on government land may acquire title 
to the vein and thereby profit by his discovery. It is provided that a min- 
ing claim of specified maximum dimensions may be located on the surface, 
and that after certain requirements designed to prove the serious intent of 
the claimant have been satisfied, the United States Government will give 
the claimant a patent carrying a clear title to the land claimed, this title 
carrying ownership of the vein beneath. 

The Federal laws dealing with lode claims are based upon the concept of 
a relatively thin vein or lode, limited between surfaces that are essentially 
plane. According to the law, the claim is to be located along the outcrop 
of the vein (its intersection with the ground surface) and is limited to a 
maximum length of 1,500 ft. and to a maximum width of 600 ft. Any 
state may by law reduce, but not increase, these dimensions. The outcrop 
must cross the end lines but not the side lines. 

The ownership of a properly located lode claim carries with it ownership 
of the vein anywhere between vertical planes through the end lines. This 
holds even though the inclination of the vein from the vertical carries the 
vein underground beyond the side lines of the claim. The effect of this is 
to modify the usual rule of bounding vertical planes; the owmer of the claim 
on the outcrop owns the vein even if it passes beyond a vertical plane through 
either of the side lines of his claim. 

The end lines of the claim must be parallel straight lines, and the length 
of the claim must be measured along the center line of the claim. Except 
as limited above, the claim may be of any shape. 


/5W 


mo* 


Fig, 29-8. Kectangular claim. 

Special Cases. Figure 29*8 represents an ideal rectangular claim 1,500 by 
600 ft. D is the point of discovery, and the irregular line represents the 
outcrop of the vein, crossing the end lines but being everywhere between 
the side lines. The center line and each side line are 1,500 ft. long. The 
end lines are parallel straight lines each 600 ft. long. 

Figure 29*9 shows a four-sided trapezoidal claim, such as is sometimes 
necessary on account of the shape of adjoining properties. Again the center 
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line is 1,500 ft. long, but to secure the maximum width of 600 ft. between 
side lines, the length of each end line must be 600/sin 60° = 692.82 ft., or 
one half of this distance each way from the end of the center line. The 
60° angle was selected merely for illustration. The angle might, of course, 
have any value less than 90°, but the smaller the angle, the smaller will be 
the perpendicular distance between the end lines of the claim. 



Fig. 29<9. Trapezoidal claim. 


Occasionally the topography is such that one or more angles in the center 
line will be necessary if the outcrop is surely to be kept within the side lines 
throughout the length of the claim. Claims of this type, illustrated by 
Fig. 2940, are made necessary where an irregular ground surface gives a 
curved outcrop. This condition will be accentuated if the dip of the vein 
is relatively small. The lengths of the end lines are found by the method 
just described, and the distances from the points where the center line breaks 
to the corners opposite them are found as illustrated by the following 
example. 



Fig. 2940. Irregular claim, curved outcrop. 


Example: The side lines of a claim, as shown in Fig. 2940, lie parallel to the center 
line and 300 ft. from it. The center line deflects 20** at A. It is desired to locate 
points B and 0. Corners B and C will lie on the bisector of the large angle at Ay 
and four equal right triangles will be formed as shown. Solving one of these triangles 
gives the distances as follows: 

AB--=AC = — — — = 300 + 300 exsec low =304.63 ft. 
cos 10°00 

BD = BJS = Cf’ = oe = aio tan 10°00' = 52.90 ft. 
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The transit is now set up at -4, the proper angle is turned off, and points B and C 
are set. By measuring the lengths of the side lines from corner to corner and com- 
paring the meJisuremente with the computed lengths, the location of the corners is 
checked. 

2949. Field Work. In locating a mining claim to secure the maximum 
dimensions and area allowed by law, the following procedure is suggested: 

When the maximum allowable length of the center line of a claim is fixed, 
this line is so located as to follow the outcrop closely with as few breaks as 
practicable. The deflection angles are read at breaks in the center line, 
after establishing hubs at these points and at the two ends of the line. The 
sum of the various segments of the center line should be equal to the maxi- 
mum allowable length of the claim (as 1,500 ft.). The transit is set up at 
one end of the center line, the proper angle is turned from the center line, 
and the corners are set at the two ends of the end line. A similar procedure 
is followed at the other end of the claim and at breaks on the center line. 
By solution of the right triangles similar to those illustrated by the preced- 
ing examples, the direction and length of each line of the traverse bounding 
the claim are computed. Then as a check on the location, a traverse is 
run through the points forming the boundary. Such care in the location 
survey is not a legal requirement, but it is desirable from the point of view 
of the locator. 

The location survey may be made by the claimant or by someone employed 
by him. The final survey for patent must be made by a United States 
mineral surveyor, commissioned by the United States to do that work. 

29*20. Numerical Problems. 

1. A vein hjis a strike of N 10®15'W and a dip of 43°40'. What will be the bearing 
of a drift in the vein having a grade of 2 per cent? 

2. A vein hiis a strike of N27®30'E. A drift in the vein on a 3 per cent grade has 
a l>caring of N30“20'B. What is the dip of the vein? 

3. A transit has an auxiliary side telescope, the line of sight of which is offset 0.35 
ft. from that of the main telescope. In measuring a horizontal angle, the sights being 
taken with the side telescope to the right of the main telescope, the following measure- 
ments were taken: distance OA =* 47.32 ft.; distance OB ~ 268.3 ft.; angle AOB = 
1 35^42' (point B is to the right of point A), What is the corrected angle AOB? 

4. If the line of sight of a side telescope is inclined to that of the main telescope 
by an angle of 01', what error in azimuth will be introduced in measuring a horizontal 
angle between two points, if the sight to one is horizontal and to the other is inclined 
68*^? 85®? Disregard reduction to center. 

5. From a given station A, at the portal of a tunnel, both a tunnel traverse and a 
surface traverse are run, with results as follows: for the tunnel traverse, A to B, 
azimuth « 310°22', distance = 320.2 ft., vertical angle = 4"1°20'; B to breast, 
azimuth - 355°30', distance = 286.1 ft., vertical angle -+2®01'; for the surface 
traverse, A to C, azimuth = 24°41', distance 416.8 ft., vertical angle ===4-2®54'; 
and C to D, azimuth « 343°16', distance = 458.3 ft., vertical angle ~+18°16'. A 
vertical shaft is to t>e sunk at station D, and the breast of the tunnel is to be con- 
nected wdth the shaft by a drift having a 2 per cent grade. 
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(a) How deep must the shaft be? 

(d) What will be the azimuth of the drift? 

(c) What will be the slope distance? 

0. Given the traverse of the accompanying tabulation, compute the azimuth, 
length (slope distance), and vertical angle of a line to connect station 28 to station 32. 


j 

Station 

Object 

Azimuth 1 

Slope 

distance 

Vertical 

angle 

Object 

Height 
of inst. 

28 

22 i 

255°32' 

138.07 

-0°44' 

+4.92 

-1.09 

22 

28 

75°32' 




-4.92 

21 

253^04' 

167.48 

~0°53' 

+9.18 

21 

22 

73®04' 




-6.22 

31 

344^*58' 

115.78 

^80°32' 

+2.93 

31 

21 

164°58' 


* 


-6.78 

32 

73°32' 

304.02 


0.00 


7. Three bore-holes have been sunk to a vein of ore. The depth of these holes at 
the points B, and C, and the surface measurements connecting them, are as follows: 
elevation of surface at A 4,750, depth of hole « 3,500 ft.; at B, elevation = 4,920, 
depth = 2,860 ft.; at C, elevation = 4,790, depth - 2,080 ft.; azimuth of AC » 
60°22', distance — 1,320 ft.; azimuth of AB == 80°30'; azimuth of CB — 140*^^'. 
Required the strike and dip of this vein. 
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CHAPTER 30 



HYDROGRAPHIC SURVEYING AND FLOW MEASUREMENT 

by 

R. C. Sioane, late Professor of Civil Engineering, 

Ohio State University 

HYDROGRAPHIC SURVEYS 

30*1. General. Hydrographic surveys are those which are made in 
relation to any considerable body of water, such as a bay, harbor, lake, or 
river. These surveys are made for the purposes of (1) determination of 
channel depths for navigation, (2) determination of quantities of subaqueous 
excavation, (3) location of rocks, sand bars, lights, and buoys for navigation 
purposes, and (4) measurement of areas subject to scour or silting. In 
the ease of rivers, surveys are made for flood control, power development, 
navigation, water supply, and water storage. 

Since a certain amount of shore location is included in most hydrographic 
surveys, a single control survey is located on shore to serve both for sound- 
ings and for shore details. 

30*2. Horizontal Control. As in topographic surveying, the horizontal 
controi Is a series of connected lines whose azimuths and lengths have been 
determined. For rough work the control may be a stadia or plane-table 
traverse. More precise work requires a control run with transit and tape; 
and for extended surveys where great precision is required, the control is 
based upon a system of triangulation executed within the required limits 
of error. For planning a system of traverses or triangulation points, no 
definite rules can be given. Topography, relief, wooded areas, highways, 
and railroads are all features which fix the character of the control. Long, 
narrow rivers or inlets, with shore conditions favorable to traversing, are 
usually surveyed from a single traverse line on one shore. If the body of 
water is more than mile wide, it is more economical to traverse both 
shore lines and to connect the two traverses both in azimuth and in distance 
by frequent ties. Where the shore lines of rivers and lakes are obscured by 
woods and cannot be traversed economically, a system of triangulation is 
used. 

In addition to a measured base line at the beginning and end of the survey, 
check base lines are measured every 10 or 15 miles as the work progresses. 
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The control for large lakes and ocean shore lines consists of a network of 
connected triangles on shore. These are supplemented where necessary 
by traverse lines along the shore, connecting two or more triangulation 
stations. 

30*3. Vertical Control. A chain of bench marks is established to serve 
as a vertical control. These bench marks are near the shore line and are 
located at frequent intervals so that gages may be set conveniently. 

30*4:. Shore Details. Most hydrographic surveys require the location 
of all irregularities in shore line, all prominent features of topography and 
culture, and all lighthouses, buoys, etc., in order that these points may be 
used for references in range-line and sounding work. These details are 
best located by stadia or plane-table methods, which have been fully 
described in Chaps. 15 and 17. The shore line is located by a level party 
in much the same manner as any contour is traced. Points are marked 
only at changes in direction and are subsequently located by the stadia 
party. 

30*6. Establishing Datum. On some tidewater surveys it is necessary 
to establish a datum from tidal observations. To obtain most accurate 
results the observations must extend over a period of several years. How- 
ever, observations extending over one lunar month will give results satis- 
factory for all but the more precise surveys. The procedure is as follows: 

1. The gage is set where it is protected from rough wave action and where the water 
level is not influenced by local conditions, with the gage located in sufficient depth of 
water to give a definite gage reading at low tide. Various types of gages are described 
in Arts. 30*32 to 30*36. 

2. The zero of the gage is referred to a permanent bench mark on shore. 

3. The elevations of high and low w'ater are read daily for one lunar month. 

4. The mean of an equal number of high and low readings gives the approximate 
value of mean sea level 

5. When the gage reading for mean sea level is ohtmned, the proper elevation for 
the bench mark on shore is computed. 

30*6. Location of Soundings. The determination of the relief of the 
bottom of a body of water is made by soundings. The depth of the sound- 
ing is referred to water level at the time it is made and is corrected to the 
datum determined by the gage. Before the corrected soundings can be 
plotted on the map, their location with reference to the shore traverse is 
determined by one of the following methods: 

1. By taking soundings on a known range line and reading one angle either from a 
boat or from, a fixed point on shore (Art. 30*7). 

2. By rowing at a uniform rate along a known range line and taking soundings at 
equal intervals of time (Art. 30*8). 

3. By taking soundings from a boat at the intersections of known range lines (Art. 
30*9). 

4. By reading two angles simultaneously from two fixed points on shore (Art. 
30*10). 
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5. By taking readings with the transit and stadia (Art. 30*11). 

6. By taking soundings at known distances along a wire stretched between stations 
(Art. 30*12). 

7. By reading two angles from a boat to three fixed points on shore (Ait. 30*13) 
by means of the sextant (Arts. 30*14 and 30*16). 

The U.S. Coast and Geodetic Survey has developed a radio-acoustic 
method of position finding, and more recently a radio method called shoran 
(Refs. 1 and 2 at the end of this chapter). Briefly, shoran measures by 
electronic means the distance from the sounding ship to two or more fixed 
ground stations which return intensified radio signals sent out from the ship. 

30"7. Range Line and Angle Read from Shore. The range line may be 
fixed by two flags or signals on shore, or one flag on shore and a buoy set in 
position at some distance offshore. If buoys are used, they are located 
from the shore survey. The locations of all range signals must be known 
and plotted on the map before the locations of soundings can be plotted. 
Signals may be located by stadia, by transit and tape, or by triangulation. 

Signals defining a range line should be far enough apart to allow easy projection 
of the line across the water. The intersecting ray from the transit to the boat should 

cross the range line at an angle as near 90° as 
practicable. Figure 30*1 shows one method 
of laying off range lines adapted to a regular 
shore line. Irregular shore lines leave much 
to the ingenuity and experience of the engineer 
in selecting range lines to fit the particular 
work at hand. Bends in rivers and curved 
coast lines are more conveniently laid out by 
range lines radiating from some fixed point on 
shore, such as a flagstaff, church spire, or 
chimney. The fixed point should be sharply 
defined and plainly visible and should be at a 
sufficient distance from the shore line to make 
each range line approximately parallel to 
neighboring range lines. This method of ra- 
diating range lines reduces by one-half the 
number of flags needed on shore. If the range 
lines diverge too much Ixjfore reaching the 
opposite shore, a few range lin^ crossing the radial range lines are run to fill the 
existing gaps. 

A modification of this method is that in which an observer in the boat measures 
with a sextant the angle betw«5en the range line and a control station on shore. This 
nwxiification increases the amount of office work and generally has no advantage over 
reading the angle from shore. 

30*8. Range Line and Time Intervals- This method is generally used 
where extreme accuracy in determining the location of a sounding is not 
required. If the ends of the range lines are not marked with buoys whose 
locations have been determined, the first and last soundings are located by 
angle readings and the intermediate readings are interpolated according to 



Fig. 30* 1 . Range line« and one angle 
read from shore. 
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the time intervals. In still water where it is possible to row at a uniform 
speed, the time and space intervals will closely correspond. The boat should 
start at a sufficient distance back of the initial sounding to be traveling at a 
uniform rate when it reaches the beginning of the range line. The speed 
of the boat is then kept uniform and the soundings are taken and are plotted 
under the assumption that a distance along the range line is proportional 
to the time consumed in traveling that distance. This method is applicable 
only where the water is relatively still, the distance short, and the required 
accuracy low. 

30*9. Intersecting Range Lines. When the object of the survey is to 
determine changes, in the bottom due to scour or silt, or to determine the 
quantity of material removed by dredging, it is necessary to repeat the 
soundings at the same points. Fixed range lines are located on shore so 
that they intersect at approximately a right angle, and are permanently 
marked. The boat proceeds to the intersections and takes soundings as 
desired. The precision of the method depends upon the distance between 
intersecting range lines and upon the precision with which the points of 
intersection are located as soundings are taken. The system of range lines 
used must be adapted by the engineer to the topography of the shore and 
to the shape of the body of water. Rougher methods, such as a fixed 
range line and time intervals, are not sufficiently precise for work of this 
character. 

30*10. Two Angles Read from Shore. Two transits are set up at pre- 
viously determined points on the shore traverse or, more frequently, at 
instrument points selected to give good visibility and good intersections, 
which points are later tied to the shore traverse. The lines from the two 
transits to the sounding should intersect as nearly at a right angle as the 
location will permit. Each transitman orients his transit on a known 
azimuth line, unclamps the upper motion, and follows the sounding rod with 
the vertical cross-hair. When the sounding signal is given, both transitmen 
simultaneously observe and record the horizontal angle and time. The 
time of sounding is also taken by the recorder in the boat. 

Both transitmen should compare w-atches with the recorder twice daily, 
as sometimes this is the only means of identifying soundings when the transit- 
man misses an angle or incorrectly numbers a sounding. The transitmen 
should check the orientation of their instruments at frequent intervals during 
the day. 

This method is applicable where it is impossible to keep the boat on a 
fixed range, or where the shore topography is unsuitable to the laying out 
of a system of intersecting range lines. The method has the disadvantage 
of requiring two shore observers who frequently must move to new locations 
to secure good intersections. Work must be suspended while new locations 
are being occupied, and much time is lost in this way. 
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3041. Transit and Stadia. The stadia method is well adapted to smooth 
and shallow waters where the survey is made in connection with the topo- 
graphic mapping of shore lines. Using a heavy flat-bottom boat in quiet 
water, it is possible to read the stadia interval with the foot of the rod rest- 
ing on the bottom of the boat; however, if the water is but slightly rough, 
reading the stadia interval becomes both slow and uncertain. If the rod 
is long and suflSciently weighted to remain upright in the water, the same 
rod may be used both for sounding and for reading the stadia interval. 
The transit is set up near the water level to avoid reading vertical angles. 

The work proceeds in much the same manner as described under stadia 
surveying (Art. 15*15). At the instant the sounding is taken, the transit- 
man reads the rod interval and turns the vertical cross-hair on the sounding 
pole. The azimuth is read and recorded while the boat moves to the loca- 
tion of the next sounding. The main advantage of the stadia method is 
the ease and rapidity with which the soundings can be plotted with the polar 
protractor. This method is not suitable where soundings are taken far 
from shore. 


o markmji^ distance from zero station 



Fia. 30-2, Soundings from a marked wire or cable. 




^42. Distances along a Wire Stretched between Stations. On narrow 
channels which can be navigated by a boat, and where successive soundings 
on the same section are desirable, a single wire or wire cable is stretched 
across the channel as shown in Fig. 30*2 and is marked by metal tags at 
appropriate known distances along the wire from a reference point or zero 
station on shore, such as the plumb bob and stake shown at 0 + 00. When 
the wire has been disturbed and it is desired to repeat the soundings, the 
plumb bob Is again suspended at zero on the wire and the wire is adjusted 
until the bob is over the zero station. This is a very precise method but is 
much more expensive than locating the soundings by intersecting range 
lines. 


A variation of the method of measuring distances by means of wires is employed 
by the IJ.S. Coast and Geodetic Survey to measure the distances between buoys 
(Ref. 4 at the end of this chapter). One end of a coil of wire on the ship is passed 
over a calibrated sheave and anchored cither inshore or near a buoy as desired. The 
ship then travels along the line of buoys, and the length of wire paid out over the 
sheave is observed as each buoy is passed. The wire is not recovered. 
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3043. Two Angles Read from Boat. As eacli sounding is taken, two 
angles are simultaneously observed from the boat to three fixed points on 
shore whose relative positions are known, as illustrated by Fig. 30*3. This 
is an application of the three-point problem 
(see Arts. 16-30 and 17-14). In Fig. 30-3, 0 
and (f) are the angles read by the observer in 
the boat to the known points A, and C on 
shore. Since a boat is too unstable to support 
a transit, the angles are read with the sex- 
tant. Two angles are sufficient to locate a 
sounding unless the boat happens to be on the 
circumference of a circle passing through A, B, 
and <7, as shown in Fig. 17*12; in such a 
case the location of the sounding is indeter- Fig. 30-3. Two angles read 
minate. 

The precision of the location will vary with the relative location of the 
known points A, B, and C, as follows: 

1. If A, B, and C are in a straight line or if B is nearer the boat than A and C, 
the position is strong unless one of the angles d or is small. 

2. Extremely long sights will give small values for & or and the location will be 
weak. 

3. On long or short sights small angles should be avoided as they are difficult to 
plot and may give weak locations. 

4. The error in the plotted location of the point, duo to errors in plotting the angles, 
increases with the length of sight; and better results can be obtained with shorter 
sights. 

5. The precision of location is poor when the point occupied approaches the circle 
through the three fixed points. 

This method may be used in combination with the time-interval method 
with satisfactory results. The boat is rowed at a uniform rate and is kept 
approximately on a range line. About one third to one half of the sound- 
ings are located by two angles read with the sextant, depending upon the 
uniformity of the bottom. Soundings taken between sextant readings are 
plotted in proportion to the time intervals. This reduces the labor of plot- 
ting and speeds up the work of observing in the field. 

30*14. Sextant. The transit and other instruments used in land surveys 
are not adapted for use in a boat where the support is unstable. The sex- 
tant, shown in Fig. 30-4, is well suited to hydrographic work and has the 
added advantage of measuring angles in any plane. It is called a “sextant ’’ 
because its limb includes but one sixth of a circle. Although the arc is 
limited to 60®, the instrument will measure angles to 120®. It is the most 
precise hand instrument yet devised for measuring angles. It is used prin- 
cipally by navigators and surveyors for measuring angles from a boat, but 
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it is also employed ob exploratory, reconnaissance, and preliminary surveys 

on land. 

The theory of the sextant is based upon the optical principle that, if a 
ray of light undergoes two successive reflections in the same plane by two 
plane mirrors, the angle between the first and last direction of the ray is 
twice the angle between the mirrors. 


Fw 3, The sextant. 


The essential features of the sextant are illustrated in Fig. 30*5, with the 
instrument in position for measuring a horizontal angle FEL. An index 
mirror 1 is rigidly attached to a movable arm ID, which is fitted with a 
vernier, clamp, and tangent-screw, and which moves along the graduated 
arc AB. A second mirror H, called the horizon glass, having the lower half 
of the glass silvered and the upper half clear, is rigidly attached to the frame. 
A telescope E, also rigidly attached to the frame, points into the mirror iJ. 

With signals at L and F and the eye at E, it is desired to measure the 
angle FEL, The ray of light from signal L passes through the clear portion 
of glass H on through the telescope to the eye at E, The ray of light from 
signal F strikes the index mirror at I and is reflected to k and then through 
the telescope to E, Each set of rays forms its own image on its respective 
half of the objective. By moving the arm ID, these images may be made 
to move over one another and there will be one position in which they coin- 
cide. An observation with the sextant consists in bringing the two images 
into exact coincidence and reading the vernier on limb AB, 


To prove that angle FEL equals two times angle IDh, that is, the angle between 
the signals is equal to twice the angle between the mirrors: Draw IP and hp normal 
two mirrors, then the angles of incidence and reflection of the two mirrors are i 
i', respectively. By trigonometry 
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FEL-=FIh-IhE 

= 2i - 2i' 

- 

Also 

= (90° - F) - (90° ~ i) 

= i — i* 

Therefore, FEL (the angle between the objects) equals twice the angle IDh (the angle 
between the mirrors). 



3046. Adjustment of the Sextant. Following are the common adjust- 
ments of the sextant: 

1. To Make the Index Mirror Perpendicvlar to the Plane of the Sextant. Set the 
vernier arm at a reading near 30°, then ol^serve the image of the arc in the index 
mirror. If the index mirror is perpendicular to the plane of the sextant, the image 
in the mirror will appear to form a continuous curve with the visible portion of the 
arc appearing outside the glass. If the irnagt; appears above the arc, the mirror leans 
forward; if below, it leans backward. Correct by means of adjusting screw's provided 
for this purpose. Some instruments have no provision for this adjustment, in which 
case adjust by loosening the back screws and inserting thin paper shims l)e tween 
the mirror and the frame. 

2. To Make the Horizon Glass Perpendicular to the Plane of the Sextant. Sight the 
instrument on some clearly defined horizontal line such as the roof of a building. If 
the reflected image of this line as seen in the silvered portion of the horizon glass docs 
not coincide wnth the image as viewed thnmgh the clear portion, the horizon glass 
must be adjusted by tipping it backw'ard or forward as for the index mirror. This 
adjustment should be made after the a^ljustment of the index mirror. 

3. To Make the Horizon Glass Parallel to the Index Mirror When the Vernier Recuh 
Zero. After the first two adjustments are made, set the vernier to read zero. Sight 


HYDROGEAPHIC SURVEYING 


728 


[CH. 30 


through the telescope and the transparent portion of the horizon glass at a well-de- 
fined distant point. If the direct and reflected images coincide, the mirrors are paral- 
lel. If not, adjust the horizon glass until these images coincide. 

Modern instruments are fitted with an adjusting screw at the base of the horizon 
glass, but some of the older instruments have no provision for this adjustment, and 
an index error for the instrument must be determined. (For index error of transit, 
see Art. 13*17.) Sight on the distant point with the vernier clamped at zero, then 
bring the two images into coincidence by moving the index arm. The vernier will 
now read the index error w'hich is to be applied to all observed angles. 

4. To Make the Line of Sight of the Telescope Parallel to the Plane of the Sextant. 
The reticule of the telescope contains four wires which form a square near the center 
of the telescope. Set the instrument on a solid horizontal surface (as a table) about 
20 ft. from a wall, wnth the plane of the graduated arc in a horizontal position. Sight 
through the telescope, and on the wall set a mark that appears to be in the center of 
the square. Select two small blocks of wood of equal height such that when placed 
near the ends of the graduated limb their tops are very nearly in the same horizontal 
plane as the telescopic line of sight. Sight over these blocks and on the wall set a 
mark in the same vertical plane with the first mark. If the two marks thus estab- 
lished are within M in. of each other, the angular error is less than 2" and can be 
neglected. When this error is large enough to require adjustment, the adjustment 
is nmde by means of the screws on the telescope collar. Some sextants have no provi- 
sion for this adjustment. 

30* 16. Measuring Angles with the Sextant. The handle of the sextant 
is held in the right hand, and the plane of the arc is made to coincide with 
the plane of the two objects between wdiich the angle is to be measured. 
The sextant is turned in the plane of the objects until the left-hand object 
can be viewed through the telescope and the clear portion of the horizon 
glass. With the instrument held in this position, the index arm is moved 
with the left hand until the images of the two objects coincide. The final 
setting is made with the tangent-screw, and a test for coincidence is made by 
twisting the sextant slightly in the hand to make the reflected image move 
back and forth across the position of coincidence. When the setting is 
thus verified, the vernier is clamped and read. 

The po.ssible precision of angle measurement with the sextant depends 
upon the size of the angle and upon the length of sight. It is evident from 
Fig. 30-5 that the angle PEL actually measured has its vertex E not at the 
eye but at the intersection of the sight rays FE and LE from the flags. The 
distance to this intersection will increase as the angle decreases, and for 
small angles the vertex may be at a considerable distance back of the 
observer. Hence the sextant is not an instrument of precision for small 
angles (say, less than 16®) and short distances (say, less than 1,000 ft.). If 
objects sighted are at a great distance away, the angular error is usually 
small. 

Vertical angles can be measured with the sextant in a manner similar to that just 
descrilxid for horizontal angles. Most commonly the altitude of a celestial body is 
observed, as in navigation. The vertical angle between the body and the sea horizon 
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is measured and is corrected for dip, or angular distance of the observer above the 
horizon. On land, if the sea horizon is not visible, an artifiddl horizon is used; this 
consists of a horizontal reflecting surface, such as that of a small vessel of mercury, 
near the sextant. The vertical angle between the celestial body and its reflection in 
the artificial horizon is measured; this angle is twice the altitude of the body. 

30‘17. Equipment Used in Making Soundings. The speed and precision 
of making soundings depend greatly upon the character of the equipment 
used. The selection and testing of the instruments used are matters of 
importance. 

Sounding Rods. Up to depths of about 15 ft. and with low current veloc- 
ities, rods can be used to advantage. The rod is usually made in 4-ft, sec- 
tions for convenience in carrying and must be of sufficient thickness to with- 
stand the pressure of the current. The edges are usually rounded to give 
minimum resistance to the flowing water. The lower end is fitted with a 
metal shoe of sufficient weight to hold it upright in the water and with area 
enough to prevent its sinking into the mud or sand. Rods are ordinarily 
graduated on both sides to feet and tenths, the zero being at the bottom of 
the shoe. Since ii is difficult to hold the rod vertical in flowing water, often 
a long wire anchored upstream is attached to the lower end of the rod. 

Sounding Lines, Sounding lines may be of cotton, hemp cord, sash chain, 
piano wire, or small linked steel chain. To one end of the sounding line is 
attached a lead, and at intervals along the line are markers by means of 
which depths may be read. 

Cotton or hemp lines must be stretched before being used. This is done by drawing 
the rope tightly between two posts, wetting it, and allowing, it to dry. This operation 
is repeated several times. Finally the rope when wet is stretched taut and is then 
graduated, zero being at the bottom of the lead and each foot being marked with a 
piece of cloth drawn through the strands of the rope. The 6 and 10-ft. intervals are 
best marked with leather tags similar in shape to the notched brass tags used on the 
surveyor’s chain. The rope should be kept dry when not in use. It should be soaked 
in water for at least an hour before being used, in order to allow the rope to assume its 
tested length. 

Although brass sash chains and small linked steel chains do not stretch, the wear 
on the link surfaces is appreciable, and it is necessary frequently to compare them with 
a steel tape and to reset the 5 and 10-ft. markings. 

Another sounding line much used in government work is made of braided cotton 
with a phosphor-bronze stranded wire core. It is reliable, does not stretch appreci- 
ably, and does not require initial stretching as do cotton and hemp lines. 

Sounding Leads. The weights used with sounding lines vary from 3 to 
25 lb., depending upon the depth of water and the velocity of current. For 
streams of moderate depth a lO-lb. weight is usually heavy enough. 

Leads are usually made similar in shape to a window weight with a slight 
taper toward the top or “eye^^ end. They are circular in cross-section and 
three to four times as long as their average diameter. 
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Signals and Ranges. Signal masts are usually made of 4 by 4-m. timber 
painted white. They are firmly braced in an upright position and are fitted 
with flags of distinctive marking. Range poles may be either of 1 by 2-in. 
cross-section or round; they are fitted with an iron shoe. Marking and 
identification depend upon the particular work. If only a few ranges are 
used, colored flags may serve; otherwise the ranges should be marked by 
roman numerals reading up or down the pole. 

Where points marking the range are in shallow water, the range markers 
are usually 1 by 2-in. wooden poles, weighted at the bottom and held in a 
vertical position by means of guy wires. 

In deep water the range points are marked by buoys. Wooden buoys 
are made about 10 in. in diameter, tapered slightly toward the bottom. 
The length should be 2 to 3 ft. in tideless water and longer where tides are 
encountered. A hole is bored through the vertical axis of the buoy to 
accommodate a flagpole. To the lower end is fixed the anchor or weight 
line to hold the buoy in correct position. Where no tide exists, the buoy 
may be guyed in position; otherwise due allowance must be made for tides, 
wind, and current. 

30*18. Making the Soundings. If the depth is not more than 75 ft., the 
sounding is made without stopping the boat. The leadsman casts the lead 
forward far enough to allow it to reach bottom as the line comes into a 
vertical position. Where the current is so swift as to make this method 
impracticable, a line of soundings is taken by allowing the boat to drift 
with the current, the leadsman lifting the lead between soundings only 
enough to clear obstructions. Then the boat is rowed upstream, a second 
line of soundings is taken paralleling the first, and so on. Soundings in 
deep, still water are taken by stopping the boat for each sounding. 

The field record should show the locality, the date, the names of observers, 
the designation of range or line, the serial number of sounding in range, the 
time, the two angles if sextants are used, the points sighted on shore, the 
depth of each sounding, the gage reading for water level, and the error 
or correction of the sounding line. If the angles are read from shore, each 
transit man records the azimuth of the sounding, the time, the range and 
serial designation, and any other information which might be useful in 
identifying his notes with those of the other observers. 

Tide-gage readings are taken from the gage reader^s records and entered in 
the field notes at the end of each day’s work. The tide gage should be located 
as near the soundings as convenient and must be in the same tidal basin. 


Soundings are often taken to advantage when a lake or river is frozen over. Holes 
are bored in the ice with an ice auger. A marked sounding line to which is suspended 
a long narrow weight is lowered through the hole, and the depth is recorded. If the 
weather is not too severe, the soundings are best located by the transit-stadia method. 
In very severe weather the soundings are best located by intersecting range lines. 
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The U.S. Coast and Geodetic Survey makes *‘echo soundings’’ by means of a 
fathometer j an electrical device which sends out impulses from the bottom of the ship 
and permits observation of the time required for the impulses to travel to the bottom 
of the water and back. One type of fathometer is used for depths greater than about 
30 fathoms (180 ft.) and a more sensitive type for shoal soundings. Depths are 
recorded automatically. 

30* 19. Reducing Soundings to Datum. Before soundings can be plotted, 
they must be reduced to datum by subtracting (algebraically) from the 
sounding the corresponding gage correction. If it is necessary to make 
corrections for wind, current, or erroneous length of sounding line, they 
should be made at this time. 

30*20. Plotting the Soundings. With any combination of range lines 
and angles read from the shore the plotting is relatively simple. Stations 
marked by range poles and buoys as well as those occupied by the transit are 
tied to the shore traverse, and their locations are plotted on the map. This 
forms the control from which soundings are plotted. The lines connecting 
the range markers are drawn, and the intersecting transit lines are plotted 
with a polar protractor. 

Many ingenious methods, of which (1) and (2) below are examples, have been used 
in plotting soundings located by two angles read from the opposite ends of a base line 
on shore. 

1. Two Polar Protractors. Two polar protractors, 6 to 10 in. in diameter, are ori- 
ented over the instrument stations in position to plot true azimuths. One end of a 
silk thread is glued to the center of each protractor circle. Two operators are used. 
Each operator draws the thread taut over the azimuth reading on his protractor repre- 
senting the transit reading for that sounding. The two threads intersect at the 
plotted location of the sounding. 

A variation of the two-protractor method is to have the traverse plotted on trans- 
parent paper or cloth. One paper protractor has its radial lines marked in black 
ink and the other in colored ink, preferably red. The two protractors are placed 
under the tracing cloth and oriented in azimuth with their centers directly under the 
instrument stations. The protractor graduated in black may l>e white paixjr or cloth ; 
it is placed under the protractor graduated in red, which must be made of transparent 
material, preferably thin celluloid. The intersection of the black and red lines will 
locate the sounding when the two protractors are set at the azimuth readings of the 
two instruments. 

2. Two Tangent Protractors. If the angl^ are read directly by setting the transit 
circle at zero when sighted along the base line, the soundings may be plotted by the use 
of two tangent protractors. The natural tangent of each observed angle is recorded 
in the field notes opposite the observed angle. Two tangent protractors are placed 
over the plotted location of the transit points, with their zeros along the base line. 
When the movable arms of the protractors are set at the tangents of the angles read 
from the respective stations, their intersection will be the plotted location of the 
sounding. 

3. Tradng-cloth Method. When the sounding is to be located by sextant angles 
read from the boat, the tracing-cloth method is one of the best. Lay off the angles 0 
and <i> of Fig. 30*3, extending the rays OA, OB, and OC an indefinite length. Place 
the tracing cloth over the drawing and shift it until rays OA, OB, and OC pass through 
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the plotted locations of il, B, and C. The point 0 will then be directly over its loca- 
tion for plotting. 

4. Three-armed Protractor. Another method involves the use of the three-armed 
protractor. In this instrument the circle is graduated in both directions from 0° to 
360°. The middle or fixed arm is fastened permanently in position with its ruling 
edge fixed at zero on the protractor circle. The two movable arms are fitted with 
verniers, clamps, and tangent-screws and are placed one on each side of the fixed arm. 
The ruling edge passes through the setting of the vernier and the center of the protrac- 
tor circle. The angles 6 and 4> are set on the movable arms, and the ruling edges of 
the three arms are manipulated to pass through points A, B, and C. The center of 
the protractor is now over the correct location of the point, which may be marked 
through a small hole in the protractor plate. 

5. Plotting Charts. A graphic method of plotting soundings, developed by the 
U,S. Corps of Engineers, employs prepared plotting charts covering the working area 
(Ref. 3 at the end of this chapter). Two sextant angles are read from the boat to 
three signal stations ashore; the location is then plotted while the boat is progressing 
to the location of the next sounding. 

If the sounding is on or near the circumference of a circle passing through A, B, 
and C, methods 3 and 4 do not apply (Art. 17-14). 

30*21. Hydrographic Maps. A hydrographic map is similar to the ordi- 
nary topographic map but has its own particular symbols. These may be 
found in almost any book on topographic drawing or in the manual issued 
by the U.S. Coast and Geodetic Survey (Ref. 1 at the end of this chapter), 
(See also Arts. 6*12 and 6*13.) The amount and kind of information shown 
on a hydrographic map vary with the use of the map. A harbor map should 
show enough shore-line topography to locate and plan wharves, docks, ware- 
houses, roads, and streets along the water front. A navigation chart should 
show only shore details 'which are useful aids to navigation, such as church 
spires, smokestacks, towers, and similar landmarks. Maps of rivers should 
show both low- and high-water marks and all topography within the zone 
betw^een these marks. A hydrographic map should contain the following 
information: 

X. Datum used for elevations. 

2. High- and low-water lines. 

3. Soundings, usually in feet and tenths, with the decimal point occupying the 
exact plotted location of the point, 

4. Lines of equal depth interpolated from soundings. On navigation charts the in- 
terval for lines of equal depth is 1 fathom or 6 ft. These are shown by dot-and-dash 
or dot-and-space lines, the number of dots between dashes or spaces representing the 
number of fathoms of depth. For dredging rivers or harbors the interval is 1, 2, or 3 ft. 

5. Conventional signs for land features as on topographic maps. 

6. Lighthouses, navigation lights, buoys, etc., either shown by conventional signs 
or lettered on the map. 

Figure 30*6 is a portion of a typical hydrographic map of the U.S, Coast 
and Geodetic Survey. Soundings are shown in fathoms, referred to mean 
low water. Elevations of contours and high points on land are in feet above 
high water. 
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30*22. Sweep or Wire Drag. In harbors and inlets where the mean 
depth is only slightly greater than navigation requirements or where coral 
reefs and pinnacle rocks are likely to occur, there is no certainty that any 
system of sounding previously described will develop all the small areas 
dangerous to navigation. This defect has led to the introduction of the 
sweep or wire drag, which came into general use about the year 1900. Begin- 
ning with sweeps 200 to 1,000 ft. long, this method and its application have 
grown to the use of sweeps 10,000 to 15,000 ft. long with which it is possible 
to cover several square miles of area in a working day. The present wire 
drag used by the U.S. Coast and Geodetic Survey consists of a wire of suit- 
able length which may be set at any required depth. The wire is supported 
at this depth by means of buoys placed at intervals and connected to the 
drag wire by vertical wires of adjustable length. A sinker is attached to 
the lower end of each of these vertical wires to maintain the drag wire at 
even depth. Wooden subsurface floats are attached to the drag wire at 
100-ft. intervals, to prevent it from sagging between buoys. The drag is 
pulled through the water by two power launches steering slightly divergent 
courses to keep the drag taut. The resistance of the water causes the drag 
wire and the buoys to assume a parabolic curve so long as the wire meets 
with no obstruction. When an obstruction is met, the buoys assume the 
position of two straight lines intersecting over the obstruction. This spot 
when found is located by sextant observations to reference points on shore, 
and soundings are taken for the minimum depth. The point may then be 
plotted, and the dragging is resumed. This method makes it possible to mark 
and chart coast-line navigation lanes far in advance of more detailed surveys. 

30*23. Determination of Stream Slope. In all natural channels the 
slope for limited portions of the stream is a variable quantity. It not only 
varies at different stages but also varies for the same stage at different times 
if local channel conditions have been changed. Because of these variations, 
great care must be taken in the determination of stream slope and in its use 
in discharge formulas. For example, a slope determination for low stages 
would give results grossly in error for flood stages. For reliable results the 
slope determination should be made at or near the stage for which the 
discharge is desired. 

To determine surface slope, say, for a section 1,000 ft. long, a gage of the 
stilling-box type is installed on each side of the stream at each end of the 
section. The zeros of the gages are connected to permanent bench marks 
on shore. The gages are then read simultaneously every 10 to 15 rain, for 
6 to 8 hr. The mean of these readings at each end of the section determines 
the water elevation at that point in the stream. The difference in elevation 
between the ends of the section divided by the distance is the slope, usually 
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expressed as a fraction. A slope of 2 ft. per mile would be expressed as 

^'^Tte^surface slope incdcates the true slope only when the velocity of flow 
is uniform, a rare condition even in artificial channels. For precise meas- 
urement, the energy slope, which takes into account the velocity head at 
both ends of the reach, should be used. The energy slope is the rate of fal 
of the line joining the points at an elevation above the water surface equal 
to the velocity head. The area of the water prism at each end of the reach 
is developed, from which the velocities and the corresponding velocity heads 
are calculated and applied to the surface slope to determine the energy slope. 

Stream slopes for ordinary surveys are often taken by holding the stadia rod at 
watL level foTvarious points as the survey is in progress. Such a determination is 
useful for Lpping purposes but is unreliable for purposes of computing discharge. 

30-24. Measurement of Surface Currents. In harbors and inlets it is 
often desirable to know the direction and velocity of currents at all tidal 
stages. This is done by locating the path and computing the velocity of 
floats. The float is designed to give minimum wind resistance and to extend 
under water a sufficient depth to measure the current in question (see Art. 
SO-Sfll A length of 2 ft. is ordinarily used tor surface currents, while 20 ft. 
is about the maximum for deep currents. For greater depths a current 
meter is used. The float may be made of 2 by 

at the lower end. The top is approximately flush with the water surface, 
and to it is fitted a small red flag. As soon as the float attains the velocity 
of the current, it is located at regular time intervals with reference to fixed 
points on shore. It may be located by two angles read either from the shore 
or from a boat following the float, as previously described. From the time 

and distance measurements the velocity is computed. _ 

Another method of direct measurement is used by the U S. Coast and 
Geodetic Survey. A boat is anchored and its position is determined by 
sextant angles read to three known points on shore. A line 
10 13 ft. to represent tenths of knots in current velocity is attached te a 
float Time is taken at 60-sec. intervals by means of a stop watch, ihe 
float is set adrift, and the number of tag intervals of 10.13 ft. run out in 
60 sec. is recorded. One tenth of this number is the current velocity in 
knots, or nautical miles per hour. The nautical mile equals 6,080 2 ft. 

The direction of the current may be determined by sextant angles taken 
from the boat between known shore signals and the float. This information 
combined with the known distance from the anchored boat to the float will 
definitely fix its location. 

A rougher method sometimes used is to time the passage of a free float from one 
fixed range to anot her. The point at which the float cro^s the range may be Jolted 
by one angle read from the shore, and the distance may be scaled from the plotted lo- 

cation of the points. 
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30'26. Measurement of Dredged Material. Subaqueous surveys to be 
followed by dredging should be made by one of the methods by which sound- 
ings may be repeated at exactly the same location, that is, by intersecting 
ranges or by distances along a wire stretched on a fixed cross-section. 
Dredged material may be measured either in place or in scows. If in place, 
soundings on a fixed section are taken both before and after dredging, and 
the change in cross-sectional area is determined by calculation or by use 
of the planimeter. When this quantity has been determined for each section, 
the volume of excavation may be computed by the average-end-area method 
(see Art. lb 11). 

If the contract calls for payment by scow measurement, each scow is 
numbered and the capacity of each pocket of the scow is carefully deter- 
mined by mensuration. When the scow is filled to capacity, the inspector 
records a full measurement. If a pocket is not filled to capacity, the 
inspector measures the outage and deducts it from a scow measurement. 
When deck scows are used, the material is deposited on the deck in such 
shape that it can be conveniently measured and its volume computed. 

Excavated material in scows is sometimes measured by the amount of 
water displaced in loading. It is necessary to know the dimensions of the 
scow, the weight per unit volume of the water in which it floats, and the 
weight per unit volume of the dredged material. The length of the water 
line and the depth of immersion must be measured both empty and loaded. 
When these have been determined, the yardage may be calculated for a 
rectangular scow by the formula 


where C = load, in cubic yards 

V = length of longitudinal water line (empty), in feet 
I = length of longitudinal water line (loaded), in feet 
h = width of scow, in feet 
d' = depth of immersion (empty), in feet 
d = depth of immersion (loaded), in feet 
n == weight of 1 eu. ft. of water 
W — weight of 1 cu. yd. of dredged material 
For fresh water, n is taken as 62.4 lb. per cu. ft. For salt water, n is 
taken as 64.0 lb. per cu. ft. 

30* 26. Capacity of Existing Lakes or Reservoirs. The two general 
methods used in determining the capacity of existing lakes or reservoirs are 
the contour method and the cross-section method, 

1. Contour Method. The contour method gives more reliable results. 
A shore traverse is run from which the water line and the desired shore 
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topography are located by stadia. A sufficient number of soundings are 
thM^taLn by methods suited to the particular conditions surrounding the 
survey From the sounding elevations covering the immersed area, the 
subaqueous contours are plotted. The area enclosed by the water line and 
by each contour is determined by planimeter. The average of the enclosed 
areas at two consecutive contours multiplied by the contour interval or 
vertical distance between them gives the volume of water lying ween 
the two contours. The volume between the bottom contour and the 
deepest part is generally small and is either estimated or ^ 

sumTatiL of these partial volumes gives the 

reservoir. This volume is usually expressed in acre-feet, 1 acre-foot being 

^^i^CroJLtion Method. When only a moderate degree of precision is 
required, the cross-section method is used. The out me of the wa er surface 
isHound as in the contour method. The water outline is then plotted and 
divided into approximate trapezoids and triangles. The boundary lines 
between trapezoids or between trapezoids and triangles are on the sections 
which it is desired to measure. Soundings are taken on these sections by 
any suitable method of location. The perpendicukr distanc^ betwe^ 
sections and the altitudes of all triangles are determined by “easur^ 
ment. The sections are plotted on cross-section paper, and the end areas 
are determined by planimeter. The approximate volume is computed by 

Snow Surveys. In areas which for their water supply depend to 
a considerable degree upon melted snow from mountainous regions, the 
determination of the amount and distribution of the snowfall in 

forecasting the run-off of streams. This information permits proper regu- 
lation and distribution of water by irrigation and storage districts, public 
utilities, municipal districts, etc. The assumption is usually ^ 

the spring and summer run-off will be approximately proportional to the 
winter’s accumulation of snow, but more refined forecasts are made possible 
by comparing the data for a given year with the cumulative data of previous 
yLrs, which are taken as a normal (Ref. 5 at the end of this chapter). Snow 
Lrveys are made annually in most of the Rocky Mountain and Pacific 

Snow courses are established at key locations which are considered repre- 

sentative of the entire area. They are preferably located in the early winter 
when some snow has fallen. A typical course forming part of the survey 
for a given watershed is perhaps 1,000 ft. in length, with provision for meas- 
urement of the depth of snow at 50-ft. intervals. It is not necessarily 
straight throughout the length. The location is marked by poles or by 
boards nailed to trees, and a detailed record of the location and markings is 
kept. 
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Tlie depth and density of the snow are determined by means of a special 
sampling tube of metal, to Z in. in diameter, having at the lower end 
a toothed cutter for drilling through hard crusts or ice layers. The cutter 
and contents are weighed by means of a spring scale which is calibrated to 
read directly in inches of water. 

FLOW MEASUREMENT 

30-28. General. Discharge measurements of a stream are usually made 
in connection with problems of water supply, power development, and 
flood flow. The determination of flow in canals is an important part of 

discharge of a natural stream is a function of the rainfall upon its 
drainage area and the characteristics of that area, and may vary from zero 
n to violent and destructive floods. To procure an accurate knowledge 
nf stream flow requires regular observations extending over a period of 
vPHrs Much of this work has been done by the Water Resources Branch 
of the IJ S Geological Survey, cooperating with the individual states in a 
comprehiive study of our inland waters. The information thus collected 
is avails e to the public in the Water Supply Papers of the U.S. Geological 

Survey, Washington, D.C. , . „ . 

Discharge measurements are made for the following purposes. 

1 To determine a particular flow without regard to stage of stream. 

9 To determine flows for several definite gage readings throughout the range of 
■ r,rder to nlot a rating curve for the station. From this curve the discharge 
fm^^y subsequeirt ^riod is computed from the curve of water stage developed in 

to recording ga&e-or^uja ^eirs, or rating flumes. 

The three classes of studies are made with the same instruments and by 
the same methods except that observations extending over a long penod 
of time require the installation of some form of permanent pge. 

30-29 Discharge and Volume Units. Discharge is the rate at which the 
p». . glv.. Tk. uni., ol di.uh..8. .o„. 

monly employed are as follows. 

■ unit in mining and irrigation work. lUs 
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bead the discharge will be proportional to the area of the opening. For these reasons 
this unit of measurement should be discarded in favor of the more accurate and clearly 
defined units given above* 


The units of volume commonly employed are as follows: 


Acre-foot The quantity of water required to cover an acre 1 ft. deep; equal to 
43,560 cu. ft. ^ . 

Run-off in Inches, For any drainage area, the depth in inches to which the area 
would be covered if all the water flowin , from it in a given time were uniformly dis- 
tributed over the area. 


30‘30. Factors Controlling Discha/ge. The determination of the amount 
of water flowing past a given section in a given time is called a discharge 
measurement. The discharge unit is usually the second-foot, and the dis- 
charge rate is the product of two factors, the cross-sectional area and the 
mean forward velocity of the water in the section where the area is measured. 

The area of a given cross-section can be determined by methods described 
earlier in this chapter. Sufficient depth measurements should be taken to 
make the portion of stream-bed profile between any two measurements prac- 
tically a straight line. 

Mean velocity is difficult to determine precisely because it is a function 
of slope, shape and regularity of stream bed, straightness of channel, and 
many other factors which tend to cause cross and eddy currents in the water. 
As a rule, the more single measurements taken, the better the determination 
of mean velocity. 

Another factor affecting the value and precision of stream measurement 
is the choice of a gaging station. In locating a permanent gaging station, 
the engineer should select a site for, and secure as many as possible of, the 
following conditions: 


1. The general course of the stream for several hundred feet above and for some 
fiistaneti iHilow the si.‘ction should hd straight. 

2. The S(^ction should have a definite stream control, or pcirmanent obstruction, to 
insure that the relation between gage reading and flow remains constant and to main- 
tain a pool of water under the gage at low’ stages. 

.3. The vcdocity of the anticipated minimum flow’ should be great enough to be 
recorded correctly by the type of meter it is intended to use. 

4. The stream bed should be smooth and permanent but preferably not stony. 

5. Banks should be }>ermanent, high enough to contain floods, and clear of brush. 

6. The station should be so located that bridges, dams, or other works will not 
affect the reliability of gage readings. 

7. The section should not be near the junction with another stream. 

8. Conditions should Ix) such that a permanent gage may easily be installed. 


30*31. Selecting the Control for Gaging. One of the most important 
conditions of a permanent gaging station is the control for gaging. There 
are tw’o controls, one for low water and one for high water. 

The low-water control is usually an outcropping rock ledge, a bar of loose 
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rnck or a gravel bar extending entirely across the stream. The purpose 
nf the control is to produce, for any given discharge, gage readings which 
sre always the same. There is thus maintained a pool of water under the 
LeU 111 stages, and the gage readii^ for zero discharge is always the 
Lme. Where a natural low- water control does not exist, an artificial contro 
of concrete or masonry. 

' The high-water control is usually the stretch of channel below the gage. 
At flood stages the water rises high enough to overtop small obstructions, 
and the channel serves the same purpose as the ledge or bar. 

A tight dam gives the best control for all stages, and ga^ng station 
axe hequently located at such points. After a number of high and low 
readings have been taken, the dam may be rated as a weir (Art. 30 73 ). 

The gage height at which the last trickle of water is flowing over th 
control, toown as the height of zero fUm, is found by wading over 
and t.aHnp- a level reading on the lowest pass through it. Knowing the gage 
hSSrwiir level and\he lowest elevation on the control, the gage read- 

“lo-SS^^wSl-staS'^Registers. A water-stage register is a 
will indicate the elevation of the water ™ 

datum The zero of the gage should be so set that the reading 
be negative. There are three general types of gages: staff, chain, and au - 
maiic or recording gages, as described in the foUowing articles. 



30-33. Staff Gages. A direct staff gage may be either vertical or 
Tt is made of a wooden post or board fastened solidly in posi ion, * 
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directly on the wood, or a metal strip previously graduated is fastened to 
the face of the post. A staff gage used in lake or harbor work is generally 
enclosed in a stilling box (Fig. 30*7). The stilling box should be approxi- 
mately 4 by 4 ft. in plan and of sufficient depth to be operative at all stages. 
The water enters the stilling box through a pipe (usually 4 or 6 in. in diam- 
eter) fitted with a screen at the outer end. 

It is often desirable to have the zero of the gage placed at some convenient 
distance above the water. This relation is accomplished by fitting a float 
to the bottom of a graduated staff which is free to move up or down as the 
water rises or falls in the stilling box. The rod is so graduated that an 
index at the top of the box will read zero at minimum flow and will increase 
as the water rises in the box. This type of gage, known as the indirect staff 
gage, is often used in power houses or similar locations where reading an 
exposed staff gage is impracticable. Figure 30*7 illustrates its use. 



Fig. 30‘8. Chain gage. 


30*34- Chain Gage. The chain gage consists of a steel or brass chain 
with a weight (usually 12 lb.) suspended at one end (see Fig. 30*8). The 
chain is marked with rivets at intervals (usually 5 ft.) and runs over a pulley 
at one end of the gage box in which a horizontal board forms a scale grad- 
uated in feet and tenths. The weight is let dowm until it just touches the 
water surface, and the end of the chain is read on the scale. A chain gage 
is usually mounted on a bridge, but may be set up on the stream bank with 
the pulley end over the water. 

30*35. Recording Tide and River Gages. A recording gage is placed in 
a gage house where it is protected from the elements, insects, and the public. 
Connection with the water is established by a pipe into the gage pit. A 
copper float attached to the gage rests on the water and moves up or down 
as the water level rises or falls. 

With one type, the float record is marked on a specially ruled coordinate 
paper by a pencil suitably connected to the float (Fig. 30-9). The paper 
is mounted on a revolving drum which is actuated by clockwork and is 
changed weekly when the clock is wound. The recorded graph shows the 
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relation between water-level elevation and time. Some recording gages 
print the gage reading directly on a sheet of paper at regular intervals of 
time by means of an intermittent printing device. Their main features of 
operation are essentially the same. Figure 30*9 shows a type of recording 
gage which is in common use. Figure 30- 10 shows the assembly and method 
of installation. 


Fig. 30‘9. Recording gage. 

30*36. Hook Gage. The hook gage shown in Fig, 30-11 is used for pre- 
cise measurement of the head of water flowing over a weir (Art. 30-67), gen- 
erally for refined work of short duration. The gage is installed in a stilling 
box at any convenient point near the weir, the water being conveyed to the 
box by a pipe. The water in the box being at rest, its surface indicates the 
precise water level above the weir. 

To measure the depth of water flowing over the weir, the level of the crest 
is determined with a leveling instrument, and this elevation is transferred 
to a mark on the inside of the gage box. The gage scale is set to read zero, 
and the gage is fastened to the side of the box by means of two screws through 
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ttie slots shown in the illustration, so that the point of the hook is at the 
same elevation as the mark. The point of the hook will now be under water 
and level with the crest of the weir. The depth of water flowing over the 
weir is the distance from the point of the hook in this position to the exact 
surface of the water. 

To read the gage, the hook is raised until it pierces the surface; it is then 
clamped in position, and by means of the slow-motion screw its height is 
adjusted until the water surface shows no distortion. 

This position, which gives the exact elevation of the fra 

water surface, is then read on the vernier to thou- ihg 

sandths of feet. An advantage of this gage is that I g 

after the zero positions have been found it can be tl 

carried from one weir to another, and thus duplication I ^ 

of installations may be avoided. ILa 


I 













Viji. 30-10. Typical current-meter gaging station. 


Fig. 30- 11. Hook gage. 


30*37. Measuring the Cross-section. The cross-section of the stream 
is preferul'ly measured at low water. Starting above high-water level, a 
profile o; both hanks, and of the water section as far as wading is possible, 
is secured ])y leveling. The remaining submerged section is taken by 
soundings referred to water level. The distance between soundings depends 
upon the width of stream, the shape of stream bed, and the accuracy desired. 
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As a general rule, no less than 15 soundings should be taken, with a mini- 
mum distance between soundings of 1 ft. Enough care must be taken to 
assure the observer that the profile between soundings is approximately a 
straight line. 

The precision with which measurements should be made varies with the 
depth, the material of the stream bed, and the method used to determine 
current velocity. Soundings are usually observed to the nearest tenth of 
a foot. It is obvious that a given error of measurement is proportionally 
much larger in a 2-ft. than in a 20-ft. sounding. Since the percentage of 
error is likely to be greater in shallow streams, the observer in fixing the 
closest reading unit should keep in mind the error in cross-sectional area 
rather than the single error in depth. 

30*38. Instruments for Measuring Current Velocity. Current velocities 
are commonly determined either by the use of floats or by the use of a 
current meter, of which there are several types. These instruments and 
methods will now be described in detail. 

30*39. Floats. The three common types of floats used in measuring 
stream velocity are surface, subsurface, and rod floats. 

1. Surface Float. The surface float is designed to measure surface 
velocities and should be made light in weight and of such a shape as to ofler 



the least resistance to floating debris, ripples, eddy currents, wind, and 
other extraneous forces. Figure 30*12 illustrates a type of surface float 
which is easily made in any sheet-metal shop and which gives reliable results. 
Improvised floats of jugs, bottles, rounded blocks of wood, etc. are often 
used where nothing better is available. 

The use of surface floats is the quickest and most economical method of measuring 
stream velocity, but owing to the effects of wind and cross currents the results may be 
considerably in error. Since the surface float measures the velocity of water filaments 
close to the surface, the observed velocity must be multiplied by a coefficient to reduce 
it to the mean velocity for any particular stream. Unless this coefficient is carefully 
determined by current meter, accurate results cannot be obtained. Since the value 
of the coefficient varies greatly, the use of a general coefficient is likely to lead to large 
errors. The surface float is, therefore, used principally in reconnaissance work, in 
locating gaging stations, or in measuring flood velocities. 
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2. Subsurface Float. This is sometimes called the double float (see Fig. 
30* 13). It consists of a small surface float from which is suspended a second 
float slightly heavier than water. The connecting cord is light, strong, and 
adjustable to any desired depth. The submerged float is a hollow cylinder, 
thus offering the same lateral resistance in all directions and the minimum 
vertical resistance to rising currents. It should have stability of flotation 
in an upright position and should be weighted just enough to keep the cord 
taut and to resist upward eddies. 







Fio. 30*13. Subsurface float. 

This float gives more reliable imilts than the surface float because it is less affected 
by wind and eddy currents. It has the same disadvantage as the surface float in 
that it measures the velocity of a definite filament of water only; but it can be set at a 
depth near which the average or mean velocity is likely to occur. Wind resistance, 
crass currents, and the drag of the cord through the water affect the accuracy of re- 
sults, but to a leas degree than in measurements made by surface floats. The two 
main objections to subsurface floats are the uncertainty as to w^hether the cord is ver- 
tical and the modifying effect of the surface float. 

3. Rod Float. The rod float is usually a cylindrical tube of tin, copper, 
or brass, 1 or 2 in. in diameter. The tube is sealed at the bottom and is 
weighted with shot until it will float in an upright position with 2 to 6 in. 
projecting above the surface of ^ihe water. A short section of bamboo 
fishing rod weighted with mercury is also used; this can be made to float 
with but H In* showing above water. Its glazed surface prevents absorp- 
tion of water. A wooden rod is sometimes used but is inconvenient to 
adjust with the proper weight. 
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The length of the rod should be adjusted to just clear obstructions in the 
stream bed. This length is usually slightly greater than 0.9 of the depth. 
The rod integrates the velocity in a vertical plane, and were it possible to 
extend the rod to the full depth of the stream a very close value for the 
mean velocity in the vertical plane would be obtained. The velocity at 
the bottom of the stream is considerably less than the mean velocity. Since 
the lowest 0.1 of the current does not act on the rod and its retarding effect 
is lost, velocities secured by rod floats are slightly greater than the actual 
mean velocities. The percentage of error varies with the depth of immersion 
and with the shape of the channel. 



Fig. 30-14. Measuring velocity by means of floats. 


30-40. Method of Making Float Measurements. Figure 30*14 illus- 
trates the usual method of measuring stream velocities by means of floats. 
Two parallel sections AB and CD are established 200 to 300 ft. apart, and 
the base line AC is measured. The party consists of two transitmen, a 
timekeeper, and two men to release and recover the floats. A float is 
released at E, 50 to 100 ft. above section AB. The transitman at A, with 
vernier set at zero, sights at flag B. The transitman at 0, with vernier 
clamped at zero, follows float E. As the float approaches section AB, the 
timekeeper calls “get ready and the transitman at C keeps the vertical 
cross-hair on the float by means of the lower tangent-screw until the transit- 
man at A calls “tick"’ as the float passes section AB. 

The transitman at C then clamps the lower plate, turns the line of sight 
to flag D, and reads the angle 6. The transitman at A then follows the 
float until the timekeeper again gives the “get ready'' signal, and by means 
of the upper tangent-screw keeps the vertical cross-hair on the float until 
the transitman at C calls “tick." The angle 4> is read, and the time of 
float between sections is recorded. 

The sections, base line, and angles are then plotted, and the path of the 
float is either scaled or computed. The distance divided by the time gives 
the mean velocity of the float. 
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In some cases, the passage of the float is timed over a measured reach, 
and the distance of the float from the shore is measured at the mid-point 
of the reach; this value is taken as the average. 

30*41. Current Meters. Stream velocity may be measured indirectly 
by means of a current meter. The essential parts of a current meter are: 

1. A wheel fitted with cups or vanes so that the impact of the flowing 
water causes the wheel to revolve. 

2. A counting device to indicate or record the number of revolutions of 
the wheel. 

There are two general classes of revolving current meters. The first 
class, represented by the Price meter (see Figs. 30*15 and 30*22), has the 
axis of rotation normal to the direction of stream flow, and the wlieel is 
fitted with conical cup-shaped vanes. The rotation is due to the difference 
in pressure on the opposite sides of the cups. The second class has the axis 
of rotation parallel to the direction of stream flow and a wheel with spiral 

or helicoidal-shaped vanes, and the 
rotation of the wheel is due to the di- 
^ rect impulse and pressure of the water 

X upon the vanes. Two examples of this 

1 1 M 1 type, the Haskell and the Fteley meters, 

¥ A are shown in Figs. 30*16 and 30*17, 

^ recording or indicating device is 
necessary for determining the number 
|| I of revolutions of the wheel. Various 

y devices operated on the mechanical, 

f electrical, or acoustical principle are 

J used for this purpose. The telephone 
receiver and the acoustical indicator 
I are the most satisfactory in general 

y ^ practice because they enable the oper- 

ator to detect any irregularities caused 
/' — " " \ by trouble with the meter or the elec- 

trical circuit. A stop watch is neces- 
® sary for the proper timing of the 

observations. 

30*42. Price Meter, This meter, 
C \ 4i developed largely by the U.S. Geo- 

^ logical Survey, is used in the major 

PiQ. 30-15. Price meter mounted with part of the work of the Survey The 

cable and weight. meter consists of a wheel made with 

six conical cups fastened to a vertical 
shaft as shown in Figs, 30*15 and 30*22. The upper end of the cup shaft 
is fitted with either a worm gear or an eccentric that passes into the cylin- 
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drical contact chamber. This chamber contains a mechanism for making 
mechanical or, more commonly, electrical contact which indicates by a 
click either each revolution or each fifth revolution. The mechanism for 
indicating each fifth revolution, called the penta-count, is used for velocities 
above about 6 ft. per second, since for higher velocities the ear is unable to 
distinguish the separate clicks for each single revolution. 

To the yoke which holds the cup wheel in place is attached a vane or 
tail to hold the meter heading into the current. A vertical stem to support 
the weight and to supply a connection to the cable by which the meter is 
suspended is also attached to the yoke (Fig. 30*15). This type of meter 
is also equipped for use with a graduated wading rod which is held in the 
hands of the observer, in which case the weight is not used (Fig. 30*22). 

30*43. Ellis Meter. In its principle of construction the Ellis meter is 
similar to the Price meter. It has a cupped wheel mounted on a vertical 
shaft with an acoustical chamber at the top of the vertical shaft. The 
wheel is surrounded by a shield or cage to prevent weeds or debris from 
damaging the cups. The meter is supported by a rod and swings in a 
gimbal mount. The weight is fastened to the lower end of the rod. The 
tail is composed of four vanes fastened to the end of the frame opposite the 
wheel. 


Fig. 30>16. Haskell current meter. 

30*44. Haskell Meter. The Haskell meter (Fig. 30*16) has its axis of 
revolution horizontal (parallel to the direction of stream flow) and is fitted 
with a conical-shaped screw propeller wheel designed to operate by direct 
pressure of the current. The meter is supported by a cable and is mounted 
on gimbals. It is fitted with a recording device and four exceptionally large 
vanes. It has been used extensively in the gaging of large, deep rivers. 

30*45. Eteley Meter. The Fteley meter (Fig. 30*17) consists of a wheel 
having a number of helicoidal-shaped blades mounted on a horizontal axis 
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(parallel to the direction of stream flow). The periphery of the wheel is 
protected by a thin rim of width equal to that of the blades. The rim 
strengthens the blades, protects them from grass and floating debris, and 

is intended to reduce the errors due 
to cross currents; however, its value 
with regard to the last feature has 
been questioned. The bearings of the 
axis are of a noncorrosive metal hav- 
ing a low coefficient of friction. One 
end of the axis is connected by gears 
to the counting device, which may be 
either acoustical or electrical. This 
meter is manufactured to be used in 
connection with a measuring rod in 
the hands of the observer and is not 
equipped for cable measurements. It 
is therefore not suitable for deep 
streams or high velocities. 

30*46. Hoff Meter. This meter 
(Fig. 30*18) has its axis of revolution 
horizontal (parallel to the direction of 
stream flow) and is fitted with a rubber 
propeller having either three or four 
blades, according to the type of meter 
desired. The propeller with three in- 
clined blades is used for measurements 
at high velocities, and the propeller 
Fig. 30-17. Ftel^ current meter. with four straight blades is used for low 

velocities. The Hoff meter has been 
used extensively, especially in California and neighboring states. Its chief 
characteristics are as follows: 

1. Tht- rubber propeller is but little heavier than water and should give less bearing 
friction and respond more readily to changes in the velocity of the water than all- 
nuitiii propellers. 

2. fflie flexible rubber propeller is not so liable to injury from floating debris as a 
propeller fitted with metal blades. Grass and moss do not wind around the shaft as 
on cup meters. 

3. Tiie blades are so designed that the forces which cause the propeller to revolve 
are d(u-ived solely from the axial components of the downstream currents. 

4. It is adapted to low, medium, and high velocities as shown by its rating 
curve. 

5. By shifting a gear in the contact head, the operator may cause the meter to 
indicate at will each single, each fifth, or each tenth revolution. For a given velocity 
of water, the propeller of the Hoff meter turns more than twice as fast as that of the 
Price meter. 
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3047. Meter Supports. The meter may be supported on a rod either 
(1) by suspending the meter from the end of the rod and holding the rod 
in the hands or clamping the rod to some support, or (2) by clamping the 
meter to an upright graduated rod, with the meter fitted to slide up or down 
the rod. The U.S. Geological Survey uses the latter type fitted with an 
auxiliary rod to hold the meter in place. This type can be used without 
lifting the supporting rod out of the water. 


Fig. 30-18. Hoff current meter. 


The requirements for a cable support are (1) sufficient strength to support 
the meter and weight, (2) small cross-section to minimize water resistance, 
(3) insulation against short circuits in the indicating device, (4) toughness 
and flexibility to withstand hard usage. The cable may be graduated, but 
because of cable stretch the measurements are usually referred to an index 
point and the distance to this point is measured by scale or tape. 

3048 . Rating Current Meters. The object of rating a current meter is 
to make possible the calculation of the rate of flow from the observed number 
of revolutions of the wheel in a known interval of time. The current meter 
does not measure velocities directly but indicates the number of wheel revolu- 
tions per unit of time. The standard method of rating a meter consists in 
towing it through a body of still water for a known distance at various known 
velocities and counting the number of revolutions of the wheel. Usually 
the meter is attached to a small car which is driven along a level track beside 
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the rating flume or channel. It may be suspended from a suitably propelled 
boat, although the car is to be preferred because of water disturbance caused 
by the boat. 

The velocities at which the meter is moved through the water should cover a range 
from the lowest velocity at w^hich the wheel will rotate to the maximum flood velocity. 
The length and cross-section of the flume or channel of still water in which the meter 
is rated are important factors in the accuracy of the rating. The measured course 
over which the timing is done should be at least 100 ft. long with about 30 ft. allowed 
at each end for bringing the car to a uniform speed at the start and to avoid bringing 
the meter wheel to an abrupt stop at the end. Longer courses permitting a timed run 
of 200 to 400 ft. are to be preferred. The water channel should be of a depth to allow 
complete immersion of the meter assembly and wide enough to prevent disturbance 
due to wave action caused by the meter. General practice has fixed a channel 5 ft. 
wide by 5 ft. deep as about the minimum size that will assure a correct rating. 

Other factors which influence the rating curve are the method of supporting the 
meter and the size and position of the weight. Meters usually indicate a higher 
velocity when supported by a cable than when supported by a rod. The percentage 
of this difference is a maximum at low velocities and decreases as the velocity in- 
creases. Observations indicate that variations in position and size of weight are 
productive of slight variations in rating coefficient and that the value of the coefficient 
is more nearly uniform when the weight is suspended below the meter than when 
placed above it. 

When in constant use, a meter should have a check rating yearly. Meter 
ratings should be made at a properly equipped rating station. 

The follow'ing is a partial list of well-equipped rating stations; (1) National Bureau 
of Standards, Chevy Chase, Md., (2) Colorado Agricultural College, Fort Collins, 
Colo., (3) Cornell University, Ithaca, N.Y., (4) Irrigation Branch, Department of 
Interior, Calgary, Alberta, Canada, (5) Rensselaer Polytechnic Institute, Troy, N.Y., 
(6) University of California, Berkeley, Calif., (7) University of Michigan, Ann Arbor, 
Mich., (8) University of Toronto, Toronto, Ontario, Canada, and (9) Worcester 
Polytechnic Institute, Worcester, Mass. 

The rating station of the National Bureau of Standards at Chevy Chase, Md., 
near Washington, D.C., has a 6 by 6-ft. channel 400 ft. long made of reinforced con- 
crete. The rating car is driven by a constant-speed motor; however, the velocity of 
the car is computed from the time and the distance traveled. Eight to ten double 
runs are made at velocities of 0.5 to 7.5 ft. ptT second, which cover the desirable range 
fur average conditions of current-meter measurement. The average of the two 
values obtained by each double run is used to determine each of the individual points 
on the rating curve. The number of revolutions of the meter wheel is recorded 
electrically. An electrical distance recorder is placed in circuit with the meter wheel 
so that the exact distance for a given number of revolutions of the wheel is obtained. 
The time is taken by a stop watch, which is also started and stopped by an electrical 
control. 

30*49. Meter Rating Curves, Several factors such as bearing friction, 
slip of the blades, inertia, retarding effect of the water, position of the weight, 
etc., influence the relation between the speed of the wheel and the velocity 
of the rating car. Wtere it not for the foregoing factors, this relation would 
be a constant f(.)r all velocities, and the rating curve would be a straight line. 
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However, the effect of these factors diminishes proportionately as th.e veloc- 
ities increase so that the resulting curve is essentially a straight line, except 
for low velocities. For this reason two rating curves are made, one for low 
and one for high velocities (Fig. 30-19). In either case the curve will not 
pass exactly through the origin of coordinates but will cross the axis of 
velocities at the point where the wheel has overcome the retarding factors 
and begins to revolve. This point is usually in the neighborhood of 0.1 
to 0.2 ft. per second. However, the straight portion of the curve when pro- 
longed may pass through the origin (Fig. 30*19). 


DEPARTMENT OF Tf€ INTERIOR 



Fig. 30*19. Meter rating curve. 

The velocities in feet per second are plotted as abscissas and the revolu- 
tions of the wheel per second as ordinates; and a mean curve is drawn through 
the plotted points. The scale should be relatively large for a close deter- 
mination. Figure 30-19 shows a rating curve for a Price meter. Either 
a velocity table may be prepared from such a curve or the curve may be used 
directly to reduce wheel revolutions per second to velocity in feet per second. 

Because of its simplicity and the small error introduced by its use, the 
equation of the rating curve is taken as that of a straight line for all ordinary 
meter work. The form of the equation is F = aJS *+■ 6 where V is the 
velocity of the water and R the revolutions of the wheel per second. The 
coefhcient a is the ratio of the revolutions per second to the velocity in feet 
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per second. The constant h represents the velocity that will just overcome 
the retarding effect of the factors mentioned above. This is sometimes called 
the observational equation because the constants a and b may be determined 
by substituting values of V and R taken from the observer’s field notes and 
by solving simultaneously any two equations that may be set up. 

30*50. Velocity Measurements. The velocity desired in discharge 
measurements is the mean horizontal velocity in a vertical line at the meas- 
uring point. The methods commonly used for determining this value are 
(1) vertical- velocity-curve method, (2) two-tenths and eight-tenths method, 
(3) six-tenths method, (4) integration method, and (5) subsurface method. 
These methods are described in the following articles. 

30*61. Vertical-velocity-curve Method. Measurements of horizontal 
velocity are made at 0.5 ft. beneath the surface and at each tenth of the 
depth from the surface to as near the bed of the stream as the meter will 
operate. If the stream is relatively shallow, measurements are taken at 
each one fifth of the depth. These measured velocities are plotted as 
abscissas and the respective depths as ordinates. A smooth curve drawn 
through the plotted points defines for a given vertical line the vertical velocity 
curve, which shows the velocity at each point in the vertical. The area under 
the curve (bounded by the velocity curve, the top and bottom ordinates, 
and the vertical axis) is equal to the product of the mean velocity and the 
total depth in that vertical line. The area may be determined either by 
planimeter or by Simpson’s One-third Eule (Art. 19T1), and may be multi- 
plied by the interval between measurements to determine the flow for that 
vertical strip of the cross-section. The sum of the flows for the individual 
strips is the total quantity Q for the stream at that cross-section. 

The vertical-velocity-curve method is the most precise means of deter- 
mining mean velocities but requires too much time for general use. It is 
valuable as a basis of comparison with other methods, for measurements 
under ice, for determining a coefficient for the subsurface method, and for 
unusual conditions of flow. 

S0*52. Two-tenths and Eight-tenths Method. Observations are made 
in the vertical at two points only, at 0.2 and 0.8 total depth measured down- 
ward from the water surface. The mean of these two velocities is taken as 
the mean horizontal velocity for that particular vertical. This method is 
based upon the theory that the vertical velocity curve is a parabola and 
that the mean of the ordinates at 0.2114 and 0.7886 depth below surface 
gives the mean ordinate. A study of various vertical velocity curves indi- 
cates that this relation holds substantially true for many conditions of flow, 
and experience proves that this method gives results of an accuracy consistent 
with the other uncertainties of most stream gaging work. The Water 
Eesources Branch of the U.S. Geological Survey uses this method almost 
exclusively in stream discharge measurements. 
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30«63. Sis-tenths Method- A single observation is taken at a distance 
below the surface equal to 0.6 the total depth of the stream at that particular 
vertical. The velocity at 0.6 the depth is taken as the mean horizontal 
velocity of the vertical. The method is based upon the same theory as the 

0.2 and 0.8 method. It has the advantage of requiring fewer readings, and 
in general it gives satisfactory results in natural streams, although when 
tested in* artificial channels it runs about 5 per cent high. 

30*54. Integration Method. The meter is slowly lowered in the vertical 
at a uniform rate to the bed of the stream and is then raised at the same rate 
to the surface. The total time and the number of revolutions during this 
interval constitute a measurement. From these data the average revolutions 
per second can be found and the mean velocity taken from the meter rating 
curve. This method is based upon the theory that all horizontal velocities 
in the vertical have acted equally upon the meter wheel and that their 
average should be the mean velocity. Meters of the cup type are not so 
well suited to this method as those of the propeller type. 

30-55. Subsurface Method. In this method the meter is held at Just 
sufficient depth below the surface to avoid the surface disturbance, usually 
6 to 8 in. The subsurface velocity found must be multiplied by a coefficient 
to reduce it to mean horizontal velocity. This coefficient varies with the 
depth and velocity of the stream; the deeper and swifter the stream, the 
higher the coefficient. This method is less precise than those described in 
the preceding articles, and it is used principally in measuring flood discharges 
where time and changing water stage are important. The coefficient most 
frequently used for flood measurements is 0.9 although for large floods it 
may be as great as 0.95. If the method is used for ordinary stages a good 
value of the coefficient is 0.85. 

30* 56, Recording Field Measurements. Field observations are recorded 
as they are made, usually on forms specially prepared for discharge measure- 
ments. The forms shown in Figs. 30*20 and 30*21 are in common use. 
The following values should be recorded: 

1. The distance of each vertical from the initial point. 

2. Depth of the vertical. 

3. Depth from surface to point where the observation is made. 

4. Duration in seconds of velocity observation. 

5. Number of revolutions of wheel during this time interval. 

6. Gage reading at beginning and end of measurements. 

30-57. Measurements with Current Meter. Current-meter measure-' 
ments are commonly divided into three classes: (1) wading, (2) bridge, and 
(3) cable-car measurements (Arts. 30-58 to 30*60, respectively). Most 
hydrographic engineers prefer the wading method where it is at all possible 
to secure good measurements. Bridge piers and abutments interfere with 
the free flow of the water, and cable sections are expensive to install. Meas- 
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urements are sometimes taken from a boat, but uncertainty always exists 
as to whether the influence of the boat upon the current has been entirely 

eliminated. 


DXBCHABGE MEASUBEMENT NOTES 


Width 


19 , 

River at 

“"Creek neai — 
Mean VeL, 


No. of Meas. 


, State of. 

.-.-„Cor. M. G. H. 


Staff gage, checked 'with level and found — 

Chain length, checked with steel tape, 12-lb. pull, found ft. 


ft, at .o'clock. Correct length.... 


Gage reading 


corrected on basis of levels to it. at o’clock. 

I Time I Station [ vt 


Date rated — — 


Meas, began ; ended. 

Time of meas. (hrs) Method.....-..-. 


No. meas. sec’s 


Av. width sec... 


— 1 -I Av. width sec A.v. depth 

Weighted mean G. Ht. — it. G. Ht. change (total.) — 

Correct " .ft. % diff. by rating table. 

Meas. from cable, bridge boat, wading. Meim. at ft above, below gage. 

If not at regular section note location and conditions 

- Area from soundings (date) 


Method of suspension Stay wire — A-pprox. dist. to W. S 

Arrangement of weights and meter; top hole,,—...; middle hole, — ; bottom hole... 

Gage inspected, found — Cable inspected, found. 

Distance apart of measuring points verified with steel tape and found 

Wind— upstr,, downstr., across. Angle of current 

Observer iM^en. G, Ht. book inspected 

Bxanune station locality and report any abnormal conditions which might change 
relation of G. Ht. to disch., e. g., change of control; ice or debris on control; back- 
water from; condition of station equipment....... 


Sheet No, 1 of- 
letters. 


-sheets. If insufficient space, use back of sheet, with reference 


Fig, 30*20. Form for discharge measurement notes. 



Knowledge of the stage is an important item in measuring discharge. 
When the stage is changing rapidly, speed is essential and the gage sliould 
be read several times during the measurement. No general rule can be 
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given for the number of vertical sections to be read on a given cross-section, 
but it is better to err on the side of too many rather than too few. Thirty 
verticals make a good determination for a single channel of uniform cross- 
section, 300 to 400 ft. wide. To simplify calculations, it is desirable to take 
the readings at uniform distances apart. 
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Totals 












No. of Sheets, Comp, by Chlc.by 


Fig. 30-21. Form for discharge measurement notes. 


30*68. Wading Method. This method, illustrated by Fig. 30*22, is used 
wherever the depth and velocity of the stream will permit. The reference 
point is first fixed, and a wading line is stretched across the stream. The 
line may be a light cable marked with lead pellets at S-ft, intervals or may 
be a well-stretched cord with the 5-ft. intervals marked with black paint. 
The intervals should be checked frequently by tape measurement. The 
meter is set up, all moving parts are checked, and the screws, electrical 
connections, and adjustment of the meter head are examined. The meter 
is mounted on a jointed wading rod on which it may be slid up or down. 
When the observer is ready to start measurements, the time and the gage 
reading to the nearest hundredth of a foot are recorded. 

To take a reading, the total depth of the vertical section is measured with 
the sounding rod, and the depths (as 0.6 depth or 0.2 and 0,8 depth) at 
which the meter is to be set on the sounding rod are computed. When more 
than one reading is to be taken, most observers prefer to take the bottom 
reading first and then to work toward the top. Care must be taken to 
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Operate the meter far enough upstream from the body of the observer to 
prevent disturbing the meter by cross-currents. 

In making the velocity measurements, it is important that they are 
taken at the proper point in the vertical, that the flow is uniform, that the 

meter is working freely, and that the 
time of observation is of sufficient 
length to assure average conditions 
of flow. Observations of velocity 
are timed with a stop watch to the 
nearest sec. over a period of 40 to 
70 sec.; the longer the time interval, 
the better. The number of revolu- 
tions of the meter should be checked 
by noting the number at the half time 
and doubling this number to compare 
with the final reading. 

On small streams of uniform cross- 
section, minimum velocities of 0.2 ft. per 
second may be read with good results, but 
in most cases sections should not be 
located where velocities are below 0.6 ft. 
per second. Maximum flood velocities 
seldom exceed the rating of the meter, 
but care must always be taken to see that 
the meter is working freely and that fine 
grass or other fibrous material has not 
Fjq. 30-22. Current^meter measurements collected about the spindle, meter cups, 
by wading. cr bearings. When all readings at a 

station have been taken, the meter is dis- 
mantled, dried, oiled, and repacked in its case. This is an essential practice in 
keeping the meter in good working order. 

30*69. Bridge Method. When measurements are to be taken from a 
bridge, the verticals are located by measuring the desired distances along 
the guard rail and by marking the points with keel or paint. The reference 
or zero point is usually taken as the face of one abutment. The meter 
assembly is suspended by a small insulated wire cable which is often marked 
at 3-ft. intervals by tags of different colors. The lower end of the cable is 
fastened to a metal bar or strap about 1 ft. long, having holes drilled at 
each end and at the middle (Fig. 30*15). The meter is usually attached to 
the bar at the second hole, and a 15 or 30-lb. weight is attached to the bar 
at the bottom hole. The size of the weight depends upon the depth and 
velocity of the stream. 

When the station is to be gaged, the meter is examined as described in the 
preceding article. The observer measures the distances from the initial 
point to the water's edge at both banks, reads the water-stage register (usu- 
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ally a chain gage) and proceeds from vertical to vertical across the bridge. 
At each vertical he first measures the depth of the stream, then computes 
the depths (as 0.2 and 0.8 depth) at which velocity observations are to be 
taken and finally suspends the meter at each of these depths and observes 
the velocity of the stream filament as indicated by the number of revolutions 
of the meter during a given number of seconds. At the conclusion of the 
current-meter measurement at the last vertical, the water-stage recorder 
is again read and the distances from the initial point to the water’s edge at 
both banks are again measured. 


Fig. 30'23. Equipment for measuring current from a 

If the water’s edge is on the face of an abutment, the depth and velocity 
should be taken; if on a sloping bank, the depth is of course zero and the 

velocity is assumed to be zero. ^ ^ 

When the depth of a vertical is to be measured, the meter is lowered 
until the weight touches the bottom. The observer then marks with his 
thumb the point on the cable where it goes over the rail. He then raises 
the meter slowly until the first colored tag attached to the cable appears 
at the surface of the water. This tag reading plus the measurement from 
the thumb to the guard rail gives the depth of the vertical. By a similar 
procedure the meter is lowered to the re<iuired computed depths. 

Where the river is deep and the current swift, the arrangement shown in 
Fig. 30-23 is used. It consists of a framework of steel which is mounted on 
wheels and which extends out over the guard rail. The meter cable is wound 
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on a drum fitted with a friction clutch and with a depth-recording device 

graduated in tentlis of feet. 

In computing positions for the desired depth readings, allowance must be 
made for the distance between the center line of the meter wheel and the 
bottom of the weight. 

30 - 60 . Cable-car Method. Figure 30*24 shows one of the cable cars 
used by the U.S, Geological Survey. Previous to erection, the cable is 
marked at the desired intervals with black paint. The cable is suspended 
in an advantageous location either between trees or between towers. The 


meter cables. For cable stations it is 
customary to use the 0.2 and 0.8 
method, with verticals 5 or 10 ft. 
apart. 

30*61. Discharge Meastirements 
tmder Ice. When stream measure- 
ments are to be continued through 
the winter months, the reconnaissance 
is made previous to cold weather, 
and sections suitable to measurement 
through the ice are located. If this 
precaution has not been taken, an 
examination may be made of the long, 
straight pools above the riffles where 
In selecting a suitable section, holes are cut 
.ear the center of the stream, and near each shore line, and 
made to determine if there is a measurable velocity and 


Fia. 30-24. Stream gaging from 
a cable car. 


absence of slush or needle ice. 

If conditions are found to be satisfactory, the section is laid off on the 
ice and is tied to an initial point on shore. Additional holes are cut for the 
measuring points, and observations of velocity are made as described in 
preceding articles. The total depth of the vertical is taken from the bottom 
of the ice to the bed of the stream. This distance is determined by measur- 
ing the depth of the stream bed to the surface of the water in the hole a^d 
then measuring with an ice stick from the bottom of the ice to the water 
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surface. The depth of the water minus the reading of the ice stick is the 
depth of the vertical. 

The methods suitable for measurements under ice are: 

1. The 0.2 and 0.8 method. 

2. The vertical-velocity-curve method. 

3. A method of taking a single reading at 0.5 the depth and multiplying 
by a coefficient to reduce to mean velocity. This coefficient may be taken 
as 0.88, or vertical-velocity-curve measurements may be taken to secure a 
value better suited to the section. 

Studies of velocity at 0.2 and 0.8 depth indicate that results obtained by 
this method are reasonably accurate under ice conditions. Hydrographic 
engineers generally consider the precision of this method to be in keeping 
with other uncertainties such as the effects of floating ice, ice freezing on 
meter, and other cold-weather conditions. The method is used by the XJ.S. 
Geological Survey except where the stream is so shallow as to compel the 
use of the mid-depth method. 

30*62. Station Rating Curve. When successive discharges are plotted 
as abscissas and their corresponding gage heights as ordinates, the resulting 
graph is known as a station rating curve. The accuracy of such a curve will 
depend upon the stability of the section at the gaging station, the precision 
of the method used in velocity measurements, the precision of determining 
the cross-section, the care with which gage readings are taken, and the 
manner of distribution of discharge measurements from low to high stages. 
Under favorable conditions, variations of individual discharges from the 
mean curve should be slight. If large variations appear in plotting, they are 
generally due to mistakes in discharge computations and can be corrected 
by a second computation. If this does not locate the discrepancy, a second 
discharge measurement should be made at or near the same gage reading. 

For a particular measurement, it is important that the flow become estab- 
lished so that the observed gage height indicates the true stage of the stream 
at the time of measurement. 

If definite stream controls are assumed, irregularities in the discharge 
curve must be caused by incorrect observations, mistakes in computation, 
or errors in plotting; a careful check of all three factors is advisable before 
the discharge curve may be used with confidence. 

Figure 30*25 shows a station rating curve of the Tiffin River near Bruners- 
burg, Ohio. 

30*63. Discharge Computations. Discharge is usually computed from 
the field observations by means of an expression for the summation of partial 
discharges each computed from the observed depth, the mean velocity in the 
vertical, and the distance between verticals. Let do, di, d 2 , * * * , dn represent 
the measured depths of verticals, h, is, • * * > In the respective distances 
between verticals, and vq, vi, V 2 , • * • , Vn the mean velocities in the verticals. 
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The discharge for any partial area is 

total discharge Q. which may be 

expressed as follows: 


Q = h 5 0 2 ^ 


Discharge in Second-Feef(Lo^afer) 

so _ ioo 1^0 . . I y I 


( dn-\ -f dn) (^n-1 d" ^nl 



L-Lf ' .L ' 

Discharge in Second' feef (High Wafer) 

F.O. 30.25. Station rating curve for Tiffin River near Brunersburg, Ohio, 1926 to 1931. 

added labor of this refinement is not justibed. _ 

An equally precise method involving less computation is that of 

from that vertical halfway to the verticals ^ re- 

Field sheets such as those shown in Figs. 30-20 and 30-21 are usually 
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turned to the office as soon as field measurements have been made and 
recorded. There the partial discharges and their summation are computed, 
immediately recorded on each field sheet, and checked. The sheet is then 
filed as a part of the permanent record. 

30‘64. Discharge by the Slope Method. The slope method involves a 
determination of (1) slope of water surface (for nonuniform flow this is cor- 
rected for difference in velocity head), (2) mean area of channel cross-section, 
(3) mean hydraulic radius, and (4) character of stream bed; also the choice 
of a proper roughness factor. With these data the mean velocity is com- 
puted by the Chezy formula V = CVrS^ where V equals the mean velocity, 
C is a coefficient of roughness of the stream bed (see Art. 30*65), R is the 
mean hydraulic radius, and S is the slope of the water surface. 

The mean area is the mean of the water cross-section in the reach of 
channel considered. The mean hydraulic radius R is the mean area of the 
water cross-section divided by the wetted perimeter, or that part of the cross- 
section of the stream wet by the flowing water. For most natural streams 
the value of R is approximately equal to the mean depth. 

In artificial channels the area and wetted perimeter are so nearly constant 
that only one determination of R at each end of the reach is necessary. For 
natural channels at least three sets of measurements should be made and 
the mean of the three used to compute the mean area, mean wetted perim- 
eter, and mean hydraulic radius. If the areas at the ends of the reach 
differ, the velocity will differ and the slope of the water surface must be 
corrected to take care of the change in velocity head. 

30*66. Kutter’s Formula and Coefficients. The best known and most 
widely used expression for determining the value of C is Kutter^s Formula,’^ 
published in 1869. It is based upon experimental data, and is as follows: 


, 0.00281 , 1.811 
41.00 i a r 


C = 


1 + 


b\ 


Vb 


65 + 


0.00281 \ 

5 j 


(3) 


where n is a retardation factor depending upon the roughness of channel, 
R is the mean hydraulic radius, and S is the slope of the water surface. 
Other formulas of equal merit are discussed in textbooks on hydraulics. 
Values of n were assigned by Kutter. 

A more extensive table of values for n was compiled by Robt. E. Horton 
(see Ref. 8 at the end of this chapter). This table covers a wide range of 
conditions for both artificial and natural channels and is a valuable addition 
to Kutter’s work. 

F. C. Scobey has published coefficients n for Kutter’s formula, based upoii 
the results of extensive field tests (Ref. 15 at the end of this chapter). 
These coefficients are given in Table 30*1. The values are applicable for 
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Tabm 30* L Scobey’s Coefficients foe Kutteb’s Fobmola 


Material of 
construction 

Construction 

Alinement 

Operating 

conditions^ 

n 

Concrete 

Best 

Straight 

Clear 

0.012 


Good 

Tangents and 
curves 

(See note)* 

0.014 


Average 

Average 

Average 

0.016 


Rou^ 

Irregular 

Deposits 

0.018 

Wood 

Best (surfaced 
lumber) 

Straight 

Clear 



Average (un- 
planed lumber) 

Average 

Average 



Rough 

Sharp bends 

Deposits 


Metal (flume) . . . j 

Countersunk ' 
joints I 

Straight 

Clear 

0.012 


Projecting joints i 

Stra%ht 

Clear 

0.016 


Corrugated 

Straight 

Clear 

0.022 

Masoniy 

Best 

Average 

Average 

0.016 

Earth. ..... — 

Best 

Straight 

Excellent 

0.016 


Good 

Good 

Clear 

0.020 


Average 

Average 

Average 

0.0225 


Ordinary (small 
ditches) 

Average 

Some growth 

0.026 


(Eroded after 
construction) 

Irregular 

Heavy growth 

0.030 

Cobbles ........ 

Well packed 

Average 

Average 

0.027 


* Freedom from vegetation, deposits of sand or gravel, and other local obstructions 
such as repairs. 

^ Design value of U.S. Bureau of Reclamation. 


velocities up to about 5 ft. per second and for hydraulic radii up to about 2 ft. 
For greater velocities or for greater hydraulic radii, slightly lower values of n 
should be used. It is emphasized that the selection of the value of n to be 
used in a particular case is largely a matter of judgment, and that the results 
of two men should not be discredited solely for the reason that they disagree 
slightly. It is also considered necessary to allow for overload in the design, 
rather than to follow the common practice of choosing a high value of n to 
allow for overload. 
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Glazed sewer pipe has about the same coefficient n as good concrete. 
Yarnell and Woodward have developed definite formulas for flow in drain 
tile (Ref. 16 at the end of this chapter). 

3O‘60. Value of the Slope Method. The Chezy formula presupposes 
uniform flow, a condition rarely met in natural streams but closely ap- 
proached in some straight artificial channels. For long flumes, conduits, 
large sewers, etc., whose cross-section and slope are uniform, the formula 
will give fairly reliable results. Short structures are nearly always under 
backwater or drop-off conditions. Use of the formula for natural streams 
should be confined to stretches where slope, stream bed, and channel ap- 
proach uniformity and where more precise methods are impracticable. 
This method is used principally for rough determinations of discharge of 
streams at flood stages, often long after the flood has passed its crest, but 
when there are still evidences of the high-water stage left upon the banks. 

30*67. Weirs: General. For measuring the flow in irrigation and power 
canals, large sewers, small rocky streams, and other streams not suitable to 
current-meter measurements, a weir is convenient and precise. A weir is a 
notch, as in the top of a vertical plank, for measuring the quantity of flowing 
water. It is also defined as any obstruction placed in a channel, over which 
water must flow. 

The information necessary to compute the discharge over a weir is as 
follows: 

1. Depth of water flowing over the crest of the weir. 

2. Length of crest, if weir is rectangular or trapezoidal. 

3. Angle of side slopes, if weir is triangular or trapezoidal. 

4. Whether sharp or flat crested. 

5. Shape of crest, if weir is flat crested. 

6. Height of crest above bottom of approach channel. 

7. Width and depth of approach channel- 

8. Velocity of approach. 

9. Number and nature of end contractions. 

With these data given, a formula is chosen depending upon the type of 
weir, and a coefficient is selected depending upon the shape of the weir crest 
and upon the conditions of flow. By proper substitution in the chosen 
formula the discharge is computed, 

30*68. Weirs: Definitions. 

Bead, The depth of water flowing over the weir, measured from the crest elevation 
to the pool level of the impounded water some distance upstream from the crest. 

Crest. The lower surface of the notch over which the water flows. 

Sharp-crested Weir. A weir for which the crest is beveled like a chisel point with 
the upstream face vertical (see Figs. 30*26 to 30*28). 

Flat-crested Weir. A weir whose crest has appreciable width (s^e Fig. 30-29). 

Contraction. A weir is said to have end contractions when the sides of the notch are 
at some distance from the sides of the channel of approach (Fig. 30-26). When this 
distance is equal to or exceeds SH, the weir is said to have/wZZ end contractions. 
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Suppressed Wdr. A weir for which the sides of the weir coincide with the sides 

SutoraeTTf eirf ^ A weir for which the water level on the downstream side of the 
weir Skher *an the crest of the weir (Fig. 30-28), or, more precisely, one for which 
the dowiltream water level has been raised to such an extent as to affect the dis- 

Themeanvelocityofthewateratthepointwherethehead 

^ Vei^rHeod The loss in head over the weir, owing to an appreciable velocity 
of approich, expressed as follows: fto = »S/2g, where Ao equals the velocity “ 
feet *^ 1)0 equals the velocity of approach in feet per second, and g is the acceleration 
due to gi^vity, usually taken as 32.16 ft. per second per second m the English system 




Fio. 30-28. Submerged weir. Fig. 30-29. Flat-crested weir. 


30-69. Rectangular Weirs. If a small rectangular orifice (hole) is cut 
in the side of a vessel and allowed to discharge water under anappreciable 
head, the theoretical velocity of the discharge would be V 23 A, where a 
equals the head of water in feet on the center of the orifice. Let B eqaA 
the width in feet and Z the depth in feet of the rectangular opening. The 
theoretical discharge formula would then be 

Q = BZV2gh 


( 4 ) 


§30*69] EEC3TANGULAR WEIRS 765 

A more exact formula derived by use of the calculus gives the true theo- 
retical discharge from a rectangular orifice as 

Q = - h?) (6) 

where ht is the head over the top and hi the head over the bottom of the 
orifice. If we let h = 0 and hi = H, the orifice becomes a rectangular 
weir and the discharge in cubic feet per second is given by the formula 

Q = %bV^ ■ m (6) 

The formula assumes the velocity at any point over the crest of the weir 
as due to the head of water above that point; therefore, H is not measured 
in the vertical plane of the crest but far enough upstream from the weir to 
miss the downward slope of the surface curve caused by the increased veloc- 
ity of the water flowing over the weir (see Fig. 30*26). 

Equation (6) gives the theoretical discharge when the velocity at the 
hook gage is zero. If an appreciable velocity exists at the hook gage, the 
formula must be modified to allow for the velocity of approach (Art. 30*70). 
The discharge, allowing for the velocity of approach, is then 

Q = . (ff + (7) 

This is the true theoretical discharge when H is measured at the hook 
gage and Ao is determined from the mean velocity 7. Friction between 
the water and the edges of the weir, and absence or presence of end con- 
tractions, make the actual discharge something less than the theoretical. 
Allowance is made for this discrepancy by use of the coefficient cs derived 
by experiment. The velocity head ha is also modified by a constant n owing 
to the fact that the velocity of approach is not a constant throughout the 
cross-section of the channel. The formula for actual discharge is 

Q = • (H + nA„)?4 (8) 

The discharge coeflSicient Cd is always less than umty. The value of n varies 
from 1 to 1.5. Hamilton Smith (Ref. 11 at the end of this chapter) found 
the value of n = 1.4 suitable for weirs with end contractions and n = 4/3 
suitable for suppressed weirs. 

Studies made by Francis, Fteley, and Stearns have been compiled into 
tables by Hamilton Smith for weirs having end contractions and for weirs 
with end contractions suppressed (see Tables XIV and XV). Values of Cd 
are given for use in Eq. (8). 

A study of Table XIV shows that the coefficient Cd increases with the 
length of crest. This is due to the fact that the effect of end contractions is 
independent of the length of the weir. Both Tables XIV and XV show 
that the coefficient increases as the head of water over the crest diminishes. 
Since the greatest variation in coefificients occurs at small heads, a small 
head should be avoided in precise discharge measurements. 


htdkoghaphic stjbveying 


[CH. 30 


The weir formulas of Hamilton Smith are simple and convement to u^e. 
Tables XVI and XVII give values for the coefficient d to be used m the 
formula Q = dSH^, where Q is the discharge in cubic feet per second. Cd a 
coefficient based upon experiment, B the length of crest in feet, and t e 
head on crest in feet. When velocity of approach must be coMidered, fl is 
increased to {H + iMo) for weirs having end contractions and to 

(H + Hho) for suppressed weirs. „ « t a 

Weir formulas by Francis, Bazin, Fteley, Stearns, Cone, Lyman, and 
Schoder and Turner are in common use. For formulas and coefficients, 
see Eefs. 7, 11, 12, and 14 at the end of this chapter. , , 

30-70. Correction for Velocity of Approach. When the velocity of a^ 
proach is zero, the head measured by the hook gage is the effective head and is 
substituted for H in the discharge formula. If the water approaches the 
section of the hook gage with appreciable velocity, an addition for veUx^y 
head of approach must be made to the gage reading to secure accurate dis- 
charge results. The amount to be added may be determined approximately, 

as follows: . , . 

h The general discharge formula is solved for Q, using the hook-gage 

reading as il. ^ i 

2. * Q/^t where A is the cross-sectional area at the hook gage, ana 

©0 is the mean velocity in tMs cross-section. 

3. Then/M,- . . • * 

Since h is generally very small as compared with H , little error is introduced 
into the results by this approximation. If closer results are desired, a 

second computation may be made. . , . 

30*71 Submerged Weirs. When the water on the downstream side of 
a weir ^ above the level of the crest, the weir is said to be and 

the formulas given in Arts. 30-69 and 30-70 are inapphcable. In Fig. 30-28 

let H be the head above the crest measured on the upstream side and if 
the head above the crest on the downstream side. For small values of 
H' the contractions are suppressed and the discharge is increased. As H 
increases to appreciable values, the discharge decreases; and the discharge 
becomes zero when F' « H. Lack of experimental knowledge regarding 
submerged weirs makes them unreliable for precise measurements. Their 
use should be avoided except in cases of standard weirs flowing as submerged 
weirs during floods. Experiments with submerged weirs have been mostly 
confined to weirs without end contractions. 

Cox^s formula (Ref. 9 at the end of this chapter) for flow over sharp- 

crested submerged weirs is q _ (9) 

where is 4.3^1 - + 0.002)“ - 0.822, B is the length of weir in feet, 

H is the upstream head on weir in feet (corrected for velocity of approach), 
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and S is the per cent submergence == downstream head/upstream head. 
This formula is applicable only when the nappe, or sheet of water, flows 
above and does not plunge under the surface. The downstream head is 
measured at a distance from the weir equal to 2.54 times the height of weir, 
or at the lowest point of the surface. 

The chief advantage in the use of the submerged weir is that it requires 
but little loss in head. Another device used to measure flow without large 
loss of head is a specially tapered section of flume called a venturi flumes 
which is used in many of the larger canals of the West. The venturi flume 
has an additional advantage in that it is not subject to silting, as is a weir. 

30-72. Triangular and Trapezoidal Weirs. Triangular weirs (Fig. 
30* 30) are sometimes used where the flow of water is small. The inner edges 
should be sharp to insure full contraction, and the notch should preferably be 




Fio. 30*30. Triangular weir. 

cut to a right angle to conform to known coefficients. When the notch is a 
right angle, for heads of 0.1 to 2.0 ft. the discharge in cubic feet per second 

IS roughly Q = (approximately) (10) 

Trapezoidal weirs (Fig. 30-31) are favored by some enpneers because 
their coefficients vary less than those for rectangular weirs. The ends of the 
notch are sloped outward. When the horizontal component of the slope is 
equal to one-fourth H, the weir is called a CipoUeiti weir. The additional 
discharge at the ends tends to balance the effect of the end contractions 
Were this balance perfect, the discharge over a Cipolletti weir with end 
contractions would be the same as that over a rectangular suppressed weir 
having the same length of crest. For a Cipolletti weir, the discharge in 
cubic feet per second is roughly 

Q = (approximately) 

where B is the length of the bottom of the weir in feet. _ 

For a discussion of triangular and trapezoidal weirs, see Ref. U at tne 
end of this chapter. 
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30*73. Use of Dams as Weirs. Where no water is diverted around the 
dam or where means of measuring the divemion are at hand, dams may be 
utilized as weirs for measuring discharge. The use of dams as weirs has 
the advantage of supplying a continuous record for all conditions of flow. 
Dams on larger streams are expensive to construct and are seldom built 
for use as weirs alone. In Ref. 13 at the end of this chapter, Mead lists 
the following requirements: 

1. Sufficient fail over the weir to prevent interference of backwater during stages 
of high water. 

2. Little or no leakage around or under the dam. 

3. Dam high enough to confine the stream flow to the weir section during all stages. 

4. Crest level and free from obstructions. 

5. Crest and weir must conform to some type whose coefficients are known and 
can be used in the general formula Q = CdBH^. 

6. If the crest is adjustable, care must be taken to secure its exact elevation and to 
guard against leakage. 

7. Provision must be made for careful measurement of all water diverted through 
or around the dam. 

Where thQ cross-section of the dam and the shape of the weir do not 
conform to an experimental weir whose coefficients are known, it is often 
practicable in the following manner to determine a coefficient for the dam 
in question: 

1. Establish two velocity-area sections suitable for careful current-meter work, 
the one above the dam being fitted for measuring the higher heads over the weir and 
the one below the dam being suitable for measuring low-water flow. 

2. Establish a gage to read the water level above the weir. 

3. The discharge Q for a given head over the weir is calculated from the current- 
meter and area measurements. Substitute Q and H in the weir formula and solve 
for the coefficient q. 

4. When sufficient determinations ranging from low to high heads have been made, 
a curve giving values of q for all heads over the weir may be drawn by plotting the val- 
ues of Cd as abscissas and the corresponding values of H as ordinates and drawing a 
smooth curve through the mean values of the plotted points. 

6- The curve should not be extended in either direction beyond the point where dis- 
charge measurements were discontinued, as results obtained in this way are likely 
to be greatly in error. 

30*74, Construction of Weirs. In selecting a site for the installation of a 
weir the following items are to be considered : 

1. Banks must be high enough to contain the flow for all stages at which measure- 
ments are desired. 

2. Banks and bottom material should be such that leakage can be prevented. 
Shale, loose seamy rock, coarse gravel, etc., are undesirable. 

3. For the elevation and length of crest and for the proposed type of weir, the rise 
in water level should be calculated for extreme high and low discharges. This will 
indicate the possibilities of the weir selected. 
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4. If the weir selected is suitable it should be noted whether the table of coefficients 
covers the entire range of possible heads. Assuming coefficients beyond the range of 
the tables may introduce large errors. 


Precautions to be observed in the construction of the weir are equally 
important: 

1. The crest should be exactly level, and the upstream face of the weir should be 
vertical and sharpened to a width not to exceed 34 in., with the bevel on the down- 
stream side. 

2. End contractions should be at least three times the greatest head over the 
weir. 

3. To insure a low velocity of approach, the depth below the crest on the upstream 
side should be greater than twice the maximum head on the crest. 

4. The fall on the downstream side should be sufficient to insure a freely falling 
sheet so that the outflowing stream of water will be completely surrounded by air. 

Small weirs are best constructed of wooden planks or sheet metal, with 
wooden sheet piling to prevent subsurface flow. 

30‘76. Numerical Problems. 

1. The zero elevation of an indirect staff gage is 745.41, and the gage reads 10.24 ft. 
when 3.62 ft. of water is flowing over the lowest point on the control. What is the 
zero gage reading? 

2. A rainfall of 2 in. per hour falls for a period of 4 hr. on a drainage area of 100 sq. 
miles. If the estimated run-off is 25 per cent, how many acre-feet would be im- 
pounded if the water could be stored? 

3. The right and left water’s edges of a stream are 10 and 80 ft., respectively, from 
an initial zero point- Verticals are located at distances of 15, 20, 25, 35, 45, 65, 60, 
62, and 65 ft. from the initial point. Depths of verticals are 2.6, 3.8, 4.6, 7.8, 8.4, 
8.4 8-2, 6.1, and 5.4 ft. Velocities measured by the 0.6 method are 0.65, 1.57, 2.40, 
2.88, 3.12, ^80, 4.28, 3.40, and 1.82 ft. per second, respectively. Considering that 
this method gives results that are 5 per cent too high, what is the actual discharge of 
the section in cubic feet per second? 

4. A storage dam used as a weir has a discharge equation Q = 3.16 If B, 

the length of weir, equals 500 ft. and F, the head of water over the weir, equals 8 ft, 
what is the discharge of the weir in cubic feet per second? 

5. A semicircular flume 15 ft. in diameter has a grade of —0.15 per cent. The 
flume is built of well-planed timber and has an average depth of 4.5 ft. of water in 
the center of the flume. What is the discharge in cubic feet per second? 

6. The discharge of a sewer is to be measured by a sharp-crested rectangular weir 
having a length of 2 ft. The weir has full contractions at both ends, and the hook 
gage shows a head of water over the crest of the weir of 5 in. Neglecting the effect of 
velocity of approach, what is the discharge of the weir in cubic feet per second? 

7. Outline a practical method of measuring the exact discharge in gallons per min- 
ute of a spring flowing somewhere between 15 and 20 gal. per minute. 

8. What method would you use in measuring the discharge in cubic feet per second 
of the following; (1) a small rocky creek 8 to 10 ft. wide, (2) a river 150 ft. wide and 
5 to 8 ft. deep, (3) a storage dam operating as a weir, the coefficient of which is not 
known, and (4) a river 34 mile wide and 20 ft. deep? 
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PHOTOGRAMMETRY 

314. General. Photogrammetry is the science of measurement by 
means of photographs. Photogrammetric surveying is the application of 
photogrammetry to the operations of finding and delineating the contours* 
dimensions, position, etc., of parts of the earth’s surface. The principles 
of photogrammetry are applicable to the fields of archaeology, architecture, 
astronomy, ballistics, criminology, geology, hydraulics, radiology, and other 
sciences ; but the greatest development of the science is in the field of photo- 
grammetric surveying. The realization of photogrammetry is the mathe- 
matical or graphical analysis of single or overlapping photographs. 

As the images of actual objects appear displaced and are of proportionate 
size according to their distance ancj relative position within the range of 
vision of the eye, so do the scale and the position of objects in photographs 
vary according to their distance and position relative to the camera station. 
Photogrammetric surveying is accomplished by the measurement of these 
differences in scale and displacements in position. 

Photogrammetry is not a new science, but only recently has the knowledge 
of photogrammetric surveying become general. It is a science, gradually 
developed, whose basic principles and mathematical analysis have been 
known for about one hundred years. Its initial development was slow be- 
cause it grew as a branch of a science already established. Its complete 
development awaited the fruition of the sciences of optics and photography 
and came only with the development of aviation. 

31*2. Historical Development. The first record of optical projec- 
tion of images is that of Aristotle who, about 350 b.g., published knowledge 
of the fact that the image of the sun appeared round when projected through 
a square hole and was amplified with increasing distance from the aperture. 
Leonardo da Vinci wrote of the camera obscura about a.d. 1500, and Thomas 
Wedgwood in 1802 printed silhouettes without fixation on leather sensitized 
with silver nitrate. In 1832 Wheatstone began to experiment with stere- 
oscopy, and in 1838 he constructed the first of the present type of mirror 
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stereoscopes as aa aid to the stereoscopic observation of . In 

1834 Elliot observed drawings stereoscopically through a ox e a 
near ’end with two eyeholes and toward the far end with a central aperture 
through which the lines of sight from the two eyes crossed for 

laterally transposed drawings. Stereoscopes with prisms and lenses 

introduced in 1844 by Brewster and about 1852 by Helmholtz. In 1858 
the principle of stereoscopic observation by means of dichromatic projection 
S ie?l demonstrated in Paris by d’Almieda. Concurrent wi h these 
deSments. Arago of the French Academy of Science init ated the 
application of photography to topographic surveying, architecture, a 
archaeology; and in 1851 Aimd Laussedat of the Corps of Engineers of t e 
French army developed the mathematical analysis of photographs a 
perspective projections, thereby furthering their application to ^pography^ 
In 1853 Porro developed the principle of observation through lenses. 

1868 Meydenbauer began research on the application of terres ria p 
SmetTy te architectme and to the design of monuments which work was 
SSby M. Deneux following the First World War for the reconstruction 
Tf monuments and of the Cathedral of Reims by means of measurements 

t°S‘S;h.»s»ply, r, w. f 

hyposulphites and tiieir property of dissolving f 
(1822-1825) printed engravings on tin sensitized with bitumen. 

1837 L J. M. Daguerre evolved the method of direct photograp y, 

1847 Niepce made the first negative on glass. Stereoscopic ^ 

instrument known as the stereoautograph. and a 

Aerial photography from balloons probably began a,bout 1858, and a 
Scheimpfiug eight-lens aerial camera was used in the 191 ^ 

Germn army The radial-line method has been undergoing constant de- 
Sopment riL the work of Adams in 1893, and there is scarcely a principle 
of pLtogrammetry in use today which was not known at the beginning of 
the First World War (Ref. 7 at the end of this chapter). poWd Co^om- 

tion is recfoffrap^, an invention of Edwin H. Land of the 
tion (see pp. 327-330 of Ref. 1 at the end of this chapter). 

The application of photogrammetry ’^’^/XbUshld 

its basic principles have been so thoroughly exp oited that the P^^'shed 
works on this science should be diligently studied before 
made to evolve new and startling methods or apparatus. Some 
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many excellent works are included in the bibliography at the end of this 
chapter. 

31*3. Definitions. A clear understanding of the meaning of the ex- 
pressions used in photogrammetric surveying is essential. Following are 
definitions of some of the more common terms in current use : 

An anaglyph is a picture printed or projected in complementary colors 
combining the two images of a stereoscopic pair and giving a stereoscopic 
model when viewed through spectacles having filters of corresponding 
complementary colors. See also vectograph. 

The aperture stop is the physical element such as a stop, diaphragm, or 
lens periphery of an optical system which limits the size of the pencil of rays 
traversing the system. The adjustment of the size of the aperture stop of a 
given system regulates the brightness of the image without having any 
necessary effect upon the size of the area covered. The relative aperture 
of a photographic or telescopic lens is defined as the ratio of the equivalent 
focal length to the diameter of the entrance pupil, expressed as //4:.5, etc.; 
also called the f-number. 

A camera is a chamber or a box in which the images of exterior objects 
are projected upon a sensitized surface. An aerial camera is one specially 
designed for use in aircraft. A ground camera is one designed for use on the 
ground. A phototheodolite is a form of ground camera. A camera specially 
designed for the production of photographs to be used in surveying is a 
surveying camera. A cartographic camera is a surveying camera, as is a 
mapping earner a j although the term surveying camera is preferred. A 
single-lens camera is one having a single (principal) lens. Cameras having 
more than one (principal) lens are called muUiple-leris cameras. A horizon 
camera is one used in conjunction with an aerial surveying camera in vertical 
photography to photograph the horizon simultaneously with the ground. 
The horizon photographs are used to indicate the tilts of the vertical photo- 
graphs. Some single-lens cameras may be equipped with ancillary lenses to 
photograph the horizon. 

A lens whose air-glass surfaces have been coated with a thin transparent 
film of such index of refraction as to minimize the light loss by reflections 
is called a coated lens. The reflection loss of an uncoated lens amounts to 
about 4 per cent per uncoated air-glass surface. 

An optical instrument, usually precise, for measuring rectangular coordi- 
nates of points on any plane surface is a comparator. A stereocomparator is a 
stereoscopic instrument for measuring parallax and sometimes includes a 
means for measuring photograph coordinates of image points. The stereo- 
comparagraph is a form of stereocomparator wherewith parallax is measured 
by means of a micrometer and floating mark system and the results translated 
graphically onto paper. 

Control is the system of relatively precise measurements by triangulation. 
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traversing or leveling to deterrmne 

»ly, «d M 

'uL'd/TTOiS S.S wS th*t i* idmtiM on . 

So dou ob^w. on dn,. pb.d*»pb . . 

fasss~i^£| 

Blotted after photography, selected ak stations and the tracks between them. 

is the dlunce between the centers of rotation of the eyeballs 
of ^he Observer. Bye base is synonymous with tnierocutar distance and 

n^Zl^ttTe-tation of a portion of the earth’s surface on a pla^e 
surface wherein all the 

many kinds ° individual tracts of land with corners, length 

surface.’ HypsonUric map is a general expression for any 

relief is shown by conventional signs such as contours, shading, hachure , 

tinting. The expression slereomaric map applies to any map mad y 

n^rrrarassemblage of separate photographs. Mos^ are not 
maos but are map substitutes. The features of the part of the earths 
surface shown on a mosaic are not in thek 

placed in position and varied in image size according to *1^® ^ 

terrain and the conditions under which the Pl'°t°S"^f ® 

joined together to form the mosaic. If the matching of the photographs is 
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by image alone, then it is an uncontrolled mosaic. If, before being laid, the 
individual photographs have been restituted to the horizontal plane and 
have been enlarged or reduced to fit predetermined locations of certain 
important features, the mosaic is said to be a controlled mosaic. A controlled 
mosaic is more accurate than an uncontrolled mosaic, but retains the changes 
in scale and displacements of image points due to differences In relief within 
the individual photographs. A contoured mosaic shows the relief by means 
of contours, and may be either controlled or uncontrolled. An example of a 
contoured mosaic is shown in Fig. 31-1. 


Fig. 31*1. Contoured mosaic. Original scale 1:20,000. Scale of reproduction about 

1:35,000. 


A photograph taken with the camera axis directed intentionally between 
the horizontal and the vertical is an oblique photograph. A high oblique is an 
oblique photograph in which the apparent horizon is shown, and a low 
oblique is one in which the apparent horizon is not shown. High and low in 
this sense are not to be confused with relative altitudes. A vertical photo-- 
graph is an aerial photograph made with the camera axis vertical or as nearly 
vertical as is practicable in an aircraft. 

An oblique plotting instrument is an optical instrument, sometimes monocu- 
lar, for plotting from oblique photographs. However, the stereoplanigraph, 




PHOTOGKAMMETRIC SURVEYING 


776 



[CH. 31 


the aerocartograph, and the Santoni stereocartographj among others, are 
capable of plotting from oblique photographs. 

Parallax is the displacement of the images of objects with respect to other 
objects due to the difference in their respective distances from the observer. 
Difference in parallax^ or parallax difference^ is a measure of the distance be- 
tween the objects observed. In overlapping vertical aerial photographs, the 
difference in parallax between two points is a measure of the difference be- 
tween their elevations above sea level. The mathematical expression for the 
difference in parallax in terms of the difference in elevation between the 
points corresponding to a unit difference in parallax is the parallax equation. 
It is usual to express differences in elevation in feet and differences in parallax 
in millimeters, in which case the parallax equation is the number of feet 
difference in elevation corresponding to 1 mm. difference in parallax. For a 
simple and practical explanation of parallax the following example is given: 

If an observer alternately looks at objects spaced at different distances 
from the observer first with one eye and then with the other, they appear to 
shift to the right and to the left as first one eye and then the other is opened 
and closed. This shift is parallax^ and the difference in the amount of the 
shift is a measure of the distance from the observer to the objects and of the 
objects from each other. In looking at any one of the objects the lines of 
sight from the eyes converge on the object. The amount of this convergence 
depends on the distance between the eyes of the observer (the interpupillary 
distance) and on the distance from the observer to the object observed. The 
angle at which the lines of sight intersect on the object is the angle of con-- 
DergemCj or parallactic angle, which is different for objects at different 
distances from the observer. The difference in the angle of convergence is 
also a measure of the difference in the distance of the objects. 

A perspective projection is the aspect of an object, or objects, from a 
common point. A photograph is a perspective projection, and the point from 
which the photograph is taken is the camera station whether it be in the air 
or on the ground. 

Photogrammetry is the science of measurement by means of photographs. 
Thus, surveying by means of photographs is an application of photogram- 
metry. Aerial photogrammetry applies to the use of aerial photographs, and 
terrestrial photogrammetry finds its application in the use of ground photo- 
graphs. 

Radial triangulation in photogrammetry is a method of triangulation, 
either analytical or graphic, which utilizes overlapping vertical, nearly 
vertical, or oblique photographs for the location of points imaged on the 
photographs in their correct relative position one to another. There are 
several methods of radial triangulation among which are the radial4ine, 
slotted-templet, mechanical4emplet, hand4emplet, and strip methods. All 
these methods are based upon ibe assumption that radial directions are true 
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if measured from the principal point of vertical or nearly vertical photo- 
graphs. Thus the intersection, or triangulation, of rays or lines from the 
principal points of overlapping vertical or nearly vertical photographs will 
give the true locations of the points so triangulated. 

In photogrammetry the projection or observation of photographs is often 
expressed in terms of bundles of rays^ pencils of light, or more simply rays of 
light. The geometrical conception of a single element of light propagated 
in a straight line and of infinitesimal cross-section used in tracing analytically 
the path of light through an optical system is considered as a ray of light. 
A pencil of light is a bundle of rays originating at, or directed to, a single 
point, while a beam of light is a group of pencils of light. Polarized light is 
ordinary light after passage through certain polarizing media. It thereupon 
becomes plane polarized, in that its vibrations are limited to a single plane. 
A Polaroid is a manufactured plastic polarizing screen. 

In photogrammetry the process of projecting a tilted or oblique photo- 
graph onto a horizontal reference plane wherein the angular relation between 
the photograph and the plane is determined by ground measurement is 
referred to as rectification; this should not be confused with transformation 
which pertains to the projection of an oblique photograph onto a horizontal, 
or nearly horizontal, plane established by fixed angular relations between the 
photograph and the plane onto which it is projected. A transforming printer 
is one especially designed for use with a particular multiple-lens camera for 
the transformation of oblique or wing negatives taken by that camera. 

A spatial model is the three-dimensional image formed in the mind of the 
observer as a result of the stereoscopic observation of two views of the same 
object. A spatial model is an optical relief model. 

Stereoscopy is seeing as in three dimensions. Stereoscopic measurement is 
measurement by means of such vision. A stereoscope is any mechanical 
device or devices used to facilitate seeing as in three dimensions. Stereo- 
scopes may be formed of mirrors, lenses, prisms, combinations of these, 
pinholes, baffles, dichromatic and polaroid projection and printing, or 
flickering screens. The essential purpose of a stereoscope is to enable the 
observer to view two photographs of the same object with his two eyes in 
such manner as to cause the photographs to fuse in the mind of the observer 
into a single spatial model of the original object. This spatial model has the 
third dimension (depth) which can be measured. With the exception of 
observation by means of flickering screens, stereoscopic observation requires 
binocular vision. A convenient magnifying mirror stereoscope is shown 
in Fig. 31-2. 

Monocular vision is seeing with one eye. Binocular vision is seeing the 
same object with both eyes at the same time. 

A print or transparency in which the two views of a stereoscopic pair are 
rendered not in terms of silver or pigment image but in terms of degree of 
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polarimtioE is a wctograph, A three-dimensional, or spatial, image is seen 
when such a print or transparency is observed through polaroid spectacles. 
In recent years there has been considerable development in lenses; one of 
the most noteworthy accomplishments is the increase in angular coverage of a 
single lens. A photographic lens is said to be wide angle if its angular field 
is unusually large, i.e., greater than 80°. The photogrammetric require- 
ment of such a lens is that it preserve its required characteristics of accurate 
resolution throughout this field, otherwise it is useless for accurate measure- 
ment. (See also pages 774-814 of Ref. 1 at the end of this chapter.) 



Fig. 31*2. Fairchild magnifying mirror stereoscope with parallax bar. 


31«4. Basic Principles. A photograph may be represented as a section 
of a bundle of rays cut by a plane. If the plane cuts the bundle between the 
perspective center and the objects photographed, the photograph is a positive; 
if the plane cuts the bundle on the side opposite to the objects photographed, 
the photograph is a negative, A diaposUive is a positive transparency ^ usually 
on glass. A bundle of rays is symmetrical when it is identical on both sides 
of the perspective center, and the composite images formed on planes 
cutting the bundle at equal distances on either side of the perspective center 
are identical. A bundle of rays passing through a distortion-free lens is 
symmetrical, and the resultant photograph is a true perspeeMve, If the 
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images of a diapositive are projected back through the taking lens of a 
camera, the emergent bundle is a reconstruction of the original bundle, and 
the projected image is a true representation of the objects photographed 
irrespective of the distortion characteristics of the lens. The method of 
observation of diapositives through a lens of characteristics identical to the 
taking lens is known as the principle af Porto and Koppe. To avoid the 
necessity for this type of observation, effort is made to produce lenses that 
are free from distortion. Distortions which are invisible to the naked eye 
are readily discernible in measurements with stereoscopic plotting instru- 
ments. 


.;'Y% 
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Fig. 31*3. A photograph as a perspective projection. 

The consideration of a photograph as a perspective projection is shown in 
Fig. 31*3, wherein 8 is the perspective center, or camera station (Ref. 8 at 
the end of this chapter). Plane I is the negative (plane) and Plane II is 
the positive or the object plane — in aerial photography, parallel to the earth’s 
surface. Planes I and II intersect at any angle v. The perpendicular 
distance / from S to the plane of the photograph (in this case the negative) 
is the principal distance of the lens and is usually referred to as the focal 
length of the lens. The point of intersection O' of the principal ray of the 
bundle on the negative plane is the principal point of both the lens and the 
photograph. The plane through S normal to the line of intersection PQ of 
Planes I and II is the principal plane. Lines through points if' and G 
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parallel to line PQ are the two vanishing lines (horizon) for corresponding 
images in the two planes and contain the images of the infinitely distant 
points in the two planes. If the angles of intersection between perpendicu- 
lars / and k to the two planes are bisected internally and externally, the 
points where these bisectors pierce the two planes are, respectively, J and 
J', K and K\ which are known as the conjugate focal points, isocenters, or 
meiapoles. Point N, the foot of the perpendicular from the perspective 
center to Plane II, is the plumb point The isocenter J is in the principal 
plane and is a distance h tan v/2 from the plumb point N. 

In photographs taken with the axis of the camera truly vertical, points 
O', N% and J' are common. In this case displacements due to tip and tilt 
are zero, and the displacement due to relief radiates from this common 
point. Rarely are photographs taken with the axis of the camera truly 
vertical, but in aerial photography with experienced personnel, 85 to 90 per 
cent of the vertical photographs will have combined tip and tilt of less than 
1®; and tip and tilt in excess of 3® is generally considered to be sufficient 
cause for rejection. 

In those stereoscopic plotting instruments which have provision for 
observation or projection through the lens after the principle of Porro and 
Koppe, or where the lenses are distortion-free and the photographs can be 
adjusted for tip and tilt, the presence of these otherwise disturbing factors is 
not important. In all other cases they must be either ignored or com- 
pensated graphically or analytically. Displacements due to relief radiate 
from the plumb point N, which except on truly vertical photographs is 
difficult of determination. Bearings of rays drawn from the plumb point 
are independent of the relative elevations of the objects photographed. 
Bearings on objects in any picture plane from the isocenter J of the photo- 
graph retain the same angular values only when projected onto homologous 
planes in a photograph. Thus bearings from the isocenter J of the photo- 
graph are affected by relief and are not true angles for photographs made in 
irregular terrain. However, in essentially vertical photographs (with tip 
and tilt less than 3®) the distances between the plumb point, the isocenter, 
and the principal point are so small that measured angles or rays drawn from 
the principal point are essentially true. 

STEREOSCOPY 

31‘5, Monocular Vision. In seeing with either eye, the resultant sensa- 
tion is transmitted to the brain for the experience of sight. The formation 
of the eye is that of a camera wherein a perspective bundle of rays is pro- 
jected through a lens onto a focal plane, yet the sensation of sight is more 
than simple projection. The several cells of the retina are connected to the 
optic nerve, and any unusual visual happening within the space-volume 
covered by the eye reacts upon the optic nerve and immediately draws the 
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attention of the observer to the area where the happening occurred. The 
succession of such happenings or movements causes the eyes to be in constant 
motion. A person is conscious, however, of seeing only those objects on 
which the attention is fixed, although the other objects are continuously 
being projected onto the retina and the sense of their presence is faintly 
transmitted to the brain. Thus, in all space the eye sees a single area more 
clearly than any other. There is one spot on the retina of the eye, the 
fovea centralis, more sensitive than the remainder; the eyes move auto- 
matically in their sockets always to bring the projected image of the desired 
object into focus on this sensitive spot. Objects are brought into focus by 
accommodation, that is, a physical reshaping of the eye to bring the bundle of 
rays from distant objects onto the retina in a sharp and distinct perspective 
pattern. The fovea centralis is about 0.25 mm. in diameter and at the 
principal distance of the eye subtends an arc of about 35'. This is the 
limiting angle in the eye wherein vision is most acute. The fovea centralis is 
composed of small bundles of nerve cells which permit discernment between 
sharply defined objects minutely separated. The normal eye can distinguish 
between sharp black lines separated by white spaces of equal width when the 
angle subtended by the distance between the centers of two such parallel 
black lines corresponds to about 01' of arc. At an observing distance of 
12 in., the spacing between two such lines is about 3^50 iu. Thus, the 
human eye is possessed of the faculty of automatically concentrating its 
vision onto single objects while disregarding all others, and in turn is able 
by concentration to differentiate between minute spacings of objects. In 
monocular vision the human eye is possessed of the power to project its 
principal ray of light where it will and to “point" it as surely as a telescope 
or any other physical object (such as a beam or a rod) can be directed. In 
the perspective projection of monocular vision, distances and the dimensions 
of objects are determined by their association with known objects; and the 
accuracy of their determination is one of judgment based upon the prior 
experience of the observer as well as upon the acuity of vision. 

31* 6. Binocular Vision. In simultaneous observation with the two eyes, 
the eyes not only retain their individual properties but also act together as 
a precise instrument of measurement whose limits may be resolved into’ 
mathematical form generally applicable to all persons of normal eyesight. 
With binocular vision in nature one sees a space-volume whose form is 
transmitted to the brain by the fusion of the two perspective projections in 
the eyes. In scanning such a space-volume, vision is successively concen- 
trated on such objects as are drawn to the attention of the observer. In 
this process the principal ray of each eye is directed to a single point as in 
Fig. 31-4, wherein point Mi is the object observed by the two eyes whose 
perspective centers are at >Sl and Sr. The principal rays of the eyes are 
SiMi and SrMi, which intersect at point Mi to make an angle of con- 
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mrgence with respect to each other. If the vision is shifted to point Ms 
the principal rays intersect at point Mz to form a different angle of con- 
vergence The difference A<l> between the angles and <^2 is some 
measure of the distance between objects Mi and M 2 . Experience has shown 
that trained observers are able to detect differences in the angle of con- 
vergence of 8 or 10 seconds of arc, and that the average observer can con- 
sistently detect angular differences of 20". 

31*7. Stereoscopic Observation. Stereoscopic observation in photo- 
grammetric surveying is based upon binocular observation at the effective 

distance of normal vision, about 10 in. The 
theoretical limiting precision of stereoscopic 
measurement may be expressed as the small- 
est value of AH (Fig. 31 -4) that can be dis- 
cerned. If the smallest measurable angle 
A(f> - 20", if = 10 in., and B = 2.625 in., 
then in Fig. 314 

^ = arc tan ^ = 7°28'38" 

^ = 7'’28'28" 

Ji 

AH = |etn^-10 (1) 

AH = 0.004 in. = 0.10 mm. (approx.) (2) 

Thus at the normal observing distance the 
average human being can detect differences 
in distance of 0.004 in., or about 0.10 mm. 

Fio. 31*4. Binocular vision. With practice, a skilled observer can measure 
consistently to a limiting value of about 
AH == 0.05 mm., which is generally accepted as the standard for excellence 
in stereoscopic measurement. If the objects within the space-volume in 
nature are replaced by two photographic perspective projections made from 
different points, and these photographs are viewed with the eyes at positions 
corresponding to the centers of projection in such a manner that the right 
eye sees only the perspective projection made from the right camera station 
and the left eye sees only the perspective projection made from the left 
camera station, the physiological fusion within the brain is the same as 
binocular vision in nature, and the two perspective projections fuse into a 
single spatial model identical to, but at a scale usually smaller than, that in 
nature. 

Figure 31*5 is a stereogram in which the perception of depth can be ob- 
tained without the aid of viewing apparatus. If a large card is held normal 
to the page at the dividing line between the two photographs so that the 
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right photograph will be seen with the right eye and the left photograph 
with the left eye, after a short time the view will appear in relief. The eyes 
should be held at the normal distance (about 10 in.) from the page. It is 
helpful first to direct the eyes at a distant object, then to direct them at the 
stereogram without changing the angle between the eyes. Both halves of 
the stereogram should be equally lighted. 


Fig. 31*6. A stereogram. The University of California (Berkeley) from an altitude 

of 20,600 ft. 


31*8. Stereoscopes. Any device which facilitates stereoscopic observa- 
tion is a stereoscope. Simple stereoscopes take the form of either the 
Brewster stereoscope of Fig. 31*6a or the Helmholtz stereoscope of Fig. 31 -fife; 
the paths of the bundle of rays are indicated by straight lines to show the 
manner in which the sight of each eye is directed to, and only to, the proper 
half of the stereogram. 

Stereoscopic perception may be enhanced by increasing the stereoscopic 
base, by magnifying the images, or both. In the case of photographs to be 
used as stereograms, the stereoscopic base must be increased by changing 
the distance between the camera stations prior to exposure. Merely sep- 
arating the pictures a greater distance once they are made will not increase 
the stereoscopic effect. Magnification, however, may be obtained by using 
a camera of increased focal length, enlarging the photographs, or observing 
the photographs through magnifying lenses. If the stereoscopic base is 
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increased n times, and the images are enlarged m times, the stereoscopic 
perception is magnified n X m times. Most photogrammetric instruments 
possess means for magnifying the images; however, the power of magnifica- 
tion seldom exceeds Magnification is limited to about this degree by 
optical difficulties and by the fact that further enlargement usually results 
in an indistinct image. 

For the proper observation of photographs under a stereoscope they 
must be oriented, so that they occupy the same relative position with respect 
to each other as the two positions of the focal plane of the camera occupied 



Fig, 31 ‘Oa. Brewster stereoscope. 
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Fig. 31 ’66- Helmholtz stereoscope. 


at the time of the two exposures. In simple observation this may be 
accomplished by rotating the photographs with respect to each other until 
the two lines forming the stereoscopic base, that is, the distance between the 
two principal points of the photographs, are in prolongation of each other 
and parallel to the eye base. When the photographs are so arranged, it is 
then only necessary either to separate them or to bring them closer together 
in the same plane to permit the two eyes to observe the corresponding images 
without strain. When this is done, the condition for stereoscopic observa- 
tion has been accomplished, and anyone can see stereoscopically. If anyone 
with normal eyesight fails to see stereoscopically, it is usually because the 
photographs are not properly oriented. 

31*9. Vectography. The means which facilitate stereoscopic observation 
are not limited strictly to mechanical machines, but include such devices as 
vectographs and anaglyphs, both of which are simple means of providing 
stereoscopic observation of photographs to individuals or to large groups who 
are without training or experience in stereoscopy. 

Ordinary light is said to radiate in all directions normal to its direction of 
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propagation. It is susceptible to reflection in all directions from any suitable 
reflecting surface. Ordinary light may become polarized upon passing 
through a polarizing screen; after such passage the vibrations of the light no 
longer move in the dimensions of the coordinates x, y, and z, wherein z is 
assumed to be the axis of emission, but are limited to planary movements 
in plane z-x or plane z-y, depending upon the physical orientation of the 
polarizing screen. The polarizing screen may be likened to a screen of many 
parallel slits through which the light may pass. Light striking such a screen 
in a three-dimensional mass is transformed upon passage into a series of 
parallel planes of light which vibrate in a single plane parallel to the slits; 
the light which otherwise radiated in the third dimension has been cut out. 
Inasmuch as the polarizing screens transform the light into planes of minute 
thickness, it is obvious that if two such screens are placed one over the other 
with their directions of polarization at right angles to each other they will 
transmit no light (or practically no light, since present screens are not lOO 
per cent effective). 

If the images of two overlapping photographs are projected through 
polarizing screens whose directions of polarization are at right angles to each 
other, and the resulting image is viewed through complementary polarizing 
screens, a stereoscopic model will result. Such an image is similar to that 
obtained by means of the multiplex aero projector but has the additional 
faculty of being capable of projection in natural colors inasmuch as the 
polarizing screens are not color-absorbing. 

A vectograph is a composite print through polarizing screens of two over- 
lapping photographs; under ordinary light it appears at first glance to be a 
glossy sepia print. When viewed through a pair of spectacles fitted with 
polarizing lenses, the spatial model is brought out. 

Vectographs are made by printing each of two overlapping negatives in 
approximate register by the imbibition process on wash-off relief film. The 
exposed relief films upon being properly soaked with the printing solution 
and with the emulsion sides registered on the opposite sides of the vectograph 
film are then passed through a wringer or press; after the vectograph film has 
absorbed the proper amount of printing solution, the relief films are stripped 
off and the image on the vectograph film is fixed in a photographic bath. 
The result is a vectograph transparency which may either be used in the form 
of a lantern slide or be made into a reflection print by painting one side with 
clear lacquer and the other with aluminum lacquer. Such prints may be 
formed into mosaics to permit the simultaneous stereoscopic observation 
of large areas by groups of observers, or the prints may be used as single 
stereoscopic images as the need may require. (See pages 327-330 of Ref. 1 
at the end of this chapter.) 

31*10. Dichromatic Projection and Anaglyphs. The multiplex projector 
(Art. 31-47) uses the principle of dichromatic projection and observation of 
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images formed by the intersecting bundles of rays from two overlapping 
photographs simultaneously projected in complementary colors, usually 
blue-green and red. 

An anaglyph is formed by printing the left photograph of an overlapping 
pair in blue-green and the right photograph in red in approximate register 
onto the same medium. If the composite image of the anaglyph is viewed 
through a pair of spectacles with a red filter over the left eye and a blue- 
green filter over the right eye, the resulting image will appear as a spatial 
model in black (or actually in grayish black due to the present imperfection 
in blending colors). This effect is accomplished by each filter passing only 
the light of the corresponding colors and absorbing the light of the other 
colors. Large quantities of anaglyphs may be obtained quickly and in- 
expensively by means of the ordinary half-tone printing process. As in the 
case of vectographs, good anaglyphs are obtained only by using first-quality 
photographs. 


TERRESTRIAL PHOTOGRAMMETRY 

31* 11. General. Terrestrial photogrammetry is photogramgpaetry by 
means of photographs taken with the camera supported on the ground. 
Photographs for terrestrial photogrammetry are taken with phototheodolites 
especially built for that purpose (Art. 31-12). The photographs are later 
inserted in an automatic plotting machine for the compilation of the map 



Fig. 31*7. Terrestrial photograph and map made therefrom. 
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therefrom (Art. 3145). A section of a terrestrial photograph together with 
the map made therefrom is shown in Fig. 31-7. The site of the Hoover Dam 
in the canyon of the Colorado Elver was surveyed by means of terrestrial 
photogrammetry; plotting was done on the aerocartograph. 

3142. Camera Transit. The Fairchild camera transit (phototheodolite) 
shown in Fig. 31*8, consists of a Type 5078-E Keuffel and Esser surveyor’s 
transit, combined with a plate camera of special design. To provide suffi' 
cient mounting space for the camera, the telescope and standards are re- 
moved from the transit, and a wide 

aluminum base plate is fitted around -- ^ 

the ' base of the compass box and ' Vi: ^ 

fastened to the upper limb of the i i-;' ..x ' _ I 

This plate permits the , V 


transit. 

standards to be separated so that 
the camera can be mounted between 
them on the axis normally occupied 
by the telescope. The telescope itself 
is mounted on the top of the camera 
with its opticia,! axis parallel to the 
optical axis of the camera. 

The Fairchild camera transit, like 
many precision mapping cameras, 
contains fiducial marks in the focal 
plane, adjusted by the National 
Bureau of Standards, to locate the 
principal point of the photograph 
within the specified accuracy. A 
level bubble within the camera is 
photographed on each negative, as a 
check to indicate whether the transit 
was leveled properly at the time each 
photograph, was taken. A counter is 
also registered on the film to simplify identifying any one of the 12 photo- 
graphs taken at a given station. The station number and the focal length 
of the camera are also recorded on each photograph. Some principal 
features of the instrument are as follows; 

Lens: 8M-in. //6.8 Goerz aerotar 
Diaphragm adjustment ://6.8 to //32 
Shutter: Between-the-lens type 

Shutter speeds: Hoy Ms, Ho, H, and 3^ seconds; time; and bxilb 
Negative size: 4 by 5 in. (glass plates) 

Weight: 28 lb.; with carrying case, 47 lb. 

Operation: Manual 

Accessories: Carrying case for camera transit, filths, plumb bob, etc.; filters (red, 
yellow, minus blue); plate-holder box with seven glass plate holders. 


Fig. 31*8. Fairchild camera transit 
(phototheodolite) . 
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31*13. Terrestrial Photography. For economy and speed of operation, 
the area to be surveyed should be covered with the minimum number of 
photographs from the optimum positions. This objective can be accom- 
plished only after a thorough study has been made of the existing maps of 
the area, followed by a reconnaissance on the ground. In very rough terrain 
it is desirable to visit certain stations only once, hence the procedure of the 
field work should be planned in advance. Although the actual selection of 
the stations will depend upon the size and ruggedness of the area to be 
surveyed, in general the camera stations should be such that the direction 
of pointing is as nearly normal to the slope as possible and that the stations 
overlook the area. To meet these requirements, the camera should be 
directed downward rather than upward, and the stations should be at the 
higher points in the area. 



Fig. 31*9. Directions of pointings in terrestrial photography. 

Terrestrial photographs are taken in pairs from the ends of a measured 
base, as shown in Fig. 31-9 wherein the arrows indicate the directions of the 
camera pointings. Although this figure indicates only horizontal pointings, 
the camera may be likewise depressed in any of the positions. Such pairs 
of pictures are generally made with the two positions of the camera axis 
parallel to each other where the camera is swung at predetermined (and 
usually the same) angles at each station. The minimum number of photo- 
graphs is taken at each base and station to insure complete coverage of the 
area with the desired accuracy. 

31*14. Accuracy of Measurement. The accuracy of measurement de- 
pends upon the ratio of the base length to the distance of measurement, the 
accuracy of determination of the length of the base, and the magnitude and 
the accuracy of determination of the angle of parallax and of the angle of 
rotation of the camera. 

The limit of accuracy of measurement for automatic plotting instruments 
of the type of the Model A5 autograph (Art. 31*46), the aerocartograph, and 
the stereoplanigraph (Art. 31*45) is 1/2,000 to 1/6,000 of the flight altitude, 
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depending on the nature of the terrain and the quality of the photographs. 
For the attainment of the necessary accuracy of measurement, the system 
must be capable of the measurement of angles to within about 10" of the 
true value. A similar relative accuracy may be obtained with properly 
taken terrestrial photographs. 

It is necessary to the reconnaissance for terrestrial photography to 
establish base lines and camera stations which will permit photography of 
the area within prescribed limits of ratio of "base-length projection" to 
distance to objects photographed. The base-length projection is the pro- 
jection of the base line on a plane normal to the direction in which the 
camera is pointed. Based on the attainment of an accuracy of measure- 
ment of the parallactic angle to within approximately 10" of arc, and in 
consideration of the accuracy of field work in the determination of the base 
length, the angular settings of the phototheodolites, etc., it has been found 
that the limiting ratios of base-length projection B to photographic distance 
E are between B/E — stnd B/E = (page 131 of Ref. 8 at the end of 
this chapter). 

Since the accuracy of the work and the facility with which the photographs 
may be used will depend on the quality of the photographs, it is necessary 
at the time of exposure to insure that the photographs are of the requisite 
quality. 

31*15. Automatic Plotting Machines. The economy of photogrammetric 
surveying will rarely, if ever, permit the utilization of terrestrial photographs 
in methods based solely on computations, or point-by-point plotting of 
topography; rather it is essential that terrestrial photographs be used in 
conjunction with an automatic plotting machine of some sort. The map 
shown in Fig. 31-7 was plotted by means of the Wild autograph. Other 
automatic plotting machines which may be used with terrestrial photography 
are the stereo car tograph, the stereoplanigraph, and the stereo topograph. 

AERIAL PHOTOGRAMMETRY 

31*10. General. Since the First World War, aerial photogrammetryy or 
aerial surveying^ has replaced terrestrial photogrammetry for most surveying 
purposes. This change is due to the development of the airplane. So great 
has become the use of aerial photographs that in 1938, for example, 762,000 
sq. miles were photographed in the United States for the Agricultural Ad- 
justment Administration alone. During the Second World War the area 
photographed by the U.S. Army Air Forces amounted to tens of millions of 
square miles, with hundreds of millions of photographs printed from the 
resulting negatives. 

Aerial surveying consists of four parts: advance planning, photography, 
ground control, and compilation. Although each of these steps should be 
considered of the same importance, the first is most often slighted, although 
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upon it largely depends the success or failure, or the profit or loss, of the 
project. 

Maps are compiled in conventional signs, and the space required to repre- 
sent cartographic features on maps limits the number of features which can 
be shown to less than those on photographs of the same scale. In small-scale 
maps the conventional signs are not true to scale, and it is not essential 
that the physical feature on the photograph be at the same or an easily 
measurable scale. It is only necessary that each image be of sufficient size 
and clarity to permit correct interpretation of the photograph. It is usual 
for photographs with a scale of 1/30,000 to 1/40,000 to be used in the com- 
pilation of maps at a scale of 1/62,500, which is the scale of the U.S. Geo- 
logical Survey 15' atlas sheets (Fig. 24-7). For maps of larger scale than 
1 in. = 400 ft., it is usual to represent cultural features at their correct scale. 
Such maps can be successfully compiled only when the correct size and shape 
of each feature are clearly shown on the photographs. 

31*17. Aerial Photography. Aerial photography involves the utilization 
of photographic airplanes, aerial cameras, and accessories in the production 
of photographs for use in photogrammetric surveying. Vertical aerial 
photography is used almost exclusively in the United States for mapping and 
surveying purposes. In vertical photography the axis of the camera is 
pointed downward, and the photographic exposures are taken at predeter- 
mined intervals to give the desired overlap between successive exposures. 
The U.S. Forest Service uses oblique photographs to some extent in mapping 
timber areas in the Pacific Northwest. Oblique photography is used in 
Canada for mapping the northern lake regions and is used to some extent in 
India. 

The U.S. Army Air Force photographed approximately 1,300,000 sq, 
miles in Canada, largely with the trimetrogon camera. 

31*18. Scale of the Photograph. Unlike a map, which has a constant 
scale regardless of ground elevations, the scale of a vertical aerial photo- 
graph is uniform only when the portrayed area is perfectly level. If the 
photograph is taken over irregular terrain, the scale will be different in 
different parts of the photograph depending upon ground elevations. 
Photographic scale is further affected by tilt which introduces scale dis- 
tortions that vary from point to point on the photograph quite independent 
of ground elevation. In actual practice, a photograph of absolutely flat 
ground and exposed with the aerial camera pointed exactly straight down 
would be an oddity. Nevertheless, the term “scale" is used to denote the 
average or approximate scale of a photograph in much the same manner as 
for a map. 

Scale may be expressed either (1) as a representative fraction (R.F.), 
with a numerator of 1 and with the denominator equal to the number of the 
units (inches, centimeters, or feet) on the ground represented by one unit of 
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the same size on the photograph, e.gf., 1/12,000; or (2) as the number of feet 
on the ground represented by 1 in, on the photograph. In mapping organ- 
izations the representative fraction is generally used to express scale; how- 
ever, in the use of photographs for the determination of land measurements, 
it is more convenient to use the second form of expression. 

The scale of a photograph may be computed from the relationship of 
flight altitude to the focal length of the aerial camera as well as from the 
relationship of a measured distance on the photograph to the corresponding 
distance on the ground. In Fig. 31-10, from the similarity of triangles, 
f/(H — h) = ab/AB, and, from the previous definition of scale, S = ab/AB 
= f/{H — k)j wherein H represents the height 
of the camera lens above sea level at the in- 
stant of exposure, h represents the average 
elevation above sea level of the ground points, 
and / equals the focal length of the aerial 
camera. The form of the expressions may be 
changed to a representative fraction by divid- 
ing the numerator and denominator of the 
fractions by ab or / as the case may be: 

o __ 1 __ 1 

AB/ab {H - h)/f 

It should be noted that scale depends upon the 
elevation h of the ground, thus (H — k) is not 
constant for irregular terrain. Therefore, the 
equation is exactly true only if the elevations 
of the ground points are exactly equal and, of course, if the photograph is 
not tilted. In most cases, these relations are close enough for many practi- 
cal purposes since elevation differences and tilt are generally small. 

The expression 8 - ^ .. is satisfactory only for determination of a 

(ii — li)/J 

rough approximate scale unless the aircraft flying height H is computed by 
precise photogrammetric methods (see Chaps. 6 and 12 of Ref. 1 at the end 
of this chapter). Aircraft altitude as indicated by a barometric altimeter is 
not sufficiently accurate except when complex meteorological corrections are 
applied to the instrument readings to account for variations in air pressure 
from so-called “standard’’ conditions. In most cases, therefore, one or 
more ground distances must be known for comparison with corresponding 
distances measured on the photograph. The terminal points of these known 
ground distances should be readily identifiable both on the ground and on 
the photograph and, preferably, the points should be at or near the same 
elevation. Road intersections, well-marked property corners, lone trees, 
corners of buildings, and other objects which are sharply defined on the 



Fig. 31' 10. Determination of 
scale of photograph. 
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photograph make excellent terminal points. In general, the accuracy of 
scale determination will increase as the length of the line on the photograph 
increases. 

Survey operations entailing stadia or tape measurement, transit traverse, 
or triangulation may be required to determine ground distances for scale 
determination. The degree of precision of these surveys will depend upon 
the precision to which photograph scale is needed. In many instances, 
however, a number of identifiable points of known position will appear in 
the photographs or, perhaps, one or more ground distances will be known 
to within a few feet. Especially with photographs exposed from low alti- 
tudes, known distances between property corners or electric power-line poles, 
or between the tee and green on a golf course, offer means for determining 
scale. The dimensions of large buildings, factories, and bridges and the 
widths of roads, railroad tracks, and irrigation canals are but a few of the 
additional distances that may be available. In those areas where roads 
follow 1-mile section lines established by the U.S. Bureau of Land Manage- 
ment, photograph scale is easily determined by comparison of distances be- 
tween road intersections. 

31* 19. Determination of Flight Altitude. The flight altitude necessary 
to obtain photographs of the desired scale is computed by the same equation 
if — A = (/ X AB)/ah, In this case {H — h) is the altitude above the 
mean datum of the area photographed, which datum is h feet above mean 
sea level. Inasmuch as the ground rises and falls throughout a strip of 
photographs, there is usually a difference in scale between successive photo- 
graphs. The altitude H above sea level is not varied to allow for the 
difference in elevation of the ground, but the scales of the photographs are 
changed by enlargement or reduction if necessary to secure the intended 
result. The method of determining H is as follows, wherein it is assumed 
that it is desired to find the flight altitude to obtain photographs with a mean 
scale of 1 in. = 1,000 ft., or S — 1/12,000. If the ground elevations vary 
from 500 to 1,500 ft. above sea level in the area photographed, and if the 
focal length of the camera is 12 in., then 


(500 + 1,500) 
2 


1/12,000 


= 12,000 


H = 13,000 ft. above mean sea level 

As a matter of convenience to the flight personnel, it is customary always to 
express H as the true altitude above sea level instead of considering {H k) 
as the altitude above the ground. The flight personnel are concerned with 
the barometric altitude of flight as indicated by the altimeter of the airplane. 
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' Barometric altitude is equal to the true altitude only when the atmospheric 
j conditions correspond to those for which the altimeter is calibrated. It 
' differs with changes in the atmospheric pressure on the ground and with 
j departures from the standard temperature gradient of the atmosphere above 
I the ground. The atmospheric pressure on the ground is usually referred to 
! as the barometric altitude of the landing field, and provision is made in the 
altimeter to enable the pilot to set the altimeter to the true altitude of the 
landing field before the take-off. However, even if the altimeter is set to 
the true altitude before take-off, it will not long continue to represent the 


i Fig. 31*11. Luckey altitude temperature correction computer. 

r' 

true altitude because of differences in ground and air temperatures. The 
lower the temperature of the air, the less the pressure within the air column 
of the altimeter and the less the reading. For example: At 15,000 ft. a 
i difference of 20°C. between the ground and air temperatures will cause the 
altimeter to register the barometric altitude approximately 550 ft. lower 
than the true altitude of the airplane. The air temperature changes from 
hour to hour and from day to day, and it is not possible consistently to 
obtain photographs even of the same scale unless the true altitude is held in 
every case. 

j The true altitude may be determined conveniently by means of a sensitive 
i altimeter and an altitude temperature correction computer similar to that 

I shown in Fig. 31*11. In the use of these instruments, the true altitude is 

determined by the following operations: 

1 1. Set one arm of the computer at the ground temperature at the take-off. 
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2. Set the inner rotary disk at the indicated altitude when the approximate 
operating altitude is reached. 

3. Set the other movable arm at the temperature of the air (temperature 
aloft) as given by a free air thermometer. 

The reading of the true altitude scale where it is crossed by the index mark 
of the arm set to temperature aloft will be the true altitude of the airplane 
corresponding to the barometric altitude indicated on the altimeter. To 
fly at the desired true altitude it is only necessary to fly at the indicated 
altitude corresponding to this value. In practice this is a simple operation, 
and excellent results are obtained from it. 

31*20. Coverage of Aerial Photographs. Photography for surveying 
requires complete coverage of the area, with generous overlapping of photo- 
graphs. This coverage is obtained by photographing the area in parallel 
strips. Photographs are taken at the proper intervals along each strip to 
give the desired overlap of photographs in the given strip, and the strips are 
spaced at predetermined distances to insure the desired side lap between 
adjacent strips. For purposes of preliminary estimate it is usual to deter- 
mine the number of photographs by dividing the total area to be photo- 
graphed by the net area covered by a single photograph. 

Let I = length of photograph in direction of flight 

w — width of photograph normal to direction of flight 
Pi * percentage of overlap between successive photographs in direction 
of flight 

= percentage of overlap between photographs in adjacent flights 
(Pi and Pw are expressed as ratios) 

L = net ground distance corresponding to I 
W — net ground distance corresponding to w 

S = scale of photograph = height of camera (feet) /focal length 
(inches) = H/f 

a = net area of each photograph 

A = total area to be photographed 

N - number of photographs to cover gross area A 

Then 

L - 8l{l ~ Pi), and W = ,Sfw;(l - P^) (4) 

The net area of each photograph is 

a = LW (5) 

The number of photographs required is 

N = ^ ( 6 ) 

a ^ . 

Example 1: The scale of the photograph is 1 in. === 600 ft.j Z - 9 in.; lo ~ 9 in.; 
Pj =s 60 per cent = 0,60; and Pm = 30 per cent = 0.30. Determine the number of 
photographs required to cover 100 sq. miles. 
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i = 600 X 9 X 0.40 = 2,160 ft. = 0.409 mile 
TF = 600 X 9 X 0.70 = 3,780 ft. = 0.716 mile 
a = 0.409 X 0.716 = 0.293 sq. mile 
N = 100/0.293 = 341 

Thus it is estimated that 341 photographs are sufficient to cover 100 sq. miles at a 
scale of 1 in. = 600 ft. In practice the number of photographs actually taken will 
vary somewhat from this figure, depending upon the shape of the area and how it is 
flown. Except for a preliminary estimate it is better practice first to determine how 
the area is to be flown. 

Example 2: The scale of the photograph is 1 in. - 600 ft.; Z = 9 in.; tt? =9 in.; 
p, = 60 per cent; and Pw = 30 per cent. Determine the number of photographs 
required to cover an area 10 miles by 10 miles. 

The fiirst determination should be the spacing of the flight lines, which should be 
the same throughout the area unless unusual conditions of terrain require them to be 
otherwise. The theoretical spacing of flight lines is equal to the net width of a single 
photograph, but in practice the actual spacing may vary according to the shape of 
the area. In the example above, W = 0.716 mile would appear to be the correct 
spacing. It is the general practice to space flights along the sides of the area to insure 
complete coverage and to allow some enlargement of the area if desired later. In an 
area 10 miles wide there would in this case be 10/0.716 = 14 spaces between flight 
lines. With a flight along each side, 15 strips of photographs would be required to 
cover the area. 

The length L of the photograph is 0.409 mile, and the number required per strip 
is therefore 10/0.409 = 24.5 photographs, say 25, to which should be added 1 so 
that the ends of the area will be covered in the same manner as the sides. 

Thus in actual practice there would be 15 strips of 26 photographs each, or a total 
of 390 photographs instead of a theoretical 341. The spacing of the flight lines would 
be 10/14 = 0.715 mile. In the preparation of the flight map, the flight lines should 
be drawn with this spacing, and the pilot should follow them as exactly as flying 
conditions permit. It should be noted that this adjustment does not materially 
affect the percentage of side lap. 

Example 3: The scale of the photograph is assumed to be 1 in. = 600 ft.; Z = 9 in.; 
It? = 9 in.; Pi — 60 per cent; and Pw — 30 per cent. Determine the number of 
photographs actually required to cover properly an area 5 miles wide by 20 miles long. 

The number of flights is 5/0.716 + 1=8 strips. The number of photographs 
per strip is 20/0.409 + 1 = 50. The total number of photographs required is 400, 
and the actual spacing of flight lines is 5/7 = 0.715 mile. 

Three different answers have been obtained in the determination of the 
number of photographs to “cover” an area of 100 square miles. It is 
obvious therefore that the answer depends upon the problem, and the prob- 
lem is not completely stated when only the area and the scale of the photo- 
graphs are known. Except in photography for mapping large areas (several 
thousand square miles) the areas to be surveyed are usually irregular in 
shape; and in estimating the number of photographs the first consideration 
should be the manner of flying. The number of photograplis is then de- 
termined by multiplying the number of strips by the number of photographs 
per strip. In most cases, the strips wdll be of unequal lengths. 

The direction of the flight lines should be such that the fullest advantage 
can be taken of existing ground control; and the percentage of overlap of the 
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photograph should permit maximum use to be made of it. The overlap of 
aerial photographs is practically standardized at 60 per cent of overlap 
between successive photographs of the same strip, and 30 to 50 per cent of 
sidelap between photographs of adjacent strips. Photographs taken in this 
manner are suitable for all purposes, and it is poor economy to save film 
by taking the photographs with less than 53 per cent or more than 60 per 
cent of overlap. Approximately 25 per cent of sidelap is necessary to insure 
complete coverage, that is, to avoid gaps between adjacent strips. 

Some reflying may be expected, and aside from the increased cost of 
photography an allowance must be made for the probability of having 
additional photographs to handle in the surveying process. An increase 
of 25 per cent in the number of photographs is not unusual; and this fact 
should be recognized in the estimates both for photography and for the sub- 
sequent surveying operations. 

31-21. Interval between Exposures. The time interval between ex- 
posures is determined by observing the surface of the earth through a view 
finder. In one method, the time required for the image of a ground point 
to pass between two lines on a ground-glass plate of the view finder is meas- 
ured, and the exposures are regulated accordingly. In another method, the 
interval is obtained automatically by synchronizing the speed of a moving 
grid in the view finder with the speed of the passage of images across a screen. 
In the second method the interval need not be known, as the camera may 
be (and usually is) tripped automatically. A definite time interval is re- 
quired for winding the film and leveling the camera; this interval should be 
known and due allowance made for it. In military operations sometimes 
the camera is fixed in the airplane and the photographs are taken by the 
pilot at the proper intervals by means of an intervalometer mounted in the 
cockpit. 

The interval between exposures depends upon the ground speed of the 
airplane and upon the distance the plane travels between exposures. Thus, 
if V is the ground speed in miles per hour, L the distance the plane travels 
between exposures in miles, and T the time interval between exposures in 
seconds, then 


T - ^>6001 

7 


( 7 ) 


Example: For L — 0.409 mile as in the previous examples, and V = 150 m.p.h., 
determine the time interval between exposures. 


T = 3,600 X 0.409 
150 


= 9.82, say 10 sec. 


This is a very short interval, but it would be required for aerial photography at an 
altitude (above ground) of 7,200 ft. with a camera of focal length 12 in. and plate 
size 9 by 9 in., and for a ground speed of 150 m.p.h. 


INDEX MAPS 



Fig. 31-12. Photographic index map. 

to detoraxme if any reflights are required. An index map of the photographs 
should then be prepared immediately. It is easier to prepare the index map 
from the photographs than from the flight map, but if a thorough comparison 
has been made between the negatives and the flight map, the final index map 
may be made later. In the preparation of the index map, either the position 
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31*22. Index Maps. As soon as the first prints are made, the negatives 
should be checked against the flight map to determine if the coverage is 
adequate; this check should be made on the same day as the photography 
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and coverage of each photograph may be plotted on a map (preferably the 
flight map), or for small jobs they may be laid in the form of a mosaic and 
copied as in Fig. 31*12. 

31*23« Photographic Airplanes. Until recently it has been the practice 
to use a suitable standard airplane for aerial photography. Any airplane 
which is stable, may be flown hands-off, has the required service ceiling, and 
has sufficient space for pilot, photographer, and aerial camera, can be used 
for aerial photography. However, in addition to the foregoing, the airplane 
should afford protection from the cold at high altitudes, have provision for 
oxygen for the crew, allow excellent visibility for the pilot, permit operation 
from small and relatively unimproved fields, and have speed and performance 
characteristics which will allow of its being operated at a profit. 

31*24. Aerial Cameras. In contracting for aerial photography, the type 
of camera should be specified together with its focal length and type of 
shutter. Aerial cameras may be of the single-lens or the multiple-lens type. 
Single-lens cameras may be classified as general-purpose cameras and precise^ 
or photogrammetric, cameras- Multiple-lens cameras are usually classified 
according to the number and arrangement of the lenses; they are precise 
cameras. All that is usually required of a general-purpose camera is that 
it be capable of taking good pictures. Such a camera may have either a 
focal-plane or a between-the-lens shutter; focal-plane shutters are used 
when shutter speeds faster than about 1/500 sec. are required. With 
aerial films having an American Standards Association rating of 100 or 
higher, either a fast shutter is necessary or the lens must be proportionally 
stopped down. (An exception is photography with the Sonne continuous- 
strip camera, Art. 31*27.) 

However, aerial photography for surveying or mapping is usually con- 
ducted at sufficient altitudes to permit shutter speeds of Kso sec. or slower. 
Focal-plane shutters are not required, nor should they be used for photo- 
grainmetric purposes. With a between-the-lens shutter the film is exposed 
only during the interval the shutter is open. 'With a focal-plane shutter the 
film is progressively exposed throughout the time of passage of the slit 
across the focal plane. Although the images on the photograph are usually 
as clear in one case as the other, the focal-plane shutter induces a distortion 
in the scale of the photograph in the direction of movement of the shutter 
by an amount equal to the distance the airplane travels during the passage 
of the slit across the negative. 


Example: Assume the airspeed to be 150 m.p.h.; an aerial camera with negative 
9 by 9 in.; shutter speed of Koo sec. with M-in. slit. . Determine the distortion in the 
photograph. 

The time for the passage of the slit across the film is4X3i[ooX9 = %5 sec. 
The distance D the airplane travels during sec. is 


D - 159 X 5,280 9 

3,600 ^ 25 


= 79.3 ft. 
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The distance on the photograph would be 79.3 ft. too great, and the scale in this 
direction would no longer be represented by the fraction //(H ~ h). This distance 
appears small when it is considered that the total distance on the photograph in 
the previous examples is 5,400 ft., but in the case of example 3, Art. 31*20, the scale 
of the strip of photographs would be out by 79.3 X 50 X 0.40 « 1,586 ft. in the 
direction of the strips but true in the du*ection normal thereto. In this computation, 
account is taken of the 60 per cent overlap, which leaves a net length of 40 per cent. 
The use of such negatives in stereoscopic plotting machines induces warpages of the 
stereoscopic model which are as serious as the change in scale, as these warpages 
prevent accurate stereoscopic measurement of elevations. 

31 •2§. Single-lens Aerial Cameras. Single-lens surveying cameras are 
instruments of precision. One of the better known single-lens cameras is the 
Fairchild cartographic camera (Art. 31-26). The Sonne continuous-strip 
aerial camera (Art. 31 *27) may also be fitted with a single lens. 


Fig. 31-13. Fairchild cartographic camera: (a) assembled camera, (6) inner cone, (c) outer 
cone, (d) detachable roll-film magazine. 

31*26. Fairchild Cartographic Camera. The Fairchild cartographic 
camera, Fig. 31-13, is built under the precise specifications set forth by the 
United States mapping agencies and the American Society of Photogram- 
metry for the production of accurate photographs for the compilation of 
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precise planimetric and topographic maps by aerial photogrammetric 
methods. This camera is simple of construction and consists of only three 
sections: the inner cone, the outer cone, and the interchangeable roil film 
magazine. The camera is fully automatic, being operated from a 27 volt 



Fig. 31*14. Sonne continuous-strip camera. 

power source; the operator has only to concern himself that the camera is 
level and fully alined with the line of flight. The inner cone contains the 
lens, between-the-lens shutter, and focal plane. It is removable from the 
outer cone to facilitate calibration, normally by the National Bureau of 
Standards; after being calibrated, the lens is permanently doweled in place 
to maintain its accurate relationship with the focal plane. The outer cone 
contains the operating mechanism and is built to absorb the shocks of 
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handling and of operation. The interchangeable roll film magazine pro- 
vides for 200 ft. of roll film wide, sufficient for a maximum of 250 

exposures of 9 by 9-in. negative; it requires a separate vacuum source for 
operation. Extra magazines of equal capacity are equally interchangeable 
in daylight. The camera weighs approximately 58 lb. less mount. Other 
features are as follows: 


31*27. Sonne Continuous-strip Aerial Camera. The Sonne continuous- 
strip aerial camera, shown in Fig. 31-14, is designed to take sharp clear 
photographs from an airplane moving at high speed and low altitude, without 
blurring. This result is accomplished by synchronizing the movement of 
the ground image across the plate of the camera with the film speed, thereby 
producing a motion-stopping effect. The camera is without a shutter, and 
the exposure is governed by the speed of the film and the width of the slit in 
the focal plane through which the film is exposed. 


Lens. 

Shutter speeds 
Filters 


5.2-in. //6.3 metrogon 6-in, / / 6.3 metrogon 

Hoo> KoO) 1^00 sec. 

Built-in antivignetting minus blue 


8M“in. // 6,8 aerotar 

Ho, Hoo, Hoo sec. 

Bayonet-type minus 
blue 


Fig. 31-15. Stereogram from Sonne continuous-strip camera. 


The exposure method of the Sonne continuous-strip aerial camera re- 
sembles that of a focal-plane-shutter camera with the exception that in the 
focal-plane camera the film is fixed during exposure and the slit moves, 
while in the continuous-strip camera the slit is stationary and the film moves. 

The continuous-strip camera is adaptable not only to low-altitude large- 
scale photography but also to the measurement of heights for reconnaissance 
purposes. For example, with a 6-in. lens at a flight altitude of 31,680 ft., 
a single-strip photograph would cover an area 9 miles wide and 2,400 miles 
long. 
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The Sonne continuous-strip camera may be fitted with either a single lens 
or a pair of stereoscopic lenses for the taking of stereoscopic low-altitude 
photographs. Figure 31*15 is a stereogram made with the Sonne camera. 
Figure 31*16 shows the stereoscopic viewer made especially for viewing the 
continuous negatives made with this camera. The camera is adaptable 
either to black-and-white or to color photography, and with the stereoscopic 


Fig. 31*16. Soane continuous-strip stereotypic viewer {Chicago Aerial Survey Co.}, 


viewer the entire roll of film may be brought into stereoscopic view by turn- 
ing the crank which moves the film or photograph across the plane of vision. 
A stereoscopic comparator is available for measuring the photographic 
parallax for the determination of heights on the continuous-strip film. 

The Sonne continuous printer (Fig. 3T17) is a companion machine to the 
continuous-strip camera and is built to print on one continuous strip of 
paper or film the negative made by the continuous-strip camera. Also it is 
suitable for printing any roll-film negative up to 934 in* wide and 200 ft. 
long at a rate of about 40 ft. per minute. 

31*28. Multiple-lens Aerial Cameras. Since the development and near 
perfection of the wide-angle lens, multiple-lens aerial cameras have lost 
considerable advantage in aerial mapping. At one time there were five 
types of multiple-lens aerial cameras in use in the United States. These 
were the U.S. Army type T-3A (five-lens) aerial camera, the Zeiss four- 
couple camera (Fairchild Aerial Surveys), the tandem T~3A aerial cameras 
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(two T-BA aerial cameras mounted in tandem to furnish an octagonal 
nine-lens picture), the trimetrogon camera, and the U.S. Coast and Geo- 
detic Survey nine-lens camera. The first four of these cameras are fitted 
with separate chambers carrying separate rolls of film held against focal- 
plane plates tilted to the desired angle of obliquity of the lens. The 
U.S. Coast and Geodetic Survey camera carries a single roll of film 24 in. 
wide with the nine lenses mounted in front of it; the images are reflected 
onto the single focal plane by means of steel mirrors. The negatives for the 
Zeiss four-couple camera and the U.S, Coast and Geodetic Survey nine-lens 


Fig. 31 ‘17. Sonne continuous-strip printer {Chicago Aerial Surv&u Co.). 

camera are printed onto a single sheet of paper. The negatives of the T-3 A 
aerial camera are oriented on separate sheets by separate rectifying printers 
to permit maximum speed in printing the photographs; the photographs 
are later mounted into a composite. Photographs from the trimetrogon 
camera are ordinarily used separately. 

31*29. Trimetrogon Camera. Trimetrogon aerial photography is used for 
the preparation of small-scale maps and charts of reconnaissance accuracy. 
Originally the photographs were obtained by the simultaneous exposure of 
the film of thjTee separate single-lens aerial cameras fitted with metrogon 
lenses suitably mounted in the airplane, from which the system gets its 
name, but more recently there has been developed the trimetrogon aerial 
camera shown in Fig. 31T8. Contact prints of both the vertical and the 
oblique photographs are ordinarily used for charting, although the oblique 
photographs, are sometimes rectified in an oblique printer. Compilation 
of data is accomplished by using the vertical and oblique sketchmaster or 
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the rectoblique plotter (see pages 678-710 of Ref. 1 at the end of this chap- 
ter). Horizontal control is ordinarily extended by the radial-line method 
or by means of one of the mechanical adaptations of this method. 

31-30. U.S. Coast and Geodetic Survey Nine-lens Camera. To avoid 
the necessity for using nine separate rolls of film as in the tandem T-3A 
aerial camera and for other reasons, the U.S. Coast and Geodetic Survey 
developed the nine-lens aerial camera shown in Fig. 3M9. This camera 
uses nine lenses all of which point vertically downward. Eight of them are 



Fig. 3M8, Trimetrogon camera installation (U.S. Air Force). 

mounted in a circle around one central lens which views the ground directly. 
Rays from the ground are reflected through the other eight from highly 
polished steel mirrors. The lenses are of S^-in. focal length, and all project 
their images onto a single roll of film 24 in, wide. The photographs are 



printed onto a single paper by means of a rectifying printer (Fig. 31-20) 
to form a nine-lens composite photograph approximately 36 in. square. 

31-31. Mapping from Oblique Aerial Photography. Oblique aerial 
photography is not used to any great extent for the usual mapping purposes. 
The vertical or nearly vertical aerial photograph offers far too many ad- 
vantages in precision mapping work. However, there are certain situations 
oblique aerial photographs will accomplish a mapping proj- 
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ect successfully with less expenditure of time and money than that required 
by use of vertical aerial photography. The oblique photograph finds 
application where aeronautical charts or exploratory maps of low accuracy 
are required for vast, relatively inaccessible areas. It is not surprising 
therefore to find that the mapping of such areas as Northern Canada and 
Alaska has been characterized by extensive use of the oblique aerial photon- 
graph. 


Fig. 31-19. U.S. Coast and Geodetic Survey nine-lens aerial camera. 


Oblique photographs are usually classified according to whether they are 
high oblique or low oblique, A high oblique is one in which the apparent 
horizon is shown; a low oblique is one in which the apparent horizon is not 
shown. For mapping purposes the high oblique is used almost exclusively 
at present. The low oblique has been more or less relegated to the field of 
pictorial photography. 

Several methods for using oblique photography in the preparation of maps 
have been developed, each method to meet a variation in conditions. Three 
principal techniques are in use today: the perspective-grid method, the single- 
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photograph oblique plotter, and the oblique stereoplotter. The perspective- 
grid method is used most advantageously in mapping terrain of relatively low 
relief. In essence, a precomputed perspective grid is placed upon the oblique 
photograph, and planimetric detail is copied, grid by grid, from the aerial 
photograph to the corresponding rectangular grids of the map manuscript. 
This method is not applicable to topographic mapping, and in areas of 



Fia. 31-20. U.S. Coast and Geodetic Survey nine-lens rectifying printer. 


moderate relief the accuracy of the planimetric map suffers accordingly. 
In areas where relief affects the accuracy of the perspective-grid method, 
various oblique plotting instruments have been developed to overcome the 
difficulties introduced. These instruments in principle are phototheodolites 
which occupy the perspective center of the aerial photograph. Map position 
and elevation of points are determined by intersection in a manner analogous 
to plane-table surveying. Instruments of this type in use are the Wilson 
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photoalidade, the Miller oblique plotting instrument, and the Canadian 
oblique plotter. 

Stereoplotting instruments used for mapping with oblique photographs 
are standard types which can be modified, or are universal in nature. The 
Zeiss stereoplanigraph and the Santoni stereocartograph are of the universal 
type; and the multiplex, by means of special brackets, can be adapted for use 
with oblique photography. These instruments, when used with oblique 
overlapping photography, can establish a stereomodel from which a topo- 
graphic map may be drawn; but they are ordinarily used for precise large- 
scale topographic maps, and it is not considered sound economic practice to 
utilize them with high-oblique photography for reconnaissance mapping. 
However, when emergency conditions warrant, their use will give more 
precise results than the two methods previously discussed. 

31*32. Displacement of Image Points on Photographs: Displacement 
Due to Relief. Figure 31*21 represents vertical photographs of irregular 
terrain taken from two camera stations I and II with a camera of focal 


H-h 


i 

J 





Fig. 31*21. Displacement due to relief . 

length / at an altitude of (JET — V) above some point A. Rays from A 
toward the perspective center I pierce the focal plane at point Oi. Had 
point A been at an elevation h = 0, that is, either at sea level or in some 
other established reference plane, the rays would have been reflected from 
point Ao and would have pierced the focal plane of camera I at point Uo. 
The distance aia© on photograph I is the displacement ri of the image point 
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of A due to its relief h above the datum. On photograph II the displacement 
fs due to relief is the distance a-jcto. From the figure, Oiai/f = tan a, in 
which Oiai is the distance on the photograph from the principal point to the 
pictured location of A, and a is the angle of ray lA fpm the vertical 

Also 

= i and AoAi - h tan a 

AqAi h 

Hence 

hf tan a 
~ H 

and since H/f - S is the scale of the photographs, 

n - ^ tan a (8) 



Fio. 31-22<x. Effect of tip and tilt in an aerial photograph. 


Example: Let h — 200 ft.,/ == 12 in., H = 10,000 ft., and OiCti = 4.30 in. Find the 
displacement n of the pictured location of point A due to elevation h. 


^ 10,000 

S = — L__ = 833 ft. per in. 


12 


and 


tan a 


4.30 

12 


’ 0.358 


Then 


200 X 0.358 
833 


= 0.086 in. 


The displacement of the image of point A on photograph II is equal to 
the displacement n on photograph I only when tan a = tan jd. The total 
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displacement on the two photographs, (n + r 2 ), is the parallax displacement 
due to relief, and may be expressed as 

r = ^(tan a + tan 

Computations of the relief displacement on single photographs is a nec- 
essary step (1) in the rectification and enlargement in ratio printers of 
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Fig. 31-226. Effect of tip and tilt in an aerial photograph. 

essentially vertical photographs, wherein it is first necessary to establish 
the scale of the photographs at a very exact value and at the same time to 
eliminate the effect of tip and tilt of the camera; and (2) in arriving at a 
decision concerning the usability of particular photographs for a particular 
purpose. To compute and use the values of displacement of all the image 
points of important objects in the photograph for purposes of surveying 
would result in an enormous amount of mathematical computation, and 
this practice is not usually followed. It should he emphasized that it is im- 
possible to remote the displacement due to relief from an aerial photograph. It 
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is a mtural phenomenon and should not be considered an error. Were it not 
for the parallax displacement due to relief, stereoscopic measurement would 
be impossible. 

31*33. Effect of Tip and Tilt. Rotation of the camera about a horizontal 
axis normal to the line of flight is usually referred to as tip^ and rotation of 
the camera about the line of flight — the stereoscopic base — is called tilt 
By this system of reference, the pitch of a ship at sea would be called the tip, 
and the roll of the ship would be called the tilt. However, in the considera- 
tion of single photographs the combination of these two rotational effects 
is often called tilt. The displacements due to tilt are referred to as “errors, ” 
and the relief displacements are referred to either as “relief displacement” 
or as “parallax.” 

Figure 31 -22^ is a generalized perspective showing ground stations A, R, 
and C, the plumb point N, the photographic picture planes MM (assumed 
to be horizontal) and TT (assumed to be tilted through an angle a, the 
direction of tilt being in the vertical plane passing through the principal line 
w), the perspective center J, and the rays from the ground stations to the 
perspective center. In Fig. 31 •22?^ is a side view of the photographic picture 
planes, this view being an orthographic projection on a vertical plane (the 
principal plane) which is parallel to the direction of flight (stereoscopic base). 
An end view and a plan view of the picture planes are shown in Fig. 31*226; 
in the plan view it is assumed that the plane TT is rotated into the plane 
MM about an intersecting trace qq. The locations of all points in planes 
MM and TT along line qq are without error, and line qq may be considered 
as the line of equal scale, or the axis of tilt, of the photographs. 

In the case of photographs taken with a single-lens camera of focal length 
8J4 in. at an altitude of 10,000 ft. with a combined tip and tilt of 3°, direc- 
tions measured from the principal point as an origin are distorted less than 
3 minutes of arc. Displacements of objects are essentially zero at the center 
of the photograph and are approximately 75 ft. at the corners. Sides of 
squares on the photograph, as for example sections of land, are diverged 
approximately 2 A displacement of 75 ft. on the ground is represented 
by a distance of about 0.06 in. in the photograph. Displacements due to 
relief vary from zero at the center of the photograph to a distance equal to 
the height of the object at 45° from the principal ray of the photograph. 
Thus, the image of an object 75 ft. high appearing at an angle of 45° from 
the center of the photograph would be displaced 0.06 in. on the photograph. 
Variations in elevation of points on aerial photographs are generally much 
greater than this amount, and the displacements due to relief are usually 
considered to be greater than the displacement due to tip and tilt. In any 
event, both types of displacement are indeterminate until the relative eleva- 
tions of the points are known; and on most aerial photographs the distances 
and areas should be scaled with caution except as an approximation. 



§31-34] DETERMINATION OF ELEVATIONS BY PARALLAX 811 

The effects of tilt of the photograph may be resolved into mathematical 
forms, and equations may be derived for the displacement of all points due 
to the tilt, but such a procedure is so rarely resorted to in actual surveying 
practice that it is not covered here. 

31*34. Determination of Elevations by Measurement of Parallax. The 
object of measuring the parallax difference between two points is to deter- 
mine the difference in their elevations and thus to determine their respective 
heights above sea level. In Fig. 31 •23a, which is a variation of Fig. 31*21, 

oiiybf a ^2^2 ^3 

Negahves ^tj- 

7 / r 4 

^2 in •/. 

\Posti-ives -p- 

j (H'h)fanal I 

I — I 

- j * 

1-. Ill L.. 

(a) (b) 

Fig. 31-23. Determination of elevations by measurement of parallax. 

it is desired to measure the ground elevations above sea level of points A and 
B, The figure shows the profile of a landscape wherein any two ground 
points A and B appear on negatives 1 and II in positions oi, h and 62, 
respectively, and on the corresponding positives at positions o, h and a', 5 ', 
respectively. Line Iia" is constructed parallel to line 12^', making a tri- 
angle a^'ha similar to triangle /1AJ2. Then 

2 — ^ 

S' E -h 
or 

>■ - 

in which E is the altitude of flight, h is the elevation of point A above sea 
level, B is the ‘‘air base,’’ that is, the distance the plane flew between ex- 
posures, and the distance p is. the absolute parallax of point A, 

If a line is drawn through Ii parallel to the absolute parallax of point 
B may be similarly determined. The difference between the absolute 
parallax of A and that of B depends upon, and is a measure of, the difference 
between their elevations. 

The rate of change of parallax with respect to changes in /t may be ex- 
pressed as 



( 11 ) 
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To determine the parallax in terms of the measured stereoscopic base of 
the photographs, let Bm (in millimeters) be the measured stereoscopic base 
of the photographs which is equal to the air base B (in feet) divided by the 
mean scale of the photograph, that is, by (H — h)/f. 

Or 

B = ^ 2 ) 

in which H and / are both in feet. 

By substituting this value of B in Eq. (11), 

dp ___ fBmjll — h) _ Bn 
dh m -hy H - h 
or 

dp = ( 13 ) 


For small values of change in h compared with iT, as for example, the 
vertical distance between two contours as compared with the flight altitude, 


Ap — 


B^Ah 
H - h 


(14) 


This equation expresses the value of the change in parallax (in millimeters) 
ior a corresponding change in elevation between two points or between two 
contours on the photograph. It is to be noted in this equation that for 
changes in elevation the corresponding difference in parallax is independent 
of the focal length of the camera, the over-all size of the photographs, and the 
percentage of overlap. 

Although the equation for Ap was developed from a profile taken vertically 
through the camera stations and the plumb points, it is equally applicable 
to the entire area of overlap of the photographs so long as the measurement 
of parallax is limited to that component parallel to the stereoscopic base. 
For example, in Fig. 31 -236, let it be assumed that point A is at a distance 
{H — h) tan a to the left (or to the right) of the principal plane of the photo- 
graphs containing the stereoscopic base. Then 


J. = JL = //cos a 
B la% {H - ^)/cos a 


(15) 


or 


£ = — 1 _ 
B H -h 


( 16 ) 


as before. 

31‘35. Parallax Tables. Parallax tables may be computed for values 
of Ah = 20 ft. (or any other suitable contour interval) and Bm = 100 mm. 
for changes in flight altitudes throughout the range of flight altitudes en- 
countered in aerial photography, as for example between 5,000 and 25.000 ft. 
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Such tables are useful in the compilation of elevation differences and in con- 
touring directly from the photographs with the stereocomparagraph (Art. 
31-49). The value of Bm, — 100 mm. is taken arbitrarily, and in the use of 
the tables it is necessary only to consider the mean value of the actual meas- 
ured stereoscopic bases of the photographs as a percentage and to multiply 
the corresponding parallax by this percentage to obtain the parallax due to 
the change in contour interval for the particular photographs under con- 
sideration. 

Such a parallax table would be constructed by solving Eq. (14) for an 
assumed stereoscopic base of 100 mm,, for 20-ft. increments of difference in 
elevation, and for variations of {H — h) for the chosen contour interval 
throughout the probable range of flight altitudes likely to be encountered. 

For the computation of the parallax table, Eq. (14) has the form 


Ap (mm.) = lOpCmm.) X 20 (ft.) 

u.p Kpxm.) ^ 


(17) 


The values of parallax difference are in millimeters and are convenient in 
the use of the stereocomparagraph whereon the differences in parallax of the 
photographs are indicated directly in millimeters. 

The more conventional form of this interpretation of the parallax equation 
would be 

100 X 20 


Ap = 


H -h 


(18) 


valid for 5,000 ft. < {E — h) < 25,000 ft., wherein it is assumed that 5,000 
and 25,000 ft. are the limits of range of likely flight altitudes. 

A parallax table and a more complete explanation of its computation and 
use are given in Ref. 14 at the end of this chapter. 

31 ‘36. Map Control. Maps prepared by methods of photogrammetric 
surveying are based on two kinds of control: (1) field or ground control which 
may be obtained in a variety of ways, and (2) secondary control which is 
usually obtained graphically in a drafting room but sometimes is obtained 
in the field. Ground control is classified in four orders of precision, as 
follows: 

Ordees op Ground Control 


Order 

Maximum error in 
horizontal location 

Maximum error in elevation 

First 

1/25,000 

0.017 ft. Vlength of line in ncules 

Second. 

1/10,000 

0.035 ft. Vlength of line in miles 

Third....... 

1/5,000 

0.050 ft. Vlength of line in miles 

Fourth 

1/2,000 (approx.) 

1ft. 
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Fourth-order ground control is usually referred to as secondary control 
but is sometimes referred to as picture-point control. 

First-order control is established by the U.S. Coast and Geodetic Survey, 
and second- and third-order control by the U.S. Geological Survey, the 
Corps of Engineers, and other mapping agencies of the Federal government, 
states, municipalities, or other surveying agencies. The locations and eleva- 
tions for first-, second-, and third-order control are permanently monumented 
and published. The published locations and elevations of the control can 
usually be obtained by inquiry addressed to the head of the department or 
bureau which established the control. Such control should be used wherever 
possible, and it is excellent practice to tie all surveys to as much of this 
control as may be in the vicinity. Fourth-order ground-control locations 
are not usually published, nor are the stations permanently monumented. 

Secondary control is the control on which the actual survey is based. It 
is separate from, and additional to, the field control of third or higher order 
which is referred to as primary control. In photogrammetric surveying, 
secondary control may be said to tie the pictures to the ground. Secondary 
control (except for fourth-order ground control) may be readily established 
either by the radial-line method or by aerial triangulation. These methods 
have been proved and may be accepted as standard practice; other ways of 
establishing secondary control are little used and usually involve more labor 
or special equipment. 

31*37. Radial-line Method of Control. The first available reference to the 
radial-line method is U.S. Patent 510,758, granted to C. B. Adams in 1893. 
This method was developed to its present state by the late Lt, Col. J. W. 
Bagley, C. E,, U.S. Army. The radial-line method of providing secondary 
map control from vertical aerial photographs is based upon the following 
perspective properties of such photographs: (1) that points near the center 
of a photograph are nearly free from errors of tilt; (2) that all errors due to 
small amounts of tilt and to differences of ground elevation are, within the 
limits of graphical measurement, radial from the principal point of each 
photograph; and (3) that objects included in properly overlapping photo- 
graphs may be located by rays drawn to them from the principal points of 
photographs, the location of the objects being at the intersection of such lines. 
As in plane-table operations, the locations of points on aerial photographs 
are found at the intersections of rays drawn from two or more stations. 

Marking of Photographs. In applying the radial-line method a group of 
several consecutive photographs which include at least two ground-control 
points^ — one near each end of the group — is selected. Upon each photograph 
certain points (objects) are selected and marked, and lines are drawn, as 
follows: 

1. The principal point of each photograph is plotted. 

2. Beginning with the first photograph of the group, as, for example, 51, 
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We 31-24, a definite object called the “substitute center” (51M). which also 
!?pears o^ the adjoining photograph (52), is chosen near the principal point 

-1 r and is marked on both photographs. , , j 

Points 61B and 51L are chosen at objects near the right and left edges, 
rejectively, of the photograph, which objects also appear on photograph 

^Similarly points 52B and 62L are chosen at objects near the lower 
« nf photograph 61, and these two points must appear on the two 

as a point which appeals in photograph 52, nrai ita 
cento ." "lao^Tphotegiaph. 51 and 55, near the io.ei edge of 51 and n.„ 

selecting and ma.king poinU ha.i^ been curled 

+]ironffh^the eroup of photographs, it will be seen that each photograph of 
te Sup excep? the first and last photographs, will have nine marked 
SnSiraddition to the principal point. The first and last photographs wil 
Lch have six marked points and the principal point, as shown on 51 of 
R* sS; and the twoVotographs at each end of the group must also in- 

““e r» .r."a‘^ phowgiaph 1«» the piindpai Kin. .« aU 
..Iked ^int. “lining ft. daft of ft. aepi- 

reSThoftlphs hito a map .hewing ft. corr^ relative locatrons of ft. 

A Sheet of ^ransjrent d ^ 

the entire group placed tLt each photograph in 

first pho °SraP , glni base in correct relation. Three points, 

XSdianinrrrli ^the other points, including the control 

52 » that ft. °"„ng abet this point nn.ii the tr«ed 

Krill" weighft in ftis -rLrrgr;.iiioit oS 

appl » P"«t"5ftP» " 

l ife and 5SR) which appear on photograph 52. 

pictured location on eitner P & ^ pictures are without errors due 

rmifte" iSrSl 100 ^. 1.1 of each point ah.nld lie a. ft. intos«.io. 
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of the two lines drawn toward it; but if displacement errors are present, the 
pictured location of any point will not coincide with the intersection of the 
radial lines. This condition is shown in Fig. 31-26, where the pictured 

locations of the various points are 
shown by small circles and the cor- 
rect locations are shown by the inter- 
sections of the corresponding radial 
lines. 

When the location of points on 
the film base is begun, no attempt is 
made to use any particular scale; but 
a definite scale, as yet unknown, is 
established by the distance between 
the two central points 51ikf and 52 M, 
which have been traced as they ap- 
pear on photograph 51. It is essen- 
tial to accuracy that each central 
point, such as 51^1^ or 52M, be 
selected as a point which lies close to 
the line connecting adjacent principal 
points and which lies close to its cor- 
responding principal point; and that 
the control point fall within the zone 
of overlap so that it may be inter- 
sected. The scale of the plotting in 
this case is the scale of the first photo- 
graph. As the procedure is continued 
it is evident that, as each succeeding 
photograph is treated, there have 
been located previously on the film 
base three points which appear along 
the upper border of the photograph 
and a direction line to the next 
central point. The film base is shifted 
until (1) the plotted locations of the 
three points appearing along the 
upper border of the photograph fall 
on their respective radial lines of the 
photograph, and (2) the radial line 
on the film base to the principal point 
of the photograph now being treated falls on the point as marked on that 
photograph. When these conditions are satisfied, the film base is correctly 
placed with respect to the photograph; the principal point is then traced, 
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Fig. 31-24. Photographs marked for 
radial-line control. 
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and radial lines are drawn. This procedure is similar to the graphical 
solution of the three-point problem (Art. 17*146). 

This process is carried through the group of photographs until the second 
control point is located. The scale of the data assembled on the film base 
can then be determined by measuring the distance between the two control 
points on the film base. Proper reduction or enlargement can be accom- 
plished either with the pantograph or graphically. 

Plotting at Fixed Scale. The more general application of the radial-line 
method presumes at least three control points in the overlap of the first pair 
of photographs. With a minimum of three control points in the first photo- 
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Fig. 31*25. 

Plotted map-control points. 


graph, the radial-line plotting may be run at a fixed scale which may be 
selected at wdll; however, it should be very nearly the mean scale of the 
strip of the photographs. In plotting by the radiaHine method to such a 
fixed scale, the following procedure should be followed: 

1. Mark the control points on the photographs, and draw rays from the 
central point (either principal point or substitute center) through the 
control points, as for the points in the previous explanation. 

2. Continue marking points and drawing rays throughout the strip until 
the next control point is reached. 

3. Plot the control points on the film base at the desired arbitrary scale, 

4. Place the film base, so marked, over the first photograph containing 
the control points, and orient the film base until the rays on the first photo- 
graph pass through the plotted locations of the control points. 

5. Trace the rays onto the film base and continue as before. 

If upon reaching the next control point there is a difference between its 
resected location and its plotted location, a graphical adjustment may be 
applied. In a long extension a slight adjustment may be expected, as the 


1 
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short base (the distance between the control points in the first photographs) 
1ms been expanded along the strip, and any error in adjustment of the first 
photograph has been magnified. 

Topographic Features, The radiahline method is used even more ex- 
tensively in the determination of the true locations of topographic features 
to be depicted on the final map. This application usually follows the ad- 
justment of the radial-line strip in order to avoid shifting the locations of 
more than the minimum number of points. If control is in every photo- 
graph, the radial-line method of resection may be used to “ cut in ” additional 
points, which operation may be done more expeditiously in the drafting 
room than in the field. 

Precision, With good photographs, the combined average tip and tilt is 
less than 2® for extensive areas and not more than 3° anywhere in the area. 
This standard is accepted so generally in radial-line work that it is customary 
to ignore the presence of tip and tilt altogether, and either to consider the 
physical center of the photograph (located with reference to the collimating 
marks on the camera) as both the plumb point and the isocenter, or, as a 
convenience in expediting the work, to use the substitute center as pre- 
viously explained. 

The errors in the resultant positions of points due to combined tip and 
tilt of 3° and to distortion of photographic papers are shown in the following 
table adapted from Ref. 16 at the end of this chapter. 


Errors Due to Tilt and Paper Distortion 
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An experienced draftsman can conduct radial-line work with the precision 
of fine drafting. With the resected points properly spaced, the errors in 
location will be less than the dimensions of the conventional signs used to 
represent the features. The density necessary to obtain this precision de- 
pends upon the scale, the extent of the relief in the photographs, and the 
skill and experience of the draftsman. One point per square inch of map is 
the maximum that should ever be required, and in most cases this density 
is greater than necessary. 



Fig. 31-26. Slotted-templet assembly. 


31*38. Slotted-templet Method of Control. The slotted-templet method 
is a variation of the radial-line method. The utility and efficiency of the 
radial-line method have been greatly enhanced by the development of 
mechanical methods of adjusting the radial-line resections to known primary 
control points, in order to obtain a system of secondary control to which 
the map or chart compilation may be referenced. Instead of the rays being 
drawn on the photographs as heretofore explained, the points to be resected 
are selected, marked on the photographs, and transferred to cardboard 
templets. Slots representing rays radiating from the nadir point to the 
selected photo points are cut into the templets by means of a mechanical 
slot cutter; the slotted templets are approximately oriented on the manu- 
script by placing the nadir point of each in its approximate location in the 
flight line at the scale of the manuscript; and movable metal studs are in- 
serted through those slots representing the rays to each selected photo point. 
Those photo-point studs which correspond to known primary control points 
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are then fixed in position on the manuscript by pins driven through the 
studs, and the system of slotted templets is shifted slightly about these fixed 
points until the arrangement having the least apparent residual strain is 
found. The positions thus found for the movable studs are then the most 
probable positions for the corresponding photo points, and these positions 
are plotted on the manuscript for use as secondary control points. A 
slotted -templet assembly is shown in Fig. 31-26. 



An alternative slotted-templet method involves the use of slotted strips 
of spring steel radiating about a center bolt which corresponds to the nadir 
.-:f point of the photograph. These strips are fixed in positions corresponding 

I * to the radial lines from the nadir point to the selected photo points. The 

assembled metal templets, called spiders, are then oriented on the manu- 
li script in positions corresponding approximately to the exposure stations of 

the photographs; metal studs are inserted in the rays for each photo point; 
points corresponding to known primary control positions are fixed on the 
manuscript; and the metal-templet system is shifted and adjusted about 
these fixed positions in much the same manner as the cardboard-templet 
system heretofore described. The probable positions of the selected photo 
points thus obtained are then plotted for use as secondary control in compil- 
ing the map or chart. An assembled metal-templet system, called a “lay- 
down,” is illustrated in Fig. 31-27. 

A large proportion of present-day slotted-templet control operations are 
performed for the purpose of controlling map and chart compilations from 
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oblique aerial photographs— especially those compilations made from trimet- 
rogon (three-camera) photography. Determination of true horizontal 
directions from the nadir point of the oblique aerial photograph is necessary 
in these operations, in order to permit proper orientation of the cardboard- 
templet slots or the metal-templet radial arms, since the map or chart is an 


Fig. 31-28. Piiotoangulator. 


orthographic projection on a horizontal datum and the aerial photographs 
are tilted from the vertical by amounts approximating (in trimetrogon 
obliques) 60°. A mechanical trigonometrical determination of the required 
directions is provided by the photoangulator (Fig. 31-28). An analytical 
geometric solution of the same problem is offered by an instrument known 
as the rectoblique plotter (Fig. 31*29). 

31-39. Section-line Method of Control. Surveys either of small areas or 
of large areas of purely local interest are often tied into the land surveys of 
the U.S. Bureau of Land Management. This tie may be made readily in 
areas where the country is divided into sections of land 1 mile square. As 
these areas are usually bounded either by highways or by fence lines, the 
section lines and section corners may be easily identified in the photographs. 
Section lines are shown on the atlas sheets of the U.S, Geological Survey, 
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and the monumented section corners are shown with a heavy cross. Local 
surveys are generally more concerned with property boundaries than with 
geodetic positions, and the use of the existing land surveys is a valuable 
adjunct to the new work. However, the nature of the land surveys should 
be understood, and it should be realized that the section corners cannot be 
used as precise control points like geodetic positions of primary control. 



Fig. 31*29. Rectoblique plotter. 


The use of section lines and section corners as control for photogrammetric 
surveys is usually limited (1) to the joining (or the holding) of two or more 
photographs together, or (2) to the fixing of the positions of photographs for 
a survey of the same precision as that of the original land survey. 

The use of section lines and section corners is an invaluable guide to the 
laying of mosaics (Art. 31*3). 

31*40. Aerial Triangulation. Aerial triangulation is a by-product of 
photogrammetric surveying with stereoscopic plotting instruments. The 
original conception of photogrammetric mapping necessitated ground control 
in every photograph; and, for precise large-scale surveys on which engineer- 
ing works are based, this condition still holds true. However, for surveys 
of medium and small scale where it is generally impossible to scale small 
distances precisely from the map, it has been found that the ground control 
need not be in every photograph but may appear in every third, fifth, or in 
some cases fifteenth photograph; the intervening distances are bridged by 
aerial triangulation. Aerial triangulation involves a precise adjustment of 
the first stereoscopic model to ground control which has been established 
previously — usually for this special purpose. Photogrammetrically, this 
adjustment involves the absolute orientation of the first spatial model 
(Art. 31*3) to existing ground control. Additional photographs may then 
be adjusted to this first model by the relative orientation of the third and 




§31*40] AERIAL TRIANGULATION 823 

successive photographs to those already adjusted. The process may be 
more fully uuderstood by study of the paragraphs dealing with the multiplex 
projector. - 

Either the control may be bridged from one control band to another and 
the intervening area compiled onto a topographic map in the machine used 


Fig. 31*30. Fairchild automatic heliotrope. 

for the extension, or the control may be plotted onto the projection sheet 
and later transferred elsewhere for use in some other form of machine for 
the actual compilation. 

As an aid to daylight ground triangulation for essential high-order ground 
control, Fairchild Aerial Surveys has developed the automatic heliotrope 
shown in Fig. 31*30. This instrument consists of four mirrors which rotate 
continuously on two axes so that the sun is reflected periodically to every 
point in the hemisphere above the horizon. The heliotrope is controlled by 
n. photoelectric cell so that it runs only when the sun is bright enough for 
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heliotrope use; thus the driving batteries are conserved, and two hot-shot 
batteries will run the instrument for 3 or 4 weeks. The advantages of such 
an automatic instrument are obvious to anyone who has had experience with 
manual heliotropes or who has tried to distinguish other faint targets from 
a great distance. 

3141. Map Projection. Irrespective of the type of survey, if the compila- 
tion of a map is involved, some form of projection is required. It is usual 
for large-scale maps of small areas to be plotted on a plane sheet at the 
selected scale; in this case the problem is one of plane surveying, and the 
surface of the earth is considered to be flat. In surveys involving large 
areas, the curvature of the earth must be considered in order to avoid an 
accumulation of errors in distance and in azimuth. This consideration 
involves geodetic surveying wherein it is necessary to use a mathematical 
projection (see Chap. 32, ‘‘Map Projections”)- 

3142. Compilation of Detail from Photographs. Objects in an aerial 
photograph are apparent only as they stand out in contrast to other objects 
in the immediate vicinity. They appear in varying shades of light and dark 
according to the amount of light they reflect into the camera. The un- 
important features are shown with the same degree of intensity as the impor- 
tant. In general, the greatest difficulty in the use of aerial photographs as 
maps is due to the important features being either obscured or lost among 
the many objects in which there is little or no interest. The purpose of the 
map compilation is to separate all these features and to represent them by 
conventional signs according to their importance to the task at hand. These 
symbols may appear in the final map in several colors : Hydrography is con- 
ventionally represented in blue, contours in brown, culture and names in 
black, woodlands in green, and overlay information such as road classifica- 
tions in red. All these features are compiled originally in black. 

If an aerial photograph is truly vertical and the terrain is flat, the photo- 
graph is a true map and all the features are shown in their proper scale re- 
lationship. In this case, to obtain a conventional map it is necessary only 
to copy the features directly from the photograph onto any convenient 
drafting medium. If the terrain is rough or if there is doubt about the 
photographs being of the same scale, the photographs should be controlled 
in one of the ways previously explained before being compiled. The control 
should be of sufficient density to insure the requisite accuracy in the final 
compilation. The limit of accuracy should be such that no feature will be 
out of its relative location by a greater distance than the dimensions of the 
conventional sign used to represent it. 

The first step in the compilation is the transfer of the secondary control 
to the compilation sheet. A transparency must be used for compilation by 
the radial-line method. First the compilation sheet is oriented over the 
radial-line plot in such a position that the primary control points will appear 
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in their correct geographic or grid locations on the projection drawn on the 
compilation sheet. The compilation sheet should be fastened in this posi- 
tion by staples, weights, or tape, as may be convenient. The control 
points should be traced onto the compilation sheet in their proper symbols, 
and permanently inked in black. The secondary control points obtained by 
radial-line or photogrammetric methods of control extension should be 
traced onto the compilation sheet in nonphotographic blue ink by means of 
a drop pen. The pricked center of each circle (which should not be over 

in. in diameter) should be at the exact center of the intersection of the 
radial lines. The names and numbers of the primary control points, and 
the numbers of the photographs, should be traced onto the compilation 
sheet. The number of the photograph should be written adjacent to the 
circled position of the principal point or the substitute center; for more 
ready identification, this circle may be slightly larger than the other circles. 
Thus, when completed, the compilation sheet contains the map projection 
onto which have been plotted the locations of all the primary and secondary 
control points. The names, projection, and symbols of the primary control 
points should be in black since they will appear on the final map. All other 
marks should be drawn in nonphotographic blue; any standard blue drawing 
ink will serve. 

To compile the planimetric detail from the photographs by the radial-line 
method, the compilation sheet is successively oriented over each photograph 
in turn, and the detail is traced onto the compilation sheet, as follows: 

1. Lay the compilation sheet over any one of the photographs to be 
compiled, carefully orient the marked location of the center point on the 
compilation sheet over its location on the photograph, and swing the com- 
pilation sheet (or the photograph) until the circled control points fall on 
their corresponding rays from the center of the photograph. 

2. Beginning at the center of the photograph, with the compilation sheet 
properly oriented, trace in the proper symbols all the features in the central 
area of the photograph. Initially only those points that are less than half- 
way to the nearest radial-line points in all directions should be traced. 

3. Shift the compilation sheet slightly (if necessary) so that the location 
of another of the nearest radial-line points is oriented exactly over the 
corresponding point on the photograph, and., with the compilation sheet 
oriented properly as to azimuth, trace the detail in all directions immediately 
surrounding this point and not over halfway to the next radial-line point. 

4. The detail between the selected radial-line point and the detail traced 
around the center point should be connected. If the difference in scale and 
the displacement due to relief do not cause any feature to be out of position 
more than about half the dimensions of the conventional sign, the areas may 
be connected without further shift. If, however, there is a greater difference 
— as may be expected far out on photographs in terrain of great relief — the 
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difference between the control points on the compilation sheet and the 
pictured locations should be equalized so that errors will not accumulate 
between the radial-line control points. 

5. Continue for all the other points in the area of the photograph within 
half the distance to the center of the next photograph. 

6. Remove the first photograph and replace it with an adjacent one; 
continue in this manner until the whole area of the map has been compiled. 



Fig. 31'31. Map compiled by radial-line method. 

A section of a compilation sheet is shown in Fig. 31*31. This section 
differs from the compilation sheet heretofore described only in that the 
centers of the photographs and the radial-line locations are shown in black. 

The compilation sheet finally becomes an accurate planimetric map of 
uniform scale throughout its area. It should include culture, hydrography, 
and woodlands. In some cases, direct color separation may be accomplished 
in the original compilation by drawing each type of feature on a separate 
sheet, but this procedure is to be recommended only for experienced com- 
pilers. 

3143. Contouring. Contouring may be accomplished in several ways. 
A field sheet may be made from the compilation sheet by printing the com- 
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pilation sheet onto a plane-table sheet sensitized with blueprint emulsion; 
the field sheet is then taken into the field, and contouring is accomplished 
with a plane table. Such a field sheet may consist of double-mounted 
drawing paper, bristol board, metal-mounted sheets, or a metal sheet 
painted white. Any of these may be sensitized with blueprint emulsion, 
and the contact printing may be accomplished in a simple printing frame. 

Contouring may be accomplished on the stereocomparagraph on a sepa- 
rate templet for each photograph; later the contours are compiled on the 
planimetric sheet in the same manner as the detail of the photograph. 
This method is explained further in Art. 31-49. 

In the compilation of contours on the aerocartograph, the stereoplani- 
graph, ^nd the multiplex projector, the radial-line method is not used; 
all features of the map are compiled in a single operation. 

31-44. Automatic Stereoscopic Plotting Machines. A wide variety of 
stereoscopic plotting machines are used for the compilation of topographic 
maps. Each nation has adapted instruments for the solution of its own 
particular problems. The leading countries in Europe in quantity of pro- 
duction and export of stereoscopic plotting equipment are Germany and 
Switzerland; the other European countries tend more to keep their develop- 
ments secret and do not make the same effort to export machines or publish 
their methods. 

Instruments for plotting and aerial triangulation from stereoscopic 
photography are also manufactured in France and Italy. The Stereo- 
topograph Type B manufactured by the Soci4t6 d’Optique et de M^canique 
de Haute Precision, Paris, France, and the Santoni stereocartograph Type 
IV manufactured by Officine Galileo in Florence, Italy, are similar to the 
stereoplanigraph and the Wild autograph A-5 in complexity, mode of opera- 
tion, range of application, and accuracy. In addition to the autograph A-5, 
the Wild Company manufactures a model A~6 stereoplotter designed only 
for plotting from vertical aerial photography. These models are being 
superseded (1952) by models A-7 and A-8, respectively. 

The stereoscopic plotting machines just named are instruments of pre- 
cision, are necessarily complicated in their mechanism, and are correspond- 
ingly expensive. Only a governmental agency or a large mapping concern 
can afford to own and to operate this type of equipment. To fill the need 
for less expensive equipment, generally to meet special requirements, a wide 
variety of simple and relatively inexpensive plotting machines have been 
developed in the IJnited States during recent years. Representative instru- 
ments of this nature are discussed in succeeding paragraphs, but it must be 
remembered that none of these devices match the precision of the more 
elaborate machines. 

Question often arises as to the accuracy with which stereoscopic topog- 
raphy can be accomplished. Usually the answer is desired in terms of the 
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error in the placement of contours. There is no simple answer which will 
apply to all conditions, as many factors enter into the determination of 
accuracy. However, the generally accepted limit of accurate stereoscopic 
measurement with trained personnel is that value of the parallax equation 
for which p = 0.05 mm. or 0 = 10" of arc (approx.). 



Fig. 31*32. Stereoplanigraph. 

3145. The Stereoplanigraph. The stereoplanigraph, shown in Tig. 31*32, 
is the development of Dr. Bauersfeld of the firm of Zeiss- Aero topograph in 
Germany. Several of these instruments are in use in United States Govern- 
ment mapping agencies; one is owned by the Fairchild Aerial Surveys. 
It is a precision stereoscopic plotting instrument suitable for plotting from 
stereoscopic pairs of terrestrial photographs as well as from aerial photo- 
graphs with both low and high tilt. This instrument may also be used for 
aerial triangulation. 

The basic idea of the stereoplanigraph is a reversal of the process employed 
in making the photographs. In photography, the rays of light from the 
landscape produce pictures in the camera whereas in the stereoplanigraph 
they are reversed and pass from the picture to the outside through lenses 
identical to the lens of the taking camera to form a spatial model of the 
landscape. This spatial model is viewed stereoscopically through a binocu- 
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lar optical system containing floating or measuring marks with which 
measurements can be made. The measuring marks are moved relative 
to the projection and the model by means of a three-dinaensional cross-slide 
system, and the movements in the plane corresponding to the ground plan 
are transferred to a coordinatograph where the compilation is made. Inter 
changeable gears are provided between the instrument and coordinatograph 
to permit compilation at a wide range of scales. These movements are 
made by precision lead screws operated by two handwheels and a footplate. 
The projectors are moved for the Z and Y motions, and the X motion is 
accomplished by lateral movement of the measuring or floating marks. 

For vertical photographs or those with tilts up to 45 degrees, the planim- 
etry is traced by the X and Y movements and the elevation by the Z move- 
ment. For aerial photographs with tilts greater than 45 degrees and for 
terrestrial photographs, the planimetry is traced by the X and Z movements. 
There is a lever on the front of the instrument by means of which the gears 
connecting the right-hand wheel and the footplate to the Y and Z motions 
may be shifted so that the footplate is always used for the elevation move- 
ment. 

Each of the two projectors or plate holders in the stereoplanigraph has 
the same characteristics as the aerial camera. The projectors in the instru- 
ment shown in Fig. 31-32 will accommodate 9 by 9-in. photography exposed 
with a 6-in. focal-length metrogon lens. Interchangeable projectors are avail- 
able for 18 by 18-cm. photography with 100 and 205-mm. focal-length lenses. 

For use in the stereoplanigraph, the photographic negatives are printed 
on glass diapositives which are mounted in the plate holders in such a 
manner that the diapositive holds the same position relative to the lens in 
the projector as the original negative held at the instant of exposure. 

Each projector may be rotated about three mutually perpendicular axes 
intersecting at the lens so that the projectors may be oriented to recover the 
angular attitude of the cameras when the exposures were made. In addition 
to the individual rotation of each projector, the two projectors may be 
rotated together about an axis parallel to the base, and they may also be 
tilted in like amounts about axes perpendicular to the base. These common 
tilt motions are utilized in obtaining absolute orientation of the model. 

For a strip of photographs, the projectors may be made to serve alter- 
nately for the left or right photograph, as the need may be, by changing 
the positions of prisms in the ocular head so that the photographs as seen in 
the left and right eyepieces are interchanged. This arrangement is utilized 
in control extension. The photographs in the line of flight can be combined 
with either the preceding or the following one in the strip without disturbing 
the adjustment of the instrument. 

Normally with vertical control in each model, contours at an interval of 
approximately 1/1,250 of the flight altitude can be compiled with the 
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stereoplanigraph, with an accuracy meeting the requirement that 90 per cent 
of the elevations tested should not be in error more than one half of the 
contour interval. Tests have shown that vertical control bridges up to 
about eight models can be made with good photography, with 90 per cent of 
the bridged elevation accurate to within about 1/1,200 of the flight altitude. 


Fig. 31’33. Wild autograph. 

31*46. The Wild Autograph. The Wild autograph model A-5 shown in 
Fig. 31*33 is a product of the Wild Surveying Instruments Supply Company 
of Heerbrugg, Switzerland. Several of these instruments are in use by 
government and commercial organizations in this country. Like the 
stereoplanigraph, it is a precision stereoscopic plotting instrument and is 
suitable for compiling stereoscopic pairs of terrestrial photographs as well 
as aerial photographs; it may also be used for aerial triangulation. 

In the Wild autograph A-5 the projection of the photographs is entirely 
mechanical and is carried out by space rods universally pivoted at points 
in the same relative orientation with respect to the photograph as the camera 
lens was at the time the photo was exposed. With the upper end of the 
space rods set on corresponding points in properly oriented projectors, their 
lower extensions will intersect in a point corresponding to the position of 
the point in nature. 
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With this type of construction, it is possible to utilize photography with 
a wide range of focal length in the instrument. For the different focal 
lengths it is merely necessary to set the distance from the pivot point of 
each space rod to the plane of the photograph equal to the principal distance 
of the camera. A range of adjustment from, 98 mm. to 215 mm. is possible, 
and the instrument will accommodate sizes up to 18 by 18 cm. 

The photographs are viewed through a binocular optical system in each 
side of which there is an index mark. These two marks fuse into a single 
floating mark which is viewed binocularly and which by manipulation of the 
machine may be made to appear in coincidence with the images in the 
stereoscopic model. When this is accomplished, the upper end of each 
space rod is in effect coincident with the image, and the space rod assumes a 
direction corresponding to the direction from the camera lens to the object 
in nature at the time the photograph was exposed. The lower ends of the 
space rods terminate in sleeves universally pivoted on a base carriage on a 
three-dimensional cross-slide system. Motions of this base carriage are 
controlled through lead screws operated by handwheels and a foot treadle, 
and the plan motions are transmitted through gear trains to the coordinato- 
graph where the compilation is made. 

For nearly vertical photographs, the handwheels control the X and Y 
motions, and the foot treadle the Z or vertical motion. When high obliques 
or terrestrial photographs are plotted, the XZ plane becomes the horizontal 
plane and the Y movement corresponds to the vertical plane. The control 
of the Y and Z motions may be interchanged between the foot treadle and 
the handwheel so that the two handwheels control the plan movement in 
either case. 

Provision is made in the instrument for rotating each projector about 
three mutually perpendicular axes so that the projectors may be oriented 
to recover the angular attitude of the camera when the exposures were made. 
In addition, the tw^o projectors may be rotated together about three mutually 
perpendicular axes to permit absolute orientation to ground control without 
disturbing the relative projector orientation. 

The accuracy of the Wild autograph A-5 is approximately the same as 
that of the stereoplanigfaph in both compilation and aerial triangulation. 

31‘47. The Multiplex Projector. The multiplex projector, commonly 
called the multiplex,’^ is a stereoscopic plotting machine for producing 
topographic maps by means of the simultaneous projection in comple- 
mentary colors of overlapping aerial photographs. The multiplex projector 
is the work of several men; no single person can be credited with its invention. 
Its principle has been known since the work of the Frenchman, d’Almi^da, 
who is credited with the discovery (1858) of stereoscopic observation with 
two colors. Its development in Germany is the result of the work of 
Scheimpflug and Gasser, and later the firm of Zeiss- Aerotopograph. A 
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similar development was made in Italy by Umberto Nistri, and there are 
basic United States patents which antedate the foreign patents on this type 
of projection and plotting. 

As shown in Fig. 31 *34, the multiplex consists of a series of projectors 
which are small-scale reproductions of the taking cameras. The projectors 


Fig. 31-34. Multiplex projector with tracing stand and voltage regulator. 


are supported on a frame which also contains the electric wiring and the air- 
cooling duct. The projection lenses are not intended to duplicate the distor- 
tion characteristics of the camera lenses, but are built for use with lenses 
which are sufficiently free from distortion to avoid the necessity for optical 
duplication of unusual lens characteristics. 

The multiplex projectors are made. smaller than the taking camera in 
order to permit plotting at reasonable scales and in order to keep the dimen- 
sions of the machine within practical limits. A small diapositive is used in 
the projectors; it is obtained by printing the aerial negative in a fixed-ratio 
reducing printer made especially for the purpose. Twenty-volt 100-watt 
lamps are used as a source of light for the projection. Within the condenser 
housing, provision has been made for inserting a colored filter to permit pro- 
jection in either red or blue-green light as may be necessary. 

In the operation of the multiplex, the diapositives are inserted in the pro- 



Fig. 31-35. The spatial model in the multiplex projector. 


jector and are then mutually adjusted so that their projected images will 
intersect in space above the drafting table and form a spatial model which is 
a true small-scale reproduction of the landscape photographed. The spatial 
model is obtained by projecting one photograph of an overlapping pair in 
red light and the other in blue-green light, and by observing the combination 
of colors through spectacles containing one red and one blue-green lens. 
If the red image comes from the right-hand projector and the blue-green 
image from the left-hand projector, the spectacles should be worn with the 
red lens over the right eye and the blue-green lens over the left eye. In 
this case, only the red image (from the right projector) would be seen (in 


the original black-and-white of the diapositive) with the right eye, and only 
the left (blue-green) image would be seen -with the left eye. The condition 
of stereoscopic observation is thus fulfilled, and when the instrument is 
properly adjusted the intersections of the bundles of rays from the pro- 
jectors form a true image, in space, of the original landscape. 

Inasmuch as the fusion of the images occurs in space above the drawing 
table, the image may be cut and measured at any desired height. The index 
mark, or floating mark, is carried in the center of a circular disk on the tracing 
table shown in Fig. 31*34. This disk is raised and lowered by means of a 
screw on the center post at the back of the tracing stand. On the left post 
of the tracing stand is a millimeter scale on which is read the height of the 
disk above the drawing table which may be considered as the datum plane. 
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Carried in the tracing stand directly below the floating mark is the drawing 
pencil which traces on the plotting sheet the horizontal movements of the 
floating mark. The nature of the spatial model is shown in Fig. 31-35; 
being a small-scale reproduction of the original landscape, it can be measured 
both vertically and horizontally by means of the floating mark and the milli- 
meter scale. The height of the hills is measured by bringing the floating 
mark into contact with the spatial model at the point where measurement is 
desired. The elevation in millimeters (at the plotting scale) is read directly 
on the millimeter scale on the tracing stand. 



Fig. 31'36a, Fig. 31-36&. 

A multiplex plot. A stereocomparagraph plot. 

In contouring, the floating. mark is set at the correct height of the contour 
(the value of the contour, in millimeters, multiplied by the representative 
fraction of the plotting scale), and the pencil is lowered onto the plotting 
sheet. The tracing stand is then moved about over the sheet while the 
floating mark is held in contact with the spatial model. Although this 
process may seem diffleult, it is easily accomplished on the instrument. 

The projectors can be adjusted through tip, tilt, and swing and in the 
Xf y, and z directions for orienting the projectors into the same relative 
positions as those of the aerial camera at the instant of exposure of the 
several photographs. When this orientation has been accomplished, the 
lieight of the projector lens above the disk of the tracing stand corresponds 
to the altitude of the camera above the ground, the distance between the 
projectors corresponds to the distance the plane flew between exposures, and 
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the line of lenses of the several projectors on the frame represents the actual 
line of flight. The area of overlap of a pair of photographs contoured on the 
multiplex is shown in Fig. 31*36a. 

The great advantages of the multiplex projector are its ease of adjustment 
and the facility with which control may be extended from one picture to the 
next. This latter condition requires less field control for the multiplex 
method than for other methods of plotting. Control may be carried by 
aerial triangulation between successive bands of control several miles apart, 
or, if necessary, control may be e.xtended from a single band of control by a 
cantilever extension into space. Control may be thus extended and made 
available to every photograph by means of the multiplex. If the equipment 
is limited, plotting may be accomplished on the stereocomparagraph. 


Fig. 31*37. Ryker model PL-3 stereoscopic plotter, Wernstedt-Mahan type. 


31*48. The Wernstedt-Mahan Stereoscopic Plotter. The Wernstedt- 
Mahan model PL-3 stereoscopic plotter, Fig. 31*37, is a precision-built 
stereoscopic plotting machine for plotting contours and map detail directly 
from vertical aerial photographs. It follows the basic design of the Mahan 
plotter invented by R. 0. Mahan, C. P. Van Camp, and others of the U.S. 
Geological Survey; and it utilizes the vertical measuring system invented by 
Lage Wernstedt, formerly of the U.S. Forest Service, which comprises a pair 
of floating dots which actually rise and fall in space in the course of the 
measurement of differences in elevation of the spatial model. (See Ref. 5 
at the end of this chapter.) 
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The geometry of the Wernstedt-Mahan plotter is illustrated in Fig. 31-38, 
wherein two vertical photographs are shown on the photo tables, with nadir 
points N and N' coincident with the table nadir points. The eyes L and R 
of the observer are at the centers of projection, with the stereoscope and 
photographs so disposed that the perpendicular ray from each eye is centered 
over the nadir point of its corresponding photograph. The dots comprising 
the floating mark are linked by dot bar AA\ BB', etc., shown as being con- 
nected at its right end to a pointer which reads the 2 -displacement (difference 
in elevation of the spatial model) of the dot bar on the vertical scale. 


Fxg. 31*38. Geometry of the Wernstedt-Mahan stereoscopic plotter. 



In the upper portion of Fig. 31*38, the stereoscope has been positioned 
to give a newing distance V equal to the effective focal length of the lens 
of the taking camera. P and Q are the virtual perspective centers of the 
photo projections which correspond to the perpendiculars dropped from the 
eyes L and R, as reflected through the stereoscope. The image of any ele- 
vated vertical object or point, such as a tree in this case, is indicated on each 
photograph. For purposes of illustration let it be assumed that the vertical 
object AD is 2,000 ft. high. The image of its base appears at D and D', 
and of its top at A and A'. If its height were only 1,000 ft., its base would 
still be imaged at D and D', but its top would appear at B and B'. 

Let it be further assumed that the scale of the photographs is 1/12,000, 
or 1 in. equals 1.000 ft. The two dots on the dot bar are shown as being set 
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with an oj-separation AA', DD', etc. With the dot bar lowered so that the 
dots physically touch the two photographs at D and D , the fused dots com- 
prising the floating mark appear to touch the spatial model at zero elevation 
on the scale at the right of the figure. When the dot bar is raised to the 
elevation at which it reads 1,000 on the vertical scale, the floating mark 
appears in the spatial model to be at an elevation BB', or at the same eleva- 
tion during the scanning of the photographs. When the dot bar is raised 
to a scale reading of 2,000, the floating mark will rest on the spatial model at 
any point or points with an elevation of 2,000 ft. ^ 


y. ^ (plfL 

P 

Fiq. 31-39. Computation of viewing distance and vertical scale, Wernstedt-Mahan 
stereoscopic plotter. 


The physical displacement of image points due to relief is shown in Figs. 
31-21, 31-23, and 31-39. Figure 31-23 illustrates the principle of measure- 
ment of differences in elevation by the measurement of the parallactic dis- 
placement of the image on the photographs. _ The principle of measurement 
of elevations by the Wernstedt method is illustrated by reference to Fig. 
31-39, in which an object BU is displaced a distance p on the photograph 


PHOTOGRAMMETRIC StJRVEYING 


8S8 


[CH. 31 



due to its elevation above the datum plane. Both p and BM are functions 
of the height of the object. Thus, if either of these quantities is measured, 
the actual height Z of object BM in nature can be determined. In the 
Wernstedt method the two dots comprising the floating mark are set at a 
predetermined fixed rc-distance apart, and to measure height Z of object BM 
it is merely necessary to raise the dot bar until the dot, in this case the right- 
hand dot, intersects the ray from the eye R to the displaced position of the 
top of the object A, at point B. Inasmuch as the x-separation of the dots 
remains fixed, the Wernstedt-Mahan plotter will plot at a fixed scale, whereas 
simple instruments depending upon the measurement of parallax for the 
determination of differences in elevation suffer a change in scale with each 
change in elevation. 

As stated above, the x-separation of the dots remains constant in the 
Wernstedt-Mahan plotter. With a pencil attached to the dot bar in fixed 
relation to the two dots, the machine will trace a map at exactly the same 
scale regardless of the relief displacement of the spatial model or of the 
vertical displacement of the dot bar. Similarly, for a given contour interval 
or constant increment of elevation difference, the ^-movement of the dot bar 
is always constant. 

In the lower portion of Fig. 31-38 the photographs are oriented as dis- 
cussed above, but the stereoscope is assumed to have been raised until the 
viewing distance is no longer equal to the effective focal length of the taking 
lens but is 1.5 times this length, and the vertical scale is magnified 1.5 
times. 

To illustrate: Let the perpendicular distance from the eyes to the apparent 
datum plane equal Lrs. Then if PQ' equals the air-base distance reduced 
to the picture datun;i scale, and LR equals the eye base in inches, then 

Virtual distance Lvi = X viewing distance (19) 

air base 

Example: With photographs at a scale of 1/12,000 and with 60 per cent overlap, 
the air base is 3,600 ft. or 3.6 in. at the picture scale. The normal eye base is 2.5 in. 
The viewing distance is assumed to be 8 in. Then the apparent distance from the 
eyes of the stereoscopic image equals 

X 8.00 = 5.55 in. 

3.0 

In the lower portion of Fig. 31-38, where the viewing distance has been 
increased 1.5 times, or from 8 in. to 12 in., the image is displaced vertically 
from AD to A 3 ^ 3 , and the virtual viewing distance Lvs equals Lv 2 X 1*5, or 
8.325 in.; the other differences in elevation in the lower figure are similarly 
magnified. 


31*49. The Stereocomparagraph. The stereocomparagraph (Fig. 31*40) 


is a simple automatic plotting instrument for contouring directly from verti- 
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cal aerial photographs. It is the invention of the author of this chapter 
(1934), Like other automatic plotting instruments it consists of a viewing 
system, a measuring system, and a drawing system. In this instrument the 
viewing system is a magnifying mirror stereoscope; the measuring system 
consists of two index marks engraved in the centers of two meniscus lenses 
actuated by a micrometer screw; and the drawing system consists of a pencil 
mounted at the end of an arm fixed rigidly to the base of the instrument. In 


Fig. 31-40. Fairchild stereocomparagraph. 

operation, two vertical aerial photographs are oriented beneath the instru- 
ment so that stereoscopic fusion is obtained throughout the area of their 
overlap. Correct fusion is realized when the photographs are mounted with 
their stereoscopic bases in prolongation of each other and are spaced a con- 
venient distance apart (Arts. 31-6 to 31-8). 

The lenses containing the index marks are carried by two mounting rings 
and are in contact with the photographs. The left index mark is fixed to the 
base. The right index mark may be moved in a straight line either toward 
or away from the left index mark, by means of a micrometer screw which also 
serves to indicate the extent of the movement. 

In the relative movement of the two index marks toward and away from 
each other, they fuse into a single image which appears to rise and fall in 
space; when the index marks are placed over two photographs oriented as 
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rise and fall in the spatial model merely by the movement of the micrometer 
screw. The floating mark may be brought into contact with, made to rise 

above, or made to fall below, the sur- 
face of the spatial model as in the case 
of the floating mark of other plotting 
machines. The nature of this phe- 
nomenon is illustrated in Fig. 31-41, 
where Ml and Mr are the index marks 
resting in contact with the photo- 
graphs under observation. The index 
marks are actually at positions Al and 
Arj but when observed through the 
stereoscope they fuse into a single im- 
age which appears to be at position A. 
If the index marks are brought closer 
together, say to positions A'l and AJe, 
the fused image appears no longer at 
A but at A\ Similarly, a separation 
of the index marks lowers the float- 
ing mark. In the figure, the distance 
AlAr minus the distance AlAr is 
a function of the distance Ah' — AA'. This relation is used for the deter- 
mination of elevation differences by the measurement of parallax. Prom 
Art. 31-34, _ BmAh 



Fig. 31*41, Optical relations in 
stereocomparagraph. 


Ap = 


H - h 


( 20 ) 


Or, expressing the equation in terms of Fig. 31-41, the movement of the 
micrometer (in millimeters) corresponding to an apparent change in height 
(Ah') of the floating mark is equal to the mean stereoscopic base of the photo- 
graphs multiplied by the difference in the elevations (in feet) of objects on 
the left photographs at Al and Al (or the same points on the right photo- 
graph at Ar and Ar), divided by the altitude of the airplane (in feet) above 
these points. 

The foregoing statement is not absolutely true if there is a difference in 
elevation between the plumb points of the overlapping photographs. An 
error of 1 part in 10,000 is introduced through the use of the mean length 
of the stereoscopic base on photographs taken at an altitude of 20,000 ft., 
with a difference in elevation of 1,000 ft. between the plumb points. This 
error is due to the fact that the mean length of the stereoscopic base is not 
taken at the mean of the elevations of the plumb points. In practice this 
error is negligible, as it is not cumulative and is beyond the limits of stereo- 
scopic measurement. 

In practice, the difference in elevation of points on aerial photographs is 
determined on the stereocomparagraph by measuring directly the difference 
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in parallax of the points and by converting this difference into feet by refer- 
ence to a parallax table (Art. 31-35). 

For contouring, the micrometer is set at a value corresponding to the 
elevation of the contour to be drawn, and the floating mark is maintained in 
contact with the spatial model while the instrument is moved about over the 
photographs. 

The parallax equation is an expression for the component of parallax 
parallel to the stereoscopic base. To insure that the index marks of the 
stereocomparagraph always remain in a line parallel to the stereoscopic base, 
the instrument is fastened rigidly to, and is guided by, a standard parallel- 
motion protractor as shown in Fig. 31-40. 

The pencil at the end of the drawing arm traces the contour or planimetric 
detail at the same scale as the left photograph of the pair. For the prepara- 
tion of contoured mosaics (Fig. 31-1) either the contours may be drawn on a 
duplicate of the left photograph or the contours may be traced on film base 
and later printed to the photograph by registering the film base in contact 
with the negative during the printing process. 

In the preparation of topographic maps with the stereocomparagraph, 
each photograph is contoured on a separate templet and the contours are 
compiled onto the map sheet as explained in Art. 31-42 for the cultural detail 
of the photographs. Thus the scale is made uniform and the horizontal 
displacements of the contours due to relief are adjusted in the same opera- 
tion (Art. 31-37). Inasmuch as the plotting occurs at the exact scale of the 
left photograph, the contours are displaced horizontally to the same extent 
as other features on that photograph. This relation makes possible the 
accurate contouring of photographs, but for accurate topographic maps it 
requires correction. 

There is no provision on the stereocomparagraph for the adjustment of the 
photographs to compensate for the effects of tip and tilt. A motion in the 
y direction is provided on the ring carrying the right index mark to remove 
parallax from the floating mark in photographs with tip and tilt. This 
arrangement insures a sharp image of the floating mark and accurate meas- 
urement in the x direction, that is, in the direction parallel to the stereoscopic 
base. In the use of the stereocomparagraph, control is required in every 
photograph, and the effect of tip and tilt on the measurement of elevations 
is indicated by the difference between the actual parallax values correspond- 
ing to known elevations and the theoretical computed values corresponding 
to the same elevation. For example: If there is tilt, the same micrometer 
reading would not be obtained for points of the same elevation unless the 
points happened to fall on the line of no tilt. In operation, any departure 
of the actual parallax values (as determined by stereoscopic measurement) 
from the theoretical values is attributed to tilt and may be compensated 
by means of a graph of such differences. In effect, the graph is the contour 
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of the datum plane and indicates the warpage of the datum plane due to the 
presence of tilt in the photograph. The mosaic of Fig. 31*1 was contoured 
on the stereocomparagraph, and Fig. 31-366 is a contoured templet from 
a pair of overlapping aerial photographs taken at an altitude of 20,000 ft. 

31-50. The Abrams Contour Finder. The Abrams contour finder is an 
instrument similar to the stereocomparagraph, differing primarily in the 
method of illumination and in the use of a dial gage instead of a micrometer 
screw for measurement of parallax. 



31 ‘51. The Vertical Sketchmaster and the Rectoplanigraph. The 
vertical sketchmaster (Fig. 31-42) and the rectoplanigraph (Fig. 31*43) are 
devices to facilitate tracing planimetry from vertical aerial photographs in 
reconnaissance mapping. They embrace the principle of the camero ludda 
wherein the eye of the observer is placed at the approximate perspective 
center of the photograph and the image of the photograph which is being 
scanned is projected through a half-silvered mirror onto the tracing plane 
of the manuscript. The operator observes through a pinhole aperture and 
traces the planimetry of the photograph onto the manuscript while simul- 
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taneously observing both the photograph and the manuscript through the 
single half-silvered mirror. 

The sketchmaster (Fig. 31-42) consists of a large object-mirror coated 
on the front with rhodium, an eyepiece consisting of a pinhole aperture be- 
neath which is fixed a half-silvered mirror, and a supplementary lens the 
purpose of which is to give the desired degree of magnification and to bring 
the work into proper focus. These essential parts are mounted in a rigid 
frame supported by three adjustable legs which rest on the drafting table. 


Fig. 31-43. Fairchild rectoplanigraph. 


When observing through the eyepiece, the operator sees the photograph 
reflected from the object mirror and the eye mirror while at the same time 
through the semitransparent half-silvered eye mirror he is able to observe 
the plane of the manuscript on which the work is being done. 

When the distances from the eye to, the photograph and to the tracing 
manuscript are equal, the photograph is reflected at the scale of the manu- 
script. If the distance from the eye to the manuscript is greater than to the 
photograph, the scale of the photograph is smaller than the scale of the manu- 
script, and vice versa. Provision is made for enlarging or reducing the scale 
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of the photograph by raising or lowering the height of the instrument on its 
adjustable legs. 

When the instrument is set for tracing at a scale of one to one, the eye 
distances to the photograph and to the manuscript are equal and the point 
of the tracing pencil appears in sharp focus. The distance from the eyepiece 
to the photograph is fixed; therefore when the distance to the manuscript 
is increased or decreased, the plane of the reflected photograph is below or 



Fig. 31'44. AERO (Brock) enlarging projector. 


above that of the manuscript and the observer sees two ghost images at 
different planes and at different scales. The two images are brought into 
the same plane and to the same scale by means of the supplementary lens 
mounted below the half-silvered mirror. Supplementary lenses are pro- 
vided to correct for both plus and minus magnification. 

The sketchmaster is widely used in the tracing of charts from trimetrogon 
photographs (Art. 31*29); an oblique sketchmaster is used to trace from the 
oblique photographs. 

31*62. The Brock-Weymouth Method. The Brock-Weymouth method 
of mapping is exclusively American and was developed initially by the firm 
of Brock and Weymouth of Philadelphia, between (about) 1915 and 1921. 
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Briefly, the method consists in taking vertical aerial photographs with 
precise mapping camera using glass plates, 6*5 in. across the line of flight 
nd 8.5 in. along the line of flight. The camera is equipped with inter- 
hangeable daylight-loading magazines holding 48 glass plates each, and is 
perated by means of a hand crank which arms the shutter and changes the 
lates in a single movement. 

The photographs are brought to the same scale on enlarging projectors, 
ig. 31-44, and rectified to the horizontal on correction projectors, Fig. 31-45, 


Eig. 31*45. AERO (Brock) correction projectors. 


by means of ground control and radial control points. The rectified photo- 
graphs (glass diapositives) of equal scale are placed under a stereometer, 
Fig. 31-46, and the necessary number of control points determined stereo- 
scopically. With the necessary number of control points established and 
the glass diapositives in proper adjustment on the stereometer, a transparent 
sheet is superimposed on the right-hand plate on which the contours and 
planimetric detail are to be drawn. Fig, 31-47* The plates are separated 
and set at the proper separation corresponding to the parallax of the particu- 
lar contour. Reticule lines are used as a floating mark. These lines appear 
either to float over the model, to rest on the terrain at the desired contour 
elevation and to pierce the model, or even to split into separate grids for 
terrain above the setting of the mark. Where the points of the reticule 
lines -popear to pierce the model, the contour is drawn; the instrument is 
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then set for the next contour which is traced as before. At this stage the 
drawing is a perspective projection. 

The perspective projection is brought to an equal scale, t.e., to an ortho- 
graphic projection, by placing the transparency on a tracing instrument, 


Fig. 31*46. AERO (Brock) stereometer. 



Fig. 31*47. Sketching contour lines on stereometer. 
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Fig. 3148, where the contours and planimetry are brought to a common 
and equal scale by optical projection, and by successively tracing at the 
final desired compilation scale. 

Recent projects mapped by this method vary from maps at a scale of 
1 in, = 100 ft. with a 2-ft. contour interval to maps of 1 in. = 3,333 ft. 
with a 20-ft. contour interval. 


Fig. 31*48. Instrument for converting perspective projection to orthographic projection 
in Brock-Weymouth method. 

31 ‘53. Kelsh Plotter^ The Kelsh plotter, shown in Fig. 3149, is in 
many respects similar to the multiplex projector. This instrument was 
initially conceived by Harry Kelsh, then of the Soil Conservation Service, 
and was further developed under his direction at the U.S. Geological Survey. 
It is manufactured by the Instruments Corporation, Baltimore, Maryland. 
The projection is entirely optical by means of fixed-focus projectors; dichro- 
matic projection and observation with red and cyan filters are used to obtain 
image separation for stereoscopic viewing; the projected images are viewed 
by reflection from a white surface containing a single index mark; and 
measurement in the stereoscopic model is accomplished with a small tracing 
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stand. The Kelsh plotter diifers from the multiplex projector in that it 
uses plates made by contact printing, the projection distance to the plane 
of best definition is 750 mm. as compared to 360 mm. in the multiplex pro- 
jector, and illumination is provided by a small condensing lens system that 
illuminates only a small portion of the model at the tracing stand. 



Fig. 31*49. Keish plotter. 


In the model shown in Fig. 31*49 the projector objectives are nominally 
distortion-free hypergon-type lenses. Compensation for lens distortion of 
the camera is made mechanically by a ball cam whose surface is ground to 
correspond to the lens distortion pattern. The guide rods for the illumina- 
tion also move the cams which vary the principal distance of the projector 
the proper amount. 

Each projector may be tilted about X and Y axes and rotated about the Z 
axis to provide relative orientation. The separation of the projectors may 
be varied for the purpose of adjusting the scale of the model, and the frame 
supporting the projectors may also be tilted to obtain absolute orientation to 
ground control. The instrument is not designed to be used in extension of 
control but rather for single model compilation. 
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31‘64. ;^EK Plotter. The KEK plotter, Fig. 31*50, consists of a mirror 
stereoscope mounted at a fixed height above two photo holders which may be 
simultaneously raised or lowered, and a parallel-motion device supporting 
two measuring marks above the photogr 9 ,phs. The stereoscope is designed 
so that the operator may view the entire overlapping of a pair of 9 by 9-in. 
photographs. The photo holders may be tilted in any direction, pivoting 
about a point 8 M in* above the photographs, or they may be rotated in their 


planes about the holder center. The scale may be adj usted either by varying 
the distance between the floating marks or by means of the pantograph 
attached to the measuring-mark carriage. Elevations are measured by 
raising or lowering the photo holders and thus causing the stereoscopic 
model to appear to rise and fall with respect to the floating marks. The 
vertical scale is variable since the perspective distance from eye to photo 
is changed for each change in elevation. 

31‘56. Radar Charting. Radar (RAdio Direction and RAnge) was de- 
veloped by the British about 1936 for the detection of aircraft. During the 
Second World War it was adapted to many other uses, among which are 
the surface navigation of ships and the detection of submarines. Since 


Fig. 31*50. KEK plotter. 
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then it has found a permanent place in ocean and inland- waterways naviga- 
tion because of its capability for use in darkness and fog. 

In a broadcast, radio waves are transmitted in all directions. In radar, 
the energy is more highly concentrated and is transmitted in one direction 

only and is of ultrahigh frequency. 
For accurate work the frequency of the 
radio waves is approximately 10,000 
megacycles per second, with a wave- 
length of 3.2 cm. On this equipment 
the pulse repetition rate is approxi- 
mately 3,000 times per second. When 
these ultrahigh-frequency radio waves 
strike an object larger than their 
wavelength, they are mechanically 
reflected like echoes of sound and are 
received between the periods of trans- 
mission. They are recorded visually 
on the radar scope (face of the cathode 
tube) as white blobs’’ whose distance 
from the center (or other reference 
point of the cathode tube) is a func- 
tion of their distance from the trans- 
mitting (also receiving) antenna: The 
composite, or summation, of the images 
of the reflected radio waves formed by 
a constantly rotating antenna appears 
Fig. 31-51. Marine radar with recording as a section of an accurate chart of 
camera. objects surrounding the vessel at 

any given instant. 

In order that pilots of radar-equipped ships might have navigation charts 
which combine the conventional features with the images shown by the radar 
scope, a method of charting by radar was developed for the U.S. Engineer 
Corps by the author of this chapter. Briefly, the method is as follows: On 
the radar equipment of the surveying ship is mounted an automatic recording 
camera, as shown in Fig. 31-51. As the ship moves along the channel to be 
charted with its radar in constant operation, the camera photographs the 
radar scope at predetermined intervals onto 35-mm. negatives. The nega- 
tives are enlarged, and a mosaic is made. The mosaic is copied by photog- 
raphy, the desired drafting is added, and a printing plate is prepared. The 
finished chart is printed in fluorescent ink which glows under ultraviolet 
light and appears similar to the image on the radar scope; thus a pilot can 
follow the course by comparing the radar scope with the chart. A typical 
chart, as seen by daylight, is shown in Fig, 31-52. Specimen charts may be 
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obtained from the U.S. District Engineer, Louisville, Kentucky. Approxi- 
mately 1,200 miles of channel of the Monongahela River and the Ohio River 
have been charted by radar, at a fraction of the cost of charting by other 
methods. 

31‘66. Other Applications of Photogrammetry. Although the most com- 
mon application of photogrammetry is in the preparation of topographic 
maps, the method is by no means limited to this field. 

During recent years aerial photographs and photogrammetry have become 
widely used in the preparation of property ownership maps for tax equaliza- 
tion studies. Through their use the petroleum geologist, who formerly 
spent about 90 per cent of his time and effort in keeping himself located and 
oriented on the ground and 10 per cent of his time on geology, is now able 
to reverse these percentages. Aerial photographs are used to study and 
catalogue geological formations and land classifications in mining and in 
aerial exploration. In forestry they are used for the classification of grow- 
ing timber, for the determination of tree heights for the estimation of mer- 
chantable timber, and for other studies. Since 1933 the Federal govern- 
ment has used tremendous numbers of photographs for rural-rehabilitation 
studies and in connection with soil-conservation and erosion projects. 
Aerial photographs are increasingly used in the determination of correct 
land usages for agricultural purposes. Aerial maps find a wide application 
in city, county, and regional planning and development and in general 
engineering studies such as highway, pipe-line, and transmission-line 
locations. 

One of the more recent developments and one which is becoming world- 
wide in its scope is the use of photogrammetry in connection with geophysi- 
cal prospecting by means of the magnetometer. In unmapped ‘areas, the 
movement of the airplane is determined by shoran, and over land or shallow 
water the ground is photographed with either a shutter-type camera or with 
the Sonne continuous-strip camera. This work is done at altitudes of 500 
to 2,500 ft. above the ground, by special photographic techniques. Color 
photography is often used in this work since the varying tints of the geo- 
logical formations are more readily discernible in natural color than in 
black-and-white photographs. 

Strictly military applications of aerial photography and photogrammetry 
have been omitted since they are myriad in extent and usefulness. 


31*57. Numerical Problems. 


1. Given the following conditions applicable to a photogrammetric survey: 
Size of photographs 9 in. in direction of flight and 9 in, in direction normal to flight; 
overlap 60 per cent; side lap 30 per cent, flight altitude 10,000 ft.; focal length of 
camera lens 12 in. (a) Determine the minimum number of photographs required 
to cover an area of 50 square miles. (5) Determine the actual number of photo- 
graphs that would be obtained if the area were 5 by 10 miles and were flown in strips 
parallel to the side 5 miles long, (c) Determine the number of photographs that 
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would be obtained if the area were flown in strips parallel to the 10-mile length. 
(d) Prepare schematic flight maps corresponding to requirements (6) and (c) above. 

2. Given the conditions of problem 1. If the speed of the airplane is 120 miles 
per hour, what is the time interval between exposures? 

3. Assuming the cost of a photogrammetric survey to vary directly as the number 
of photographs involved, determine the relative costs of conducting the survey of 
problem 1, with photographs taken with the same camera at altitudes of 5,000, 
10,000, and 15,000 ft. 

4. Assume an air speed of 120 miles per hour, a flight altitude of 10,000 ft., a 
photograph size of 7 by 9 in., and a 12-in.-focal-iength camera with a focal-plane 
shutter with a 3^-in. slit operating at a shutter speed of sec. and moving in the 
direction of flight (7-in. direction), (a) Determine the scale of the photograph in 
the direction of flight. (6) Determine the scale of the photograph in the direction 
normal to the line of flight (9-in. direction), (c) What would be the scales if the 
shutter moved (1) in a direction opposite to the direction of flight, and (2) in a direc- 
tion normal to the line of flight? Would the photographs be suitable for photo- 
grammetric use? Why? (d) Construct schematic diagrams representing the scales 
of the photographs under the foregoing conditions. 

5. For a certain photograph the following conditions are given: Scale of photo- 
graph 1/10,000; focal length 12 in.; distance, on the photograph, from principal point 
to pictured location of an object 3.5 in.; object 500 ft. above the datum plane, (a) 
What is the linear displacement of this point on the photograph? (b) What would 
be the linear displacement had the photograph been taken under the foregoing con- 
ditions, except that the focal length of the camera lens was 8M in.? (c) Which of 
the photographs would be more suitable for a mosaic? For contouring? 

6. Another point in the photograph of problem 5 is located at a distance from the 
principal point of 4.2 in., and its linear displacement is found to be 0.083 in., away 
from the principal point. What is the elevation of the point with respect to the 
datum? 

7. Determine the maximum true altitude of flight for photography over terrain 
with elevations ranging from sea level to 800 ft., with an 8M-in. lens covering a 
9 by 9-in. photograph, and with 60 per cent overlap, that will permit accurate con- 
touring at a contour interval of 20 ft. 

8. Determine the number of projectors to be used on a multiplex aero projector 
necessary to bridge a distance of 10 miles between control points, if the photographs 
were taken at a flight altitude of 12,000 ft. with an aerial camera of 6-in.-focal-length 
lens covering a photograph 9 by 9 in., with 60 per cent overlap in the line of flight. 
What is the area that would be compiled on the multiplex aero projector with this 
number of projectors under the foregoing conditions? 

9. Compute a parallax table applicable to a 9 by 9-in. photograph, taken with a 
6-in.-focal-length camera at 10,000 ft., with 60 per cent overlap, over terrain with 
elevations ranging from sea level to 600 ft., for use in plotting 20-ft. contours on the 
stereocomparagraph. 

10. Compile a planimetric line map, by the radial-line method, of an area in 
the vicinity of the campus using a strip of five vertical aerial photographs having 
horizontal control in the overlap of the first and last overlapping pairs of photo- 
graphs, 
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CHAPTER 32 


MAP PROJECTIONS 

324. Maps of Small Areas. In plotting a map of a small area the 
curvature of the earth need not be considered. A level surface is assumed 
to be a plane, and points are usually plotted on the map by linear rec- 
tangular coordinates, or given distances from selected north-south and east- 
west coordinate axes. 

32‘2. Maps of Large Areas. For maps of larger areas this simple method 
is not satisfactory because of the sphericity of the earth. (Actually, sphe- 
roidicity; however, the earth is very nearly a sphere, since the polar diameter 
is only one third of 1 per cent shorter than the equatorial diameter.) It is 
impossible to represent the surface of a sphere on a plane surface without 
distortion, just as it is impossible to flatten a section of orange peel without 
tearing it. In consequence, any plane map of a relatively large area of 
spherical surface must be distorted to some degree. For example, a great 
circle on the surface of the earth should appear as a straight line on the map, 
but on most plane maps a great circle is represented by a curved line in order 
to avoid undue distortions in shape and area of the territory represented. 
Again, it has been shown in Chapter 23 that meridians are not parallel but 
that they converge toward the poles, the angular convergency varying with 
the latitude; nevertheless the horizontal projections of all meridians are 
straight lines and the curved parallels of latitude are always perpendicular 
to them. 

32*3. Map Projection Defined. In maps of large areas where curvature 
becomes important, it is necessary to locate points by coordinates which 
are the geographical latitudes and longitudes expressed in angular units; 
for example. New York is at a latitude 40^45' north of the equator and at a 
longitude 74°00' west of Greenwich. Points are plotted with respect to a 
series of lines representing the earth’s parallels and meridians. Any system 
of representing these parallels and meridians on a plane surface is called a 
map projection. 

32‘4. Ideal vs. Practicable Projection. On a theoretically perfect map, 
without distortion, the following conditions would be satisfied: (1) all dis- 
tances and areas would have correct relative magnitudes, (2) all azimuths 
and angles would be correctly shown, (3) all great circles would appear as 
straight lines, and (4) geographic latitudes and longitudes of all points 
would be correctly shown. Although in a plane map not all of these require- 
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merits can be satisfied at the same time, one or more conditions may be 
satisfied, as follows: 

1. An equal-area projection results in a map showing all areas in proper 
relative size, although these areas may be much out of shape and the map 
may have other defects. 

2. A conformal or orthomorphic projection results in a map showing the 
correct angle between any pair of short intersecting lines, thus making small 
areas appear in correct shape. As the scale varies from point to point, the 
shapes of larger areas are incorrect. 

3. An azimuthal projection results in a map showing the correct direction 
or azimuth of any point from one central point. 

32* 5. Types of Projections. In the following paragraphs a few of the 
more important types of projections are briefly described. These descrip- 
tions are of a general nature, involving little mathematical treatment, and 
no attempt has been made to make the list complete. For more detailed 
treatment the student is referred to the references listed at the end of this 
chapter, particularly to Special Fuhlication 68 , ^‘Elements of Map Projec- 
tion,” of Eef. 4. Some of the projections are true projections in the geo- 
metrical sense; others are map projections in the sense that they represent 
the parallels and meridians on a plane surface, although they cannot be 
obtained by any perspective or geometric projecting process. Some of the 
more useful map projections are of this second kind. 




Fig. 32-1. Gnomonic projection. Fig. 32-2. Stereographic projection. 

32*6. Gnomonic Projection. This is a geometric projection to a plane, 
which is tangent to the sphere at any point A (Fig. 32-1). Radiating lines 
from the earth’s center 0 through such points (J5, C, etc.) on the surface of 
the earth as are to be shown on the map are produced to an intersection with 
the tangent plane, w'herethe point in question is plotted. In the figure, B is 
plotted at B', C at C', and so on. These plottings in the tangent plane give 
in that plane a map constructed on the gnomonic projection. The impor- 
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tant property of maps made on this projection is that they show great 
circles as straight lines, which renders them useful for navigational purposes; 
otherwise they are not particularly useful except for the part of the map near 
the point of tangency. The shapes and sizes of areas are much distorted 
except near the tangent point. 

32*7. StereograpMc Projection. This is a geometric projection to a plane. 
Let A- A (Fig. 32-2) represent any circle of the earth (in practice, generally 
a great circle), and let P represent the pole of that circle. Then by lines 
radiating from P to points B, C, and so on, these points are projected to forni 
a map in the plane A-A, and are represented on that map by the points 
B', C', etc. If the plane of projection is tangent to the sphere, as at T 
(Fig. 32-2), the points are plotted at B", C” ^ etc. This is a conformal pro- 
jection, and is an excellent one for general maps showing a hemisphere; 
its main defect is that areas are not correctly shown. 

32*8. Orthographic Projection. This is a geometric projection to a plane 
tangent to the sphere at any point; the projecting lines are parallel and are 
perpendicular to the tangent plane in which the map is constructed. If the 
central tangent point of the map is at one of the poles of the earth, each 
parallel of latitude is shown correctly to scale, but the distance between 
parallels becomes rapidly smaller as we depart farther from the center of the 
map. The map is true to scale along the parallels but not along the merid- 
ians. Different but comparable results are obtained if the tangent plane 
touches the earth’s surface at some point other than the pole. Maps of the 
surface of the moon are usually constructed on this projection. 

32*9. Geometric Projections to a Cylinder. The surface of a cylinder is 
curved in one direction only and can be developed into a plane. Advantage 
is taken of this fact in the so-called cylindrical projections. The cylinder 
used may cut the sphere but is usually tangent along a great circle, generally 
the equator. The projecting lines used may radiate from the center of the 
sphere or may all be parallel to the equatorial plane. These particular 
projections are little used, but a modification of the cylindrical projection, 
called the Mercator 'projection, possesses some valuable properties (see 
Arts. 3243 and 3244). 

32-10. Geometric Projections to a Cone. Like the surface of a cylinder, 
the surface of a cone is capable of development, without distortion, into a 
plane. On this account a number of conical projections have been devised, 
using sometimes a cone tangent along a parallel of latitude and sometimes a 
cone cutting the sphere along two parallels. The lines of projection may 
either emanate from a central point or be parallel to each other and to the 
plane of the chosen parallel. But here again, the more important and 
valuable projections are not of the geometric-projection type. 

32*11. Polyconic Projection. Instead of a single cone, a series of conical 
surfaces may be used, points on the surface of the earth being considered as 
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projected to a series of frnstums of cones which are fitted together. These 
conical surfaces are then developed each way from a central meridian. 
Owing to differences in radii, the resulting strips would not exactly fit to- 
gether when laid flat, but spaces would appear between them, such spaces 
increasing in width as the distance from the central meridian increases 
(Fig. 32-36). To avoid such spaces, the north-south scale must be modified 
along the various meridians. Upon such a system of lines points are plotted 
by latitude and longitude. 



(a) Section (b) Development (c) Map 


Fig. 32-3. Polyconic projection. 


In Fig. 32-3, it is seen that each parallel of latitude appears on the map 
as the arc of a circle having as radius the corresponding tangent distance; 
the parallel through A has a radius Aa, that through B has a radius Bb, 
and so on. The centers of these circles all lie on the central meridian of the 
map. The length of each tangent distance Aa, etc., is N cot in which N 
is the length of the normal or vertical at latitude 0 extended to its intersec- 
tion with the earth’s axis. For the assumption that the earth is a sphere, 
N is equal to the radius of the sphere. More exactly, 

^ Vl — gij-^2 ^ 

where a is the earth’s equatorial radius and e is the eccentricity of the ellipse 
in the meridian section (e^ = 0.00676866). The length of the tangent dis- 
tance N cot varies with the latitude. 

The distances Q'A'y A'B', etc., along the central meridian on the map 
(Pig. 32-36) are true scale representations of the corresponding arc distances 
QA, AB, etc. in the meridian section (Fig. 32-3a). The parallels drawn on 
the map may be selected with as small a difference in latitude as may be 
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desired, and each one is drawn with its own particular radius as shown, with 
the center of the arc on the central meridian at the proper tangent distance 
(to scale) above the point where the parallel cuts the central meridian. 

It should be observed that the method of drawing these arcs of the parallels 
of latitude on the map is such that each parallel is separately developed as 
the circumference of the base of its own distinct cone, and that the spacing 
between them increases with increasing differences of longitude from the 
central meridian, thereby changing the north-south scale of the map from 
place to place as the longitude difference increases. 

The arc distance in the map (Fig. 32 -Sc) represents to true scale 

the difference in longitude between the points A" and 8". The angle 
ii'V'iS" is the angle 6 of Art. 23-11, and from Eq. (1) of that article 

6 = \ sin ([> 

where X is the arc A"S'\ The rectangular coordinates of the point S'^ 
referred to A" as origin are 

a; =. sin ^ - A cot <#> sin 6 (2) 

y = vers 6 ^ N cot vers 6 (3) 

and if the chord A"S" is drawn, in the triangle A"8"P", S"P" - A"P" 
tan P"A''S'\ ov y — X tan {6/2). 

Values of x and y have been computed and are tabulated in Special 
Publication 5 of the U.S. Coast and Geodetic Survey. 

As many points as desired along the parallels on the map, like point >8", 
are plotted by the use of the table. Then the meridians are drawn through 
such points. These paeridians are curved, concave toward the central 
meridian, but if the parallels are drawn close enough together each meridian 
may be drawn as a series of straight lines from parallel to parallel. On the 
network of parallels and meridians so prepared, points are plotted by latitude 
and longitude. Near the central meridian there is little error in such a map, 
but the error increases in proportion to the square of the difference in longi- 
tude along any one parallel. The variation with difference in latitude is not 
in direct proportion. 

It is to be noted that along the central meridian and along every parallel 
the map is true to scale j.that along the other meridians the scale is somewhat 
changed; that near the central meridian the parallels and meridians intersect 
nearly at right angles; and that areas of great extent north and south may be 
mapped with a very small distortion. 

Although better adapted to mapping an area of great extent in latitude 
than for an area of great extent east and west, the polyconic projection is 
sufficiently accurate for maps of considerable areas, and it is widely used by 
the U.S. Geological Survey and the U.B, Coast and Geodetic Swvey. 

32*12. Lambert Conformal Conic Projection. Attention was called to 
this excellent projection by its use for the French battle maps during the 
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First World War. It has since been fully investigated by the U.S. Coast 
and Geodetic Survey, and tables for its construction have been published. 
It is used for the state plane coordinate systems of states (or zones thereof) 
of greater east- west than north-south extent (Art. 16 •29). 

This is a simple conic projection, the cone used being imagined to cut the 
surface of the earth along two parallels of latitude, called standard parallels 
(Fig. 32-4). When points on the earth^s surface are projected to such a 
cone, there is a slight compression or decrease of scale between the standard 
parallels, and a stretching or increase of scale outside the standard parallels. 



\jSfandard\J . 
r^Para//e/si\ 


__5c5_^ too far^ 
Scale exacf^^ 
Scale too small 

Vj 


Scale too larqQ' 




(cl) Section 
Fig. 32*4. Lambert conformal conic projection. 


(b) i^cLp of state 
coordinate zone 


Only a slight adjustment of scales is necessary to make the map conformal. 
It has been shown that, for a map of the United States, scale errors need not 
exceed 2 per cent at any point. For details the reader is referred to publica- 
tions of the U.S. Coast and Geodetic Survey dealing with this projection. 

32*13. Mercator Projection. As previously stated, this projection is 
cylindrical, but it cannot be constructed as a geometrical projection. 

In a cylindrical projection, formed by means of a cylinder touching the 
earth along the equator, all meridians appear as straight parallel lines 
But on the sphere any two such meridians are a maximum distance apart 
at the equator and converge toward the poles. Showing them parallel, 
therefore, results in a systematically increasing scale along the parallels of 
latitude as we pass from the equator toward the pole, with resulting dis- 
tortion of all areas shown on the map. The change of scale along the 
parallel, varying with the latitude, is readily computed (still assuming the 
earth to be spherical) by means of the formula 

S' - S cos (p (4) 

where S is the scale at the equator and S' is the scale at any latitude (p. 
For example, if the equatorial scale of the map is 1,000 miles per inch, then 
at latitude 60° (since the cosine of 60° is H) the scale is 500 miles to the inch. 

The particular feature of the Mercator projection is that the scale along 
the meridian is varied to agree with the scale ^ong the parallel, so that, 
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although the scale varies from point to point on the map, at any given point 
the scale is the same in all directions. The map is therefore conformal. It 
has also the important property that a line of constant true bearing, or 
rhumb line, appears straight, which property renders it invaluable for pur- 
poses of navigation. The shortest course between two points is determined 
by drawing on a gnomonic chart a great circle, which there appears as a 
straight line. Selected points, at convenient distances apart, of this great 
circle are then plotted on the Mercator chart, after making any necessary 
corrections on account of shoals, wind, currents, etc. The rhumb line 
connecting any two adjacent points indicates the true bearing of the course, 
which is read by means of a protractor. This true bearing, corrected for 
magnetic declination, gives the compass bearing to be used in steering. 

Owing to the rapid variation of scale, maps constructed on the Mercator 
projection give very inaccurate information as to relative sizes of areas in 
widely different latitudes. For example, on the map Greenland appears 
larger than South America, whereas in fact South America is nine times as 
large as Greenland. Consequently, such a map is not suited to general use, 
although because of its many other advantages it is widely published. 

32*14. Transverse Mercator Projection. A transverse Mercator pro- 
jection is the ordinary Mercator projection turned through an angle of 90° 
so that it is related to a central meridian in the same way that the ordinary 
Mercator projection is related to the equator. This projection is used for 
the state plane coordinate systems of states (or zones thereof) of greater 
north-south than east- west extent (Art. 16-29). For the state systems the 
Mercator projection cylinder is made to cut the surface of the sphere along 
two standard lines parallel to the central meridian instead of being tangent 
to the sphere as in the ordinary Mercator projection. 

32*15. Spheroidicity of the Earth. In the foregoing discussion it has been 
assumed that the earth is spherical, as it is very nearly. Actually, however, 
the meridian section of the earth is an ellipse, the polar diameter being some 
twenty-seven miles shorter than the equatorial diameter. This fact is 
recognized in the mathematical solutions of the problems involved and in 
the preparation of tables for the various map projections. The radius of 
curvature in the meridian is different for different latitudes, as is also the 
length of the normal from the surface terminating in the polar axis. Other 
dimensions depart correspondingly from those of a true sphere. 

It is evident that this variation from the truly spherical shape does not 
change the nature of the various map projections that have been discussed, 
although it does make necessary certain corrections to and changes in the 
numerical values of the quantities used for plotting the different projections. 
A discussion of these refinements is beyond the scope of this volume, and 
the reader is referred to the publications dealing with map projections and 
with geodesy in general. A few of these publications are listed on page 862. 
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Table I. Corhection for Refraction and Parallax, to Be Sub- 
tracted FROM THE Observed Altitude of the Sun 

Barometric pressure, 29.5 in. 
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Table II. Correction fob Refraction, to Be Subtracted from the 
Observed Altitude op a Star 

Barometric pressure, 29.5 in. 
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Table III. Refraction Corrections to Be Applied to Apparent 
Declinations 

To be used with solar attachment 


January | 

Hour angle 

Refraction cor- 
rection lat. 40° 

February 

Hour angle 

Refraction cor- 
rection lat. 40° 

March 

Hour angle 

Refraction cor- 
rection lat. 40° 

April 

Hour angle | 

Refraction cor- 
rection lat, 40° 

May 1 

Hour angle | 

Refraction cor- 
rection lat. 40® 

June 1 

Hotir angle I 

Refraction cor- 
rection lat. 40® I 





See Jan. 
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I 

0 59 


2 

0 44 


2 

0 30 


3 

0 30 

6 

2 

2 ir 

6 

3 

2 04 

6 

2 

I 06 

6 

3 

0 54 

6 

3 

0 37 

6 

4 

0 43 

’I 

3 

2 59 

7 

4 

3 21 

7 

3 

I 21 

7 

4 

I 14 

7 

4 

0 S 3 

7 

5 

I 10 

U 

4 

6 01 

8 

— 

I 21 

8 

4 

I 56 

8 

5 

2 08 

8 

5 

I 26 

8 


0 18 

9 



9 


9 

5 

4 04 

9 



9 





xo 



10 

2 

I 31 

10 

. — , 


10 

I 

0 36 

10 

I 

0 25 

10 

2 

0 22 


I 

I SO 


3 

I S6 


I 

0 55 


2 

0 41 


2 

0 29 


3 

0 29 

11 

2 

2 06 

11 

4 

3 04 

II 

2 

I 02 

11 

3 

0 51 

II 

3 

0 36 

II 

4 

0 43 

12 

3 

2 49 

12 



12 

3 

I 15 

12 

4 

I 10 

12 

4 

0 SI 

12 

5 

I 09 

i -3 

4 


13 



•*■3 

4 

I 47 


5 

I 58 

13 

5 

I 22 



0 iS 

14 



14 



14 

5 

3 34 

14 



14 





IS 



IS 

2 

I 25 

IS 




IS 

I 

0 34 

IS 

I 

0 23 

15 

2 

0 22 


1 

I 46 


3 

I 48 


1 

0 52 


2 

0 38 


2 

0 27 


3 

0 29 

x6 

2 

2 01 

16 

4 

2 47 

16 

2 

0 58 

16 

3 

0 48 

16 

3 

0 34 

16 

4 

0 42 

17 

3 

2 40 

T 7 

5 

8 39 

17 

3 

I 10 

17 

4 

I 06 

17 

4 

0 49 

17 

5 

I 08 



5 00 




18 


I 39 

18 


I 49 

18 


I 18 





4 




4 

5 

5 




19 



19 


I 12 

19 


3 08 

19 



19 



19 


0 i 3 




5 






20 



20 

2 

1 20 

20 

— 


20 

I 

0 32 

20 

I 

0 22 

20 

2 

0 22 


I 

I 42 


3 

I 40 


I 

0 48 


2 

0 36 


2 

0 26 


3 

0 29 

21 

2 

I 56 

21 

4 

2 31 

21 

2 

0 54 

21 

3 

0 45 

21 

3 

0 33 

21 

4 

0 42 

22 

3 

2 31 

22 

5 

6 49 

22' 

3 

I os 

22 

4 

I 02 

22 

4 

0 47 

22 

5 

I 08 

23 

4 

4 * 35 

23 



231 

4 

I 32 

23 

5 

I 42 

23 

5 

I IS 

23 



24 



24 


I 07 

24 


2 51 

24 



24 



24 


0 IS 




5 






25 

I 

1 37 

25 

2 

I IS 

25 

— 


25 

I 

0 30 

25 

I 

0 21 

25 

2 

0 22 


2 

I so 


3 

I 33 


I 

0 45 


2 

0 34 ! 


2 

0 25 


3 

0 29 

26 

3 

2 22 

26 

4 

2 18 

26 

2 

0 50 

26 

3 

0 42 

26 

3 

0 32 

26 

4 

0 42 

28 

4 

4 07 

27 

5 

5 29 

27 

3 

I 01 

27 

nfl 

4 

0 58 

27 

28 

4 

0 46 

27 

28 

5 

I 08 

29 

— 


29 

S< 

36 Mar. 

29 

4 

5 

1 25 

2 34 

29 

5 

I 30 

29 

5 

I 13 

29 

I 

0 X8 

30 

1 

I 32 



X 

30 



30 

I 

0 28 

30 

I 

0 20 

30 

2 

0 22 

3 X 

2 

I 44 




31 

I 

0 42 


2 

0 32 

31 

2 

0 24 


3 

0 29 








2 

0 47 





3 

0 31 





For latitudes other than 40° multiply by latitude coefficient, Table III (a). 
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EEFRACTION COKKECTIONS 


Table III. Refraction Corrections to Be Applied to Apparent 
Declinations. — Continued 
To be used with solar attachment 
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Table III (a). Latitude Coefficients 


Latitude 

Coefficient 

Latitude 

Coefficient 

Latitude 

Coefficient 

15 “ 

0.30 

30 ^^ 

0.65 

45 *’ 

1.20 

i 6 

0.32 

31 

0.68 

46 

1.24 

17 

0.34 

32 

0.71 

47 

1.29 

i8 

0.36 

33 

0-75 

48 

1-33 

19 

0.38 

34 

0.78 

49 

1.38 

20 

0.40 

35 

0.82 

50 

1.42 

21 

0.42 

36 

0.85 

SI 

1.47 

22 

0.44 

37 

0.89 

52 

1.53 

23 

0.46 

33 

0.92 

S 3 

1.58 

24 

0.48 

39 

0.96 

54 

1.64 

25 

0.50 

40 

1 .00 

55 

1.70 

26 

0-53 

41 

1 .04 

56 

1.76 

27 ' 

0.56 

42 

1 .08 

57 ' 

1.82 

28 

0-59 

43 

1. 12 

58 

1.88 

29 

0.62 

44 

1.16 

59 

1.94 


To obtain the refraction correction (to be applied to declination) for any 
other latitude than 40°, multiply the refraction correction for latitude 40° 
(Table III) by the coefficient corresponding to the latitude of observation. 
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UPPER CULMINATION OF POLARIS 


Table IV. Local Civil Time of Upper Culmination of Polaris in 
THE Year 1951* 


Computed for meridian of Greenwich, 0° longitude. 


Date, 1951 

Civil time 
of upper 
culmina- 
tion 

Varia- 
tion per 
day 

Date, 1951 

Civil time 
of upper 
culmina- 
tion 

Varia- 
tion per 
day 



h 

m 

s 

m 

s 



h 

m 

s 

m 

s 

Dec. 

31, 1950 

19 

10 

52 

-3 

57 

July 

9 

6 

43 

30 

-3 

55 

Jan. 

10 

18 

31 

21 

-3 

57 


19 

6 

04 

25 

-3 

55 


20 

17 

51 

50 

-3 

57 


29 

5 

25 

19 

-3 

55 


30 

17 

12 

18 

-3 

57 

Aug. 

8 

4 

46 

13 

-3 

55 

Feb. 

9 

16 

32 

47 

-3 

57 


18 

4 

07 

06 

-3 

55 


19 

15 

53 

16 

-3 

57 


28 

3 

27 

59 

-3 

55 

Mar. 

1 

15 

13 

47 

-3 

57 

Sept. 

7 

2 

48 

50 

-3 

55 


11 

14 

34 

19 

-3 

57 


17 

2 

09 

40 

-3 

55 


21 

13 

54 

54 

-3 

56 


27 

1 

30 

29 

-3 

55 


31 

13 

15 

30 

-3 

56 

Oct. 

7 

0 

51 

16 

-3 

55 

Apr. 

10 

12 

36 

09 

~3 

56 


17 

0 

12 

01 

-3 

56 

20 

11 

56 

51 

-3 

56 


26 

23 

32 

44 


56 


30 

U 

17 

35 

-3 

55 

Nov. 

5 

22 

53 

25 

-3 

56 

May 

10 

10 

38 

21 

-3 

55 


15 

22 

14 

04 

-3 

56 

20 

9 

59 

09 

-3 

55 


25 

21 

34 

40 

-3 

56 


30 

9 

19 

59 

-3 

55 

Dec. 

5 

20 

55 

15 

-3 

57 

June 

9 

8 

40 

50 

-3 

55 


15 

20 

15 

48 

-.3 

57 


19 

8 

01 

43 

._3 

55 


25 

19 

36 

19 

_3 

57 


29 

7 

22 

36 

-3 

55 

Jan. 

4, 1952 

18 

56 

49 

-3 

57 


* To refer the times to other years, days, or longitudes, or to standard 
time, see next page. 


Table IV(a). Mean Time Interval between Upper Culmination 
AND Elongation 


Latitude 

Time 

interval 

Latitude 

Time 

interval 

Latitude 

Time 

interval 

Latitude 

Time 

interval 

o 

h m 

O 

h m 

O 

h m 

o 

h m 

10 

5 58.3 

35 

5 56.3 

48 

5 54.8 

58 

5 52.9 

15 

5 58.0 

40 

5 55.8 

50 

5 54.4 

60 

5 52.4 

20 

5 57.6 

42 

5 55.6 

52 

5 54.1 

62 

5 51.8 

25 

5 57.2 

44 

5 55.3 

54 

5 53.7 

64 

5 51.2 

30 

5 56.8 

46 

5 55.0 

56 

5 53.3 

66 

5 50.4 


Eastern elongation precedes and western elongation follows upper cul- 
mination by the time interval given in Table IV(a). Lower culmination 
precedes or follows upper culmination by 11^58.0"“. It should be noted 
that there are two upper culminations (when culmination occurs near 


UPPEK CULMINATION OF POLARIS 
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midnight) on one day in October (20th in 1951) and two lower culminations 
in April (20th in 1951). There are also two western elongations on one 
day in January (17th in 1951) and two eastern elongations on one day in 
July (21st in 1951). 

A. To refer the times in Table IV to other years: 


For Year m 

1952 add 1 . 7 up to Mar. 1 

1952 subtract 2. 1 on and after Mar. 1 

1953 subtract 0.4 

1954 add 1 . 5 

1955 add 3.3 

1956 add 5.1 up to Mar. 1 

1956 add 1 . 2 on and after Mar. 1 

1957 add 2.9 

1958 add 4.6 

1959 add 6.3 

1960 add 7 . 9 up to Mar. 1 

1960 add 3.9 on and after Mar. 1 


B. To refer to other than the tabular days: Subtract from the time for the 
preceding tabular day the product of the variation per day and the days 
elapsed, as given below; 


Days 

elapsed 

Variation per day 

Days ^ 

elapsed 

Variation r>er day 

3"> 

57« 

3.U 

56* 

3m 

55« 

3m 

1 

57“ : 

3m 

5a« 

3iu 

i 

55" 


in 

s 

m 

8 

m 

s 


m 

s 

in 

s 

m 

s 

1 

3 

57 

3 

56 

3 

55 

6 

23 

42 

23 

36 

23 

30 

2 

7 

54 

7 

52 

7 

50 

7 

27 

39 

27 

32 

27 

25 

3 

11 

51 

11 

48 

11 

45 

8 

31 

36 

31 

28 

31 

20 

4 

15 

48 

15 

44 

15 

40 

9 

35 

33 

35 

24 

35 

15 

5 

19 

45 

19 

40 

i 

19 

35 



1 






C, To refer to any other than the tabular longitude (0°): Add 0.1™ for each 
10° east of the standard meridian or subtract 0.1™ for each 10° west of 
the standard meridian. This gives local civil time of upper culmination. 

D. To refer to standard time: Add to the quantities in Table IV 4™ for 
every degree of longitude the place of observation is west of the standard 
meridian (60°, 75°, 90°, etc.) Subtract when the place is east of the 
standard meridian. 
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AZIMUTH OF POLAKIS AT ELONGATION 


Table V . Azimuth of Polaris at Elongation , 1951 - 1960 * 



Lati - 

tude 

1951 

1952 

1953 

1954 

1955 

1956 

1957 

1958 

1959 

1960 


0 

0 

- 

a 


0 


O 


O 


0 


O 




0 


O 

, 


10 

0 58.8 

0 58.4 

0 58.1 

0 57.8 

0 57.6 

0 

57.3 

0 

56.9 

0 56.5 

0 56.2 

0 

55.9 


12 

0 69.2 

0 58.8 

0 58.5 

0 58.2 

0 58.0 

0 

57.7 

0 

57.3 

0 56.9 

0 

56.6 

0 

56.3 


14 

0 59.6 

0 59.3 

0 59.0 

0 58.7 

0 58.4 

0 

58.2 

0 

57.8 

0 57.4 

0 57.1 

0 

56.8 

■■■ 

16 

1 

0.2 

0 59.9 

0 59.6 

0 59.3 

0 59.0 

0 

58.7 

0 

58.4 

0 58.0 

0 57,7 

0 

57.4 


18 

1 

0.9 

1 

0.5 

1 

0.2 

0 

59.9 

0 

59.6 

0 

59.3 

0 

58.9 

0 58.6 

0 58.2 

0 

57.9 


20 

1 

1.6 

1 

1.3 

1 

0.9 

1 

0.6 

1 

0.3 

1 

0.1 

0 

59.5 

0 

59.2 

0 58.8 

0 

58.5 


22 

1 

2.4 

1 

2.1 

1 

1.8 

1 

1.4 

1 

1.1 

1 

0.9 

1 

0.4 

1 

0.1 

0 

59.7 

0 

59.4 


24 

1 

3.4 

1 

3.0 

1 

2.7 

1 

2.4 

1 

2.1 

1 

1.8 

1 

1.3 

1 

1.0 

1 

0.6 

1 

0.3 


26 

1 

4.4 

1 

4.0 

1 

3.7 

1 

3,4 

1 

3.1 

1 

2.8 

1 

2.4 

1 

2.1 

1 

1.7 

1 

1.4 

P i ■■ 

28 

1 

5.6 

1 

5.2 

1 

4.8 

1 

4.5 

1 

4.2 

1 

3.9 

1 

3.5 

1 

3.2 

1 

2.8 

1 

2.5 

' ' ' 

30 

1 

6.8 

1 

6.5 

1 

6.1 

1 

5.8 

1 

5.5 

1 

5.2 

1 

4.7 

1 

4.3 

1 

4.0 

1 

3.6 


32 

1 

8.2 

1 

7.9 

1 

7.5 

1 

7.2 

1 

6.9 

1 

6.5 

1 

6.0 

1 

5.6 

1 

5.3 

1 

4.9 


34 

1 

9.8 

1 

9.4 

1 

9.1 

1 

8.7 

1 

8.4 

1 

8.1 

1 

7.5 

1 

7.2 

1 

6.8 

1 

6.4 


36 

1 

11.5 

1 

11.2 

1 

10.8 

1 

10.4 

1 

10.1 

1 

9.8 

1 

9.2 

1 

8.8 

1 

8.4 

1 

8.0 


38 

1 

13.5 

1 

13.1 

1 

12,7 

1 

12.3 

1 

11.9 

1 

11.6 

1 

11.1 

1 

10.7 

1 

10.3 

1 

9.9 


40 

1 

15.6 

1 

15.1 

1 

14.7 

1 

14.4 

1 

14.0 

1 

13.7 

1 

13.1 

1 

12.7 

1 

12.3 

1 

11.9 


42 

1 

17.9 

1 

17.5 

1 

17.0 

1 

16.7 

1 

16.3 

1 

15.9 

1 

15.4 

1 

14.9 

1 

14.5 

1 

14.1 


44 

1 

20.5 

1 

20.1 

1 

19.6 

1 

19.2 

1 

18.8 

1 

18.5 

1 

17.8 

1 

17.4 

1 

16.9 

1 

16.6 


46 

1 

23.3 

1 

22.9 

1 

22.4 

1 

22.0 

1 

21.6 

1 

21.2 

1 

20.6 

1 

20.1 

1 

19.7 

1 

19.2 


48 

1 

26.5 

1 

26.0 

1 

25.6 

1 

25.1 

1 

24.7 

1 

24.3 

1 

23. 7| 

1 

23.2 

1 

22.8 

1 

22.3 

id 

50 

1 

30.0 

1 

29.6 

1 

29.1 

1 

28.6 

1 

28.2 

1 

27.8 

1 

27.2 

1 

26.7 

1 

26.2 

1 

25.7 


* See Table V(a) for correction for day of the year. See Table V(6) for 
reducing to elongation observations made near elongation. 
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Table V(a). Correction to Azimuth op Polaris, for Day op the 

Year 


Date 


Jan. 1 

Jan. 10 

Jan. 20 

Jan. 30 

Feb. 9 

Feb. 19 

Mar. 1 

Mar. 11 

Mar. 21 

Mar. 31 

Apr, 10 — 1 . . . 

Apr. 20 

Apr. 30 

May 10 

May 20 

May 30 

June 9 

June 19 

June 29 


Latitude 


lO'^ 


- 0 . 

- 0 . 

-0 

- 0 . 

0 . 

-0 

- 0 . 

~0. 

-0 

-0 

-0 

-0 

0 

0 

+0 

+0 

+0 

+0 

+0 


40° 


50° 


Date 


0.4 

0.4' 

0.5 

-0.5 

-0.4 

-0.4 

-0.4 

-0.3 

-0.3 

- 0.2 

0.1 

0.1 

0.0 


3 

3 

4 
41 
3 

.3| 

3 
3 
2 
.2 
1 
1 

.01 
.0 + 0.1 
.1 + 0.1 
1 + 0.2 
.1 + 0.2 
2 + 0.2 
2 + 0.2 


0.5 

-0.5 

- 0.6 

-0.5 

-0.5 

-0.5 

-0.4 

-0.4 

-0.3 

- 0.2 

- 0.2 

- 0.1 

0.0 

+ 0.1 

+ 0.1 

+ 0.2 

+0 

+0 

+0.31 


July 9. . . 
July 19. . 
July 29. . 
Aug. 8. . . 
Aug. 18. . 
Aug. 28. . 
Sept. 7. . 
Sept. 17. 
Sept. 27. 
Oct. 7. . . 
Oct. 17.. 
Oct. 26. . 
Nov. 5, . 
Nov. 15. 
Nov. 25. 
Dec. 5. . , 
Dec. 15. 
Dec. 25. 
Dec. 31. 


Latitude 


10 ° 


+ 0.2 

+ 0.2 


+ 0.2 + 0 . 
+ 0.1 + 0 . 
+ 0.1 + 0 . 
+0.1 +0 


0.0 

O.OI 

-O.ll 

-0 

- 0 . 2 ! 

-0.3' 

-0.4| 

-0 

-0 

-0.5 

- 0.6 

- 0.6 

- 0.6 


40° 


+ 0 . 

+ 0 . 


0 

-0 

-0 

-0 

-0 

-0 

-0 

-0 

-0 

-0 

-0 

-0 

-0 


50° 


+0.3 
2 +0.3 
2 +0.2 
2 +0.2 
1 + 0.1 
1 + 0.1 
0.0 
- 0.1 
- 0.2 
-0.3 
-0.4 
-0.5 
-0.5 
- 0.6 
-0.7 
- 0.8 
-0.9 
-0.9 
-0.9 








POLARIS NEAR ELONGATION 


Table V(6). For Reducing to Elongation Observations Made 
NEAR Elongation. — Continued 


< Azimuth at 
X, elonga- 
X. tion 
■»Tline 

2“ lO' 

2“ 20' 

2° 30' 

2® 40' 

2“ so' 

3“ 0' 

3“ 10' 

3° 20' 

Azimuth at 

elonga- 

tion 

*Time 

m 

tr 

n 

// 

// 


// 

j // 

// 

m 

0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

' 0.0 

0.0 

0 

X 

+ o.i 

+ 0.1 

+ O.I 

+ O.I 

+ O.I 

+ O.I 

+ O.I 

+ O.I 

I 

2 

0.3 

0.3 

0.4 

0.4 

0.4 

0.4 

0.4 

0.5 

2 

3 

0.7 

0.7 

0.8 

0.8 

0.9 

0.9 

I.O 

I.O 

3 

4 

1.2 

1.3 

1.4 

1.5 

1.6 

1.6 

1.7 

1.8 

4 

S 

+ 1.9 

+ 2.0 

'+ 2.1 

+ 2.3 

+ 2.4 

+ 3.6 

+ 2.7 

+ 2.9 

5 

6 

2.7 

2.9 

3.1 

3.3 

3.5 

3.7 

3.9 

4.1 

6 

7 

3*7 

3.9 

4.2 

4.5 

4.8 

5.0 

5.3 

5.6 

7 

8 

A. 8 

S.I 

5.5 

5.9 

0.2 

6.6 

7.0 

7.3 

8 

9 

0.0 

6.S 

7.0 

7.4 

7.9 

8.3 

8.8 

9.3 

9 

10 

+ 7.4 

+ 8 . 0 ! 

+ 8.6 

+ 9.2 

+ 9.7 

+10.3 

+10.9 

+11.4 

10 

II 

9.0 

9.7I 

10.4 

II. I 

11.8 

12.4 

13.1 

13.8 

II 

12 ' 

10.7 

11 . 51 

12.3 

13.2 

14.0 

14.8 

15.6 

16. s 

12 

13 

12.6 

13. 5 

14.5 

IS. 4 

16.4 

17.4 

18.4 

19.3 

13 

14 

14.6 

JS.7j 

16.8 

17.9 

19. 0 

20.2 

21.3 

22.4 

14 


+ 16.7 

+18.0' 

+ 19.3 

+ 20.6 

+ 21.9 

+23.1 

+24.4 

+ 25.7 

IS 

i6 

19.0 

20.5 

21.9 

23.4 

24.9 

26-3 

27.8 

29.3 

16 

17 

21 . 5 

23.1 

24.8 

26.4 

28.1 

29.7 

31.4 

33.0 

17 

I8 

2A.I 

25.9 

27.8 

29.6 

31 . 5 

33.3 

35.2 

37.0 

18 

19 
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28.9 
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35. 1 
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39.2 

41.3 

19 

so 

+29.7 

+32.0 

+34.3 

+36.6 

+38.8 

+41. 1 

+43.4 

+ 45.7 

20 

21 

32.7 

35.3 

37.8 

40.3 

42.8 

45.3 

47.9 

50 . 4 ] 

21 

22 
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38,7 

41 . 5 

44.2 

47.0 

49.8 

52. s 

55.3 

22 

23 

39.3 

42.3 

45.3 

48.3 

51.4 

54.4 

57.4 

60.4 

23 

24 

42.8 

46,0 

49.3 

52.6 

55.9 

59.2 

62. s 

65.8 

24 

2 S 

+46.4 

+ 49.9 

+53.5 

+57. X 

+60.7 

+64.2 

+67.8 

+71.4 

25 


* Sidereal time from elongation. 
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CORRECTION TO AZIMUTH OF POLARIS 


rABM VI (a). Correction to Azimuth of Polaris for Change op 
Declination 


To be applied to values given in Table VL 
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0.0 

- 0.1 

- 0.1 

- 0.1 

- 0.1 

02 30 

i 0.0 

- 0.1 

- 0.1 

- 0.2 

- 0.2 

- 0.3 

02 35 

0.0 

- 0.1 

- 0.2 

- 0.3 

- 0.3 

- 0.4 

02 40 

0.0 

- 0.1 

- 0.2 

- 0.3 

- 0.5 

- 0.6 

02 45 

0.0 

- 0.1 

- 0.3 

- 0.4 

- 0.6 

- 0.7 

02 50 

0.0 

- 0.2 

- 0.3 

- 0.5 

- 0.7 

- 0.8 

89 02 55 

0.0 

- 0.2 

- 0.4 

- 0.6 

- 0.8 

- 1.0 

89 03 00 

0.0 

- 0.2 

- 0.4 

- 0.7 

- 0.9 

- 1.1 

03 05 

0.0 

- 0.3 

- 0.5 

- 0.8 

- 1.0 

- 1.3 

03 10 

0.0 

- 0.3 

- 0.6 

- 0.9 

- 1.1 

- 1.4 

03 15 

0.0 

- 0.3 

- 0.6 

- 0.9 

- 1.2 

- 1.6 

03 20 

0.0 

- 0.3 

- 0.7 

- 1.0 

- 1.4 

- 1.7 

03 25 

0.0 

- 0.4 

- 0.7 

- 1.1 

- 1.5 

- 1.9 

03 30 

0.0 

- 0.4 

- 0.8 

- 1.2 

- 1.6 

- 2.0 

03 35 

0.0 

- 0.4 

- 0.9 

- 1.3 

- 1,7 

- 2.1 

03 40 

0.0 

- 0.5 

- 0.9 

- 1.4 

- 1.8 

- 2.3 

03 45 

0.0 

- 0.5 

- 1.0 

- 1.5 

- 1.9 

- 2.4 

03 50 

0.0 

- 0.5 

- 1.0 

- 1.5 

- 2.0 

- 2.6 

89 03 55 

0.0 

- 0.5 

- 1.1 

- 1.6 

- 2.2 

- 2.7 

89 04 00 

0.0 

- 0.6 

- 1.1 

- 1.7 

- 2.3 

- 2.9 

04 05 

0.0 

- 0.6 

- 1.2 

- 1.8 

- 2.4 

- 3.0 

04 10 

0.0 

- 0.6 

- 1.3 

- 1.9 

- 2.5 

- 3.1 

04 15 

0.0 

- 0.7 

- 1.3 

- 2.0 

- 2.6 

- 3.3 

04 20 

0.0 

- 0.7 

- 1.4 

- 2.1 

- 2.7 

- 3.4 

04 25 

0.0 

- 0.7 

- 1.4 

- 2.2 

- 2.9 

- 3.6 

04 30 

0.0 

- 0.8 

- 1.5 

- 2.2 

- 3.0 

- 3.7 

04 35 

0.0 

- 0.8 

- 1.6 

- 2.3 

- 3.1 

- 3.9 

04 40 

0.0 

- 0.8 

- 1.6 

- 2.4 

1 - 3.2 

- 4.0 

04 45 

0.0 

- 0.8 

- 1,7 

- 2.5 

- 3.3 

- 4.2 

04 50 

0.0 

- 0.9 

- 1.7 

- 2.6 

- 3.5 

- 4.3 

89 04 55 

0.0 

- 0.9 

- 1.8 

- 2.7 

1 - 3.6 

- 4.5 

89 05 00 

0.0 

- 0.9 

- 1.8 

- 2.8 

- 3.7 

- 4.6 

05 05 

0.0 

- 1.0 

- 1.9 

- 2.9 

- 3.8 

- 4.8 

89 05 10 

0.0 

- 1.0 

- 2.0 

- 2.9 

- 3.9 

- 4.9 


POLAR DISTANCE OF POLARIS FOR EACH YEAR 


Table VII. Polar Distance of Polaris fob Each Year, 1951-1960 


Jan. 15. . . . 

57 

32 

57 

15 

56 

55 

56 

38 

56 

22 

56 

06 

55 

50 

55 

35 

55 

20 

55 

05 

Feb. 15. . . 

57 

33 

67 

16 

66 

56 

56 

39 

56 

23 

56 

07 

55 

51 

55 

36 

55 

21 

65 

06 

Mar. 15... 

67 

39 

67 

21 

57 

02 

56 

45 

56 

29 

56 

13 

55 

57 

56 

42 

55 

27 

55 

12 

Apr. 15. . . 

57 

48 

67 

30 

57 

11 

56 

54 

56 

38 

56 

22 

56 

06 

55 

51 

55 

36 

55 

21 

May 15... 

67 

66 

67 

38 

57 

19 

57 

02 

56 

46 

56 

30 

56 

14 

55 

59 

55 

44 

55 

29 

June 15. . . 

58 

02 

67 

44 

57 

25 

57 

08 

56 

52 

56 

36 

56 

20 

56 

05 

55 

50 

55 

35 

July 16. .. 

68 

03 

67 

46 

57 

26 

57 

09 

56 

63 

66 

37 

56 

21 

56 

06 

55 

51 

56 

36 

Aug. 15. . . 

67 

69 

67 

41 

57 

22 

67 

05 

56 

49 

56 

33 

56 

17 

66 

02 

55 

47 

55 

32 

Sept. 15... 

67 

60 

67 

32 

67 

13 

56 

56 

56 

40 

66 

24 

56 

08 

65 

53 

55 

38 

65 

23 

Oct. 16. . . 

67 

39 

67 

21 

67 

02 

66 

46 

66 

29 

56 

13 

66 

67 

65 

42 

56 

27 

66 

12 

Nov. 15. . . 

57 

28 

57 

10 

66 

51 

56 

34 

56 

18 

58 

02 

65 

46 

55 

31 

66 

16 

65 

01 

Dec. 15. . . 

67 

18 

57 

00 

56 

41 

56 

24 

56 

08 

56 

62 

65 

36 

55 

21 

65 

06 

54 

51 




I 

I 

I 
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VABIATION OF DECLINATION 



Table VIIL Daily Vabiation of Magnetic Declination at Three 
Places in North America 


A plus sign indicates that east declination is greater or west declination is 
less than the mean for the day. 


Hour, 

January, February, 
November, December 

March, April, 
September, October 

May, June, July, 
August 

local 

mean 


Chel- 



Chel- 



Chel- 


time 

Sitka, 

ten- 

Tucson, 

Sitka, 

ten- 

Tucson, 

Sitka, 

ten- 

Tucson, 


Alaska 

ham, 

Md. 

Ariz. 

Alaska 

ham, 

Md. 

Ariz. 

Alaska 

ham, 

Md. 

Ariz. 

1 a.m 

-0.1 

-0.1 

-0.3 

-O.l 

+0.4 

0.0 

-1.0 

+0.3 

0.0 

2 a.m 

0.0 

-0.2 

-0.3 

0.0 

+0.4 

+0.1 

-0.9 

+0.3 

+0.1 

Z a.m 

+0.1 

0.0 

-0.2 

+0.1 

+0.7 

+0.2 

-0.5 

+0.5 

+0.3 

4 a.m 

+0.2 

+0.1 

-0.1 

+0.5 

+0.9 

+0.4 

+0.8 

+0.9 

+0.6 

5 a.m 

+0.4 

+0.5 

0.0 

+ 1.3 

+1.5 

+0.6 

+2.9 

+2.3 

+1.2 

6 a.m 

+0.7 

+0.6 

+0.1 

+2.4 

+2.3 

+ 1.5 

+5.0 

+4.1 

+2.7 

7 a.m. . . . . 

+1.2 

+1.4 

+0.9 

+3.8 

+3.9 

+3.2 

+6 . 8 

+5.8 

+4.5 

8 a.m 

+1.9 

+2.6 

+1.9 

+4.9 

+4.7 

+4.0 

+7.9 

+6.0 

+4.8 

9 a.m. .... 

+2.2 ' 

+3.3 

+2.6 

+4.9 

+4.2 

+3.3 

+7.4 

+4.5 

+3.2 

10 a.m 

+1.8 

+2.3 

+2.3 

+3.6 

+1.9 

+ 1.3 

+4.7 

+1.1 

+0.5 

11 a.m 

+0.8 

+0.2 

+0.7 

+1.5 

-1.1 

-0.8 

+1.2 

-2.3 

-1.9 

Noon 

-0.1 

-2.0 

-1.2 

-0.6 

-3.6 

-2.3 

-1.9 

-4.7 

-3.2 

1 p.m 

-0.9 

-3.1 

-2.1 

-2.1 

-4.7 

-3.0 

-3.9 

-5.6 

-3.6 

2 p.ra 

-1.5 

-3.2 

-2.1 

-2.9 

-4.8 

-2.8 

-5.2 

-5.4 

-3.3 

3 p.m 

-1.7 

-2.4 

-1.7 

-3.2 

-3.7 

-2.1 

-6.6 

-4.1 

-2.3 

4 p.m. .... 

-1.6 

-1.5 

-1.0 

-3.2 

-2.2 

-1.4 

—5.0 

-2.5 

-1.3 

f> p.m 

-1.2 

-0.6 

-0.4 

-2.8 

-1.2 

-0.9 

-3.8 

-0.9 

-0.6 

6 p.m 

-0.8 

-0.2 

0.0 

-2.3 

-0.7 

-0.6 

-2.5 

-0.2 

-0.3 

7 p.m 

-0.6 

+0.2 

+0.2 

-1.8 

-0.2 

-0.3 

-1.5 

-0.1 

-0.4 

8 p.m 

-0.3 

+0.4 

+0.3 

-1.3 

0.0 

-0.2 

-1.0 

-0.3 

-0.4 

9 p.m 

-0.2 

+0.7 

+0.2 

-1.0 

+0.3 

-0.1 

-0.8 

-0.1 

-0.3 

10 p.m 

0.0 

+0.6 

+0.2 

-O.S 

+0.3 

-0.1 

-1.0 

0.0 

-0.2 

11 p.m 

-0.1 

+0.4 

0.0 

-0.6 

+0.4 

0.0 

-1.2 

+0.2 

-0.1 

Midnight. . 

-0.1 

+0. 1 

-0.1 

-0.3 

+0.3 

0.0 

-1.0 

+0.2 

-0.1 

Range. . . 

3.9 

6.5 

4.7 

8.1 

9.5 

7.0 

13.5 

11.6 

8.4 
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DISTANCES AND ELEVATIONS 



Table IX. Horizontal Distances anb Elevations from Stadia 
Readings. — Continued 



4 “ 


5 

0 

6 ^^ 

7 

0 

Minutes || 


Diff. 

Hor. 

Diff. 

Hor. 

Diff. 

Hor. 

Diff. 

Dist. 

Elev. 

Dist. 

Elev. 

Dist. 

Elev. 

Dist. 

Elev. 

o 

99-51 

6.96 

99.24 

8.68 

98.91 

10.40 

98.51 

12.10 

2 

99.51 

7.02 

99.23 

8.74 

98.90 

10.45 

98.50 

12.15 

4 

99-50 

7-07 

99-22 

8.80 

98.88 

10.51 

98.48 

12.21 

6 

99-49 

7*13 

99.21 

8.85 

98.87 

10.57 

98.47 

12.26 

8 

99-48 

7.19 

Q0.2O 

8.91 

98.86 

10.62 

98.46 

12.32 

lo 

99.47 

7-25 

99.19 

8.97 

98.8s 

10.68 

98.44 

12.38 

12 

99.46 

7.30 

99.18 

9-03 

98.83 

10.74 

98-43 

12.43 

14 

99.46 

7.36 

99.17 

9.08 

98.82 

10.79 

98.41 

12.49 

i6 

99-45 

7.42 

99 -i 6 

9.14 

98.81 

10.85 

98-40 

12-55 

i8 

99.44 

7.48 

99-15 

9.20 

98.80 

10.91 

98.39 

12.60 

20 

99.43 

7.53 

99.14 

9*25 

98.78 

10.96 

98.37 

12.66 

22 

99-42 

7-59 

99.13 

9*31 

98.77 

11.02 

98.36 

12.72 

24 

99.41 

7-65 

99.11 

9*37 

98.76 

11.08 

98.34 

12.77 

26 

99-40 

7.71 

99-10 

9-43 

98.74 

11.13 

98.33 

12.83 

28 

99.39 

7.76 

99.09 

9.48 

98.73 

11.19 

98.31 

12.88 

30 

99-38 

7.82 

99.08 

9-54 

98.72 

11.25 

98.29 

12.94 

32 

99-38 

7.88 

99-07 

9.60 

98.71 

11.30 

98.28 

13.00 

34 

99.37 

7-94 

99.06 

9.6s 

98.69 

11.36 

98.27 

13-05 

36 

99.36 

7.99 

99-05 

9.71 

98.68 

11.42 

98.25 

13.11 

38 

99*35 

8.05 

99*04 

9-77 

98.67 

11.47 

98.24 

13-17 

40 

99.34 

8.11 

99-03 

9.83 

98.6s 

11.53 

98.22 

13.2a 

42 

99-33 

8.17 

99.01 

9.88 

98.64 

11.59 

98.20 

13.28 

44 

99.32 

8.22 

99.00 

9.94 

98.63 

11.64 

98.19 

13-33 

46 

48 

99-31 

99.30 

8.28 

8.34 

98.99 

98.98 

10.00 

10.05 

98.61 

98.60 

11.70 

11.76 

98.17 

98.16 

13-39 

13-45 

SO 

99-29 

8.40 

98.97 

10.11 

98.38 

ii,8i 

98.14 

13.50 

S2 

99.28 

8.45 

98.96 

10.17 

98.57 

11.87 

98.13 

13-56 

54 

99.27 

8.51 

98.94 

10.22 

98.56 

11.93 

98.11 

13.61 

S6 ..... . 

99.26 

8-57 

98.93 

10.28 

98.54 

11.98 

98,10 

13.67 

S8 

99*25 

8-63 

98.92 

10.34 

98.53 

12.04 

98.08 

13-73 

60 

99.24 

8.68 

98.91 

10.40 

98.51 

12.10 

98.06 

13-78 

C « 0.75 

0.7s 

0.06 

0.75 

ox>7 

0.7s 

0.08 

0.74 

0.10 

G =» i.oo 

1.00 

0.08 

0.99 

0.09 

0.99 

0.1 1 

0.99 

0.13 

C « I.2S 

I.2S 

0.10 

1.24 

O.ll 

. 1.24 

0.14 

1.24 

0.16 




DISTANCES AND ELEVATIONS 


Table IX. Horizontal Distances and Elevations from Stadta 
Readings. — Continued 


Minutes ^ 9 ^' Hor. Biff. Hor. Diff. Hor. Diff. 

Dist. Elev. Dist. Elev. Dist. Elev. Dist. Elev. 

o 98.06 13.78 97.55 15.45 96.98 17.10 96.36 18.73 

2 98.05 13.84 97.53 15.51 96.96 17.16 96.34 18.78 

[ 4 98.03 13.89 97.52 15.56 96.94 17.21 96.32 18.84 

6 98,01 13.95 97*50 15-62 96.92 17.26 96.29 18.89 

8 98.00 14.01 97.48 15.67 96.90 17.32 96.27 18.95 

I 10 97-9S 14-06 97.46 15.73 96-S8 17.37 96.25 19.00 

I 12 97.97 14.12 97.44 15.78 96.86 17.43 96.23 19.05 

i 14 97-95 14-17 97-43 15-84 96.84 17.48 96.21 19.11 

16 97.93 14.23 97.41 15.89 96.82 17.54 96.18 19.16 

18 97-92 14-28 97-39 15-95 96.80 17.59 96.16 19,21 

20 97.90 14-34 97-37 16.00 96.78 17.65 96.14 19.27 

22 97.88 14.40 97.3s 16.06 96.76 17.70 96.12 19.32 

24 97-87 14-45 97-33 i6.li 96.74 17*76 96.09 19.38 

26 97.85 14.51 97.31 16.17 96.72 17.81 96.07 19.43 

28 97-83 14.56 97.29 16.22 96.70 17.86 96.05 19.48 

30 97.82 14.62 97.28 16.28 96.68 17.92 96.03 19.54 


14.67 97.26 16.33 96.66 17.97 96.00 19.59 

14.73 97-24 16.39 96.64 18.03 95.98 19.64 

14.79 97-22 16.44 96.62 18.08 95.96 19.70 

14.84 97.20 16.50 96.60 18.14 95.93 19.75 

14.90 97.18 16.55 96.57 18.19 95.91 19.80 

14- 95 97-i6 16.61 96.55 18.24 95.89 19.86 

15.01 97.14 16.66 96.53 18.30 95.86 19.91 

15.06 97.12 16.72 96.51 18.35 95-84 19-96 

15.12 97.10 16.77 96-49 18-41 95-82 20.02 

15.17 97.08 16.83 9647 18.46 95.79 20.07 

15.23 97.06 16.88 96.45 18.51 95.77 20.1a 

15.28 97.04 16.94 96.42 18.57 95-75 20.18 

15- 34 97.02 16.99 96.40 18.62 95.72 20.23 

15.40 97.00 17*05 96.38 18.68 95.70 20.28 

15.45 96.98 17.10 96.36 18.73 95.68 20.34 


0.12 0.74 0.14 


0.98 0.20 






DISTANCES AND ELEVATIONS 

Table IX. Horizontal Distances and Elevations from Stadia 
Readings. — Continued 


Dist. Elev. Dist. Elev. Dist. Elev. Dist. Elev, 


0 95.68 20.34 94.94 21-92 94-15 23.47 93.30 25.00 

2 95-65 20.39 94.91 21.97 94.12 23.52 93.27 25.05 

4 95.63 20.44 94.89 22.02 94.09 23.58 93.24 25.10 

6 195.61 20.50 94.86 22.08 94.07 23.63 93.21 25.15 

8 95.5S 20.55 94.84 22.13 94.04 23.68 93.18 25.20 

o 95.56 20.60 94.81 22.18 94.01 23.73 93.16 25.25 

2 95.53 20.66 94.79 22.23 93.98 23.78 93.13 25.30 

4 95-51 20.71 94.76 22.28 93.95 23.83 93.10 25.35 

6 95.49 20.76 94.73 22.34 93.93 23.88 93.07 25.40 

8 95.46 20.81 94.71 22.39 93-90 23.93 93.04 25.45 

0 95.44 20.87 94-68 22.44 93-^7 23.99 93.01 25.50 

2 95.41 20.92 94.66 22.49 93-84 24.04 92.98 25.55 

4 95-39 20.97 94.63 22.54 93.81 24.09 92.9s 25.60 

6 95.36 21.03 94.60 22.60 93.79 24.14 92.92 25.65 

8 95-34 21.08 94.58 22.65 93.76 24.19 92.89 25.70 

30 95-32 21.13 94.55 22.70 93.73 24.24 92.86 25.7s 

32 95.29 21.18 94.52 22.75 93-70 24.29 92.83 25.80 

34 95.27 21.24 94.50 22.80 93.67 24.34 92.80 25.85 

36 95*24 21.29 94.47 22.85 93.65 24.39 92.77 25.90 

38 95-22 21.34 94.44 22.91 93.62 24.44 92.74 25.95 

40 95.19 21.39 94.42 22.96 93.59 24.49 92.71 26.00 

^2 95.17 21.4s 94-39 23.01 93.56 24.5s 92.68 26.05 

4 95.14 21.50 94.36 23.06 93-53 24.60 92.65 26.10 

^6 95.12 21.55 94.34 23.11 93-50 24.65 92.62 26.15 

^8 95.09 21.60 94.31 23.16 93.47 24.70 92.59 26.20 

;o 95.07 21.66 94.28 23.22 93.4s 24.7s 92-56 26.25 


2 95-04 21.71 94.26 

4 95.02 21.76 94.23 

6 94-99 21.81 94.20 

8 94.97 21.87 94.17 

jo 94,94 21.92 94.15 


23.27 93-42 
23-32 93-39 
23-37 93-36 
23.42 93-33 
23.47 93-30 




DISTANCES AND ELEVATIONS 


Table IX. Horizontal Distances and Elevations erom Stadia 
Readings. — Continued 


Minutes 

nor. 

Dist. 

join. 

Elev. 

nor. 

Dist. 

jjin. 

Elev. 

nor. 

Dist. 

nirt. 

Elev. 

nor. 

Dist. 

Elev. 

o 

92.40 

26.50 

91.45 

27.96 

90.45 

29.39 

89.40 

30.78 

2 

92.37 

26.55 

91.42 

28.01 

90.42 

29.44 

89.36 

30.83 

4 

92.34 

26.59 

91-39 

28.06 

90.38 

29.48 

89.33 

30.87 

6 

92.31 

26.64 

91-35 

28.10 

90.3s 

29-53 

89.29 

30.92 

8 

92.28 

26.69 

91.32 

28.15 

90.31 

29.58 

89.26 

30.97 

[O 

92.25 

26.74 

91.29 

28.20 

90.28 

29.62 

89.22 

31.01 

12 

92.22 

26.79 

91.26 

28.25 

90.24 

29.67 

89.18 

31.06 

14 

92.19 

26.84 

91.22 

28.30 

90.21 

20-72 

89.15 

31.10 

i6 

92.15 

26.89 

91.19 

28.34 

[90.18 

29.76 

89.11 

31.15 

i8 

92.12 

26.94 

91.16 

28.39 

90.14 

29.81 

89.08 

31-19 

20 

92.09 

26.99 

91.12 

28.44 

90.11 

29.86 

89.04 

31-24 

22 

92.06 

27.04 

91.09 

28.49 

90.07 

29.90 

89.00 

31.28 

24 

92.03 

27.09 

91.06 

28.54 

90.04 

29.95 

88.96 

31-33 

26 

92.00 

27.13 

91.02 

28.58 

90.00 

30.00 

88.93 

31-38 

28 

91.97 

27.18 

90.99 

28.63 

89.97 

30.04 

88.89 

31.42 

30 

91-93 

27.23 

90.96 

28.68 

89-93 

30.09 

88.86 

31-47 

32 

91.90 

27.28 

90.92 

28.73 

89.90 

30.14 

88.82 

31-51 

34 • . . • . • 

91.87 

27-33 

90,89 

28.77 

89.86 

30.19 

88.78 

31-56 

36 

91.84 

27.38 

90.86 

28.82 

89.83 

30.23 

88.75 

31.60 

38 

91.81 

27.43 

90.82 

28.87 

89.79 

30.28 

88.71 

31-65 

40 

91.77 

27.48 

90.79 

28.92 

89.76 

30.32 

88.67 

31-69 

42 

91.74 

27.52 

90.76 

28.96 

89.72 

30.37 

88.64 

31-74 

44 

91.71 

27-57 

90.72 

29.01 

89.69 

30.41 

88.60 

31-78 

46 

91.68 

27.62 

90.69 

29.06 

89.65 

30.46 

88.56 

31-83 

48 

91.65 

27.67 

90,66 

29.11 

89.61 

30.51 

88.53 

31.87 

SO 

91.61 

27.72 

90.62 

29.15 

89.58 

30.5s 

88.49 

31.92 

52 

91.58 

27.77 

90.59 

29.20 

89.54 

30.60 

88.45 

31.96 

54 

91-55 

27,81 

90.5s 

29.25 

89.51 

30.65 

88.41 

32.01 

56 

91.52 

27.86 

90.52 

29.30 

89.47 

30.69 

88.38 

32.05 

58 

91.48 

27,91 

90.48 

29-34 

89.44 

30.74 * 

88.34 

32.09 

60 

91.45 

27.96 

90.4s 

29.39 

89.40 

30.78 

88.30 

32.14 

C == 0.75 ! 

0.72 

0.21 

0.72 

0.23 

0.71 

0.24 

0.71 

0.25 










C = i.oo 

0.96 

0.28 

0.9s 

0.30 

0.9s 

0.32 

0.94 

0.33 










C = I. 2 S 

1.20 

0.3s 

I.19 

0.38 

I.19 

0.40 

1.18 

0.42 
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DISTANCES AND ELEVATIONS 




Table IX. Horizontal Distances and Elevations mou Stadia 
Readings. — Continued 



20* 

3 

21 

0 

22 

0 

23' 

0 


Hot. 

Diff. 

Hor. 

Difif. 

Hor. 

Diff. 

Hor. 

Diff. 

Minutes. 

List. 

Elev. 

Dist. 

Elev. 

Dist. 

Elev. 

Dist. 

Elev. 

0 

88.30 

32.14 

87.16 

33.46 

85-97 

34-73 

84.73 

35.97 

2 

88.26 

32.18 

87.12 

33-50 

85.93 

34.77 

84.69 

36.01 

4 

88.23 

32-23 

87.08 

33.54 

85.89 

34.82 

84.65 

36.05 

6 

88.19 

32.27 

87.04 

33.59 

85.85 

34.86 

84.61 

36.09 

8 

88.15 

32.32 

87.00 

33-63 

85.80 

34-90 

84.57 

36.13 

10 

88.11 

32.36 

86.96 

33-67 

85.76 

34.94 

84.52 

36.17 

12 

88.08 

32.41 

86.92 

33.72 

85.72 

34.98 

84.48 

36.21 

14 

88.04 

32-45 

86.88 

33-76 

85.68 

35-02 

84.44 

36.25 

i6 

88.00 

32.49 

86.84 

33.80 

85.64 

35-07 

84.40 

36.29 

i8 

87.96 

32.54 

86.80 

33-84 

85.60 

35-11 

84.35 

36.33 

20 

87-93 

32-58 

86.77 

33-89 

85.56 

35.15 

84.31 

36.37 

22 

87.89 ' 

32-63 

86.73 

33-93 

85-52 

35-19 

84-27 

36.41 

24 

87.85 

32.67 

86.69 

33-97 

85.48 

35-23 

84.23 

36.45 

26 

87.81 

32.72 

86.65 

34.01 1 

85.44 

35-27 

84.18 

36.49 

28 

87.77 

32.76 

86.61 

34-06 

85-40 

35.31 

84.14 

36.53 

30 

87.74 

32.80 1 

86.57 

34.10 

85-36 

35.36 

84.10 

36.57 

32 

87.70 

32.85 

86.53 

34-14 

85.31 

3540 

84.06 

36.61 

34 

87.66 

32.89 

86.49 

34.18 

85.27 

35-44 

84.01 

36.65 

36 

87.62 

32.93 

86.45 

34.23 

85.23 

35.48 

83.97 

36.69 

38 

87.58 

32.98 

86.41 

34.27 

85.19 

35-52 

83.93 

36.73 

40 

87.54 

33-02 

86.37 

34.31 

85.15 

35-56 

83.89 

36.77 

42 

87.51 

33-07 

86.33 

34.35 

85.11 

3S-6 o 

83.84 

36.80 

44 

87.47 

33-11 

86.29 

34.40 

85.07 

35.64 

83.80 

36.84 

46 

87.43 

33-15 

86.25 

34.44 

85.02 

35-68 

83.76 

36.88 

48 

87-39 

33.20 

86.21 

34.48 

84.98 

35-72 

83.72 

36.92 

50 

87.35 

33-4 

86.17 

34.52 

84.94 

35-76 

83.67 

36.96 

52 

87.31 

33-28 

86.13 

34.57 

84.90 

35.80 

83-63 

37-00 

54 

87.27 

33.33 

86.09 

34.61 

84.86 

35.85 

83-59 

37.04 

56 

87.24 

33-37 

86.05 

34.65 

84.82 

35.89 

83.54 

37.08 

58 

87.20 

33-41 

86.01 

34.69 

84.77 

35-93 

83.50 

37.12 

60 

87.16 

33-46 

85.97 

34-73 

84.73 

35-97 

83.46 

37.16 

C = 0.75 

0.70 

0.26 

0.70 

0.27 

0.69 

0.29 

0.69 

0.30 

C = i.oo 

0.94 

0.3s 

0.93 

0.37 

0.92 

0.38 

0.92 

0.40 

C = 1.25 

1.17 

0.44 

1.16 

0.46 

1-15 

0.48 

1.15 

0.50 
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Table IX. Horizontal Distances and Elevations from Stadia 
Readings. — Continued 



83.46 

37,16 

82.14 

38.30 

80.78 

39-40 

79-39 

40.45 


83.41 

37,20 

82.09 

38.34 

80.74 

39.44 

79-34 

40.49 


S3-37 

37.23 

82.05 

3«-3« 

80.69 

39.47 

79.30 

40.52 


83-33 

37.27 

82.01 

38.41 

80.65 

39-51 

79.25 

40.55 


83.28 

37.31 

81.96 

38.4s 

80.60 

39-54 

79.20 

40.59 


83.24 

37.3s 

81.92 

38.49 

80.5s 

39-S» 

79-15 

40.62 


83.20 

37.39 

81.87 

38.53 

80.51 

39-61 

79.11 

40.66 


83-13 

37.43 

81.83 

38.56 

80.46 

39-65 

79.06 

40.69 


83.11 

37-47 

81.78 

38.60 

80.41 

39.69 

79.01 

40.72 


83.07 

37.51 

81.74 

38.64 

80.37 

39.72 

78.96 

40.76 


83.02 

37-54 

81.69 

38.67 

80.32 

39.76 

78.92 

40.79 


82.98 

37-58 

81.65 

38.71 

80,28 

39.79 

78.87 

40.82 


82.93 

37-62 

81.60 

38.75 

80.23 

39-83 

78.82 

40.86 


82.89 

37.66 

81.56 

38.78 

80.18 

39.86 

78-77 

40.80 


82.85 

37.70 

81.51 

38.82 

80.14 

39.90 

78.73 

40.92 


82.80 

37-74 

81.47 

38,86 

80.09 

39-93 

78.68 

40.96 


82.76 

37-77 

81.42 

38.89 

80.04 

39-97 

78.63 

40.99 


82.72 

37-81 

81.38 

38.93 

80.00 

40.00 

78.58 

41.02 


82.67 

37-85 

81.33 

38.97 

79.95 

i 40.04 

78.54 

41.06 


82.63 

37.89 

81.28 

39.00 

79-90 

40.07 

78.49 

4X.09 


82.58 1 

37.93 

81.24 

39.04 

79.86 

40.11 

78.44 

41.12 


82.54 

37.96 

81.19 

39.08 

79.81 

40.14 

78.39 

1 41.16 


82.49 

38.00 

81.15 ' 

39.11 

79.76 

40.18 

78.34 

1 41.19 


82.45 

38.04 

81.10 

39.IS 

79.72 

40.21 

78.30 

41.22 


82,41 

38.08 

81.06 

39.18 

79.67 

40.24 

78.25 

41.26 


82.36 

38.11 

81.01 

39.22 

79.62 

40.28 

78.20 

41.29 


82.32 

38.15 

80.97 

39.26 

79-58 

40.31 

78.15 

41.32 


82.27 

38-19 

80.92 

39.29 

79.53 

40.35 

78.10 

41-35 


82.23 

38.23 

80.87 

39-33 

79.48 

40.38 

78.06 

41.39 


82.18 

38.26 

80.83 

39.36 

79-44 

40.42 

78.01 

41.42 


82.14 

38.30 

80.78 

39.40 

79-39 

40.45 

77.96 

41-45 

o.U 

0.68 

0.31 

0.68 

0.32 

0.67 

0.33 

0.66 

0-35 

1.00 

0.91 

0.41 

0.90 

0.43 

I 0.89 

0.4s 

0.89 

046 

I. 2 S 

1.14 

0.52 

1 1.13 

0.54 

1.12 

0.56 

I.il 

0.58 
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Table X.* Minutes in Decimals oe a Degeee 


» 

0" 

10" 

IS"' 

20" j 

30" 

40" 

45 " 

so" 1 

# 

0 

.00000 

.00278 

.00417 

.00556 

.00833 

.01111 

.01250 

.01389I 

0 

I 

.01667 

.01944 

.02083 

.02222 

.02500 

.02778 

.02917 

.03055 

X 

2 

.03333 

.03611 

.03750 

.03889 

.04167 

.04444 

.04583 

.047221 

2 

3 

,05000 

.05278 

.05417 

.05556 

.05833 

.06111 

.06250 

.06389] 

3 

4 

.06667 

.06944 

.07083 

.07222 

.07500 

.07778 

.07917 

.08056 

4 

S 

.08333 

.08611 

.08750 

.08889 

.09167 

.09444 

.09583 

.09722 

5 

6 

.10000 

. 10278 

.10417 

.10556 

.10833 

.11111 

.11250 

.11389 

6 

7 

.11667 

.11944 

. 12083 

.12222 

.12500 

.12778 

.12917 

. 13056 

7 

8 

.13333 

.13611 

.13750 

. 13889 

.14167 

.14444 

.14583 

. 14722 

8 

9 

. 15000 

.15278 

.15417 

.15556 

.15833 

.16111 

.16250 

. 16389 

9 

10 

.16667 

. 16944 

.17083 

.17222 

.17500 

.17778 

.17917 

. 18056 

10 

11 

.18333 

.18611 

.18750 

. 18889 

,19167 

. 19444 

>195^3 

. 19722 

ir 

12 

.20000 

.20278 

.20417 

.20556 

.20833 

.21111 

.21250 

.21389 

12 

13 

.21667 

.21944 

.220S3 

.22222 

.22500 

.22778 

.22917 

. 23056 

13 

14 

.23333 

.23611 

.23750 

.23889 

.24167 

,24444 

.24583 

.24722 

14 

IS 

.25000 

.25278 

.25417 

.25556 

.25833 

.26111 

.26250 

.26389 

IS 

i6 

.26667 

. 26944 

.27083 

.27222 

.27500 

.27778 

.27917 

.28056 

16 

17 

.28333 

.28611 

.28750 

.28889 

.29167 

. 29444 

.29583 

.29722 

17 

i8 

.30000 

.30278 

.30417 

.30556 

.30833 

.31111 

.31250 

.31389 

18 

19 

.31667 

.31944 

.32083 

.32222 

.32500 

.32778 

.32917, 

.33056 

19 

20 

.33333 

.33611 

.33750 

.33889 

.34167 

.34444 

.34583 

.34722 

20 

21 

.35000 

.35278 

.35417 

.35556 

.35833 

,36111 

.36250 

.36389 

21 

22 

.36667 

.36944 

.37083 

.37222 

.37500 

.37778 

.37917 

.38056 

22 

23 

.38333 

.38611 

.38750 

.38889 

.39167 

.39444 

.39583 

.39722 

23 

24 

. 40000 

.40278 

.40417 

.40556 

.40833 

.41111 

.41250 

.41389 

24 

25 

.41667 

.41944 

.42083 

.42222 

,42500 

.42778 

.42917 

.43056 

25 

26 

.43333 

.43611 

.43750 

.43889 

.44167 

.44444 

.44583 

.44722 

26 

27 

.45000 

.45278 

.45417 

.45556 

.45833 

.46111 

.46250 

.46389 

27 

28 

.46667 

. 46944 

.47083 

.47222 

.47300 

.47778 

.47917 

.48056 

28 

29 

.48333 

.48611 

.48750 

.48889 

.49167 

.49444 

.49583 

.49722 

29 

30 

.50000 

.50278 

.50417 

.50556 

.50833 

.51111 

.51250 

•51389 

30 

31 

.51667 

.51944 

,52083 

.52222 

.52500 

.52778 

.52917 

.53056 

31 

32 

.53333 

.53611 

.53750 

.53889 

.54167 

.54444 

.54583 

.54722 

32 

33 

.55000 

.55278 

.55417 

.55556 

.55833 

.56111 

.56250 

.56389 

33 

34 

.56667 

. 56944 

.57083 

.57222 

.57500 

.57778 

.57917 

.58056 

34 

35 

.58333 

.58611 

.58750 

.58889 

.59167 

.59444 

.59583 

.59722 

35 

36 

.60000 

.60278 

.60417 

.60556 

.60833 

.61111 

.61250 

.61389 

36 

37 

.61667 

.61944 

.62083 

.62222 

.62500 

.62778 

.62917 

.63056 

37 

38 

.63333 

.63611 

.63750 

.63889 

.64167 

.64444 

.64583 

.64722 

38 

39 

.65000 

.65278 

.65417 

.65556 

.65833 

.66111 

,66250 

.66389 

39 

40 

.66667 

.66944 

.67083 

.67222 

.67500 

CO 

t.. 

'O 

.67917 

.68056 

40 

41 

.68333 

.68611 

.68750 

.68889 

.69167 

.69444 

.69583 

.69722 

41 

42 

. 70000 

.70278 

.70417 

.70556 

.70833 

.71111 

,71250 

.71389 

42 

43 

.71667 

.71944 

.72083 

.72222 

.72500 

.72778 

.72917 

.73056 

43 

44 

.73333 

.73611 

.73750 

.73889 

.74167 

.74444 

.74583 

.74722 

44 

45 

.75000 

.75278 

.75417 

.75556 

.75833 

.76111 

.76250 

.76389 


46 

.76667 

.76944 

.77083 

,77222 

.77500 

.77778 

.77917 

.78056 

46 

47 

.78333 

.78611 

.78750 

.78889 

.79167 

.7944^ 

.79583 

.79722 

47 

48 

.80000 

.80278 

.80417 

.80556 

. 80833 

.81111 

.81250 

.81389 

48 

49 

.81667 

.81944 

.83083 

.82222 

.82500 

.82778 

.82917 

.83056 

49 

SO 

.83333 

.83611 

.83750 

.83889 

.84167 

.8444^ 

.84583 

.84722 

50 

SI 

.85000 

.85278 

.85417 

.85556 

.85833 

.86111 

.86250 

1 .86389 

51 

52 

.86667 

. 86944 

.87083 

,87222 

.87500 

.87778 

.87917 

.88056 

52 

S 3 

.88333 

.88611 

.88750 

.88889 

.89167 

.89444 

.89583 

.89722 

S3 

54 

.90000 

.90278 

.90417 

.90556 

.90833 

.9IIII 

.91250 

.91389 

54 

55 

.91667 

.91944 

.92083 

.92222 

.92500 

.92778 

.92917 

.93056 

ss 

S6 

.93333 

.93611 

.93750 

.93889 

.94167 

.94444 

.94583 

.94722 

56 

57 

.95000 

.95278 

.95417 

.95556 

.95833 

.96111 

.9625c 

.96389 

57 

58 

.96667 

.96944 

.97083 

.97222 

.97500 

.97778 

.97917 

.98056 

S8 

59 

.98333 

.98611 

.98750 

' .98889 

.99167 

.99444 

.99583 

.99722 

59 


0" 

10" 

is" 

20" 

30" 

40" 

45 " 

50" 

f 


•*'Prom “Field Engineering” by Searles and Ivea. By permission of the 
publishers, John Wiley & Sons, Inc., New York. 
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CONVERGENCY OF MERIDIANS 





Table XL Convergency op Meridians, Six Miles Long and Six 
Miles Apart, and Differences op Latitude and Longitude 


Lat. 

Convergency 

Difference of longitude 
per range 

Difference of latitude 
for — 

On the 
parallel 

Angle 

1 

j In arc 

In time 

I mi. 

I Tp. 

0 

Lks. 

f 

ff 

/ 

// 

Seconds 



25 

33.9 

2 

25 

5 

44.34 

22.96 



s6 

35.4 

2 

32 

5 

47.20 

23.15 



27 

37.0 

2 

39 

5 

50.22 

23.3s 

0.871 

5. 229 

28 

38.6 

2 

46 

5 

53.40 

23.56 



29 

40.2 

2 

S 3 

5 

56.74 

23.78 



30 

41.9 

3 

0 

6 

0.26 

24,02 



31 

43.6 

3 

7 

6 

3.97 

24.26 



32 

45.4 

3 

IS 

6 

7.87 

24.52 

0.871 

S. 32 S 

33 

47-2 

3 

23 

6 

11.96 

24.80 



34 

49.1 

3 

30 

6 

16.26 

25.08 



35 

SO . 9 

3 

38 

6 

20.78 

25.39 



36 

52.7 

3 

46 

6 

25 . 53 

25.70 



37 

54.7 

3 

55 

6 

30.52 

26,03 

0.870 

5-221 

38 

56.8 

4 

4 

6 

35.76 

26.38 



39 

S8.8 

4 

13 

6 

41.27 

26.7s 



40 

60.9 

4 

22 

6 

47.06 

27.14 



41 

63.1 

4 

31 

6 

53.15 

27.54 



42 

65.4 

4 

41 

6 

59.56 

27.97 

0.869 

5. 216 

43 

67.7 

4 

SI 

7 

6,29 

28.42 



44 

70.1 

5 

I 

7 

13.39 

28.89 



45 

72.6 

5 

12 

7 

20.86 

29.39 



46 

75.2 

5 

23 

7 

28.74 

29.92 



47 

77.8 

5 

34 

7 

37.04 

30,47 

0.869 

S.211 

48 

80.6 

5 

46 

7 

45.80 

31.0s 



49 

83.5 

5 

59 

7 

55.05 

31.67 



SO 

i 86.4 

6 

12 

8 

4.83 

32.32 



SI 

( 89.6 

6 

25 

8 

IS. 17 

33.03 



52 

92.8 

6 

39 

8 

26.13 

33.74 

0.868 

5.207 

S 3 

96.2 

6 

54 

8 

37.75 

34-52 



54 

99.8 

7 

9 

8 

SO. 07 

35.34 



55 

103. 5 

7 

25 

9 

3.18 

36.22 



S6 

107.5 

7 

42 

9 

17.12 

37.14 



57 

in. 6 

8 

0 

9 

31.97 

38.13 

0.867 

5.202 

S8 

116.0 

8 

19 

9 

47.83 

39.19 



59 

120.6 

8 

38 

10 

4.78 

40.32 



60 

125. 5 

8 

59 

10 

22.94 

41.52 



61 

130.8 

9 

22 

10 

42.42 

42.83 



62 

136.3 

9 

46 

II 

3.38 

44.22 

0,866 

5.198 

63 

142.2 

10 

11 

II 

25.97 

45.73 



64 

148,6 

10 

38 

II 

50.37 

47.36 


i 

65 

155-0 

II 

8 

12 

16.82 

49. 12 



66 

162.8 

II 

39 

12 

45.55 

51.04 



67 

170.7 

12 

13 

13 

16.88 

53.12 

0.866 

5.195 

68 

179.3 

12 

SI 

13 

SI. IS 

S.S.41 



69 

188.7 

13 

31 

14 

28.77 

57.92 



70 

199. 1 

14 

IS 

! 

10,26 

60.68 

0.866 

5 . 193 



AZIMUTHS OF THE SECANT 


891 


Table XII. Azimuths op the Secant 


Lat. 

0 mi. 

1 mi. 

2 mi. 

3 mi. 

Deflection 
angle 6 mi. 

0 

2S 

89 S8.8 

89 59.2 

0 t 

89 59.6 

90® 

2 25 

26 

58.7 

59.2 

59.6 

E or W. 

2 32 

27 

58.7 

59.1 

59.6 

“ “ “ 

2 39 

28 

58.6 

59. 1 

59.5 

“ “ “ 

2 46 

29 

58.6 

59.0 

59.5 


2 53 

30 

58.5 

59.0 

59-5 



3 0 

31 

58.4 

59.0 

59.5 

(1 it t. 

3 7 

32 

58.4 

58.9 

59 . 5 

«4 4 ( 4 * 

3 IS 

33 

58.3 

58.9 

59.4 

C 4 U 14 

3 23 

34 

58.2 

58.8 

59.4 

“ " " 

3 30 

3 S 

58.2 

58.8 

59.4 

.. 4. .. 

3 38 

36 

58.1 

58.7 

59.4 

“ “ “ 

3 46 

37 

58.0 

58.7 

59.3 

4 * <1 *♦ 

3 55 

38 

S8.o 

58.6 

59-3 

14 II *1 

4 4 

39 

57.9 

58.6 

59.3 


4 13 

40 

57.8 

58.5 

59.3 


4 22 

41 

57.7 

58.5 

59.2 

41 44 44 

4 31 

42 

57.7 

58.4 

59.2 

44 41 14 

4 41 

43 

57.6 

58.4 

59.2 

44 44 44 

4 SI 

44 

57.5 

58.3 

59.2 


5 I 

45 

57.4 

58.3 

59. 1 

“ “ “ 

5 12 

46 

57.3 

58.2 

59.1 

44 44 14 

5 23 

47 

57.2 

S8.i 

59.1 

44 14 14 

5 34 

48 

57. 1 

S8.i 

59.0 

44 44 44 

5 46 

49 

57.0 

58.0 

59.0 


5 59 

SO 

56.9 

57.9 

59.0 

44 44 44 

6 12 

SI 

56.8 

57.9 

58.9 

44 44 44 

6 25 

S 2 

56.7 

57.8 

58.9 

44 44 44 

6 39 

53 

56.6 

57.7 

58.8 

44 44 44 

6 54 

54 

56.4 

57.6 

58.8 

44 

7 9 

55 

56.3 

57.5 

S8,8 

44 4 . 4 . 

7 25 

S6 

56.2 

57.4 

58.7 

44 44 44 

7 42 

57 

56.0 

57.3 

58.7 

44 41 44 

8 0 

58 

55.8 

57.2 

58.6 


8 19 

59 

55.7 

57.1 

58.6 


8 38 

60 

55. 5 

57.0 

58.5 

44 14 44 

8 59 

61 

55. 3 

56.9 

58.4 

44 44 44 

9 22 

62 

55 . 1 

56.7 

58.4 

14 44 44 

9 46 

63 

54.9 

S6.6 

58.3 

44 14 41 

10 II 

64 

54.7 

56. 5 

58.2 


10 38 

6s 

54-4 

56.3 

58.1 

<4 44 .4 

II 8 

66 

54.2 

56.1 

58.1 

14 4 * 44 

ii 39 

67 

53.9 

55-9 

S8.o 

44 44 44 

12 13 

68 

53.6 

55.7 

57.9 


12 SI 

69 

5^.2 

55. 5 

57.8 


13 31 

70 

89® 52'. 9 

89® 55'. 3 

89® 5 7'. 6 

.4 .1 4 . 

14' IS" 


6 mi. 

5 mi. 

4 mi. 

3 mi. 
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Table XIII. Offsets, in Links, prom the Secant to the Parallel 


Lat. 

0 mi. 

M mi. 

I mi. 

mi. 

2 mi. 

2)^ mi. 

3 mi. 

2 S 

2 N. 

I N. 

0 

I S. 

I S. 

2 S. 

2S. 

26 

2 

I 

0 

I 

I 

2 

2 

27 

3 

I 

0 

I 

2 

2 

2 

28 

3 

I 

0 

X 

2 

2 

2 

29 

3 

I 

0 

I 

i 2 

2 

2 

30 

I 3 

I 

0 

I 

2 

2 

2 

31 

I 3 

1 I 

0 

X 

2 

2 

2 

32 

3 

i 

0 

I 

2 

2 

3 

33 

3 


0 

I 

2 

2 

3 

34 

3 

2 ■ 

0 

I 

2 

3 

3 

3 S 

4 

2 

0 

I 

2 

3 

3 

36 

4 

2 

0 

X 

2 

3 

3 

37 

4 

2 

0 ! 

X 

2 

3 

3 

38 

4 

2 

0 

I 

2 ! 

3 

3 

39 

4 

2 

0 

X 

2 

3 

3 

40 

4 

2 

0 

I j 

3 

3 

3 

41 

4 

2 

0 

2 

3 

3 

4 

42 

S 

2 

0 

2 

3 

3 

4 

43 

5 

2 

0 

2 

3 

4 

4 

44 

5 

2 

0 

2 

3 

4 

4 

45 

S 

2 

0 

2 

3 

4 

4 

46 

S 

2 

0 

2 

3 

4 

4 

47 

S 

2 

0 

2 

3 

4 

4 

48 

6 

3 

0 

2 

3 

4 

4 

49 

6 

3 

0 

2 

3 

4 

S 

SO 

6 

3 

0 

2 

4 

4 

5 

SI 

6 

3 

0 

2 

4 

5 

5 

S2 

6 

3 

0 

2 

4 

5 

S 

S 3 

7 

3 

0 

2 

4 

5 

5 

54 

7 

3 

0 

2 

4 

S 

6 

SS 

7 

3 

0 

3 

4 

5 

6 

S6 

7 

3 

0 

3 

4 

6 

6 

57 

8 

3 

0 

3 

5 

6 

6 

58 

8 

4 

0 

3 

5 

6 

6 

59 

8 

4 

0 

3 

5 

6 

7 

60 

9 

4 

0 

3 

5 

7 

7 

61 

9 

4 

0 

3 

5 

7 

7 

62 

9 

4 

0 

3 

6 

7 

8 

63 

10 

4 

0 

3 

6 

7 

8 

64 

lO 

S 

0 

4 

6 

8 

8 

6S 

11 

5 

0 

4 

6 

8 

9 

66 

11 

5 

0 

4 

7 

8 

9 

67 

12 

5 

0 

4 

7 

9 

9 

68 

12 

6 

0 

4 

7 

9 

10 

69 

13 

6 

0 

S 

8 

10 

10 

70 

14 N. 

6 N. 

0 

ss. 

8 S. 

10 S. 

II S. 

1 

6 mi. 

SH mi. 

5 mi. 

4 H mi. 

4 mi. 

SM mi. 

3 mi. 
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Table XIV. Coefficients ca for Sharp-crested Rectangular 
Weirs with Two Complete End Contractions (Smith) 


For use in the formula Q = + nhQ)H 


Length of 
weir 

Effective NvR, ft. 
head H, ft. 

0.66 

1 

2 

3 

5 

10 

19 

0.1 

0.632 

0.639 

0.646 

0.652 

0.653 

0.655 

0.656 

0.15 

.619 

.625 

.634 

.638 

.640 

.641 

.642 

0.2 

.611 

.618 

.626 

.630 

.631 

.633 

.634 

0.25 

.605 

.612 

.621 

.624 

.626 

.628 

.629 

0.3 

.601 

.608 

.616 

.619 

.621 

.624 

.625 

0.4 

.595 

.601 1 

.609 

.613 

.615 

.618 

.620 

0.5 

.590 

.596 

.605 

.608 

.611 

.615 

.617 

0.6 

.587 

.593 

.601 

.605 

.608 

.613 

.615 

0.7 


.590 

.598 

.603 

.606 

.612 

.614 

0.8 



.595 

.600 

.604 ^ 

.611 

.613 

0.9 



.592 

.598 

.603 

.609 

.612 

1.0 



.590 

.595 

.601 

.608 

.611 

1.2 



.585 

.591 

.597 

.605 

.610 

1.4 



.580 

.587 

.594 

.602 

.609 

1.6 




.582 

.591 

.600 

.607 


Table XV. Coefficients Cd for Sharp-crested Rectangular Weirs 
WITH Both End Contractions Suppressed (Smith) 

For use in the formula Q = + nho)^ 


N. Length of 
N. weir 

Effective\^^^jB, ft. 
head H, ft.\. 

2 

3 

4 

5 

' 

7 

! 

10 

19 

0.1 




0.659 

0.658 

0.658 

0.657 

0,15 

0.652 

0.649 

0.647 

.645 

.645 

.644 

.643 

0.2 

.645 

.642 

.641 

.638 

.637 

.637 

.635 

0.25 

.641 

.638 

.636 

.634 

.633 

.632 

.630 

0.3 

.639 

.636 

.633 

.631 

.629 

.628 

.626 

0.4 

.036 

.633 

.630 

.628 

.625 

.623 

.621 

0.5 

.637 

.633 

.630 

.627 

.624 

.621 

.619 

0.6 

.638 

.634 

.630 

.627 

.623 

.620 

.618 

0.7 

.640 

-635 

.631 

.628 

.624 

.620 

.618 

0.8 

.643 

.637 

.633 

.629 

.625 

.621 

.618 

0.9 

.645 

.639 

.635 

.631 

.627 

.622 

.619 

1.0 

.648 

.641 

.637 

.633 

.628 

.624 

.619 

1.2 


.646 

.641 

.636 

.632 

.626 

.620 

1.4 



.644 

.640 

.634 

.629 

.622 

1.6 



.647 

.642 

.637 

.631 

.623 
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Table XVI. Coefficients a fob Sharp>ceested Rectangular 
Weibs with Two Complete End Contractions (Smith) 

For use in the formula Q = CdBE'H 


^\Length of 
Hea^\weir 

H, ft, 

0.66 

1* 

2 

2.6 

3 

4 

5 


10 

15 

19 

0.1 

3.381 

3.419 

3.456 

3.478 

3.488 

3.494 

3.494 

3.499 

3.504 

3.504 

3.510 

.16 

3.312 

3.344 

3.392 

3.408 

3.413 

3.419 

3.424 

3.424 

3.429 

3.435 

3.435 

.2 

3.269 

3.306 

3.349 

3.365 

3.371 

3.376 

3.376 

3.381 

3.386 

3.392 

13.392 

.25 ! 

3.237 

3.274 

3.322 

3.333 

3.338 

3.344 

3.349 

3.354 

3.360 

3.360 

3.365 

.3 

3.215 

3.253 

3.296 

3.306 

3.312 

3.322 

Is -322 

3.333 

3.338 

3.338 

3.344 

.4 

3.183 

3.215 

3.268 

3.274 

3.280 

3.285 

3.290 

3.301 

3.306 

3.312 

3.317 

.5 

3,156 

3.189 

3.237 

3.247 

3.253 

3.264 

3.269 

3.280 

3.290 

3.296 

3.301 

.6 

3.140 

3,172 

3.215 

3.231 

3.237 

3.247 

3.253 

3.269 

3.280 

3.285 

3.290 

.7 

3.130 

3.156 

3.199 

3,210 

3.226 

3.231 

13.2421 

3.258 

3.274 

3.280 

3.285 

.8 



3.183 

3.199 

3.215 

3.221 

3.231 i 

3.247 

3.269 

3.274 

3.280 

.9 



3.167 

3.189 

13.199 

3.210 

3.226! 

3.242 

3.258 

3.2691 

3.274 

1.0 



3.156 

3.172 

3,183 

3.199 

3.2151 

3.231 

3.253 

3.264 

3.269 

1.1 



3.140 

3.162 

3,172 

3.189 

3.205 

3.226 

3.242 

3 . 258 i 

3.264 

1.2 



3.130 

3.151 

3.162 

3.178 

3.194 

3.215 

3.237 

3.253 

3.264 

1.3 



3.114 

3.136 

3.151 

3.167 

3.199 

3.205 

3.231 

3.2471 

3.258 

1.4 



3,103 

3.124 

3.140 

3.156 

3.178 

3.199 

3.221 

3.242 

3.258 

1.5 




3.114 

3.130 

3.151 

3.167 

3.189 

3.215 

3.237 

3.253 

1.6 




3.103 

3.114 

3.140 

3.162 

3.183 

3.210 

3.231 

3.247 

1.7 








3.178 

3.205 

3,226 

3.247 


* Approximate. 



Table XVII. Coefficients Cd for Sharp-crested Rectangular 
Weirs with Both End Contractions Suppressed (Smith) 

For use in the formula Q = CdBH^^ 


\ Length 
\ of weir 
\ B , 
\ft. 
Head\ 
H , ft. \ 

0.66* 

2* 

3* 

4 

5 

7 

10 

15 

19 

0.1 

3,611 




3.626 

3.520 

3.520 

3.515 

3.515 

,15 

3.542 

3.488 

3.472 

3.461 

3.451 

3.451 

3.445 

3.445 

3.440 

.2 

3.510 

3.450 

3.435 

3.429 

3.413 

3.408 

3.408 

3.403 

3,397 

.25 

3.494 

3.429 

3.413 

3.403 

3.392 

3.386 

3.381 

3.376 

3.371 

.3 

3.483 

3.418 

3.403 

3.386 

3.376 

3.365 

3.360 

3.364 

3.349 

.4 

3.478 

3.403 

3.386 

3.371 

3.360 

3.344 

3.333 

3.328 

3.322 

.5 

3.478 

3.408 

3.386 

3.371 

3.354 

3.338 

3.322 

3.317 

3.312 

,6 

3.483 

3,413 

3.392 

3.371 

3.354 

3.333 

3.317 

3.312 

3.306 

,7 

3.494 

3.424 

3.397 

3.376 

3.360 

3.338 

3.317 

3.312 

3.306 

,8 

3.510 

3.441 

3.408 

3.386 

3.365 

3.344 

3.322 

3.317 

3.306 

.9 


3.451 

3.418 

3.397 

3.375 

3.354 

3.328 

3.317 

3.312 

1,0 


3.467 

3.429 

3.408 

3.386 

3.360 

3.338 

3.322 

3.312 

1.1 



3.445 

3.419 

3.397 

3.371 

3.344 

3.328 

3.317 

1.2 



3.456 

3.429 

3.403 

3.381 

3.349 

3.333 

3.317 

1.3 



1 3.467 

3.440 

3.413 

3.386 

3.360 

3.338 

3.322 

1.4 




3.446 

3.424 

i 3.392 

3.365 

3.344 

3.328 

1.5 




3.456 

3.429 

3.403 

3.371 

3.344 

3.328 

1.6 




3.461 

3.435 

3.408 

3.376 

3.349 

3.333 

1.7 






3.413 

3.381 

3.349 

3.333 


^ Approximate. 



LOGARITHMS OF NUMBERS 

No. 100 No. 109 

Log. 000 Table XVIII. Logabithms op Numbebs Log. 040 


100 

00 0000 

0434 

0868 

1301 

1734 i 2166 

2598 

3029 

3461 

3891 

432 

1 

4321 

4751 

5181 

5609 

6038 6466 

6894 

7321 

7748 

8174 

428 

2 

8600 

9026 

9451 

9876 

0300 0724 

1147 

1570 

1993 

2415 

424 

3 

01 2837 

3259 

3680 

4100 

4521 4940 

5360 

5779 

6107 

6616 

420 

4 

7033 

7451 

7868 

8284 

8700 9116 

9532 

9947 

0361 

0775 

416 

105 

02 1189 

1603 

2016 

2428 

2841 3252: 

3064 

4075 

4486 

4896 

412 

6 

5306 

5715 

6125 

6533 

6942 7350 

7757 

8164 

8571 

8978 

408 

7 

9384 

9789 

0195 

0600 

; 1004 1408 1 

1812 

2216 

2619 

3021 

404 

8 

03 3424 

3826 

4227 

4628 

5029 5430 

5830 

6230 

6629 

7028 

400 

9 

7426 

7825 

8223 

8620 

9017 9414 

9811 

0207 

0602 

0998 

397 


PROPORTIONAL PARTS 


130.2 173.6 217.0 260.4 
129.9 173.2 216.5 259.8 

129.6 172.8 216.0 259,2 

129.3 172.4 215.5 258.6 

129.0 172,0 215.0 258.0 

128.7 171.6 214.5 257.4 

128.4 171.2 214.0 256.8 

128.1 170.8 213.5 256.2 

127.8 170.4 213.0 255.6 


121.5 162.0 202.6 

121.2 161.6 202.0 
120.9 161.2 201.5 

120.6 160.8 201.0 

120.3 160.4 200.5 

120.0’ 160.0 200.0 

119.7 159.6 199.5 

119.4 159.2 199.0 
119.1 158.8 198.5 

118.8 158.4 198.0 

118.5 158.0 197.6 











LOGAEITHMS OF NUMBEKS 


No. 110 
Log. 041 


Table XVIII . — Continued 


No. 11 
Log. 07 



00 






LOGARITHMS OF NUMBERS 


No. 135 
Log. 130 


Table XVIII. — Continued 


No. 149 
Log. 175 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Diff. 

JS5 

13 0334 

0655 

0977 

1 1298 

1619 

1939 

2260 

2580 

2900 

3219 

321 

6 

3539 

3858 

4177 

4496 

4814 

5133 

5451 

5769 

6086 

6403 

318 

7 

6721 

7037 

7354 

7671 

7987 

8303 

8618 

8934 

9249 

9564 

316 

S 

; 9879 

0194 

0508 

0822 

1136 

1450 

1763 ! 

2076 

2389 

2702 

314 

9 

14 3015 

3327 

3639 

3951 

4263 

4574 

4885 

5196 

5507 

5818 

311 

140 

6128 

6438 

6748 

7058 

7367 

7676 

7985 

8294 

8603 

8911 

309 

1 

9219 

9527 

9835 

0142 

0449 

0756 

1063 

1370 

1676 

1982 

307 

2 

15 2288 

2594 

2900 

3205 

3510 

3815 

4120 

4424 

4728 

5032 

305 

3 

5336 

5640 

5943 

6246 

6549 

6852 

7154 

7457 

7759 

8061 

303 

4 

8362 

8664 

8965 

9266 

9567 

9868 

0168 

0469 

0769 

1068 

301 

146 

16 1368 

1667 

1967 

2266 

2564 

2863 

3161 

3460 

3758 

4055 

299 

6 1 

4353 

4650 

4947 

5244 

5541 

5838 

6134 

6430 

6726 

7022 

297 

7 

7317 

7613 

7908 

8203 

8497 

8792 

9086 

9380 

9674 

9968 

295 


1141 1434 
4060 4351 


1726 2019 
4641 4932 


2895 293 
5802 291 


PROPORTIONAL PARTS 
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899 


No. 160 

Log. 176 


Table XVIII. — Continued- 


No. 169 
Loo. 230 


N . 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Diff.l 

150 

17 6091 

6381 

6670 

6959 

7248 

7536 

7825 

8113 

8401 

8689 

289 

1 

8977 

9264 

9552 

9839 

0126 

0413 

0699 

0986 

1272 

1658 

287 

2 

18 1844 

2129 

2415 

2700 

2985 

3270 

3555 

3839 

4123 

4407 

285 

3 

4691 

4975 

5259 

5542 

5825 

6108 

6391 

6674 

6956 

7239 

283 

4 

7521 

7803 

8084 

8366 

8647 

8928 

9209 

9490 

9771 

0051 

1 281 

155 

19 0332 

0612 

0892 

1171 

1451 

1730 

2010 

2289 

2567 

2846 

279 

6 

3125 

3403 

3681 

3959 

4237 

4514 

4792 

5069 

5346 

5623 

278 

7 

5900 

6176 

6453 

6729 

7005 

7281 

7556 

7832 

8107 

8382 

276 

8 

8657 

8932 

9206 

9481 

9755 

0029 

0303 

0577 

0850 

1124 

274 

9 

20 1397 

1670 

1943 

2216 

2488 

2761 ! 

3033 

3305 

3577 

3848 

272 

160 

4120 

4391 

4663 

4934 

5204 

54751 

5746 

6016 

6286 

6556 

271 

1 

6826 

7096 

7365 

7634 

7904 

8173 1 

8441 

8710 

8979 

9247 

269 

2 

9515 

,9783 

0051 

0319 1 

0586 

0853 

1121 

1388 

1654 

1921 

267 

3 

21 2188 

2454 

2720 

2986 i 

3252 

3518 

3783 

4049 

4314 

4579 

266 

4 

4844 

6109 

5373 

5638 

5902 

6166 

6430 

6694 

6957 

7221 

264 

165 

7484 

7747 

8010 

8273 

8536 

8798 

9060 

9323 

9585 

9846 

262 

6 

22 0108 

0370 

0631 

0892 

1153 

1414 

1675 

1936 

2196 

2456 

261 

7 

2716 

2976 

3236 

3496 

3755 

4015 

4274 

4533 

4792 

5051 

259 

8 

5309 

6568 

5826 

6084 

6342 

6600 

6858 

7115 

7372 

7630 

258 

9 

7887 

23 

8144 

8400 

8657 

8013 

0170 

9426 

0682 

9938 

0193 

256 


PROPORTIONAL PARTS 


Diff . 

1 

2 

3 

4 

5 

6 

7 

8 

9 

285 

28.5 

57.0 

85.5 

114.0 

142.5 

171.0 

199.5 

228.0 

256,5 

284 

28.4 

66.8 

85.2 

113.6 

142.0 

170.4 

198.8 

227.2 

255.6 

283 

28.3 

66.6 

84.9 

113.2 

141.5 

169.8 

198.1 

226.4 

254.7 

282 

28.2 

56.4 

84.6 

112.8 

141.0 

169.2 

197.4 

225.6 

253.8 

281 

28.1 

66.2 

84.3 

112.4 

140.6 

168.6 

196.7 

224.8 

252.9 

280 

28.0 

56.0 

84.0 

112.0 

140.0 

168.0 

196.0 

224.0 

252.0 

279 

27.9 

65.8 

83.7 

111.6 

139.6 

1 167.4 

195.3 

223.2 

261.1 

278 

27.8 

65.6 

83.4 

111.2 

139.0 

1 166.8 

194.6 

222.4 

250.2 

277 

27.7 

65.4 

83,1 

110.8 

138.6 

' 166.2 

193.9 

221.6 

249.3 

276 

27.6 

55.2 

‘ 82.8 

110.4 

138.0 

! 165.6 

193.2 

220.8 

248.4 

275 

27.6 

65.0 

82.5 

110.0 

137.6 

165.0 

192.5 

220.0 

247.6 

274 

27.4 

64.8 

82.2 

109.6 

137.0 

164.4 

191.8 

219.2 

246.6 

273 

27.3 

64.6 

81.9 

109.2 

136.5 

163.8 

191.1 

218.4 

245.7 

272 

27.2 

54.4 

81.6 

108.8 

136.0 

163.2 

190.4 

217.6 

244.8 

271 

27.1 

54.2 

81.3 

108.4 

135.6 

162.6 

189.7 

216.8 

243.9 

270 

27.0 

54.0 

81.0 

108.0 

135.0 

162.0 

189.0 

216.0 

2^3.0 

269 

26.9 

! 63.8 

80.7 

107.6 

134.5 

161.4 

188.3 

215.2 

242.1 

268 

26.8 

i 53.6 

80.4 

107.2 

1 134.0 

160.8 

187.6 

214.4 

241.2 

267 

26.7 

i 53.4 

, 80.1 

106.8 

1 133.6 

160.2 

186.9 

213.6 

240.3 

266 

, 26.6 

63.2 

[ 79.8 

106.4 

133.0 

159. C 

186.2 

212.8 i 

239.4 

S65 

26.5 

63.0 

79.5 

106.0 

132.5 

159.0 1 

185.6 

212.0 

238.5 

264 

26.4 

52.8 

79.2 

105.6 

132.0 

168.4 i 

184.8 

211.2 

237.6 

263 

26.3 

62.6 

78-9 

105.2 

131.5 

157.8 

184.1 

210.4 

236.7 

262 

26.2 

62.4 

78.6 

i 104.8 

131.0 

167.2 

183.4 

209.6 

235.8 

261 

26.1 

52.2 

78.3 

104.4 

130,6 

156.6 

182.7 

208*8 

234.9 

260 

26.0 

62.0 

78.0 

104.0 

130.0 ' 

156.0 

182.0 

208.0 

234.0 

259 

25.9 

51.8 

77-7 

103.6 

129.6 

155.4 

181.3 

207.2 

233.1 

258 

25.8 

61.6 

77.4 

103.2 

129.0 

154.8 

180.6 

200.4 

232.2 

257 

25.7 ' 

51.4 

77.1 

102.8 

128.5 

154.2 

179.9 

205.6 

231.3 

266 

25.6 

61.2 

76.8 

102.4 

128.0 

153.6 

179.2 

204.8 

230.4 

265 

25.6 

61.0 

76.5 

102.0 

127.6 

153,0 

178.5 

204.0 

229.6 
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No, 170 No. 189 

Log. 230 Table XVIII . — Continued Log. 278 


N . 

0 

1 

2 

3 

4 

5 

6 

1 

8 

9 

DifE . 

170 

23 0449 

0704 

0960 

1215 

1470 

1724 

1979 

2234 

2488 

2742 

255 

1 

2996 

3250 

3504 

3757 

4011 

4264 

4517 

4770 

6023 

6276 

253 

2 

6528 

5781 

6033 

6285 

6537 

6789 

7041 

7292 

7544 

7795 

252 

3 

8046 

8297 

8548 

8799 

9049 

9299 

9550 

9800 

0050 

0300 

250 

4 

24 0549 

0799 

1048 

1297 

1546 

1795 

2044 

2293 

2541 

2790 

249 

175 

3038 

3286 

3534 

3782 

4030 

4277 

4525 

4772 

6019 

5266 

248 

6 

6513 

5759 

6006 

6252 

6499 

6745 

6991 

7237 

7482 

7728 

246 

7 

7973 

8219 

8464 

8709 

8954 

9198 

9443 

9687 

9932 

0176 

245 

8 

25 0420 

0 G 64 

0908 

1151, 

1395 

1638 

1881 

2125 

"2368 

2610 

243 

9 

2853 

3096 

3338 

3580 

3822 

4064 

4306 

4548 

4790 

6031 

242 

ISO 

6273 

5514 

5755 

5996 

6237 

6477 

6718 

6958 

7198 

7439 

241 

1 

7679 

7918 

8158 

8398 

8637 

8877 , 

9116 

9355 

9594 

9833 

239 

2 

26 0071 

0310 

0548 

0787 

1025 

1263 

1501 

1739, 

1976 

2214 

238 

3 

2461 

2688 

2925 

3162 

3399 

3636 

3873 

4109 1 

4346 

4582 

237 

4 

4818 

6054 

5290 

6525 

5761 

5996 

6232 

6467 

6702 

6937 

235 

185 

7172 

7406 

7641 

7875 

8110 

8344 

8578 

8812 1 

9046 

9279 

234 

6 

9513 

9746 

9980 

0213' 

0446 

0079 

0912 

1144 i 

1377 

1609 

233 

7 

27 1842 

2074 

2306 

2538 

2770 

3001 

3233 

3464 

3696 

3927 

232 

8 

4158 

4389 

4620 

4850 

6081 

5311 

5542 

5772 ! 

6002 

6232 

230 

9 

6462 

6692 

6921 

7151 

7380 

7609 

7838 j 

8067 1 

8296 

8525 

229 

PROPORTIONAL PARTS 



Diff . 

1 

2 

3 

4 

5 

6 

7 

8 

9 

255 

25.5 

51.0 

76.5 

102.0 

127.5 

153.0 

178.5 

204.0 

229.5 

254 

25.4 

50.8 

76.2 

101.6 

127.0 

152.4 

177.8 

203.2 

228.6 

253 

26.3 

60.6 

75.9 

101.2 

126.5 

151.8 

177.1 

202.4 

227.7 

252 

25.2 

50.4 

75.6 

100.8 

126.0 

151.2 

176.4 

201.6 

226.8 

251 

26.1 

50.2 

76.8 

100.4 

125.5 

150.6 

175.7 

200.8 

225.9 

260 

25.0 

60.0 

75.0 

100.0 

125.0 

150.0 

175.0 

200.0 

225.0 

249 

24.9 

49.8 

74,7 

99.6 

124.6 

149.4 

174.3 

199.2 

224.1 

248 

24.8 

49.8 

74.4 

99.2 

124.0 

148.8 

173.6 

198.4 

223,2 

247 

24.7 

49.4 

74.1 

98.8 

123.6 

148.2 

172.9 

197.6 

222.3 

246 

24.6 

49.2 

73.8 

98.4 

123.0 

147.6 

172.2 

196.8 

221.4 

245 

24.5 

49.0 

73.5 

98.0 

122.5 

147.0 

171.5 

196.0 

220.5 

244 

24.4 

48.8 

73.2 

97.6 

122.0 

146.4 

170.8 

195.2 

219.6 

243 

24.3 

48.6 

72.9 

97.2 

121.5 

145.8 

170.1 

194.4 

218.7 

242 

24.2 

48.4 

72.6 

96.8 

121.0 

145.2 

169.4 

193.6 

217.8 

241 

24.1 

48.2 

72.3 

96.4 

120.6 

144.6 

168.7 

192.8 

216.9 

240 

24.0 

48.0 

72.0 

96.0 

120.0 

144.0 

168.0 

192.0 

216.0 

239 

23.9 

47.8 

71.7 

95.6 

119.5 

143.4 

167.3 

i 191.2 

215.1 

238 

23.8 

47.6 

71.4 

95.2 

119.0 

142.8 

166,6 

190.4 

214.2 

237 

23.7 

47.4 

71.1 

94.8 

' 118.5 

142.2 

165.9 

189.6 

213.3 

236 

23.6 

47.2 

70.8 

94.4 

118.0 

141.6 

165.2 

188.8 

212.4 

235 

23.6 

47.0 

70.5 

94.0 

117.6 

141.0 

164.5 

188.0 

211.5 

234 

23.4 

46.8 

70.2 

' 93.6 

117.0 

140.4 

163.8 

187.2 

210.6 

233 

23.3 

46,6 

69.9 

; 93.2 

116.5 

139.8 

163.1 

186.4 

209.7 

232 

23.2 

46.4 

69.6 

' 92.8 

116.0 

139.2 

162.4 

185.6 

208.8 

231 

23.1 

46.2 

69.3 

92.4 

115.6 

138.6 

1 161.7 

184.8 

207.9 

230 

23.0 

46.0 

69.0 

92.0 

115.0 

138.0 

161.0 

184.0 

207.0 

229 

22.9 

45.8 

68.7 

91.6 

114.6 

137.4 

160.3 

183.2 

206.1 

228 

22.8 

45.6 

68. 4 

91.2 

114.0 

136.8 

159.6 

182.4 

205,2 

227 

22.7 

45.4 

68.1 

90.8 

113.5 

136.2 

158,9 

181.6 

204.3 

226 

22,6 

45.2 

67.8 

90.4 

113.0 

135.6 

158.2 

180.8 

203.4 
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No. 190 No. 214 

Log. 278 Table XVIII. — Continued Log. 332 


N. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

DifF. 

190 

1 

2 

3 

4 

27 8754 

28 1033 
3301 
5557 
7802 

8982 

1261 

3527 

5782 

8026 

9211 

1488 

3753 

6007 

8249 

9439 

1715 

3979 

6232 

8473 

9667 

1942 

4205 

6456 

8096 

9895 

2169 

4431 

6681 

8920 

0123 

2396 

4656 

6905 

9143 

0351 

2622 

4882 

7130 

9366 

0578 

2849 

6107 

7354 

9589 

0806 

3075 

6332 

7578 

19812 

227 

226 

225 

223 


195 

29 0035 

0257 

0480 

0702 

0925 1 

1147 

1369 

1591 

[1813 

2034 

222 

6 

2256 

2478 

2699 

2920 

3141 

3363 

3584 

3804 

4025 

4246 

221 

7 

4466 

4687 

4907 

5127 

5347 

5567 

5787 

6007 

6226 

6446 

220 

8 

6665 

16884 

7104 

7323 

7542 

7761 

7979 

8198 

8416 

8635 

219 

9 

8853 

9071 

9289 

9507 

9725 

9943 

0161 

0378 

0595 

0813' 

218 


200 30 1030 1247 1404 1681 1898(2114 2331 2547 2764 2980 217 

1 3196 3412 3628 3844 4059 4275 4491 4706 4921 6136 216 

2 5351 5566 5781 5996 6211 6425 6639 6854 7068 7282 215 

3 7496 7710 7924 8137 8351 8564 8778 8991 9204 9417 213 

^ QS43 QQ5e 0268 0481 0693 0906 1118 1330 1542 212 

206 31 1754 1966 2177 2389 2600 2812 3023 3234 3445 3656 211 

6 3867 4078 4289 4499 4710 4920 5130 5340 5551 5760 210 

7 5970 6180 6390 6599 6809 7018 7227 7436 7646 7854 209 

8 8063 8272 8481 8689 8898 1 9106 9314 9522 9730 9938 208 

9 32 0146 0354 0562 0769 0977 1 1184 1391 1598 1805 2012 207 

210 2219 2426 2633 2839 3046 3252 3458 3665 3871 4077 206 

1 4282 4488 4694 4899 5105 5310 5516 6721 5926 6131 205 

2 6336 6541 0745 6950 7155 7359 7563 7707 7972 8176 204 

^ 8380 8583 8787 8991 9194 9398 9601 9805 203 

4 33 0414 0617 0819 1022 1225 1 1427 1630 1832 2034 2236 202 

PROPORTIONAL PARTS 


Diff. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

225 

22.5 

45.0 1 

67.5 

90.0 

112.5 

135.0 

157.5 

ISO.O 

202.6 

224 

22.4 

44.8 

67.2 

89.6 

112.0 

134.4 

156.8 

179.2 

201.6 

223 

22,3 

44.6 

66.9 

89.2 

111.5 

133.8 

156.1 

178.4 

200.7 

222 

22.2 

44.4 

66.6 

88.8 

111.0 

133.2 

155.4 

177.6 

199.8 

221 

22.1 

44,2 

66.3 

88.4 

110.5 

132.6 

154.7 

176.8 

198.9 

220 

' 22,0 

44-0 

66.0 

88.0 

110.0 

132.0 

154.0 

176.0 

198.0 

219 

21.9 

43.8 

65.7 

87.6 

109.5 

131.4 

153.3 

175.2 

197.1 

218 

21.8 

43.6 

65.4 

87.2 

109.0 

130.8 

152.6 

174.4 

196.2 

217 

21.7 

1 43.4 

65.1 

86.8 

108,5 

130.2 

151.9 

173.6 

195.3 

216 

21.6 

43.2 

64.8 

86.4 

108.0 

129.6 

151.2 i 

172.8 

194.4 

216 

21.5 

43.0 

64.5 

86.0 

; 107.5 

129.0 

150.5 

172.0 

193.5 

214 

21.4 

42.8 

64.2 

' 85.6 

' 107.0 

128.4 

149,8 

171.2 1 

192.6 

213 

21.3 

42.6 

63.9 

! 85.2 

106.5 

127.8 

149.1 

170.4 ! 

191.7 

212 

21,2 

: 42.4 

63.6 

84.8 

106.0 

127.2 

148.4 

169.6 ! 

190.8 

211 

21.1 

42.2 

63.3 

84.4 

105.5 

126.6 

147.7 

168.8 

189.9 

210 

21.0 

42.0 

63.0 

' 84.0 

105.0 

126.0 

147.0 

168.0 

189.0 

209 

20.9 

41.8 

62.7 

i 83.6 

104.5 

125.4 

146.3 

167.2 

188.1 

208 

20.8 

41.6 

62.4 

83.2 

104.0 

124.8 

145.6 

166.4 1 

187.2 

207 

1 20.7 

41.4 

62.1 

1 82.8 

103.5 

124.2 

144.9 

165.6 

186.3 

206 

j 20.6 

41.2 

61.8 

82.4 

103.0 

123.6 

144.2 

164.8 1 

185.4 

205 

20.5 

41.0 

61.5 

82.0 

102.5 

123.0 

143.5 

164.0 

184.5 

204 

20.4 

40.8 

61.2 

81.6 

102.0 

122.4 

142.8 

163.2 

183.6 

203 

20.3 

40.6 

60.9 

81.2 

101.5 

1 121.8 

142.1 

162.4 

182.7 

202 

20.2 

40.4 

60.6 

80.8 

101.0 

j 121.2 

141.4 

161.6 

181.8 
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No. 215 No. 239 

Log. 332 Table XVIII. — Continued Log. 380 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

S 

Diff. 

215 

33 2438 

2640 

2842 

3044 

3246 

3447 

3649 

3850 

4051 

4253 

202 

6 

4454 

4655 

4856 

5057 

5257 

5458 

6658 

5859 

6059 

62G0 

201 

7 

6460 

6860 

6860 

7060 

7260 

7459 

7659 

7858 

8058 

8257 

200 

8 

8456 

8656 

8855 

9064 

9253 

9451 

9650 

9849 

0047 

0246 

199 

9 

34 0444 

0642 

0841 

1039 

1237 

1435 

1632 

1830 

2028 

2225 

198 

220 

2423 

2620 

2817 

3014 

3212 

3409 

3606 

3802 

3999 

4196 

197 

1 

4392 

4589 

4785 

4981 

5178 

5374 

5570 

5766 

5962 

6157 

196 

2 

6353 

6549 

6744 

6939 

7135 

7330 

7525 

7720 

7915 

8110 

195 

3 

8305 

8500 

8694 

8889 

90S3 

9278 

9472 

9606 

9860 

0054 

194 

4 

35 0248 

0442 

0636 

0829 

1023 

1216 

1410 

1603 

1796 

1989 

193 

225 

2183 

2375 

2568 

2761 

2954 

3147 

3339 

3632 

3724 

3916 

193 

6 

4108 

4301 

4493 

4685 

4876 

5068 


5452 

5643 

5834 

192 

7 

6026 

6217 

6408 

6599 

6790 

6081 

7172 

7363 

7554 

7744 1 

191 

8 

7935 

8125 

8316 

8506 

8696 

8886 

9076 

92G6 

9456 

9646 

190 

9 

9835 

0025 

0215 

0404 

0593 

0783 j 

0972 

1161 

wm 

1539 

189 

230 

36 1728 

1917 

2105 

2294 

2482 

2671 

2859 

3048 

3236 

3424 

188 

1 

3612 

3800 

3988 

4176 

4363 

4551 

4739 

4926 

5113 

liWill 

188 

2 

5488 

5675 

5862 

6049 

6236 

6423 

6610 

6796 

6983 

7169 

187 

3 

7356 

7542 

7729 

7915 

8101 

8287 

8473 

8659 

8845 

9030 

186 

4 ’ 

9216 

9401 

9587 

9772 

9958 

0143 


0513 

0698 

0883 

186 

235 

37 1068 

1253 

1437 

1622 

1806 

1991 

2175 

2360 

2544 

2728 

184 

6 

2912 

3096 

3280 

3464 

3647 

3831 

4015 

4198 

4382 

4505 

184 

7 

4748 

4932 

6116 

5298 

5481 

5G04 

5846 

6029 

6212 

6394 

183 

8 

9 

6577 

8398 

38 

6759 

8580 

6942 

8761 

7124 

8943 

7306 

9124 

74SS 

9306 

7070 

9487 

7852 

9608 

8034 

9849 

8216 

0030 

182 

181 


PROPORTIONAL PARTS 


Diff. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

202 

20.2 

40.4 

60.6 

80.8 

lOT.O 

131.2 

141.4 

161.6 

181.8 

201 

20.1 

40.2 

60.3 

80.4 

100.5 

120.6 

140.7 

160.8 

180.9 

200 

20.0 

40.0 

60.0 

80.0 

100.0 

120.0 

140.0 

160.0 

180.0 

199 

19.9 

39.8 

69.7 

79.6 

99.5 

119.4 

130.3 

159.2 

179.1 

198 

19.8 

39.6 

69.4 

79.2 

99.0 

118.8 

138.6 

158.4 

178.2 

197 

19.7 

39.4 

69.1 

78.8 

98.5 

118.2 

137.9 

157.6 

177.3 

196 

19.6 

39.2 

58.8 

78.4 

98.0 

117.6 

137.2 

156.8 

176.4 

19S 

19.5 

39.0 

68,5 

78.0 

97.5 

117.0 

136.6 

156.0 

175.5 

194 

19.4 

38.8 

58.2 

77.6 

97.0 

116.4 

135.8 

155.2 

174,6 

193 

19.3 

38,6 

57.9 

77.2 

96.5 

115.8 

135.1 

154.4 

173.7 

192 

19.2 

38.4 

57.6 

76.S 

96.0 

115.2 

134,4 

153.6 

172.8 

191 

19.1 

38.2 

57.3 

76.4 

95.5 

114.6 

133.7 

152.8 

171.9 

190 

19.0 

38.0 

67.0 

76.0 

95.0 

114.0 

133.0 

152.0 

171.0 

189 

18.9 

37.8 

66.7 

75.6 

94.5 

113.4 

132.3 

151.2 

170.1 

188 

18.8 

37.6 

66.4 

75.2 

94.0 

112.8 

131.6 

150.4 

169.2 

187 

18.7 

37.4 

56.1 

74.8 

93.5 

112.2 

130.9 

149.6 

168.3 

186 

18.6 

37.2 

55.8 

74.4 

93.0 

111.6 

130.2 

148.8 

167.4 

185 

18.5 

37.0 

55.5 

74.0 

92.5 

111.0 

129.5 

148.0 

166.5 

184 

18,4 

36.8 

65.2 

73.6 

92.0 

110.4 

128.8 

147.2 

165.6 

183 

18.3 

36,6 

64.9 

73.2 

91.6 

109.8 

128.1 

146.4 

164.7 

182 

1 18.2 

36.4 

54.6 

72. S 

91.0 

109.2 

127,4 

145.6 

163.8 

181 

1 18.1 

36.2 

64.3 

72.4 

90.5 

108.6 

126.7 

144.8 

162.9 

180 

18.0 

36.0 

64.0 

72.0 

90.0 

108.0 

126.0 

144,0 

162.0 

179 

17.9 

35.8 

63.7 

71.6 

89.5 

107.4 

1 125,3 

143.2 

161.1 











LOGARITHMS OF NUMBERS 


No. 270 No. 299 

Log . 431 Table XVITI. — ’Continued Log. 476 


N . 

0 

1 

2 

3 

4 

" 7 ^ 

6 

7 

8 

9 

Diff . 

270 

43 1364 

1525 

1085 

1846 

2007 

2107 

2328 

2488 

2649 

2809 

161 

1 

2969 

3130 

3290 

3450 

3610 

3770 

3930 

4090 

4249 

4409 

160 

2 

4569 

4729 

4888 

5048 

5207 

5307 

5526 

5685 

5844 

6004 

159 

3 

6163 

6322 

6481 

6640 

6799 

6957 

7116 

7275 

7433 

7592 

159 

4 

7751 

7909 

8067 

8220 

8384 

8542 

8701 

8859 

9017 

9175 

158 

275 

9333 

9491 

9648 

9806 

9964 

0122 

0279 

0437 

0594 

0762 

158 

6 

44 0909 

1066 

1224 

1381 

1538 

1695 

1852 

2009 

2166 

2323 

157 

7 

24 S 0 

2637 

2793 

2950 

3106 

3263 

8419 

3576 

3732 

3889 

157 

8 

4045 

4201 

4357 

4513 

4069 

4825 

4981 

5137 

6293 

6449 

156 

9 

5604 

5760 

5915 

6071 

6226 

6382 

6537 

6692 

6848 

7003 

165 

230 

715 S 

7313 

7468 

7623 

7778 

7933 

8088 

8242 

8397 

8552 

155 

1 

8706 

8861 

9015 

9170 

9324 

9478 

9633 

9787 

9941 

0095 

154 

2 

45 0249 

0403 

0557 

0711 

0865 

1018 

1172 

1326 

1479 

1633 

154 

3 

1786 

1940 

2093 

2247 

2400 

2553 

2706 

2859 

3012 

3165 

153 

4 

3318 

3471 

3624 

3777 

3930 

4082 

4235 

4387 

4540 

4692 

153 

285 

4845 

4997 

5150 

5302 

5454 

5606 

5758 

5910 

6062 

6214 

162 

6 

6366 

6518 

6670 

6821 

6973 

7125 

7276 

7428 

7579 

7731 

152 

7 

7882 

8033 

8184 

8336 

8487 

8638 

8789 

8940 

9091 

9242 

151 

8 

9392 

9543 

9694 

9845 

9995 

0146 

0296 1 

0447 

0597 

0748 

151 

9 

46 0898 

1048 

|1198 

1348 

1499 

1649 

1799 

1948 

2098 

2248 

150 

290 

2398 

2548 

2697 

2847 

2997 

3146' 

3296* 

3445 

3594 

3744 

150 

1 

3893 

4042 

4191 

4340 

4490 

4639 

4788 

4936 

6085 

5234 

149 

2 

5383 

5532 

5680 

6829 

5977 

6126 

6274 

6423 

6571 

6719 

149 

3 

C 8 G 8 

7016 

7164 

7312 

7460 

7608 

7756 

7904 

8052 

8200 

148 

4 

8347 

8495 

8643 

8790 

8938 

9085 

9233 

9380 

9527 

9675 

148 

295 

9822 

9909 

0116 

0263 

0410 

0557 

0704 

0851 

0998 

1145 

147 

6 

47 1292 

1438 

1585 

1732 

1878 

2025 

2171 

2318 

2464 

2610 

146 

7 

2756 

2903 

3049 

3195 

3341 

3487 

3033 

3779 

3925 

4071 

146 

8 

4216 

4362 

4508 

4653 

4799 

4044 

5090 

5235 

5381 

6526 

146 

9 

5671 

5816 

5962 

6107 

6252 

6397 

6542 

6687 

6832 

6976 

145 


PROPORTIONAL PARTS 


Diff . 

1 

2 

3 

4 

5 

6 

7 

8 

9 

161 

16.1 

32.2 

48.3 

64.4 

SO . 5 

96.6 

112.7 

128.8 

144.9 

160 

16.0 

32.0 

48.0 

04.0 

80.0 

96.0 

112.0 

128.0 

144.0 

159 

15.9 

31.8 

47.7 

63.6 

79.5 

95.4 

111.3 

127.2 

143.1 

158 

15.8 

31.6 

47.4 

63.2 

79.0 

94.8 

110.6 

126.4 

142.2 

157 

15.7 

31.4 

47.1 

62.8 

78.5 

94.2 

109.9 

125.6 

141.3 

156 

15.6 

31.2 

46.8 

62.4 

78.0 

93.6 

109.2 

124.8 

140.4 

1 S 5 

15.5 

31.0 

46.5 

62.0 

77.5 

93.0 

108.5 

124.0 

139.5 

154 

15.4 

30.8 

46.2 

61.6 

77.0 

92.4 

107.8 

123.2 

138.6 

153 

15.3 

30.6 

45.9 

61.2 

76.5 

91.8 

107.1 

122.4 

137.7 

152 

15.2 

30.4 

45.6 

60.8 

76.0 

91.2 

106.4 

121.6 

136.8 

151 

15.1 

30.2 

45.3 

60.4 

75.3 

90.6 

105.7 

120.8 

135.9 

160 

15.0 

30.0 

45.0 

60.0 

75.0 

90.0 

105.0 

120.0 

135.0 

149 

14.9 

29.8 

44.7 

59.6 

74.5 

89.4 

104.3 

119.2 

134.1 

148 

14.8 

29.6 

44.4 

59.2 

74.0 

88.8 

103.6 

118.4 

133.2 

147 

14.7 i 

29.4 

44.1 

58.8 

73.5 

88.2 

102.9 

117.6 

132.3 

146 

14.6 

29.2 

43.8 

58.4 

73.0 

87.6 

102.2 

116.8 

131.4 

145 

14.6 

29.0 

43.5 

58.0 

72.5 

87.0 

101,5 

116.0 

130.6 

144 

14.4 

28.8 

43.2 

57.6 

72.0 

86.4 

100.8 

115.2 

129.6 

143 

14.3 

28.6 

42.9 

57.2 

71.5 

85.8 

100.1 

114.4 

128.7 

142 

14.2 

28.4 

42.6 

56.8 

71.0 

85.2 

99.4 

113.6 

127.8 

141 

14.1 

28.2 

42.3 

56.4 

70.5 

84.6 

98.7 

112.8 

126.9 

140 

14.0 

28.0 

42.0 

56.0 

70.0 

84,0 

9 S .0 

112.0 

126.0 



LOGARITHMS OF NUMBERS 


905 


No. 300 
Log . 477 


Table XVIII . — Continued 


No. 339 
Log. 631 


0679 0813 
2017 2151 
3351 3484 
4681 4813 
6006 6139 
7328 7460 
8646 8777 
9969 0090 
1269 1400 
2575 2705 
3876 4006 
5174 5304 
6469 6598 
7759 7888 
9045 9174 


0328 0456 


1081 1215 
2418 2551 
3750 3883 
5079 5211 
6403 6535 
7724 7855 
9040 9171 
0353 0484 
1661 1792 
2966 3096 
4266 4396 
5563 5693 
6856 6985 
8145 8274 
9430 9559 


0712 1 0840 


1349 1482 
2684 2818 
4016 4149 
5344 5476 
6668 6800 
7987 8119 
9303 9434 
0615 0745 ' 
1922 2053 
3226 3356 
4526 4656 
5822 5951 
7114 7243 
8402 8531 
9687 9815 


0968 1 1096 I 


1750 134 

3084 133 

4415 133 

5741 133 

7064 132 

8382 132 
9697 131 
1007 131 
2314 131 

3616 130 
4915 130 
6210 129 
7501 129 

8788 129 
, 0072 128 


1 1351 I 128 


PROPORTIONAL PARTS 


Di £ E . 

^ 1 

* 1 

* i 

4 1 

5 1 

« 1 


1 1 

9 

139 

13. 

9 

27. 

8 

41. 

7 

55. 

6 

69. 

5 

83. 

,4 

97. 

3 

111. 

,2 

125. 

1 

138 

13. 

8 

27. 

6 

41. 

4 

55. 

2 

69. 

0 

82. 

.8 

96. 

6 

110. 

,4 

124. 

,2 

137 

13. 

7 

27. 

4 

41. 

1 

54. 

8 

68. 

5 

82. 

.2 

95. 

9 

109. 

.6 

123. 

,3 

136 

13. 

6 

27. 

2 

40. 

,8 

54. 

,4 

68, 

0 

81. 

.6 

95. 

2 

108. 

,8 

122. 

.4 

1 S 5 

13. 

5 

27, 

b 

40. 

,5 

54. 

,0 

67. 

,5 

81. 

.0 

94. 

,6 

108, 

.0 

121, 

.5 

134 

13. 

,4 

26. 

,8 

40. 

2 

53. 

,6 

67. 

,0 

80, 

.4 

93. 

,8 

107. 

.2 

120, 

.6 

133 

13. 

,3 

26. 

,6 

39. 

,9 

53. 

,2 

66. 

5 

79, 

.8 

93, 

.1 

106, 

.4 

119, 

.7 

132 

13. 

.2 

26. 

,4 

39. 

.6 

52, 

.8 

66. 

.0 

79, 

.2 

92. 

.4 

105, 

.6 

118 

.8 

131 

13. 

.1 

26. 

.2 

39. 

.3 

52, 

.4 

65. 

.5 

78, 

.6 

91. 

.7 

104, 

.8 

117, 

.9 

ISO 

13 

.0 

26, 

.0 

39. 

.0 

52, 

.0 

65, 

.0 

78 

.0 

91, 

.0 

104, 

.0 

117 

.0 

129 

12 

.9 

25 

.8 

38 

.7 

51 

.6 

64, 

.5 

77 

.4 

90, 

.3 

103 

.2 

116 

.1 

128 

12 

.8 

25 

.6 

38 

.4 

51 

.2 

64 

.0 

*76 

.8 

89 

.6 

102 

.4 

115 

.2 

127 

12 

.7 

25 

.4 

38 

.1 

50 

.8 

63 

.5 

76 

.2 

88 

.9 

101 

.6 

114 

.3 







906 


LOGARITHMS OP NUMBERS 


No. 340 No. 379 

Loo. 531 Table XVIII. — Continued Loo. 679 


N . 

0 

1 

2 

3 

4 

5 

6 

7 

S 

$ 

Diff . 

340 

53 1479 

1607 

1734 

1802 

1990 

2117 

2245 

2372 

2500 

2627 

128 

1 

2754 

2882 

3009 

3136 

3204 

3391 

3518 

3645 

3772 

3899 

127 

2 

4026 

4153 

4280 

4407 

4534 

4661 

4787 

4914 

5041 

6167 

127 

3 

5294 

5421 

5547 

5674 

5800 

5927 

6053 

6180 

6306 

6432 

126 

4 

6558 

6685 

6811 

6937 

7063 

7189 

7315 

7441 

7567 

7693 

126 

S 4 S 

7819 

7945 

8071 

8197 

8322 

8448 

8574 

8699 

8825 

8951 

126 

6 

9078 

9202 

9327 

9452 

9578 

9703 

9829 

9954 

0079 

0204 

125 

7 

54 0329 

0455 

0580 

0705 

0830 

0955 

1080 

1205 

1330 

1454 

125 

8 

1579 

1704 

1829 

1953 

2078 

2203 

2327 

2452 

2576 

2701 

125 

9 

2825 

2950 

3074 

3199 

3323 

3447 

3571 

3696 

3820 

3944 

124 

nm 

4068 

4192 

4316 

4440 

4564 

4688 

4812 

4936 

5060 

5183 

124 

1 

5307 

5431 

5555 

6678 

5802 

5925 

6049 

6172 

6296 

6419 

124 

2 

6543 

6666 

6789 

6913 

7036 

7159 

7282 

7405 

7529 

7652 

123 

3 

7775 

7808 

8021 

8144 

8267 

8389 

8512 

8635 

8758 

8881 

123 

4 

9003 

9126 

9249 

9371 

9494 

9616 

9739 

9861 

9984 

0106 

123 

355 

55 0228 

0351 

0473 

0595 

0717 

0840 

0902 

1084 

1206 

1328 

122 

6 

1450 

1572 

1694 

1816 

1938 

2060 

2181 

2303 

2425 

2547 

122 

7 

2668 

2790 

2911 

3033 

3155 

3276 

3398 

3519 

3640 

3762 

121 

8 

3883 

4004 

4126 

4247 

4368 

4489 

4610 

4731 

4852 

4973 

121 

9 

6094 

5215 

5336 

5457 

5578 

5699 

5820 

5940 

6061 

6182 

121 

860 

6303 

6423 ' 

6544 

6664 

6785 

6905 

7026 

7146’ 

7267 

7387 

120 

1 

7507 

7627 

7748 

7868 

7988 

8108 

8228 

8349 

8469 ’ 

8689 

120 

2 

8709 

8829 

8948 

9068 

9188 

9308 

9428 

9548 

9667 

9787 

120 

3 

9907 

0026 

0146 

0265 

0385 

0504 

0624 

0743 

0863 

0982 

119 

4 

56 1101 

1221 

1340 

1469 

1578 

1698 

1817 

1936 

2065 

2174 

119 

865 

2293 

2412 

2531 

2050 

2769 

2887 i 

3006 

3125 

3244 

3362 

119 

6 

3481 

3600 

3718 

3837 

3955 

4074 

4192 

4311 

4429 

4548 

119 

7 

4666 

4784 

4903 

5021 

5139 

5257 

5376 

6494 

6612 

6730 

118 

8 

5848 

5966 

6084 

6202 

6320 

6437 

6555 

6 G 73 

6791 

6909 

118 

9 

7026 

7144 

7262 

7379 

7497 

7614 

7732 

7849 

7967 

8084 

118 

870 

8202 

8319 

8436 

8554 

8671 

8788 

8905 

9023 

9140 

9267 

117 

1 

9374 

9491 

9608 

9725 

9842 

9959 

0076 

0193 

0309 

0426 

117 

2 

57 0543 

0600 

0776 

0893 

1010 

1126 

1243 

1359 

1476 

1692 

117 

3 

1709 

1825 

1942 

2058 

2174 

2291 

2407 

2523 

2639 

2755 

116 

4 

2872 

2988 

3104 

3220 

3330 

3452 

3568 

3684 

3800 

3916 

116 

375 

4031 

4147 

4203 

4379 

4494 

4610 

4726 

4841 

4957 

5072 

116 

6 

5188 

5303 

5419 

5534 

5650 

5705 

5880 

5996 

6111 

6226 

116 

7 

6341 

6457 

6572 

6687 

6802 

6917 

7032 

7147 

7262 

7377 

116 

8 

7492 

7607 

77221 

7836 

7951 

8066 

8181 

8295 

8410 

8525 

116 

9 

8639 

8754 

8868 

8983 

9097 

9212 

9326 

9441 

9555 

9669 

114 


PROPORTIONAL PARTS 



Di £ f . 

1 

2 

3 

4 

6 

6 

7 

8 

9 

128 

12.8 

25.6 

38.4 

51.2 

64.0 

76.8 

89.6 

102.4 

116.2 

127 

12.7 

25.4 

38.1 

50.8 

63.5 

76.2 

88.9 

101.6 

114.3 

126 

12.6 

25.2 

37.8 

50,4 

63.0 

75.6 

88.2 

100.8 

113.4 

126 

12.5 

25.0 

37.5 

50.0 

62.5 

75.0 

87.5 

100.0 

112.5 

124 

12.4 

24.8 

37.2 

49.6 

62.0 

74.4 

86.8 

99.2 

111.6 

123 

12.3 

24.6 

36.9 

49.2 

61.5 

73.8 

86.1 

98.4 ! 

110.7 

122 

12.2 

24.4 

36.6 

48.8 

61.0 

73.2 

85.4 

97.6 I 

109.8 

121 

12.1 

24.2 

36.3 

48,4 

60.5 

72.6 

84.7 

96,8 i 

108.9 

120 

12.0 

24.0 

36.0 

48.0 

60.0 

72.0 

84.0 

96.0 

108.0 

119 

11.9 

23.8 

36.7 

47.6 

59.5 

71.4 

83.3 

95.2 

107.1 


I 



LOGAKITHMS OF NUMBERS 


907 


No. 380 No. 414 

Log. 679 Table XVIII. — Continued Log. 617 

N. 0 1 2 3 4 S 6 7 8 9 Diff. 

6012" 0241 0355 046^ 0683 0^ OSlT 114 

1 08 0925 1039 1153 1267 1381 1495 1608 1722 1836 1950 

2 2063 2177 2291 2404 2518 2631 2745 2858 2972 3085 

3 3199 3312 3426 3539 3652 3765 3879 3992 4105 4218 

4 4331 4444 4557 4670 4783 4896 5009 5122 5235 6348 113 

S85 6461 5574 5686 5799 5912 6024 6137 6250 6362 6475 

6 6587 6700 6812 6925 7037 7149 7262 7374 7486 7599 

7 7711 7823 7935 8047 8160 8272 8384 8496 8608 8720 112 

8 8832 8944 9056 9167 9279 9391 9503 9615 9726 9838 

® 0061 0173 0284 0396 0507 0619 0730 0842 0953 

890 59 1065 1176 1287 1399 1510 1621 1732 1843 1955 2066 

1 2177 2288 2399 2510 2621 2732 2843 2954 3064 3175 111 

2 3286 3397 3508 3618 3729 3840 3950 4061 4171 4282 

3 4393 4503 4614 4724 4834 4945 5055 6165 5276 5386 

4 5496 5606 5717 5827 5937 6047 6157 6267 6377 6487 

895 6597 6707 6817 6927 7037 7146 7256 7366 7476 7586 110 

6 7695 7805 7914 8024 8134 8243 8353 8462 8572 8681 

7 8791 8900 9009 9119 9228 9337 9446 9556 9665 9774 

® 0101 0210 0319 0428 0537 0646 0755 0864 109 

9 60 0973 1082 1191 1299 1408 1517 1625 1734 1843 1951 

400 2060 2169 2277 2386 2494 2603 2711 2819 2928 3036 

1 3144 3253 3361 3469 3577 3686 3794 3902 4010 4118 108 

2 4226 4334 4442 4550 4058 4766 4874 4982 5089 5197 

3 5305 5413 6521 5628 5736 5844 5951 6059 6166 6274 

4 6381 6489 6596 6704 6811 6919 7026 7133 7241 7348 

406 7455 7562 7669 7777 7884 7991 8098 8205 8312 8419 107 

6 8526 8633 8740 8847 8954 9061 9167 9274 9381 9488 

^ 9914 0021 0128 0234 0341 0447 0554 

8 610660 0767 0873 0979 1086 1192 1298 1405 1511 1617 

9 1723 1829 1936 2042 2148 2254 2360 2466 2572 2678 106 

410 2784 2890 2996 3102 3207 3313 3419 3525 3630 3736 

1 3842 3947 4053 4159 4264 4370 4475 4581 4686 4792 

2 4897 5003 5108 5213 6319 5424 5529 5634 5740 5845 

3 5950 6055 6160 6265 6370 6476 6581 6686 6790 6895 105 

4 7000 7105 7210 7315 7420 7525 7629 7734 7839 7943 


PROPORTIONAL PARTS 


Diff. 

1 

2 

3 

4 

S 

6 


8 

9 

118 

11.8 

23.6 

35.4 

47.2 

59.0 

70.8 

82.6 

94.4 

106.2 

117 

11.7 

23.4 

35.1 

46.8 

68.5 

70.2 

81.9 

93.6 

105.3 

116 

11.6 

23.2 

34.8 

46,4 

68.0 

69.6 

81.2 

92.8 

104.4 

115 

11.5 

23.0 

34.5 

46.0 

57.5 

69.0 

80.5 

92.0 

103.5 

114 

11.4 

22.8 

34.2 

45.6 

57.0 

68.4 

79.8 

91.2 

102.6 

113 

11.3 

22.6 

33.9 

45.2 

66.5 

67.8 

79.1 

90.4 

101.7 

112 

11.2 

22.4 

33.6 

44.8 

66.0 

67.2 

78.4 

89.6 

100.8 

111 

11.1 

22.2 ' 

33.3 

44.4 

65.5 

66.6 

77.7 

88.8 

99.9 

110 

11.0 

22.0 

33.0 

44.0 

65.0 

66.0 

77.0 

88.0 

99.0 

109 

10.9 

21.8 

32.7 

43.6 

64.5 

65.4 

76.3 

87.2 

98.1 

108 

10.8 

21.6 

32.4 

43.2 

64.0 

64.8 

75.6 

86.4 

97.2 

107 

10.7 

21.4 

32.1 

42.8 

63.5 

64.2 

74.9 

86.6 

96.3 

106 

10.6 

21.2 

31.8 

42.4 

63.0 

63.6 

74.2 

84.8 

95.4 

106 

10.5 

21.0 

31.5 

42.0 

62.5 

63.0 

73.6 

84.0 

94,5 

104 

10.4 

20.8 

31.2 

41.6 

62.0 

62.4 

72.8 

83.2 

93.6 




LOGAEITHMS OF NUMBERS 


No. 415 

Log. 618 Tabm XVIII. — Continued 


N. 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

Diff. 

416 

61 8048 

8153 

8257 

8362 

8466 

8671 

8676 

8780 

8884 

8989 

105 

6 

9093 

9198 

9302 

9406 

9511 

9615 

9719 

9824 

9928 

0032 


7 

62 0136 

0240 

0344 

0448 

0552 

0656 

0760 

0864 

0968 

1072 

104 

8 

1176 

1280 

1384 

1488 

1592 

1695 

1799 

19U3 

2007 

2110 


0 

2214 

2318 

2421 

2525 

2628 

2732 

2835 

2939 

3042 

3146 


420 

3249 

.3353 

3456 

3559 

3663 

3766 

3869 

3973 

4076 

4179 


1 

4282 

4385 

4488 

4591 

4695 

4798 

4901 

6004 

5107 

5210 

103 

2 

6312 

6415 

5518 

5621 

5724 

5827 

5929 

6032 

6135 

6238 


3 

6340 

6443 

6546 

6648 

6751 

6853 

6956 

7058 

7161 

7263 


4 

7366 

7468 

7571 

7673 

777,6 

7878 

7980 

8082 

8185 

8287 


426 

8389 

8491 

8593 

8695 

8797 

8900 

9002 

9104 

9206 

9308 

102 

6 

9410 

9512 

9613 

9716 

9817 

9919 

0021 

0123 

0224 

0326 


7 

63 0428 

0530 

0631 

0733 

0835 

0936 

1038 

1139 

1241 

1342 


8 

1444 

1545 

1647 

1748 

1849 

1951 

2052 

2153 

2255 

2356 


d 

2467 

2559 

2660 

2761 

2862 

2963 

3064 

3165 

3266 

3367 


430 

3468 

3569 

3670 

3771 

3872 

3973 

4074 

4175 

4276 

4376 

101 

1 

4477 

4578 

4679 

4779 

4880 

4981 

6081 

5182 

6283 

5383 


2 

6484 

5584 

6685 

5785 

5886 

6986 

6087 

6187 

6287 

6388 


3 

6488 

6588 

6688 

6789 

6889 

6989 

7089 

7189 

7290 

7390 


4 

7490 

7590 

7690 

7790 

7890 

7990 

8090 

8190 

8290 

8389 

100 

435 

8489 

8589 

8689 

8789 

8888 

8988 

9088 

9188 

9287 

9387 


6 

9486 

9586 

9686 

9785 

9886 

9984 

0084 

0183 

0283 

0382 


7 

64 0481 

0581 

0680 

[0779 

0879 

0978 

1077 

1177 

1276 

1376 


8 

1474 

1573 

1672 

11771 

1871 

1970 

2069 

2168 

2267 

2366 


9 

2465 

2563 

2662 

2761 

2860 

2969 i 

3058 

3166 

3253 

3354 

99 

440 

8453 

3651 ' 

3650 

3749 

8847 

3946 

4044 

4143 

4242 

4340 


1 

4439 ! 

4637 

4636 

4734 

4832 

4931 

5029 

5127 

6226 

6324 


2 

5422 

6521 

5619 

6717 

5815 

5913 

6011 

6110 

6208 

6306 


3 

6404 

6502 

6600 

6698 

6796 

6894 

6992 

7089 

7187 

7285 

98 

4 

7383 

7481 

7679 

7676 

7774 

7872 

7969 

8067 

8165 

8262 


446 

8360 

8468 

8555 

8653 

8750 

9724 

0696 

8848 

9821 

0793 

8945 

9919 

0890 

9043 

9140 

9237 


6 

7 

9335 
65 0308 

9432 

0405 

9530 

0502 

9627 

0599 

0016 

0987 

0113 

1084 

0210 

1181 


8 

1278 

1375 

1472 

1569 

1666 

1762 

1859 

1956 

2053 

2150 

97 

9 

2246 

2343 

2440 

2536 

2633 

2730 

2826 

2923 

3019 

3116 


460 

3213 

3309 

3405 

3502 

3598 

3695 

3791 

3888 

3984 

4080 


1 

4177 

4273 

4369 

4465 

4662 

4658 

4764 

4850 

4946 

6042 


2 

6138 

5235 

6331 

5427 

5523 

6619 

5715 

5810 

5906 

6002 

96 

3 

6098 

6194 

6290 

6386 

6482 

6577 

6673 

6769 

6864 

6960 


4 

7066 

7152 

7247 

7343 

7438 

7634 

7629 

7725 

7820 

7916 


466 

8011 

8107 

8202 

8298 

8393 

8488 

8584 

8679 

8774 

8870 


6 

8965 

9060 

9165 

9250 

9346 

9441 

9536 

9631 

9726 

9821 

! 

7 

9916 

0011 

0106 

0201 

0296 

0391 

0486 

0681 

0676 

0771 

95 

8 

66 0865 

0960 

1055 

1150 

1245 

1339 

1434 

1529 

1623 

1718 


9 

1813 

1907 

2002 

2096 

2191 

2286 

2380 

2475 

2569 

2663 







LOGARITHMS OF NUMBERS 


909 



No. 460 No. 499 

Log. 662 Table XVIII. — Continued Log. 698 


N. 

0 

1 

a 

3 

4 

6 

6 

7 

8 

9 

Difi. 

460 

66 2758 

2852 

2947 

3041 

3135 

3230 

3324 

3418 

3512 

3607 


1 

3701 

3795 

3889 

3983 

4078 

4172 

4266 

4360 

4454 

4548 


2 

4642 

4736 

4830 

4924 

6018 

6112 

5206 

6299 

5393 

6487 

94 

8 

6581 

5675 

5769 

5862 

5956 

6050 

6143 

6237 

6331. 

6424 


4 

6518 

6612 

6705 

6799 

6892 

6986 

7079 

7173 

7266 

7360 


465 

7453 

7546 

7640 

7733 

7826 

7920 

8013 

8106 

8199 

8293 


6 

7 

8386 

9317 

8479 

9410 

8572 

9503 

8665 

9596 

8759 

9689 

[8862 

i9782 

8945 

9875 

9038 

9967 

9131 

0060 

9224 

0153 

93 

8 

67 0246 

0339 

0431 

0524 

0617 

0710 

0802 

0895 

0988 

1080 

9 

1173 

1265 

1358 

1451 

1543 

1636 

1728 

[1821 

1913 

2005 


470 

2098 

2190 

2283 

2375 

2467 

2560 

2652 

2744 

12836 

2929 


1 

3021 

3113 

3205 

3297 

3390 

3482 

3574 

3666 

3758 

3850 


2 

3942 

4034 

4126 

4218 

4310 

4402 

4494 

4586 

4677 

4769 

92 

3 

4861 

4953 

5045 

5137 

6228 

5320 

5412 

6503 

5595 

5687 


4 

6778 

5870 

5962 

6053 

6145 

6236 

6328 

6419 

6511 

6602 


475 

6694 

6783 

6876 

6968 

7059 

7151 

7242 

7333 

7424 

7516 


6 

7607 

7698 

7789 

7881 

7972 

8063 

8154 

8245 

8336 

8427 


7 

8 

8518 

9428 

8609 

9519 

8700 

9610 

8791 

9700 

8882 

9791 

8973 

9882 

9064 

9973 

9155 

0063 

9246 

0154 

9337 

0245 

91 

9 

68 0336 

0426 

0517 

0607 

0698 

0789 

0879 

0970 

1060 

1161 


480 

1241 

1332 

1422 

1513 

1603 

1693 

1784 

1874 

1964 

2055 


1 

2145 

2235 

2326 

2416 

2506 

2596 

26861 

2777 

2867 

2957 


2 

8047 

3137 

3227 

3317 

3407 

3497 

35871 

3677 

3767 

3857 

90 

3 

3947 

4037 

4127 

'4217 

4307 

4395 

4486 

4576 

4666 

4756 


4 

4845 

14935 

5025 

5114 

6204 

6294 

5383 

6473 

6563 

5652 


485 

5742 

5831 

5921 

6010 

6100 

6189 

6279 

6368 

6458 

6547 


6 

6636 

6726 

6815 

6904 

6994 

7083 

7172 

7261 

7351 

7440 


7 

7529 

7618 

7707 

7796 

7886 

7975 

8064 

8153 

8242 

8331 

89 

8 

9 

8420 

9309 

8509 

9398 

8598 

9486 

8687 

9575 

8776 

9664 

8865 

9753 

8953 

9841 

9042 

9930 

9131 

0019 

9220 

0107 


490 

69 0196 

0285 

0373 

0462 

0550 

0639 

0728 

0816 

0905 

0993 


1 

1081 

1170 

1258 

1347 

1435 

1524 

1612 

1700 

1789 

1877 


2 

1965 

20531 

2142 

2230 

2318 

2406 

2494 

2583 

2671 

2759 


3 

2847 

2935 

3023 

3111 

3199 

3287 

3375 

3463 

3551 

3639 

88 

4 

3727 

3815 

3903 

3991 

4078 

4166 

4254 

4342 

4430 

4517 


495 

4605 

4693 

4781 

4868 

4956 

5044 

5131 

5219 

5307 

5394 


6 

5482 

5569 

5657 

5744 

5832 j 

6919 

6007 

6094 

6182 

6269 


7 

6356 

6444 

6531 

6618 

6706 i 

6793 

6880 

6968 

7055 

7142 


8 

7229 

7317 

7404 

7491 

7578 

7665 

7752 

7839 

7926 

8014 


9 

8100 

8188 

8275 

8362 

8449 

8535 

8622 

8709 

8796 

8883 

87 


PROPORTIONAL PARTS 


Diff. 

1 

2 

3 

4 

6 

6 

7 

8 

9 

98 

9.8 

19.6 

29.4 

39.2 

49.0 

58.8 

63.6 

78.4 

88.2 

97 

9.7 

19.4 

29,1 

38.8 

48.5 

58.2 

67.9 

77.6 

87.3 

96 

9.6 

19.2 

28.8 

38.4 

48.0 

67.6 

67.2 

76.8 

86.4 

$S 

9.5 

19.0 


38.0 

47.5 


66.6 

76.0 

85.5 

94 

9.4 

18.8 

28.2 

37.6 

47.0 


65.8 

75.2 

84.6 

93 

9.3 

18.6 

27.9 

37.2 

46.6 

65.8 

66.1 

74.4 

83.7 

92 

9.2 

18.4 

27.6 

36.8 

46.0 

Hifla 

64.4 

73.6 

82.8 

91 

9.1 

18.2 

27.3 

36.4 

45.5 

54.6 

63.7 

72.8 

81.9 

90 

9.0 

18.0 


36.0 

^91 

54.0 

63.0 

72.0 

81.0 

89 

8.9 

17.8 

26.7 

35.6 

44.5 


62.3 

71.2 

80.1 

88 

8.8 

17.6 

26.4 

35.2 



61.6 

70.4 1 

79.2 

87 

8.7 

17.4 

26.1 

34.8 

43,5 



69.6 

78.3 

86 

8.6 

17.2 

25.8 

34.4 

43.0 



68.8 

77.4 






LOGARITHMS OF NUMBERS 


No. 600 No. 544 

Loo. 698 Table XVIII.— Confmued! Loo. 736 


N . 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

ms. 

500 

69 8970 

9057 

9144 

9231 

9317 

9404 

9491 

9578 

9664 

9751 


1 

9 S 38 

9924 

0011 

0098 

0184 

0271 

0358 

0444 

0531 

0617 


2 

70 0704 

0790 

0877 

0963 

1050 

1136 

1222 

1309 

1395 

1482 


3 

1568 

1654 

1741 

1827 

1913 

1999 

2086 

2172 

2258 

2344 


4 

2431 

2517 

2003 

2689 

2775 

2861 

2947 

3033 

3119 

3205 


505 

3291 

3377 

3463 

3549 

3635 

3721 

3807 

3893 

3979 

4065 

86 

6 

4151 

4236 

4322 

4408 

4494 

4579 

4665 

4751 

4837 

4922 


7 

5008 

6094 

5179 

5265 

6350 

6436 

5522 

6607 

5693 

5778 


8 

5864 

6949 

6035 

6120 

6206 

6291 

6376 

6462 

6547 

6632 


9 

6718 

6803 

6888 

6974 

7059 

7144 

7229 

7315 

7400 

7485 


610 

7570 

7655 

7740 

7826 

7911 

7996 

8081 

8166 

8251 

8336 

85 

1 

8421 

8506 

8591 

8676 

8761 

8846 

8931 

9015 

9100 

9185 


2 

9270 

9355 

9440 

9524 

9609 

9694 

9779 

9863 

9948 

0033 


3 

71 0117 

0202 

0287 

0371 

0456 

0540 

0625 

0710 

0794 

0879 


4 

0963 

1048 

1132 

1217 

1301 

1386 

1470 

1554 

1639 

1723 


516 

1807 

1892 

1976 

2060 

2144 

2229 

2313 

2397 

2481 

2566 


6 

2650 

2734 

2818 

2902 

2986 

3070 

3154 

3238 

3323 

3407 

84 

7 

3491 

3575 

3059 

3742 

3826 

3910 

3994 

4078 

4102 

4246 


8 

4330 

4414 

4497 

4581 

4665 

4749 

4833 

4916 

5000 

5084 


g 

5167 

5251 

6335 

6418 

6502 

5586 

6669 

6753 

5836 

5920 


820 

6003 

6087 

6170 

6254 

6337 

6421 

6504 

6588 

6671 

6754 


1 

6838 

6921 

7004 

7088 

7171 

7254 

7338 

7421 

7504 

7587 


2 

7671 

7754 

7837 

7920 ! 

8003 

8086 

8169 

8253 

8336 

8419 


3 

8502 

8585 

8668 

8751 

8834 

8017 

9000 

9083 

9165 

9248 

83 

4 

9331 

9414 

9497 

9580 

9663 

9745 

9828 

9911 

9994 

0077 


625 

72 0159 

0242 

0325 

0407 

0490 

0573 

0655 

0/38 

0821 

0903 


6 

0986 

1068 

1151 

1233 

1316 

1398 

1481 

1563 

1646 

1728 


7 

1811 

1893 

1976 

2068 

2140 

2222 

2305 

2387 

2469 

2562 


8 

2634 

2716 

2798 

2881 

2963 

3045 

3127 

3209 

3291 

3374 

82 

9 

3456 

3638 

3620 

3702 

3784' 

3866 

3948 

4030 

4112 

4194 


530 

4270 

4368 

4440 

4522 

4604 

4685 

4767 

4849 

4931 

5013 


1 

5095 

6176 

5258 

6340 

5422 

6503 

5585 

6607 

5748 

5830 


2 

5912 

6993 

6075 

6156 

6238 

6320 

6401 

0483 

6564 

6646 


3 

6727 

6809 

6890 

6972 

7053 

7134 

7216 

7297 

7379 

7460 


4 

7541 

7623 

7704 

7783 

7866 

7948 

8029 

8110 

8191 

8273 


535 

8354 

8435 

8516 

8597 

8678 

8759 

8841 

8922 

9003 

9084 

81 

6 

9165 

9246 

9327 

9408 

9489 

9570 

9651 

9732 

9813 

9893 


7 

9974 

. 0055 

0136 

0217 

0298 

0378 

0459 

0540 

0621 

0702 


8 

73 0782 

0863 

0944 

1024 

1105 

1186 

1266 

1347 

1428 

1508 


9 

1589 

1669 

1760 

1830 

1911 

1991 

2072 

2152 

2233 

2313 


540 

2394 

2474 

2555 

2635 

2715 

2796 

2876 

2956 

3037 

3117 


1 

3197 

3278 

3358 

3438 

3618 

3598 

3679 

3769 

3839 

3919 


2 

3999 

4079 

4160 

4240 

4320 

4400 

4480 

4560 

4640 

4720 

80 

3 

4800 

4880 

4960 

6040 

6120 

6200 

6279 

6359 

5439 

5519 


4 

5599 

5679 

6759 

6838 

6918 

5998 

6078 

6157 

6237 

6317 



PROPORTIONAL PARTS 


Diff . 

1 

2 

3 

4 

5 

6 

7 

8 

9 

87 

8.7 

17.4 

26.1 

34.8 

43,6 

52.2 

60.9 

69.6 

78.3 

86 

8.6 

17.2 

25.8 

34.4 

43.0 

51.6 

60.2 

68.8 

77.4 

85 

8.5 

17.0 

25.5 

34.0 

42.5 

61.0 

59.5 

68.0 

76.6 

84 1 

8.4 

16.8 

26.2 

33.6 

42.0 

50.4 

68.8 

67.2 

76.6 



LOGABITHMS OF NUMBERS 


911 


No. 545 No. 584 

Log . 736 Table XVIII. — Continued Log . 767 


N . 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Diff . 

645 

73 6397 

6476 

6556 

6635 

6715 

6795 

6874 

6954 

7034 

7113 


6 

7193 

7272 

7352 

7431 

7511 

7590 

7670 

7749 

7829 

7908 


7 

7987 

8067 

8146 

8225 

8305 

8384 

8463 

8543 

8622 

8701 


8 

8781 

8860 

8939 

9018 

9097 

9177 

9256 

9335 

9414 

9493 


0 

9572 

9651 

9731 

9810 

9889 

9968 

0047 

0126 

0205 

0284 

79 

560 

74 0363 

0442 

0521 

0600 

0678 

0757 

0836 

0915 

0994 

1073 


1 

1152 

1230 

1309 

1388 

1467 

1546 

1024 

1703 

1782 

1860 


2 

1939 

2018 

2096 

2175 

2254 

2332 

2411 

2489 

2568 

2647 


3 

2725 

2804 

2882 

2961 

3039 

3118 

3196 

3275 

3353 

3431 


4 

3510 

3588 

3667 

3745 

3823 

3902 

3980 

4058 

4136 

4215 


556 

4293 

4371 

4449 

4528 

4606 

4684 

4762 

4840 

4919 

4997 


6 

5075 

5153 

5231 

5309 

5387 

5465 

5543 

5621 

5699 

5777 

7 S 

7 

5855 

5933 

6011 

6089 

6167 

6245 

6323 

6401 

6479 

6556 


8 

6634 

6712 

6790 

6868 

6945 

7023 

7101 

7179 

7256 

7334 


9 

7412 

7489 

7567 

7645 

7722 

7800 

7878 

7955 

8033 

8110 


660 

8188 

8266 

8343 

8421 

8498 

8576 

8653 

8731 

8808 

8885 


1 

8963 

9040 

9118 

9195 

9272 

9350 

9427 

9504 

9582 

9659 


2 

9736 

9814 

9891 

9968 

0045 

0123 

0200 

0277 

0354 

0431 


3 

75 0508 

0586 

0663 

0740 

0817 

0894 

0971 

1048 

1125 

1202 


4 

1279 

1356 

1433 

1510 

1587 

1664 

1741 

1818 

1895 

1972 


566 

2048 

2125 

2202 

2279 

2356 

2433 

2509 1 

2586 

2663 

2740 

77 

6 

2816 

2893 

2970 

3047 

3123 

3200 

3277 1 

3353 

3430 

3506 


7 

3583 

3660 

3736 

3813 

3889 

3966 

4042 1 

4119 

4195 

4272 


8 

4348 

4425 

4501 

4578 

4654 

4730 

4807 

4883 

4960 

5036 


9 

I 5112 

5189 

6265 

5341 

6417 

5494 

5570 

564:6 

5722 

5799 


670 

5875 

5951 

6027 

6103 ' 

6180 

6256 

6332 

6408 

6484 

6560 


1 

6636 

6712 

6788 

6864 

6940 

7016 

7092 

7168 

7244 

7320 

76 

2 

7396 

7472 

7548 

7624 

7700 

7775 

7851 

7927 

8003 

8079 


3 

8155 

8230 

8306 

8382 

8458 

8533 

8609 

8685 

8761 

8836 


4 

8912 

8988 

9063 

9139 

9214 

9290 

9366 

9441 

9517 

9592 


575 

9668 

9743 

9819 

9894 

9970 

0045 

0121 

0196 

0272 

0347 


6 

76 0422 

0498 

0573 

0649 

0724 

0799 

0875 

0950 

1025 

1101 


7 

1176 

1251 

1326 

1402 

1477 

1552 

1627 

1702 

1778 

1853 


8 

1928 

2003 

2078 

2153 

2228 

2303 

2378 

2453 

2529 

2604 


9 

2679 

2754 

2829 

2904 

2978 

3053 

3128 

3203 

3278 

3353 

75 

580 

3428^ 

3503 

3578 

3653 

3727 

3802 

3877 

3952 

4027 

4101 


1 

4176 

4251 

4326 

4400 

4475 

4550 

4624 

4699 

4774 

4848 


2 

4923 

4998 

5072 

5147 

5221 

5296 

5370 

5445 

5520 

6594 


3 

5669 

5743 

5818 

5 S 92 

5966 

6041 

6115 

6190 

6264 

6338 


4 

6413 

6487 

6562 

6636 

6710 

6785 

6859 

6933 

7007 

7082 



PROPORTrONAL PARTS 


Diff . 

1 

2 

3 

4 

5 

6 

7 

8 

9 

83 

8.3 

16.6 

24.9 

33.2 

41.6 

49.8 

5 S .1 

66-4 

74.7 

82 

8.2 

16.4 

24.6 

32.8 

41.0 

49.2 

57.4 

65.6 

73.8 

81 

8.1 

16.2 

24.3 

32.4 

40.5 

48.6 

66.7 

64.8 

72.9 

80 

8.0 

16.0 

24.0 

32.0 

40.0 

48.0 

66.0 

64.0 

72.0 

79 

7.9 

15.8 

23.7 

31.6 

39.5 

47.4 

55.3 

63.2 

71.1 

78 

7.8 

15.6 

23.4 

31.2 

39.0 

46.8 

54.6 

62.4 

70.2 

77 

7.7 

15.4 

23.1 

30.8 

88.5 

46.2 

63.9 

61.6 

69.3 

76 

7.6 

15.2 

22.8 

30.4 

38.0 

45.6 

53.2 

60.8 

68.4 

75 

7.6 

15.0 

22.5 

30.0 

37.5 

45.0 

52,6 

60.0 

67.5 

74 

7.4 

14.8 

22.2 

29.6 

37.0 

44.4 

51.8 

59.2 

66.6 



LOGARITHMS OF NUMBERS 


No. 585 No. 629 

Log. 767 Table XVIII. — Continued Loo. 799 


N. 

0 

1 

a 

3 

4 

5 

6 

7 

a 

9 

Diff. 

1185 

76 7156 

7230 

7304 

7379 

7453 

7527 

7601 

7675 

7749 

7823 


6 

7898 

7972 

8046 

8120 

8194 

8268 

8342 

8416 

8490 

8564 

74 

7 

8638 

8712 

8786 

8860 

8934 

9008 

9082 

9156 

9230 

9303 


8 

9377 

9451 

9525 

9599 

9673 

9746 

9820 

9894 

9968 

0042 


g 

77 0115 

0189 

0263 

0336 

0410 

0484 

0557 

0631 

0705 

0778 


§90 

0852 

0926 

0999 

1073 

1146 

1220 

1293 

1367 

1440 

1514 


1 

1587 

1661 

1734 

1808 

1881 

1955 

2028 

2102 

2175 

2248 


2 

2322 

2395 

2468 

2542 

2615 

2688 

2762 

2835 

2908 

2981 


3 

3055 

3128 

3201 

3274 

3348 

3421 

3494 

3567 

3640 

3713 


4 

3786 

3860 

3933 

4006 

4079 

4152 

4225 

4298 

4371 

4444 

73 

59S 

4517 

4590 

4663 

4736 

4809 

4882 

4955 

5028 

5100 

5173 


6 

5246 

5319 

5392 

5465 

6538 

5610 

5683 

5756 

5829 

5902 


7 

5974 

6047 

6120 

6193 

6265 

6338 

6411 

6483 

6556 

6629 


8 

6701 

6774 

6846 

6919 

6992 

7064 

7137 

7209 

7282 

7354 


9 

7427 

7499 

7572 

7644 

7717 

7789 

7862 

7934 

8006 

8079 


coo 

8151 

8224 

8296 

S36S 

8441 

8513 

8585 

8658 

8730 

8802 


1 

8874 

8947 

9019 

9091 

9163 

9236 

9308 

9380 

9452 

9524 


2 

9596 

9669 

9741 

9813 

9885 

9957 

0029 

0101 

0173 

0246 

72 

3 

78 0317 

0389 

0461 

osss" 

0605 

0677 

0749 

0821 

0893 

0965 


4 

1037 

1109 

1181 

1253 

1324 

1396 

1468 

1640 

1612 

1684 


€05 

1755 

1827 

1899 

1971. 

2042 

2114 

2186 

2258 

2329 

2401 


e 

2473 

2544 

2616 

2688 

2759 

2831 

2902 

2974 

3046 

3117 


7 

3189 

3260 

3333 

3403 

3475 

3546 

3618 

3689 

3761 

3832 


8 

3904 

3975 

4046 

4118 

4189 

4261 

4332 

4403 

4475 

4546 


9 

4617 

4689 

4760 

4831 

4902 

4974 

5045 

5116 

5187 

5259 


610 

5330 

6401 

6472 

6543 

5616 

5686 

5757 

5828 

5899 

5970 


1 

6041 

6112 

6183 

6254 

6326 

6396 

6467 

6538 

6609 

6680 

71 

2 

6751 

6822 

6893 

6964 

7035 

7106 

7177 

7248 

7319 

7390 


3 

7460 

7631 

7602 

7673 

7744 

7815 

7885 

7956 

8027 

8098 


4 

8168 

8239 

8310 

8381 

8451 

8522 

8593 

8663 

8734 

8804 


€16 

8875 

8946 

9016 

9087 

9157 

9228 

9299 

9369 

9440 

9510 


6 

9581 

9651 

9722 

9792 

9863 

9933 

0004 

0074 

0144 

0215 


7 

79 0285 

0356 

0426 

0496 

05671 

0637 

0707 

0778 

0848 

0918 


8 

0988 

1059 

1129 

1199 

1269 

1340 

1410 

1480 

1550 

1620 


9 

1691 

1761 

1831 

1901 

1971] 

2041 

2111 

2181 

2252 

2322 


620 

2392 

2462 

2632 

2602 

2672 

2742 

2812 

2882 

2952 

3022 

70 

1 

3092 

3162 

3231 

3301 

3371 

3441 

3511 

3581 

3651 

3721 


2 

3790 

3860 

3930 

4000 

4070 

4139 

4209 

4279 

4349 

4418 


3 

4488 

4558 

4627 

4697 

4767 

4836 

4906 

4976 

5045 

6115 


4 

5185 

5254 

5324 

6393 

5463 

5532 

5602 

5672 

5741 

5811 


625 

6880 

5949 

6019 

6088 

6158 

6227 

6297 

6366 

6436 

6505 


6 

6574 

6644 

6713 

6782 

6852 

6921 

6990 

7060 

7129 

7198 


7 

7268 

7337 

7406 

7475 

7545; 

7614 

7683 

7752 

7821 

7890 


8 

7960 

8029 

8098 

8167 

8236 

8305 

8374 

8443 

8513 

8582 


9 

8651 

8720 

8789 

8858 

8927 

8996 

9065 

9134 

9203 

9272 

69 


PROPORTIONAL PARTS 


Diff. 

1 

2 

3 

4 

5 

6 

7 

e 

0 

7S 

7.6 

IS.O 

22.5 

30.0 

37.6 

45.0 

62.5 

60.0 

67.5 

74 

7.4 

14.8 

22.2 

29.6 

37.0 

44.4 

61.8 

69.2 

66.6 

73 

7.3 

14.6 

21.9 

29.2 

36.5 

43.8 

61.1 

68.4 

65.7 

72 

7.2 

14.4 

21.6 

28.8 

36.0 

43.2 

60.4 

67,6 

64.8 

71 

7.1 

14.2 

21.3 

28.4 

35.5 

42.6 

49.7 

56.3 

63.9 

70 

7.0 

14.0 

21,0 

28.0 

35.0 

42,0 

49.0 

60.0 

63.0 

69 

3.9 

13.8 

20.7 

27.6 

34.6 

41.4 

48.8 

55.2 

62.1 



LOGARITHMS OP NUMBERS 


913 


No. 630 No. 674 

Log. 799 Table XVIII. — Continued Log. 829 


N. 

0 

i 

2 

3 

4 

6 

6 

7 

8 

9 

Diff. 

630 

79 9341 

9409 

9478 

9547 

9616 

9685 

9754 

9823 

9892 

9961 


1 

80 0029 

0098 

0167 

0236 

0305 

0373 

0442 

0511 

0580 

0648 


2 

0717 

0786 

0854 

0923 

0992 

1061 

1129 

1198 

1266 

1335 


3 

1404 

1472 

1541 

1609 

1678 

1747 

1815 

1884 

1952 

2021 


4 

2089 

2158 

2226 

2295 

2363 

2432 

2500 

2568 

2637 

2705 


635 

2774 

2842 

2910 

2979 

3047 

3116 

3184 

3252 

3321 

3389 


6 

3457 

3525 

3594 

3662 

3730 

3798 

3867 

3935 

4003 

4071 


7 

4139 

4208 

4276 

4344 

4412 

4480 

4548 

4616 

4685 

4753 


8 

4821 

4889 

4957 

6025 

5093 

5161, 

6229 

5297 

5365 

5433 

68 

9 

5501 

6569 

6637 

6705 

5773 

5841 

6908 

5976 

6044 

6112 


640 

80 6180 

6248 

6316 

6384 

6451, 

6519 

6587 

6655 

6723 

6790 


1 

6858 

6926 

6994 

7061 

7129 

7197 

7264 

7332 

7400 

7467 


2 

7535 

7603 

7670 

7738 

7806 

7873 

7941 

8008 

8076 

8143 


3 

8211 

8279 

8346 

8414 

8481 

8549 

8616 

8684 

8751 

8818 


4 

8886 

8953 

9021 

9088 

9156 

9223 

9290 

9358 

9425 

9492 


645 

9560 

9627 

9694 

9762 

9829 

9896 

9964 

0031 

0098 

0165 


6 

81 0233 

0300 

0367 

0434 

0501 

0569 

0636 

0703 

0770 

0837 


7 

0904 

0971 

1039 

1106 

1173 

1240 

1307 

1374 

1441 

1508 

67 

8 

1575 

1642 

1709 

1776 

1843 

1910 

1977 

2044 

2111 

2178 


9 

2245 

2312 

2379 

2445 

2512 

2579 

2646 

2713 

2780 

2847 


650 

2913 

2980 

3047 

3114 

3181 

3247 

3314 

3381 

3448 

3514 


1 

3581 

3648 

3714 

3781 

3848 

3914 

3981 

4048 

4114 

4181 


2 

4248 

4314 

4381 

4447 

4514 

4581 i 

4647 

4714 

4780 

4847 


3 

4913 

4980 

5046 

5113 

5179 

5246 

5312 

5378 

5445 

5511 


4 

5578 

5644 

5711 

5777 

5843 

5910 

5976 

6042 

6109 

6176 


655 

6241 

6308 

6374 

6440 

6506 

6573 

6639 

6705 

6771 

6838 


6 

6904 

6970 

7036 

7102 

7169 

7235 

7301 

7367 

7433 

7499 


7 

7565 

7631 

7698 

7764 

7830 

7896 

7962 

8028 

8094 

8160 


8 

8226 

8292 

8358 

8424 

8490 

8556 

8622 

8688 

8754 

8820 


• 9 

8885 

8951 

9017 

9083 

9149 

9215 

9281 

9346 

9412 

9478 

66 

660 

9544 

9610 

9676 

9741 

9807 

9873 

9939 

0004 

0070 

0136 


1 

82 0201 

0267 

0333 

0399 

0464 

0530 

0595 

0661 

0727 

0792 


2 

0858 

0924 

0989 

1055 

1120 

1186 

1251 

1317 

1382 

1448 


3 

1514 

1579 

1645 

1710 

1775 

1841 

1906 

1972 

2037 

2103 


4 

2168 

2233 

2299 

2364 

2430 

2495 

2560 

2626 

2691 

2756 


665 

2822 

2887 

2952 

3018 

3083 

3148 

3213 

3279 

3344 

3409 


6 

3474 

3539 

3605 

3670 

3735 

3800 

3865 

3930 

3996 

4061 


7 

4126 

4191 

4256 

4321 

4386 

4451 

4516 

4581 

4646 

4711 


8 

4776 

4841 

4906 

4971 

5036 

5101 

5166 

5231 

5296 

5361 

65 

9 

6426 

5491 

6556 

6621 

5686 

5751 

5815 

5880 

5945 

6010 


670 

6075 

6140 

6204 

6269 

6334 

6399 

6464 

6528 

6593 

6658 


1 

6723 

6787 

6852 

6917 

6981 

7046 

7111 

7175 

7240 

7305 


2 

7369 

7434 

7499 

7563 

7628 

7692 

7757 

7821 

7886 

7951 


3 

8015 

8080 

8144 

8209 

8273 

8338 

8402 

8467 

8531 

8595 


4 

8660 

8724 

8789 

8863 

8918 

8982 

9046 

9111 

9175 

9239 



PROPORTIONAL PARTS 


Diff. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

68 

6.8 

13.6 

20.4 

27.2 

34.0 

40.8 

47.6 

54.4 

61.2 

67 

6.7 

13.4 

20.1 

26.8 

33.5 

40.2 

46.9 

53.6 

60.3 

66 

6.6 

13.2 

19.8 

26.4 

33.0 

39.6 

46.2 

52.8 

59.4 

66 

6.6 

13.0 

19.5 

26.0 

32.5 

39.0 

45.5 

62.0 , 

68.6 

64 

6.4 

12.8 

19.2 

25.6 

32.0 

38.4 

44.8 

51.2 j 

67.6 



914 


tiOGAKlTHMS OF NUMBEES 


No. 67S No. 719 

Loo. 829 Table XVIII. — Continued Loo. 857 


N. 

0 

1 

2 

3 

4 

s 

6 

7 

8 

9 

DiS. 

67S 

82 9304 

9368 

9432 

9497 

9561 

9625 

9690 

9754 

9818 

9882 


6 

9947 

0011 

0076 

0139 

0204 

0268 

0332 

0396 

0460 

0525 


7 

83 0569 

0653 

0717 

0781 

0845 

0909 

0973 

1037 

1102 

1166 


8 

1230 

1294 

1358 

1422 

1486 

1550 

1614 

1678 

1742 

1806 

64 

9 

1870 

1934 

1998 

2062 

2126 

2189 

2253 

2317 

2381 

2445 


sso 

2509 

2573 

2637 

2700 

2764 

2828 

2892 

2956 

3020 

3083 


1 

3147 

3211 

3275 

3338 

3402 

3466 

3530 

3593 

3657 

3721 


2 

3784 

3848 

3912 

3975 

4039 

4103 

4166 

4230 

4294 

4357 


3 

4421 

4484 

4548 

4611, 

4675 

4739 

4802 

4866 

4929 

4993 


4 

5056 

5120 

5183 

5247 

5310 

5373 

6437 

5500 

5564 

5627 


685 

5691 

5754 

5817 

5881 

5944 

6007 

6071 

6134 

6197 

6261 


6 

6324 

6387 

6451 

6514 

6577 

6641 

6704 

6767 

6830 

6894 


7 

6957 

7020 

7083 

7146 

7210 

7273 

7336 

7399 

7462 

7525 


8 

7588 

7652 

7715 

7778 

7841 

7904 

7967 

8030 

8093 

8166 


9 

8219 

8282 

8345 

8408 

8471 

8534 

8597 

8660 

8723 

8786 

63 

690 

8849 

8912 

8975 

9038 

9101 

9164 

9227 

9289 

9352 

9415 


1 

9478 

9541 

9004 

9667 

9729 

9792 

9855 

9918 

9981 

0043 


2 

84 0106 

0169 

0232 

0294 

0357 

0420 

0482 

0545 

0608 

0671 


3 

0733 

0796 

0859 

0921 

0984 

1046 

1109 

1172 

1234 

1297 


4 

1359 

1422 

1485 

1547 

1610 

1672 

1735 

1797 

1860 

1922 


695 

1985 

2047 

2110 

2172 

2235 

2297 

2360 

2422 

2484 

2547 


6 

2609 

2072 

2734 

2796 

2859 

2921 

2983 

3046 

3108 

3170 


7 

3233 

3295 

3357 

3420 

3482 

3544 

3606 

3669 

3731 

3793 


8 

3855 

3018 

3980 

4042 

4104 

4166 

4229 

4291 

4353 

4415 


9 

4477 

4539 

4601 

4664 

4726 

4788 

4850 

4912 

4974 

6036 


700 

5098 

5160 ! 

5222 

5284' 

5346 

5408 

6470 

6532 

6594 

6656 

62 

1 

5718 

5780 

5842 

5904 

5906 

6028 

6090 

6151 

6213 

6275 


2 

6337 

6399 

6461 

6523 

6585 

6046 

6708 

6770 

6832 

6894 


3 

6955 

7017 

7079 

7141 

7202 

7264 

7326 

7388 

7449 

7511 


4 

7573 

7634 

7696 

7758 

7819 

7881 

7943 

8004 

8066 

8128 


706 

8189 

8251 

8312 

8374 

8436 

8497 

8559 

8020 

8682 

8743 


6 

8805 

8806 

8928 

8989 

9051 

9112 

9174 

9235 

9297 

9358 


7 

9419 

9481 

9542 

0004 

9665 

9726 

9788 

9849 

9911 

9972 


8 

85 0033 

0095 

0156 

0217 

0279 

0340 

0401 

0462 

0524 

0585 


9 

0646 

0707 

0769 

0830 

0891 

0952 

1014 

1075 

1136 

1197 


710 

1258 

1320 

1381 

1442 

1503 

1564 

1625 

1686 

1747 

1809 


1 

1870 

1931 

1992 

2053 

2114 

2175 

2236 

2297 

2358 

2419 


2 

2480 

2541 

2602 

2063 

2724 

2785 

2846 

2907 

2968 

3029 

61 

3 

3090 

3150 

3211 

3272 

3333 

3304 

3456 

3516 

3577 

3637 


4 

3698 

3759 

3820 

3881 

3941 

4002 

4063 

4124 

4185 

4245 


716 

4306 

4367 

4428 

4488 

4549 

4610 

4670 

4731 

4792 

4852 


6 

4913 

4974 

5034 

5095 

5166 

6216 

6277 

5337 

5398 

5459 


7 

5519 

5580 

5640 

5701 

6761 

5822 

6882 

6943 

6003 

6064 


8 

6124 

6185 

6245 

6306 

6366 

6427 

6487 

6548 

6608 

6668 


9 

6729 

6789 

6850 

6910 

6970 

7031 

7091 

7152 

7212 

7272 



PEOPORTIONAL PARTS 


Di£f. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

65 

6.5 

13.0 

19.5 

26.0 

32.6 

39.0 

45.5 

52.0 

58.5 

64 

6,4 

12.8 

19.2 

25.6 

32.0 

38.4 

44.8 

61.2 

57.6 

63 

6.3 

12.6 

18.9 

25.2 

31.5 

37.8 

44.1 

50.4 

66.7 

62 

6.2 

12.4 

18.6 

24.8 

31.0 

37.2 

43.4 

49.6 

55.8 

61 

6.1 

12.2 

18.3 

24.4 

30.6 

36.6 

42.7 

48.8 

54.9 

60 

6.0 

12.0 

18.0 

24.0 

30.0 

36.0 

42.0 

48.0 

54.0 
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LOGAKITHMS OF NUMBERS 


iNO. VOO 

Log. 883 Table XVIII. — Continued Log. 908 


N. 

0 

1 

2 

3 

4 

S 

6 

7 

S 

9 

Diff. 

765 

88 3661 

3718 

3775 

3832 

3888 

3945 

4002 

4059 

4116 

4172 


6 

4229 

4285 

4342 

4399 

4455 

4512 

4569 

4625 

4682 

4739 


7 

4795 

4852 

4909 

4965 

5022 

5078 

5135 

6192 

5248 

5305 


S 

5361 

6418 

5474 

5531 

5587 

5644 

5700 

6757 

5813 

5870 


9 

5926 

5983 

6039 

6096 

6152 

6209 

6265 

6321 

6378 

6434 


770 

6491 

6547 

6604 

6660 

6716 

6773 

6829 

6SS5 

6942 

6998 


1 

7054 

7111 

7167 

7223 

7280 

7336 

7392 

7449 

7505 

7561 


2 

7617 

7674 

7730 

7786 

7842 

7898 

7955 

8011 

8067 

8123 


3 

8179 

8236 

8292 

8348 

8404 

8460 

8516 

8573 

8629 

8685 


4 

8741 

8797 

8853 

8909 

8965 

9021 

9077 

9134 

9190 

9246 


776 

9302 

9358 

9414 

9470 

9526 

9582 

9638 

9694 

9750 

9806 

56 

6 

9862 

9918 

9974 

0030 

0086 

0141 

0197 

0253 

0309 

0365 


7 

89 0421 

0477 

0533 

0589 

0645 

0700 

0756 

0812 

0868 

0924 


8 

0980 

1035 

1091 

1147 

1203 

1259 

1314 

1370 

1426 

1482 


9 

1537 

1693 

1649 

1705 

1760 

1816 

1872 

1928 

1983 

2039 


730 

2095 

2150 

2206 

2262 

2317 

2373 

2429 

2484 

2540 

2595 


1 

2651 

2707 

2762 

2818 

2873 

2929 

2985 

3040 

3096 

3161 


2 

3207 

3262 

3318 

3373 

3429 

3484 

3540 

3595 

3651 

3706 


3 

3762 

3817 

3873 

3928 

3984 

4039 

4094 

4150 

4205 

4261 


4 

4316 

4371 

4427 

4482 

4538 

4593 

4648 

4704 

4759 

4814 


785 

4870 

4925 

4980 

5036 

5091 

5146 

5201 

6257 

5312 

5367 


6 

5423 

6478 

5533 

5588 

5644 

5699 

5754 

6809 

5864 

5920 


7 

5975 

6030 

6085 

6140 

6195 

6251 

6306 

6361 

6416 

6471 


8 

6526 

6581 

[6636 

6692 

6747 

6802 

6857 

6912 

6967 

7022 


9 

7077 

7132 

'7187 

I 7242 

7297 

7352 

7407 

7462 

7517 

7572 


790 

7627 

7682 

17737 

7792 

7847 

7902 

7957 

8012 

8067 

8122 

65 

1 

8176 

8231 

8286 

8341 

8396 

8451 

8506 

8561 

8615 

8670 


2 

8725 

8780 

8835 

8890 

8944 

8999 

9054 

9109 

9164 

9218 


3 

9273 

9328 

9383 

9437 

9492 

9547 

9602 

9656 

9711 

9766 1 


4 

0821 

9875 

9930 

9985 

0039 

0094 

0149 

0203 

0258 

0312 


795 

90 0367 

0422 

0476 

0531 

0586 

0640 

0695 

0749 

0804 

0869 


6 

0913 

0968 

1022 

1077 

1131 

1186 

1240 

1295 

1349 

1404 


7 

1458 

1513 

1567 

1622 

1676 

1731 

1785 

1840 

1894 

1948 


8 

2003 

2057 

2112 

2166 

2221 

2275 

2329 

2384 

2438 

2492 


9 

2547, 

2601 ! 

2655 

2710 

2764 

2818 

2873 

2927 

2981 

3036 


800 

3090 

3144; 

3199 

3253 

3307 

3361 

3416 

3470 

3524 

3578 


1 

3633 

3687] 

3741 

3795 

3849 

3904 

3958 

4012 

4066 

4120 


2 

4174 

4229 

4283 

4337 

4391 

4445 

4499 

4553 

4607 

,4661 


3 

4716 

4770 

4824 

4878 

4932 

4086 

5040 

5094 

'5148 

' 5202 


4 

5256 

5310 

5364 

5418 

5472 

5526 

5580 

6634 

6688 

j 5742 

64 

805 

6796 

5850 

5904 

5958 

6012 

6066 

6119 

6173 

6227 

' 6281 


6 

0335 

6389 

6443 

6497 

6551 

6604 

6658 

16712 

16766 

6820 


7 

0874 

6927 

6981 

7035 

7089 

7143 

7196 

7250 

7304 

17358 


8 

7411 

7465 

7519 

7573 

7626 

7680 

7734 

7787 

7841 

i 7895 


9 

7949 

8002 

8056 

8110 

8163 

8217 

8270 

8324 

8378 

8431 



PROPORTIONAL PARTS 


Diff. 

1 

2 

3 

^ 1 

6 

6 

7 

s 

9 

67 

6.7 

11.4 

17.1 

22.8 

28.6 

■ 34.2 

39.9 

45.6 

51.3 

66 

5.6 

11.2 

16.8 

22.4 

28.0 

33.6 

39.2 

44.8 

60.4 

55 

6.6 

11.0 

16.5 

22.0 

27.5 

33.0 

38.5 

44.0 

49.0 

54 1 

6.4 

10.8 

16.2 

21.6 

27.0 

32.4 

37.8 

43.2 

48.6 



LOGARITHMS OF NUMBERS 
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No. 810 No. 854 

Loo. 908 Table XVIII. — Continued Loo. 931 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 


Diff. 

8i0 

90 8485 

8539 

8592 

8646 

8699 

8753 

8807 

8860 

8914 

8967 


1 

2 

9021 

9556 

9074 

9610 

9128 

9663 

9181 

9716 

9235 

9770 

9289 

9823 

9342 

9877 

9396 

9930 

9449 

9984 

9503 

0037 


3 

91 0091 

0144 

0197 

0251 

0304 

0358 

0411 

0464 

0518 

0571 


4 

0624 

0678 

0731 

0784 

0838 

0891. 

0944 

0998 

1051 

1104 


815 

1158 

1211 

1264 

1317 

1371 

1424 

1477 

1630 

1584 

1637 


6 

1690 

1743 

1797 

1850 

1903 

1956 

2009 

2063 

2116 

2169 


7 

2222 

2275 

2328 

2381 

2435 

2488 

2541 

2594 

2647 

2700 


8 

2753 

2806 

2859 

2913 

2966 

3019 

3072 

3125 

3178 

3231 


9 

3284 

3337 

3390 

3443 

3496 

3549 

3602 

3655 

3703 

3761 

53 

820 

3814 

3867 

3920 

3973 

4026 

4079 

4132 

4184 

4237 

4290 


1 

4343 

4396 

4449 

4502 

4555 

4608 

4660 

4713 

4766 

4819 


2 

4872 

4925 

4977 

5030 

5083 

5136 

5189 

5241 

6294 

6347 


3 

5400 

5453 

6505 

5558 

5611 

5664 

5716 

5769 

6822 

6875 


4 

5927 

6980 

6033 

6085 

6138 

6191 

6243 

6296 

6349 

6401 


825 

6454 

6507 

6559 

6612 

6664 

6717 

6770 

6822 

6875 

6927 


6 

6980 

7033 

7085 

7138 

7190 

7243 

7295 

7348 

7400 

7453 


7 

7506 

7558 

7611 

7663 

7716 

7768 

7820 

7873 

7925 

7978 


8 

8030 

8083 

8135 

8188 

8240 

8293 

8345 

8397 

8450 

8502 


9 

8555 

8607 

8659 

8712 

8764 

8816 

8869 

8921 

8973 

9026 


880 

1 

9078 

9601 

9130 

9653 

9183 

9706 

9235 

9758 

9287 

9810 

9340 

9862 

9392 

9914 

9444 

9967 

9496 

0019 

9549 

0071 


2 

92 0123 

0176 

0228 

i 0280 

0332 

0384 

0436 

0489 

0541 

0593 


3 

0645 

0697 

0749 

I 0801 

0853 

0906 

0958 

1010 

1062 

1114 


4 

1166 

1218 

1270 

1322 

1374 

1426 

1478 

1530 

1582 

1634 

52 

835 

1686 

1738 

1790 

1842 

1894 

1946 

1998 

2050 

2102 

2154 


6 

2206 

2258 

2310 

2362 

2414 

2466 

2518 

2570 

2622 

2674 


7 

2725 

2777 

2829 

2881 

2933 

2985 

3037 

3089 

3140 

3192 


i 8 

3244 

3296 

3348 

3399 

3451 

3503 

3555 

3607 

3658 

3710 


9 

3762 

3814 

3865 

3917 

3969 

4021 

4072 

4124 

4176 

4228 


840 

4279 

4331 

4383 

4434 

4486 

4538 

4589 

4641 

4693 

4744 


1 

4796 

4848 

4899 

4951 

5003 

5054 

5106 

5157 

5209 

5261 


2 

5312 

5364 

5415 

5467 

5518 

5570 

5621 

5673 

5725 

5776 


3 

5828 

5879 

5931 

5982 

6034 

6085 

6137 

6188 

6240 

6291 


4 

6342 

6394 

6445 

6497 

6548 

6600 

6651 

6702 

6764 

6806 


845 

6867 

6908 

6959 

7011 

7062 

7114 

7165 

7216 

7268 

7319 


6 

7370 

7422 

7473 

7524 

7576 

7627 

7678 

7730 

7781 

7832 


7 

7883 

7935 

7986 

8037 

8088 

8140 

8191 

8242 

8293 

8345 


8 

8396 

8447 

8498 

8549 

8601 

8652 

8703 

8754 

8805 

8857 


9 

8908 

8959 

9010 

9061 

9112 

9163 

9215 

9266 

9317 

9368 


850 

9419 

9470 

9521 

9572 

9623 

9674 

9725 

9776 

9827 

9879 

61 

1 

9930 

9981 

0032 

0083 

0134 

0186 

0236 

0287 

0338 

0389 


2 

93 0440 

0491 

0542 

0592 

0643 

0694 

0745 

0796 

0847 

0898 


3 

0949 

1000 

1051 

1102 

1153 

1204 

1254 

1305 

1356 

1407 


4 

1458 

1509 

1560 

1610 

1661 

1712 

1763 

1814 

1865 

1915 



PROPORTIONAL PARTS 


Diff. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

63 

5.3 

10.6 

16.9 

21.2 

26.5 

31.8 

37.1 

42.4 

47.7 

62 

6.2 

10.4 

15.6 

20.8 

26.0 

31.2 

36.4 

41.6 

46.8 

61 

5.1 

10.2 i 

16.3 

20.4 

25.5 

30.6 

35.7 

40.8 

45.9 

50 

6.0 

10.0 

15.0 

20.0 

25.0 

30.0 

35.0 

40.0 

45.0 



LOGARITHMS OF NUMBERS 


No. 865 

Log. 931 


Table XVIII. — Continued 


No. 899 
Loo. 954 


856 

93 1966 

2017 

2068 

2118 

2169 

2220 

2271 

2322 

2372 

2423 

6 

2474 

2524 

2575 

2626 

2677 

2727 I 

2778 

2829 

2879 ! 

2930 

7 

2981 

3031 

3082 

3133 

3183 

3234 

3285 

3335 

3386 

3437 

8 

3487 

3538 

3589 

3639 

3690 

3740 , 

8791 

3841 

3892 

3943 

9 

3993 

4044 

4094 

4146 

4195 

4246 

4296 

4347 

4397 

4448 

860 

4498 

4549 

4599 

4650 

4700 

4761 

4801 

4852 

4902 

4953 

1 

5003 

5054 

6104 

6154 

5205 

6255 

6306 

5356 

5406 

5457 

2 

6507 

6558 

5608 

6658 

5709 

6759 

5809 

5860 

5910 

5960 

3 

6011 

6061 

6111 

6162 

6212 

6262 

6313 

6363 

6413 

6463 

4 

6514 

6564 

6614 

6665 

6715 

6765 

6815 

6865 

6916 

6966 

865 

7016 

7066 

7116 

7167 

7217 

7267 

7317 

7367 

7418 

7468 

6 

7518 

7568 

7618 i 

7668 

7718 

7769 

7819 

7869 

7919 

7969 

7 

8019 

8069 

8119 

8169 

8219 

8269 

8320 

8370 

8420 

8470 

8 

8520 

8570 

8620 

8670 

8720 

8770 

8820 

8870 

8920 

8970 

9 

9020 

9070 

9120 

91701 

9220 

9270 

9320 

9369 

9419 

9469 

870 

9519 

9569 

9619 

9669’ 

9719 

9769 

9819 

9869 

9918 

9968 


94 0018 0068 0118 
0516 056G 0616 ' 
1014 1064 1114 
1511 1561 1611 
2008 2058 2107 : 
2504 2554 2603 
3000 3049 3099 
S495 3544 3593 
3989 4038 4088 

4483 4532 4681 
4976 6025 6074 
6469 5518 5567 
6961 6010 6059 
6452 6501 6551 
6943 6992 7041 
7434 7483 7632 
7924 7973 8022 
8413 8462 8511 
8902 8951 8999 


0168 0218 0267 0317 0367 0417 
0666 0716 0765 0815 0865 0915 
1163 1213 1263 1313 1362 1412 
1710 1760 1809 1859 1909 
2157 2207 2256 2306 2355 2406 
2663 2702 2762 2801 2851 2901 
3148 3198 3247 3297 3346 3396 
3643 3692 3742 3791 3841 3890 


0 9390 

1 9878 

2 95 0365 

3 0851 


9439 9488 
9926 9975 ' 
0414 0462 
0900 0949 
1386 1436 
1872 1920 
2356 2405 
2841 2889 
3325 3373 
3808 3856 


4680 4729 
6173 5222 
5665 5715 
6167 6207 
6649 6698 
7139 7189 
7630 7679 
8119 8168 
8608 8657 
9097 9146 

9585 9634 
' 0073 0121 ' 
0560 0608 
1046 1095 
1532 1580 
2017 2066 
2502 2650 
2986 3034 
3470 3518 
3953 4001 


4828 4877 
6321 6370 
6813 6862 
6305 6354 
6796 6845 
7287 7336 
7777 7826 
8206 8315 
8755 8804 
9244 9292 
9731 9780 
' 0219 0267 ' 
0706 0754 
1192 1240 
1677 1726 
2163 2211 
2647 2696 
3131 3180 
3615 3663 
4098 4146 


PROPORTIONAL PARTS 


iff. 

1 

2 

3 

4 

0 

6 

7 

8 

9 

51 

5.1 

10.2 

15.3 

20.4 

25.5 

30.6 

35.7 

40.8 

45.9 

00 

5.0 

10.0 

15,0 

20.0 

25.0 

30.0 

35.0 

40.0 

45.0 

49 

4.9 

9.8 

14.7 

19.6 

24.5 

29.4 

34.3 

39.2 

44.1 

48 

4.8 

9.6 

14.4 

19.2 

24.0 

28.8 

38.6 

38.4 

43,2 





LOGARITHMS OF NUMBERS 


No. 900 
Log. 954 


Table XVIII . — Continued 


No. 944 
Log. 975 


N. 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

Diff. 

900 

95 4243 

4291 

4339 

4387 

4435 

4484 

4.532 

4580 

4628 

4677 


1 

4725 

4773 

4821 

4869 

4918 

4966 

5014 

6062 

5110 

5168 


2 

6207 

5255 

5303 

6351 

5399 

5447 

5495 

6543 

5,592 

5640 


3 

56SS 

5738 

5784 

5832 

5880 

5928 

5976 

6024 

6072 

6120 


4 

61G8 

6210 

6205 

6313 

6361 

6409 

64.57 

6505 

6553 

6601 

48 

906 

6649 

6007 

6745 

6793 

6840 

6888 

6936 

6984 

7032 

7080 


6 

7128 

7176 

7224 

7272 

7320 

7368 

7416 

7464 

7512 

7559 


7 

7607 

7655 

7703 

7751 

7799 

7847 

7894 

7942 

7990 

8038 


8 

8086 

8134 

8181 

8229 

8277 

8325 

8373 

8421 

8468 

8516 


9 

8564 

8612 

8659 

8707 

8755 

8803 

8850 

8898 

8946 

8994 


910 

9041 

9089 

9137 

918.5 

92.32 

9280 

9328 

937.5 

9423 

9471 


1 

9518 

9566 

9614 

9601 

9709 

9757 

9804 

9852 

9900 

9947 


2 

9995 

0042 

0090 

0138 

0185 

0233 

0280 

0328 

0376 

0423 


3 

“96 0471 

0518 

0566 

0613 

0661 

0709 

0756 

0804 

08.51 

0899 


4 

0946 

0994 

1041 

1089 

1136 

1184 

1231 

1279 

1326 

1374 


915 

1421 

1469 

1516 

1563 

1611 

16,58 

1706 

1753 

1801 

1848 


6 

1895 

1943 

1990 

2038 

2085 

21,32 

2180 

2227 

2275 

2322 


7 

2369 

2417 

2404 

251 1 

2559 

2606 

26.53 

2701 

2748 

2795 


8 

2843 

2890 

2937 

2985 

,30.32 

3079 

3126 

3174 

3221 

3268 


9 

3316 

3363 

3410 

3457 

3504 

3552 

3599 

3646 

3693 

3741 


920 

3788 

3835 

3882 

3929 

3977 

4024 

4071 

4118 

4165 

4212 


1 

4260 

4307 

4354 

4401 

4448 

4495 

4542 

4590 ! 

4637 

4684 


2 

4731 

4778 

4825 

4872 

4919 

4966 

5013 

5061 

6108 

5155 


3 

^202 

5249 

5296 

5343 

5390 

5437 

6484 

5531 

5578 

5625 


4 

5672 

5719 

6766 

5813 

5860 

5907 

5954 

6001 

6048 

6095 

47 

925 

6142 

6189 

6236 

6283 

6329 

6376 

6423 

6470 

6517 

6564 


6 

6611 

6658 

6705 

6752 

6799 

6845 

6892 

6939 

6086 

7033 


7 

7080 

7127 

7173 

7220 

7267 

7314 

7361 

7408 

7454 

7501 


[ 8 

7548 

7595 

7642 

7688 

7735 

7782 

7829 

7875 

7922 

7969 


9 

8016 

8062 

8109 

8156 

8203 

8249 

8296 

8343 

8390 

8436 


930 

8483 

8530 

8576 

8623 

8670 

8716 

8763 

8810 

8856 

8903 


1 

8950 

8996 

9043 

9090 

9136 

9183 

9229 

9276 

9323 

9369 


2 

9416 

9463 

9509 

9556 

9602 

9649 

9695 

9742 

9789 

9835 


3 

9882 

9928 

9975 

0021 

0068 

0114 

0161 

0207 

0254 

0300 


4 

97 0347 

0393 

0440 ■ 

0486 

0533 

0579 

0626 

0072 

0719 

0765 


935 

0812 

0858 

0904 

0951 

0997 

1044 

1090 

1137 

1183 

1229 



1276 

1322 

1369 

1415 

1461 

1608 

1654 

1601 

1647 

1693 


7 

1740 

1786 

1832 

1879 

1925 

1971 

2018 

2064 

2110 

2157 


8 

2203 

2249 

2295 

2,342 

2388 

2434 

2481 

2527 

2573 

2619 


9 

2666 , 

2712 

2758 

2804 

2851 

2897 

2943 

2989 

3035 

3082 


940 

3128' 

3174 

3220 

8266 1 

3313 

3369 

3405 

3461 

3497 

3543 


1 

3590 

3636 

3682 i 

3728 1 

3774 

3820 

3806 

3913 

3959 

4005 


2 

4051 

4097 

4143 

4189 

4235 

4281 

4327 

4374 

4420 

4466 


3 

4512 

4558 

4604 1 

4650 

4696 

4742 

4788 

4834 

4880 

4926 


4 

4972 

5018 

! 

5064 

5110 

1 

5156 

6202 

5248 

5294 

5340 

5386 

.a 


PROPORTIONAL PARTS 


Diff. 


4.7 

4,6 


9.4 

9.2 


14.1 

13.8 


18.8 

18.4 


23.5 

23,0 


28.2 

27.6 


32.9 

32.2 


37.6 

36.8 


42.8 

41.4 
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LOGAKITHMS OF NUMBEKS 


No. 946 
Log. 975 


Table XVIII . — Continued 


No. 989 
Log. 995 


N. 

0 

1 

2 

3 

4 

6 

6 

7 

8 

f 

Diff. 

94S 

97 5432 

5478 

5524 

5570 

561.6 

5662 

5707 

5753 

5799 

5845 


6 

6891 

6937 

6983 

6029 

6075 

6121 

6167 

6212 

6258 

6304 


7 

6350 

6396 

6442 

6488 

6533 

6579 

6625 

6671 

6717 

6763 


8 

6808 

6854 

6900 

6946 

6992 

7037 

7083 

7129 

7175 

7220 


9 

7266 

7312 

7358 

7403 

7449 

7495 

7541 

7586 

7632 

7678 


950 

7724 

7769 

7815 

7861, 

7906 

7952 

7998 

8043 

8089 

8135 


1 

8181 

8226 

8272 

8317 

8363 

8409 

8454 

8500 

8546 

8591 


2 

8637 

8683 

8728 

8774 

8819 

8865 

8911 

8956 

9002 

9047 


3 

9093 

9138 

9184 

9230 

9275 

9321 

9366 

9412 

9457 

9503 


4 

9548 

9594 

9639 

9685 

9730 

9776 

9821 

9867 

9912 

9958 


9S5 

98 0003 

0049 

0094 

0140 

0185 

0231 

0276 

0322 

0367 

0412 


6 

0458 

0503 

0549 

0594 

0640 

0685 

0730 

0776 

0821 

0867 


7 

0912 

0957 

1003 

1048 

1093 

1139 

1184 

1229 

1275 

1320 


8 

1366 

1411 

1456 

1501 

1547 

1592 

1637 

1683 

1728 

1773 


9 

1819 

1864 

1909 

1954 

2000 

2045 

2090 

2135 

2181 

2226 


960 

2271 

2316 

2362 

2407 

2452 

2497 

2543 

2588 

2633 

2678 


1 

2723 

2769 

2814 

2869 

2904 

2949 

2994 

3040 

3085 

3130 


2 

3175 

3220 

3265 

3310 

3366 

3401 

3446 

3491 

3536 

3581 


3 

3626 

3671 

3716 

3762 

3807 

3852 

3897 

3942 

3987 

4032 


4 

4077 

4122 

4167 

4212 

4267 

4302 

4347 

4392 

4437 

4482 

45 

965 

4527 

4572 

4617 

4662 

4707 

4752 

4797 

4842 

4887 

4932 

6 

4977 

5022 

6067 

5112 

5157 

5202 

5247 

5292 

5337 

5382 


7 

6426 

5471 

5516 

5561 

5606 

5651 

5696 

5741 

6786 

5830 


8 

5875 

5920 

6965 

6010 

6055 

6100 

6144 

6189 

6234 

6279 


9 

6324 

6369 

6413 

6468 

6503 

6548 

6593 

6637 

6682 

6727 


970 

6772 

6817 

6861 

6906 

6951 

6996 

7040 

7085 

7130 

7175 


1 

7219 

7264 

7309 i 

7353 

7398 

7443 i 

7488 

7532 

7577 

7622 


2 

7666 

7711 

7756 

7800 

7845 

7890 

7934 

7979 

8024 

8068 


3 

8113 

8167 

8202 

8247 

8291 

8336 

8381 

8425 

8470 

8514 


4 

8559 

8604 

8648 

8693 

8737 ! 

8782 

8826 

8871 

8916 

8960 


976 

9005 

9049 

9094 

9138 

9183 

9227 

9272 

9316 

9361 

9405 


6 

9450 

9494 

9539 

9583 

9628 

9672 

9717 

9761 

9806 

9850 


7 

9895 

9939 

9983 

0028 

0072 

0117 

0161 

0206 

0250 

0294 


8 

99 0339 

0383 

0428 

0472 

0516 

0561 

0605 

0650 

0694 

0738 


9 

0783 

0827 

0871 

0916 

0960 

1004 

1049 

1093 

1137 

1182 


980 

1226 

1270 

1316 

1359 

1403 

1448 

1492 

1536 

1580 

1625 


1 

1669 

1713 

1758 

1802 

1846 

1890 

1935 

1979 

2023 

2067 


2 

2111 

2156 

2200 

2244 

2288 

2333 

2377 

2421 

2465 

2509 


3 

2554 

2598 

2642 

2686 

2730 

2774 

2819 

2863 

2907 

2951 


4 

2995 

3039 

3083 

3127 

3172 

3216 

3260 

3304 

3348 

3392 


985 

3436 

3480 

3524 

3568 

3613 

3657 

3701 

3745 

3789 

3833 


6 

3877 

3921 

3965 

4009 

4053 

4097 

4141 

4185 

4229 

4273 


7 

4317 

4361 

4405 

4449 

4493 

4537 

4581 

4625 

4669 

4713 

44 

8 

4757 

4801 

4845 

4889 

4933 

4977 

5021 

5065 

5108 

5152 


9 

5106 

6240 

5284 

5328 

5372 

5416 

5460 

6504 

6547 

6591 



PROPOETIONAL PARTS 


Diff. 

1 

2 

3 


5 

6 

7 

8 

9 

46 

4.6 

9.2 

13.8 

18.4 

23.0 

27.6 

32.2 

36.8 

41.4 

45 

4.6 

9.0 

13.5 

18.0 

22.5 

27.0 

31.5 

36.0 

40.5 

44 

4.4 

8.8 

13.2 

17.6 

22.0 

26.4 1 

30.8 

35.2 

39.6 

43 

4.3 

8.6 

12.9 

17.2 

21.5 

25.8 

30.1 

34.4 

38.7 
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No. 990 No. 999 

Log. 995 Table XVIII. — Concluded Log. 999 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

DifF. 

990 

99 5635 

5679 

5723 

5767 

5811 

5854 

5898 

5942 

5986 

6030 


1 

6074 

6117 

6161 

6205 

6249 

6293 

6337 

6380 

6424 

6468 

44 

2 

6512 

6555 

6599 

6643 

6687 

6731 

6774 

6818 

6862 

6906 


3 

6949 

6993 

7037 

7080 

7124 

7168 

7212 

7255 

7299 

7343 


4 

7386 

7430 

7474 

7517 

1 7561 

7605 

7648 

7692 

7736 

7779 


995 

7823 

7867 

7910 

7954 

7998 

8041 

8085 

8129 

8172 

8216 


6 

8259 

8303 

8347 

8390 

8434 

8477 

8521 

8564 

8608 

8652 


7 

8695 

8739 

8782 

8826 

8869 

8913 

3956 

9000 

9043 

9087 


8 

9131 

9174 

9218 

9261 

9305 

9348 

9392 

9435 

9479 

9522 


9 

9565 

9609 

9652 

9696 

9739 

9783 

9826 

9870 

9913 

9957 

43 



Table XIX(g). Values op S, T, and C in Table XIX, fob 
Angles between 0° and 2® and between 88° and 90° 

If we were to plot the values of the logarithmic functions given 
in Table XIX as ordinates and corresponding minutes as abscissas, 
it would be found that the points for each function were on a curve 
with variable radius. It would be noted further that the curves 
for sines, tangents, and cotangents were of comparatively small 
radii when the angles were small; that the curves for cosines, cotan- 
gents, and tangents of angles near 90°, respectively, had the same 
shape as the curves for sines, tangents, and cotangents of the comple- 
ments of the angles; and that other than the portions of the curves 
just mentioned were nearly straight lines for short distances. 

When seconds are involved, it will be suflSciently accurate to inter- 
polate in the ordinary manner between adjacent values in the tables 
— in other words, to assume that the curve joining two adjacent 
points is a straight line — for all functions between 2° and 88°, and 
also for sines of angles between 88° and 90° and for cosines of angles 
between 0° and 2°. The values in the columns headed S, T, and 0 
provide a means (1) of accurately determining for any given angle 
between 0° and 2° the logarithmic sine, tangent, or cotangent, and 
for any given angle between 88° and 90°, the logarithmic cosine, 
cotangent, or tangent; or (2) for a given value of the logarithmic 
sine, tangent, or cotangent of accurately determining the angle when 
it lies between 0° and 2°, and for any given value of the cosine, co- 
tangent, or tangent, the angle when it lies between 88° and 90°. 
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Table XIX(a). — Continued 


Given: angle. Required: logarithmic function. 
log sin « = log a (in seconds) + 1 

log tan a = log o: (in seconds) 4* 7’ ^ In which a is less than 2°. 
log cot a = C *- log a (in seconds) j 


log cos jS ~ log (90° - ^) (in seconds) + B 1 
log tan ^ - C - log (90° - ^) (in seconds) } 
log cot jS = log (90° — j8) (in seconds) + T J 


In which /3 lies be- 
tween 88° and 90°. 


Given: logarithmic function. Required: angle. 

log a (in seconds) = log sin a — ^ 1 

= log tan a — T > In which a is less than 2°. 
= C — log cot a. J 


log (90° - (3) (in seconds) = log cos /3 - Si ^ jj^g ^ 

= C - log ten P ggO goo_ 

= log cot i8 - T J 


Given: angle. 

Required: logarithmic f unction. 


When 


/ « 

190° - 


log sin ur 22'' 1 

log cos 89° 40'38"J 


= 19' 22" = 

/ 1162" 
log 1102" = 3.065206 
S (for 19') = 4.685573 


Examples 

Given: logarithmic function. 
Required: angle. 

When ( }°S “ 1 = 7.750779 

1 log cos j8 J 


7.750779 


When I 

log 1401 


: 23' 21" = 
1401" 

= 3.146438 


log cot 23' 21" 1 

log tan 89° 36' 39" J 


log 


/ 


S (for 19') = 4.685573 
\ (in seconds) == 


\90° -/3/ 


3.065206 


: 1162" = 19' 22" 
= 89° 40' 38" 


When(!°gf“‘“l 
1 log tan /3 J 


C (for 23') - 15.314419 


12.167981 log 


/ 


12.167981 


C (for 23') = 15.314419 


\ (in seconds) — 

3.146438 


\90° 

a = 1401" = 23' 21" 
/? 89° 36' 39" 



LOGARITHMIC SINES, COSINES, TANGENTS, AND COTANGENTS 923 


Table XIX. Logarithmic Sines, Cosines, Tangents, and 
0 ° COTAN(}ENTS 179 ® 




Bine. 

IT 

T.* 

Tang. 

Cotang. 

C.- 

D. 1". 

Cosine. 




Inf. neg. 

4.685 



15.314 




0 

0 

675 

675 

Inf. neg. 

Inf. pos. 

425 


10.000000 

60 

60 

1 

6.46 3726 

675 

675 

6.46 3726 

13.63 6274 

425 


0000 

69 

120 

2 

.76 4756 

675 

675 

.764756 

.23 6244 

425 


oooo 

58 

180 

3 

8.94 0847 

675 

675 

6.94 0847 

13.05 9153 

425 


oooo 

67 

240 

4 

7.066786 

675 

675 

7.066786 

12.934214 

425 


0000 

56 

SOO 

S 

7.162696 

675 

675 

7.16 2696 

12.837304 

425 

.02 

.00 

.00 

.00 

.02 

.00 

.02 

.00 

.02 

00 

10.00 0000 

55 

360 

6 

.24 1877 

675 

675 

.24 1878 

.75 8122 

425 

9.99 9999 

54 

420 

7 

.308824 

575 

576 

.30 8825 

.69 1175 

425 

9999 

53 

480 

8 

.36 6816 

574 

676 

.38 6817 

.633183 

424 

9999 

62 

640 

9 

.41 7968 

674 

676 

.41 7970 

.68 2030 

424 

9999 

51 

600 

10 

7.46 8726 

674 

676 

7.463727 

12.536273 

424 

9.099998 

50 

660 

11 

.60 5118 

674 

676 

.60 5120 

.49 4880 

424 

9998 

49 

720 

12 

.64 2906 

674 

677 

.54 2909 

.45 7091 

423 

9997 

48 

780 

13 

.57 7668 

674 

677 

.67 7672 

.42 2328 

423 

9997 

47 

840 

14 

.60 9853 

674 

677 

.60 9857 

.390143 

423 

9996 

46 

900 

15 

7.63 9816 

673 

678 

7.639820 

12.360180 

422 

.02 

.00 

.02 

9.99 9996 

45 

960 

16 

.66 7845 

673 

678 

.66 7849 

.33 2151 

422 

9995 

44 

1020 

17 

.694173 

673 

678 

.694179 

.305821 

422 

9995 

43 

1080 

18 

.71 8997 

673 

579 

.71 9003 

.28 0997 

421 

9994 

42 

1140 

19 

.74 2478 

673 

679 

.74 2484 

.25 7516 

421 

.00 

.02 

.02 

.02 

.02 

.00 

.02 

.02 

.02 

.02 

03 

9993 

41 

1200 

20 

7.764754 

672 

680 

7.764761 

12.23 5239 

420 

9.99 9993 

40 

1260 

21 

.78 6943 

672 

680 

.78 5951 

.21 4049 

420 

9992 

39 

1320 

22 

.80 6146 

672 

681 

.80 6155 

.19 3845 

419 

9991 

38 

1380 

23 

.82 5451 

672 

681 

.825460 

.174540 

419 

9990 

37 

1440 

24 

.843934 

671 

682 

.84 3944 

.15 6058 

418 

9989 

36 

1500 

25 

7.861662 

671 

583 

7.8$ 1674 

12.13 8326 

417 

9.99 9989 

35 

1560 

26 

.878695 

671 

633 

.878708 

.12 1292 

417 

9988 

34 

1620 

27 

.89 5086 

670 

684 

.89 5099 

.10 4901 

416 

9987 

33 

1680 

28 

.010879 

670 

5S4 

.91 0394 

.08 9106 

416 

9986 

32 

1740 

29 

.92 6119 

670 

685 

.92 6134 

.07 3866 

415 

9985 

31 

1800 

30 

7.94 0842 

669 

586 

7.940858 

12.059142 

414 

.02 

.02 

.02 

.02 

.03 

9.99 9983 

30 

1860 

1 31 

.95 5082 

569 

687 

.95 5100 

.04 4900 

413 

9982 

29 

1920 

32 

.96 8870 

569 

687 

.968889 

.03 nil 

413 

9981 

28 

1980 

33 

.98 2233 

668 

688 

.98 2253 

.01 7747 

412 

9980 

27 

2040 

,.34 

7.99 5198 

568 

689 

7.99 5219 

12.00 4781 

411 

9979 

26 

2100 

35 

8.00 7787 

567 

690 

8.00 7809 

11.99 2191 

410 

.02 

.02 

.03 

.02 

.02 

.03 

.02 

AO 

9.999977 

25 

2160 

36 

.02 0021 

667 

691 

.02 0044 

.97 9956 

409 

9976 

24 

2220 

37 

.031019 

666 

692 

.03 1946 

.96 8055 

408 

9975 

23 

2280 

38 

.043501 

666 

693 

.04 3527 

.95 6473 

407 

9973 

22 

2340 

30 

.05 4781 

666 

693 

.054809 

.94 5191 

407 

9972 

21 

2400 

40 

8.065776 

665 

694 

8.06 6806 

11.93 4194 

406 

9.99 9971 

20 

2460 

41 

.07 6500 

665 

695 

.07 6531 

.923469 

405 

9969 

19 

2520 

42 

.08 6965 

664 

696 

.08 6997 

.91 3003 

404 

9968 

18 

2580 

43 

.09 7183 

664 

698 

.09 7217 

.90 2783 

402 

•Uo 1 
.03 
.03 
.03 
.03 
.02 
.03 
.03 

9966 

17 

2640 

44 

.10 7167 

663 

699 

.10 7203 

.892797 

401 

9964 

16 

2700 

45 

8.116926 

662 

600 

8.116963 

11.883037 

400 

9.99 9963 

15 

2760 

46 

.12 6471 

602 

601 

.12 6510 

.87 3490 

309 

9961 

14 

2820 

47 

.135810 

661 

602 

.13 6851 

.864149 

398 

9969 

13 

2880 

48 

.14 4953 

661 

603 

.144996 

.855004 

397 

9958 

12 

2940 

49 

.153907 

660 

604 

.153952 

.84 6048 

396 

9956 

11 

8000 

50 

8.16 2681 

660 

605 

8.162727 

11.837273 

395 

.03 

.03 

.03 

.03 

03 

9.99 9954 

10 

3060 

51 

.171280 

659 

607 

.171328 

.82 8672 

393 

9952 

9 

3120 

52 

.179713 

658 

608 

.179763 

.820237 

392 

9960 

8 

3180 

53 

.187985 

558 

609 

.18 8036 

.81 1964 

391 

9948 

7 

3240 

54 

.196102 

657 

611 

.19 6156 

.803844 

389 

9946 

6 

8300 

55 

8.204070 

556 

612 

8.204126 

11.795874 

388 

.03 

.03 

.03 , 

.03 ! 

.03 

9.99 9944 

5 

3360 

56 

.21 1895 

556 

613 

.21 1953 

.78 8047 

387 

9642 

4 

3420 

57 

.21 9581 1 

655 

615 

.21 9641 

.78 0369 

385 

9940 

3 

3480 

68 

.22 7134 

654 

616 

.22 7195 

.77 2805 

384 

9938 

2 

3540 

69 

.23 4557 

664 

618 

.234621 

.765379 

382 

9936 

1 

3600 

60 

8.24 1855 

i 

653 

4.( 

619 

585 

8.241921 

11.75 8079 

381 

15.314 

9.999934 

0 

rt 


Cosine. 

S.* 

T.* 

Cotang. 

Tang, 

a* 

D. 1". 1 

Bine. 

/ 


90 ® 89 ® 


* For use of S, T, and C see Tabic XIX (a) , page 921, 



LOOAEITHMIC SINES, COSINES; 


1 ° Table 'KIX.— Continued 178 ° 


w 

/ 

Sine. 

- 57 - 


Tang. 

Cotang. 

C.® 

D. 1". 

Cosine. 

f 




4.685 



15.314 



60 

S600 

0 

8.24 1S55 

653 

619 

8.241921 

11.75 8079 

381 

.03 

9.999934 

3660 

1 

.24 9033 

652 

620 

.249102 

.75 0898 

380 

.05 

9932 

59 

3720 

2 

.25 6094 

651 

622 

.256165 

'.74 3835 

378 

.03 

9929 

58 

3780 

3 

.263042 

651 

623 

.263115 

.736885 

377 

.03 

9927 

57 

3840 

4 

.26 9881 

650 

625 

.26 9956 

.730044 

375 

.05 

9925 

56 

ssoo 

5 

8.276614 

649 

627 

8.276691 

11.723309 

373 

.03 

9.99 9922 

55 

8960 

6 

.28 3243 

648 

628 

.283323 

.71 6677 

372 

.03 

9920 

54 

4020 

7 

.28 9773 

647 

630 

.289856 

.710144 

370 

.05 

9918 

53 

4080 

8 

.296207 

646 

632 

.296292 

.703708 

368 

.03 

9915 

52 

4140 

9 

.302546 

546 

633 

.302634 

.69 7366 

367 

.05 

9913 

61 

4200 

10 

8.30 8794 

545 

635 

8.308884 

11.691116 

365 

.05 

9.999910 

50 

4260 

n 

.314964 

644 

637 

.31 6046 

.68 4954 

363 

.03 

9907 

49 

4320 

12 

.321027 

643 

638 

.32 1122 

.678878 

362 

.05 

9905 

48 

4380 

13 

.327018 

642 

640 

.327114 

.672886 

360 

.05 

9902 

47 

4440 

14 

.33 2924 

541 

642 

.33 3026 

.666975 

358 

.03 

9899 

46 

4500 

15 

8.33 8753 

640 

644 

8.338856 

11.661144 

356 

.05 

9.999897 

45 

4560 

16 

.34 4504 

639 

646 

.344610 

.656390 

354 

.05 

9894 

44 

4620 

17 

.350181 

639 

648 

.35 0289 

.649711 

352 

.05 

9891 

43 

4680 

18 

.35 6783 

638 

649 

.356895 

.644105 

351 

.05 

9888 

42 

4740 

19 

.36 1315 

637 

651 

.36 1430 

.638570 

349 

.05 

9885 

41 

4800 

20 

8.366777 

536 

653 

8.366895 

11.633105 

347 

.05 

9.99 9882 

40 

4860 

21 

.372171 

535 

655 

.372292 

.62 7708 

345 

.05 

9879 

39 

4920 

22 

.377499 

634 

657 

.37 7622 

.622378 

343 

.05 

9876 

38 

4980 

23 

.382702 

633 

6.59 

.382889 

U6171U 

341 

.05 

9873 

37 

6040 

24 

.387962 

532 

661 

.388092 

.61 1908 

339 

.05 

9870 

36 

5100 

25 

8.393101 

531 

663 

8.393234 

11.606766 

337 

.05 

9.999867 

35 

6160 

26 

.398179 

630 

660 

.39 8315 

.60 1685 

334 

.05 

9864 

34 

5220 

27 

.403199 

629 

668 

.408338 

,696662 

332 

.05 

9861 

83 

5280 

28 

.40 8161 

527 

670 

.40 8304 

.69 1696 
'.68 6787 

330 

.07 

9858 

32 

6340 

29 

.413068 

626 

672 

.418213 

328 

.05 

9854 

31 

5400 

30 

8.417919 

625 

674 

8.418068 

11.581932 

326 

.05 

9.999851 

30 

6460 

31 

.422717 

524 

670 

.422869 

.577131 

824 

.07 

9848 

29 

5620 

32 

.427462 

623 

679 

.42 7618 

.67 2382 

821 

.05 

9844 

28 

6580 

33 

.432156 

622 

681 

.432316 

.667685 

,819 

.05 

9841 

27 

6640 

34 

.43 6800 

521 

683 

.43 6962 

.66 3038 

317 

.07 

9838 

26 

6700 

35 

8.44 1394 

520 

685 

8.441560 

11.55 8440 

315 

.05 

9.999834 

25 

6760 

36 

,44 5941 

518 

688 

.44 6110 

.65 3890 

312 

.07 

9831 

24 

6820 

87 

.450440 

617 

690 

.450613 

.54 9387 

310 

.05 

9827 

23 

5880 

38 

4893 

616 

693 

6070 

4930 

307 

.07 

9824 

22 

6940 

39 

.459301, 

615 

695 

.45 9481 

.640519, 

305 

.07 

9820 

21 

6000 

40 

8.463665 

514 

697 

8.463849 

11.53 6151 

303 

.05 

9.999816 

20 

6060 

41 

.46 7985 

612 

700 

,468172 

.63 1828 

300 

.07 

9813 

19 

6120 

42 

.47 2263 

611 

702 

.472454 

.62 7548 

298 

.07 

9809 

18 

6180 

43 

.47 6498 

610 

705 

.47 6693 

.623307 

295 

.07 

9805 

17 

6240 

44 

.48 0693; 

609 

707 

.48 0892 

.619108 

293 

.07 

9801 

16 

6300 

45 

8.48 4848' 

507 

710 

8.48 5050 

11.514950 

290 

.05 

9.999797 

15 

6360 

46 

.488963 

505 

713 

.48 9170 

.51 0830 

287 

.07 

9794 

14 

6420 

47 

.49 3040 

605 

715 

.493250 

.60 0750 

285 

.07 

9790 

13 

6480 

48 

.49 7078 

503 

718 

.49 7293 

,502707 

282 

.07 

9786 

‘ 12 

6640 

49 

.50 1080 

602 

720 

.60 1298 

.49 8702 

280 

.07 

9782 

i 

6600 

50 

8.505045 

601 

723 

8.50 5267 

11.494733 

277 

.07 

9.999778 

10 

6660 

61 

.60 8974 

499 

726 

.60 9200 

.49 0800 

274 

.03 

9774 

1 9 

6720 

62 ! 

.51 2867 

498 

729 

.613098 

.48 6902 

271 

.07 

9769 

8 

6780 

53 

.61 6726 

497 

731 

.616961 

.48 3039 

269 

.07 

9765 

! 7 

6840 

64 1 

.62 0561, 

495 

734 

.620790 

.47 9210 

266 

.07 

9761 

1 ^ 

6900 

55 

8.524343 

494 

737 

8.524586 

11.475414 

263 

.07 

9.999757 

S 

6960 

56 

.628102 

492 

740 

.52 8349 

.47 1651 

260 

.08 

9763 

4 

7020 

57 

.63 1828, 

491 

743 

.53 2080 

.48 7920 

257 

.07 

9748 

3 

7080 

68 

55231 

490 

745 

6779 

4221 

255 

.07 

9744 

2 

7140 

59 

.539186 

488 

748 

.53 9447 

.460553 

252 

.08 

9740 

1 

7200 1 

60 

8.542819 

487 

4.( 

751 
85 i 

8.54 3084 

11.456916 

249 

15.314 


9.99 9735 

0 

ff ! 

_ 

Cosine. 

S.* 

T.* 

Cotang. 

Tang. 

c.® 

D. 1" 

Sine. 

f 





TANGENTS, AND COTANGENTS 


925 


2 ® Table 'XIX..-~C<mtinued 177 ® 


t 

Sine. 

D . 1". 

Cosine . 

D.l". 

Tang . 

D.l". 

Cotang . 


0 

1 

2 

3 

4 
@ 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 
36 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 
60 
61 
52 

63 

64 

65 

66 
57 i 
68 
69 1 
60 

8.54 2810 
6422 
.54 9996 
.56 3539 
.55 7054 

8.56 0540 
3999 

.66 7431 
.57 0836 
4214 

8.57 7566 
.58 0892 

4193 
.58 7469 
.59 0721 

8.59 3948 
.59 7152 
.60 0332 

3489 

6623 

8.60 9734 
.61 2823 

6891 
.61 8937 
.62 1962 

8.62 4965 
.62 7948 
.63 0911 

3854 

6776 

8.63 9680 
.64 2563 

5428 
.64 8274 
.651102 

8.65 3911 
6702 

.65 9475 
.66 2230 
4968 

8.66 7689 
.67 0393 

3080 
6751 
.67 8405 

8.68 1043 
3665 
6272 

.68 8863 
.69 1438 

8.69 3998 
6543 

. 69 9073 
.70 1589 
4090 

8.70 6577 
.70 9049 
.71 1507 

3952 

63831 

8.71 8800' 

60.05 

69.55 

59.07 
58.58 
58.10 
67.65 

67.20 

56.75 
56.30 
65.87 
55.43 
55.02 
64.60 

64.20 
63.78 

53.40 
63.00 
62.62 
62.23 
61.85 
51.48 

51.13 

60.77 

60.42 

60.05 
49.72 
49.38 

49.05 

48.70 

48.40 

48.05 

47.75 

47.43 

47.13 
46.82 

46.52 

46.22 

45.92 
45.63 
45.35 

45.07 

44.78 
44.62 

44.23 

43.97 

43.70 

43.45 
43.18 

42.92 

42.67 
42.42 
42.17 

41.93 

41.68 

41.45 

41.20 

40.97 

40.75 

40.52 
40.28 

9.99 9735 
9731 
9726 
9722 
9717 
9.99 9713 
9708 
9704 
9699 
9694 
9.99 9689 
9685 
9680 
9675 
9670 
9.99 9666 
9660 
9655 
9650 
9645 
9.99 9640 
9635 
9629 
9624 
9619 
9.99 9614 
9608 
9603 
9597 
9592 
9.99 9686 
9581 
9575 
9570 
9564 
9.99 9668 
9553 
9547 
9541 
9535 
9.99 9629 
9524 
9518 
9512 
9506 
9.99 9500 
9493 
9487 
9481 
9475 

9.99 9469 
9463 
9456 
9450 
9443 

9.99 9437 
9431 
9424 
9418 
9411 

9 . to 9404 

.07 

,08 

.07 

.08 

.07 

.08 

.07 

.08 

.08 

.08 

.07 

.08 

.08 

.08 

.08 

.08 

.08 

.08 

.08 

.08 

.08 

.10 

.08 

.08 

.08 

.10 

.08 

.10 

.08 

.10 

.08 

.10 

.08 

.10 

.10 

.08 

.10 

.10 

.10 

.10 

.08 

.10 

.10 

.10 

.10 

.12 

.10 

.10 

.10 

.10 

.10 

.12 

.10 

.12 

.10 

.10 

.12 

.10 

.12 

.12 

8.54 3084 
.54 6691 
.550268 
3817 
.55 7336 

8.56 0828 
4291 

.56 7727 
.57 1137 
4520 

8.57 7877 
.58 1208 

4514 
.58 7795 
.59 1051 
8.59 4283 
.59 7492 
.600677 
3839 
.60 6978 
8.61 0094 
3189 
6262 
.61 9313 
.62 2343 
8.62 5362 
.62 8340 
.63 1308 
4256 
.63 7184 
8.64 0093 
2982 
5853 
.64 8704 
.65 1537 
8.66 4362 
7149 
.65 9928 
.662689 
5433 

8.66 8160 
.67 0870 
3563 
6239 
.67 8900, 

8.68 1644 
4172 
67841 

.6893811 
.69 1963 

8.69 4529 
7081 

.699617 
.70 2139 
4646 

8.70 7140 
.70 9618 
,71 2083 

4534 

6972 

8.71 9396 

60.12 

59.62 

59.15 
58.65 
58.20 

57.72 

67.27 
56.83 
56.38 
55.95 

55.62 
65.10 
54.68 

54.27 

63.87 
53.48 
63.08 
62.70 

62.32 
61.93 
51.58 
61.22 

60.85 
50.50 

60.15 

49.80 

49.47 
49.13 

48.80 

48.48 

48.15 

47.85 

47.52 
47.22 
46.92 

46.62 

46.32 

46.02 

45.73 
45.46 
45.17 

44.88 
44.60 
44.35 

44.07 

43.80 

43.53 

43.28 

43.03 

42.77 

42.53 
42.27 

42.03 

41.78 
41.57 
41.30 

41.08 

40.85 

40.63 
40.40 

11.45 6916 
.46 3309 
.44 9732 
6183 
.44 2664 
11.43 9172 
5709 
.43 2273 
.42 8863 
5480 
11.42 2123 
.41 8792 
5486 
.41 2205 
.40 8949 
11.40 5717 
.40 2508 
.39 9323 
6161 
.39 3022 
11.38 9906 
6811 
3738 
.38 0687 
.37 7657 
11.37 4648 
.37 1660 
.36 8692 
6744 
.36 2816 
11.35 9907 
7018 
4147 
.35 1296 
.34 8463 
11.34 6648 
2851 
.34 0072 
.33 7311 
4567 
11.33 1840 
.32 9130 
6437 
3761 
.32 1100 
11.31 8466 
6828 
3216 
.31 0619 
.30 8037 
11.30 5471 
2919 
.30 0383 
.29 7861 
5354 
11.29 2860 
.29 0382 
.28 /917 
6466 
3028 
11.28 0604 

60 

59 

58 

57 

56 

SB 

54 

63 

62 

51 

SO 

49 

48 

47 

46 

46 

44 

43 

4-2 

41 

40 

39 

38 

37 

36 

36 

34 

33 

32 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

S 

4 

3 

2 

1 

0 

t 

Cosine . 

D . l ". 

Sine . 

D.l" 

Cotang . 

D.l". 

Tang . 

t 


92 ‘ 


87 ® 




926 LOGABITHMIC SINES, COSINES, 
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Sine. 

D.l'^ 

Cosine. 

D.l" 

Tang. 

D.l^'. 

Cotang. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 
26 
26 

27 

28 
29 
80 
81 

32 

33 

34 
86 

36 

37 

38 

39 

40 

41 

42 

43 

44 
46 

46 

47 

48 

49 
60 
61 

52 

53 

54 
66 
56 

67 

68 

1 60 

8.71 8800 
.72 1204 
3595 
5972 
.72 8337 

3.73 0688 
3027 
6354 
7667 

.73 9969 

8.74 2259 
4536 
6802 

.74 9065 
.75 1297 

8.75 3528 
6747 

.75 7955 
.76 0151 
2337 

8.76 4611 
6675 

.76 8828 
.77 0970 
3101 

8.77 6223 
7333 

.77 9434 
.78 1524 
3605 

8.78 6676 
7736 

.78 9787 
.79 1828 
3859 

8.79 5881 
7894 

.79 9897 
.80 1892 
3876 

8.80 6862 

7819 
.80 9777 
.81 1726 
3667 
8.81 6599 
7522 
.819436 
.821343 
3240 
8.82 6130 
7011 
.82 8884 
.83 0749 
2607 
8.88 4456 
6297 
8130 
.83 9956 
.84 1774 
8.84 3686 

40.07 

39.85 

39.62 

39.42 
39.18 

38.98 
38.78 

38.55 

38.37 

38.17 
37.95 

37.77 

37.55 

37.37 

37.18 

36.98 
36.80 

36.60 

36.43 
36.23 

36.07 
35.88 

35.70 
35.52 

35.37 

35.17 

35.02 
34.83 

34.68 
34.50 

34.35 

34.18 

34.02 

33.85 

33.70 

33.55 

33.38 
33.25 

33.07 
32,93 

32.78 

32.63 
32.48 

32.35 
32,20 
32.06 
31.90 

31.78 
31.62 

31.60 

31.35 
31.22 

31.08 
30.97 
30.82 

30.68 
30.65 

30.43 
30.30 

80.18 

9.99 9404 
9398 
9391 
9384 
9378 
9.99 9371 
9364 
9357 
9350 
9343 
9.99 9336 
9329 
9322 
9315 
9308 
9.99 9301 
9294 
, 9287 
9279 
9272 
9.99 9266 
9257 
9250 
9242 
9235 
9.99 9227 
9220 
9212 
9205 
9197 
9.99 9189 
9181 
9174 
9166 
9158 
9.99 9160 
9142 
9134 
9126 
9118 
9.99 9110 
9102 
9094 
9086 
9077 
9.99 9069 
9061 
9053 
9044 
9036 
9.99 9027 
9019 
9010 
9002 
8993 
9.99 8984 
8976 
8967 
8958 
8950 
9.99 8941 

.10 
.12 
.12 
.10 
.12 
.12 
.12 
.12 
.12 
.12 
.12 
.12 
.12 
.12 
.12 
.12 
.12 
.13 
.12 
.12 
.13 
.12 
.13 
.12 
.13 
.12 
.13 
.12 
.13 
.13 
.13 
,12 
.13 
.13 
.13 i 
.13 
.13 
.13 
.13 
.13 
.13 
.13 
,13 
.15 
.13 
.13 
.13 
.15 1 
.13 
.15 
.13 
.15 
.13 
.15 
.15 
.13 
,15 
.15 
.13 
.15 

8.71 9396 
.72 1806 

4204 
6588 

,72 8959 

8.73 1317 
3663 
6996 

.73 8317 
.74 0626 

8.74 2922 
6207 
7479 

.74 9740 
.75 1989 

8.75 4227 
6453 

.75 8668 
.76 0872 
3065 

8.76 5246 
7417 

.76 9578 
.77 1727 
3865 

8.77 69"" 
.77 8114 
.780222 

2320 

4408 

8.78 6486 
.78 8554 
.79 0613 

2662 

4701 

8.79 6731 
.79 8752 
.80 0763 

2765 

4758 

8.80 6742 
.80 8717 
,81 0683 

2641 

4589 

8.81 6629 
.818461 
.82 0884 

2298 

4205 

8.82 6103 
7992 

.82 9874 
.83 1748 
3613 

8.83 6471 
7321 

.83 9163 
.84 0908 
2825 

8.84 4644 

40.17 

39.97 

39.73 

39.52 

39.30 

39.10 
38.88 

38.68 

38.48 
38.27 
38.08 
37.87 

37.68 

37.48 

37.30 

37.10 

36.92 

36.73 
36.55 
36.35 

36.18 
36.02 

35.82 
35.65 

35.48 

35.32 
35.13 

34.97 
34.80 

34.63 

34.47 

34.32 
34.15 

33.98 

33.83 

33.68 

33.52 

33.37 

33.22 

33.07 

32.92 

32.77 

32.63 

32.47 

32.33 
32.20 
32.05 
31.90 

31.78 

31.63 

31.48 

31.37 

31.23 

31.08 
30.97 

30.83 
30.70 
30.58 
30.46 
30.32 

11.28 0604 
.27 8194 
5796 
3412 
.27 1041 
11.26 8683 
6337 
4004 
.26 1683 
.25 9374 
11.26 7078 
4793 
2521 
.25 0260 
.24 8011 
11.24 6773 
3547 
.24 1332 
.23 9128 
6935 
11.23 4764 
2583 
.23 0422 
.22 8273 
6134 
11.22 4006 
.22 1886 
.21 9778 
7680 
5592 
11.21 3514 
' .21 1446 

.20 9387 
7338 
5299 
11.20 3269 
.20 1248 
.19 9237 
7235 
6242 
11.19 3258 
. 19 1283 
.18 9317 
7359 
5411 
11.18 3471 
.18 1539 
.17 9616 
7702 
5796 
11,17 3897 
2008 
.17 0126 
.16 8252 
6387 
11.16 4529 
2679 
.16 0837 
.15 9002 
7175 

11.16 6866 

60 

69 

68 

67 

56 

66 

64 

63 

52 

51 

60 

49 
48 
47 
46 
46 
44 
43 
42 
41 
40 
39 
38 
37 
36 
86 
34 
33 
32 
31 

50 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 

LI 

Cosine. 

D.l" 

Sine. 

D.l" 

Cotang. 

D.l". 

Tang. 



S3' 


86 ' 
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# 

Sine. 

D.l". 

Cosine. 

D.l''. 

Tang. 

D.l". 

Cotang. 

9 

0 

1 

2 

3 

4 
@ 

6 

7 

8 

9 

10 

11 

12 

13 

14 

n 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 
29 
80 

31 

32 

33 

34 
86 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 
56 

56 

57 

58 

59 

60 

5.01 9286 
.02 0435 

1632 

2825 

4016 

9.02 6208 
6386 
7567 
8744 

.02 9918 

9.03 1089 
2257 
3421 
4582 
5741 

9.08 6890 
8048 
.03 9197 
.04 0342 
1485 

9.04 2626 
3762 
4895 
6026 
7164 

9.04 8279 
.04 9400 
.05 0519 

1635 

2749 

9.05 3859 
4966 
6071 
7172 
8271 

9.05 9367 
.06 0460 

1551 
2639 
t 3724 

9.06 4806 
6885 
6962 
8036 

.06 9107 

9.07 0176 
1242 
2306 
3366 
4424 

9.07 6480 
6533 
7583 
8631 

.07 9676 

9.08 0719 
1759 
2797 
3832 
4864 

9.08 6894 

20.00 

19.95 

19.88 

19.85 
19.78 

19.72 
19.68 

19.62 

19.67 
19.52 

19.47 
19.40 

19.35 

19.32 

19.25 
19.20 

19.16 

19.08 
19.05 
19.00 

18.95 

18.88 

18.85 
18.80 
18.75 

18.68 

18.65 
18.60 

18.67 

18.50 
18.45 

18.42 

18.35 

18.32 
18.27 
18.22 
18.18 
18.13 

18.08 
18.03 
17.98 

17.95 
17.90 

17.85 
17.82 
17.77 

17.73 

17.67 

17.63 
17.60 

17.65 

17.50 

17.47 

17.42 
17.38 

17.33 
17.30 

17.25 
17. 2Q 

17.17 

9.99 7614 
7601 
7588 
7574 
7561 
9.99 7547 
7534 
7620 
7507 
7493 
9.99 7480 
7466 
7452 
7439 
7425 
9.99 7411 
7397 
7383 
7369 
7365 

9.99 7341 
7327 
7313 
7299 
7285 

9.99 7271 
7257 
7242 
7228 
7214 

9.99 7199 
7185 
7170 
7156 
7141 

9.99 7127 
7112 
7098 
7083 
7068 
9.99 7063 
7039 
7024 
7009 
6994 
9.99 6979 
6964 
6949 
6934 
6919 
^99 6904 
6889 
6874 
6868 
6843 
9.99 6828 
6812 
6797 
6782 
6766 
9.99 6781 

.22 
.22 
.23 
,22 
.23 
.22 
.23 
,22 
.23 
.22 
.23 
.23 
.22 
.23 
.23 
.23 
.23 
,23 
.23 
.23 
.23 
.23 
.23 
.23 
.23 
.23 
.25 
.23 
.23 
.25 
.23 
.25 
.23 
.25 
.23 
.25 
.23 
.25 
, .25 

! .25 

.23 
.25 
.25 
.25 
.25 
.25 
.25 
.25 
,25 
.25 
.25 
.25 
.27 
.25 
.27 
.27 
.25 
.25 
.27 
.25 

9.02 1620 
2834 
4044 
6251 
6455 

9.02 7656 
.02 8852 
.03 0046 

1237 

2426 

9.03 3609 
4791 
5969 
7144 
8316 

9.03 9485 
.04 0651 

1813 

2973 

4130 

9.04 5284 
6434 
7582 
8727 

.04 9869 
9.05 1008 
2144 
3277 
4407 
6535 
9.06 €669 
7781 
.05 89001 
.06 0016 
1130 
9.06 2240 
3348 
4463 
6656 
6656 

9.06 7752 
8846 

.06 9938 
.07 1027 
2113 

9.07 3197 
4278 
5356 
6432 
7505 

9.07 8676 
.07 9644 
.08 0710 

1773 

2833 

9.08 3891 
4947 
6000 
7050 
8098 

9.08 9144 

20.23 

20.17 
20.12 

20.07 
20.00 
19.95 
19.90 

19.85 

19.80 

19.73 

19.70 

19.63 
19.68 
19.53 
19.48 
19.43 

19.37 
19.33. 

19.28 

19.23 

19.17 
19.13 

19.08 
19.03 
18.98 

18.93 
18.88 
18.83 

18.80 

18.73 

18.70 
18.65 
18.60 
18.57 

18.50 

18.47 

18.42 

18.38 
18.32 

18.28 
18.25 
18.20 
18.15 
18.10 
18.07 
18.02 
17.97 

17.93 
17.88 

17.85 
17.80 
17.77 
17.72 
17.67 

17.63 
17.60 
17.55 

17.50 

17.47 

17.42 

10.97 8380 

7166 
5956 
4749 
3545 

10.97 2346 
.971148 
.96 9954 
8763 
7575 
10.96 6391 
5209 
4031 
2856 
1684 
10.96 0515 
.95 9349 
8187 
7027 
5870 
10.96 4716 
3566 
2418 
1273 
.95 0131 
10.94 8992 
7856 
6723 
5593 
4466 
10.943341 
2219 
.941100 
.93 9984 
8870 
10.93 7760 
6652 
6547 
4444 
3345 
10.93 2248 
1154 
,93 0062 
.92 8973 
7887 
10.92 6803 
6722 
4644 
3568 
2495 
10.92 1424 
.92 0366 
.91 9290 
8227 

7167 
10.91 6109 

5053 
; 4000 

1 2950 

, 1902 

10.91 0886 

60 

59 

58 

57 

56 

66 

54. 

63 

52 

51 

60 
49 
48 
47 
46 
46 
44 
43 
42 
41 

40 

39 

38 

37 

36 

36 

34 

33 

32 

31 

30 

29 

28 

27 

26 

26 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

6 

4 

3 

2 

1 

0 

$ 

Cosine. 

D.l". 

Sine. 

] D.l''. 1 Cotang. 

D.r'. 

Tang. 



W 
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Sine. 

D.l". 

Cosine. 

D.l". 

Tang. 

D.l" 

Cotang. 

/ 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 
81 

32 

33 

34 
85 

36 

37 

38 

39 

40 

41 

42 ’ 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 
65 

56 

57 

58 

59 
50 

9.14 3555 
4453 
5349 
6243 
7136 

9.14 8026 
8915 

.14 9802 

.15 0686 
1569 

9.15 2451 
3330 
4208 
5083 
6957 

9.15 6830 
7700 
8569 

.15 9435 

.16 0301 

9.i6T164 

‘2025 

2885 

3743 

4600 

9.16 6454 
6307 
7159 
8008 
8856 

9.16 9702 

.17 0547 

1389 

2230 

3070 

9.17 3908 
4744 
6578 
6411 
7242 j 

9.17 8072 
8900 

.17 9726 

.18 0551 
1374 

9.18 2196 
3016 
3834 
4651 
5466 

9.18 6280 
7092 
7903 
8712 

.18 9519 

9.19 0325 
1130 
1933 
2734 
3534 

9.19 4332 

14.97 

14.93 

14.90 

14.88 
14.83 

14.82 
14.78 
14.73 

14.72 

14.70 
14.65 

14.63 
14.58 

14.57 
14.65 
14.60 

14.48 
14.43 

14.43 

14.38 
14.35 
14.33 
14.30 
14.28 
14.23 
14.22 
14.20 
14.15 
14.13 
14.10 
14.08 
14.03 
14.02 
14.00 

13.97 

13.93 

13.90 

13.88 
13.86 

13.83 
13.80 
13.77 
13.75 

13.72 

13.70 
13.67 

13.63 
13.62 

13.58 
13.57 
13.53 
13.52 

13.48 
13.45 

13.43 
13.42 

13.38 
13.35 
13.33 
13.30 

9.99 5753 
5735 
6717 
6699 
6681 
9.99 S664 
5646 
5628 
5610 
6591 
9.99 6573 
6555 
6537 
5519 
5501 
9.99 6482 
5464 
6446 
5427 
6409 
9.99 5390 
6372 
6353 
5334 
6316 
9.99 5297 
5278 
6260 
5241 
6222 
9.99 5203 
5184 
6165 
6146 
5127 
9.99 5108 
5089 
6070 
5061 
6032 
9.99 5013 
4993 
4974 
4956 
4935 
9.99 4916 
4896 
4877 
4857 
4838 
9.99 4818 
4798 
4779 
4759 
4739 
9.99 4720 
4700 
4680 
4660 
; 4640 

*9.99 4620 

.30 
.30 
.30 
.30 
.28 
.30 
.30 
.30 
.32 
.30 
.30 
.30 
.30 
.30 
.32 
.30 
.30 
.32 
.30 
.32 
.30 
.32 
.32 
.30 
.32 
.32 
.30 
.32 
.32 
,32 
.32 
.32 
.32 
.32 
.32 1 
.32 
.32 
.32 
.32 
.32 
.33 
.32 
.32 
.33 
.32 
.33 
.32 
.33 
,32 
.33 
.33 
.32 
.33 
.33 
.32 
.33 
.33 
.33 
.33 
.33 

9.14 7803 
87X8 

.14 9632 
.15 0544 
1454 

9.15 2363 
3269 
4174 
5077 
6978 

9.16 6877 
7775 
8671 

.15 9565 
.16 0457 
9.16 1347 
2236 

3123 
4008 
4892 

9.16 6774 
6654 
7532 
8409 

.16 9284 

9.17 0157 
1029 
1899 
2767 
3634 

9.17 4499 
6362 
6224 
7084 
7942 

9.17 8799 
. 17 9655 
.18 0508 

1360 

2211 

9.18 3059 
3907 
4752 
6697 
6439 

9.18 7280 
8120 
8968 

.18 9794 
.19 0629 
9.191462 
2294 

3124 
3953 
4780 

9.195606 

6430 

7253 

8074 

8894 

9.19 9713 

15.25 

16.23 

15.20 

15.17 

15.15 

15.10 

15.08 

15.05 

15.02 

14.98 

14.97 

14.93 

14.90 

14.87 

14.83 
14.82 
14.78 

14.76 

14.73 
14.70 

14.67 
14.63 

14.62 
14.58 

14.65 

14.63 
14.50 
14.47 
14.46 
14.42 
14.38 
14.37 
14.33 
14.30 
14.28 
14.27 
14.22 
14.20 
14.18 
14.13 
14.13 
14.08 
14.08 
14.03 
14.02 
14,00 
13.97 
13.93 
13.92 

13.88 
13.87 

13.83 
13.82 
13.78 

13.77 

13.73 
13.72 

13.68 
13.67 

13.65 

10.85 2197 
1282 
.85 0368 
.84 9456 
8546 
10.84 7637 
6731 
5826 
4923 
4022 
10.84 3123 
2225 
1329 
.84 0435 
.83 9643 
10.83 8653 
7764 
6877 
5992 
6108 
10.83 4226 
3346 
2468 
1591 
.830716 
10.82 9843 
8971 
8101 
7233 
6366 
10.82 6501 
4638 
3776 
2916 
2058 

10.82 1201 
.82 0345 
.81 9492 
8640 
7789 
10.81 6941 
6093 
5248 
4403 
3661 
10.81 2720 
1880 
1042 
.81 0206 
.80 9371 
10.80 8538 
7706 
6876 
6047 
6220 
10.80 4394 
3570 
2747 
1926 
1106 
10.80 0287 

60 

59 

68 

57 

66 

55 

64 

68 

62 

61 

50 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

89 

38 

37 

36 

85 

34 

33 

32 

31 

80 

29 
28 
27 
26 
25 
24 
23 
22 
21 

30 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 

8 

7 

6 

6 

4 

3 

2 

1 

0 

f 

Cosine. 

D.l". 

Sine. 

|D.r'. 1 Cotang. ] D.l" 

Tang. 

f 


81® 


98‘ 












/ 

Sine. 

0 

9.23 9670 

1 

.24 0386 

2 

1101 

3 

1814 

4 

2526 

6 

9.24 3237 

6 

3947 

7 

4656 

8 

5363 

9 

6069 

10 

9.24 6776 

11 

7478 

12 

8181 

13 

8883 

14 

.24 9583 

15 

9.26 0282 

16 

0980 

17 

1677 

18 

2373 

19 

3067 

20 

9.26 3761 

21 

4463 

22 

5144 

23 

6834 

24 

6523 

26 

9.26 7211 

26 

7898 

27 

8583 

28 

9268 

29 

.25 9951 

30 

9.26 0633 

31 

1314 

32 

1994 

33 

2673 

34 

3351 

36 

9.264027 

36 

4703 

37 

6377 

38 

6051 

39 

6723 

40 

9.26 7396 

41 

8065 

42 

8734 

43 

.26 9402 

44 

.27 0069 

46 

9.27 0735 

46 

1400 

47 

2064 

48 

2726 

49 

3388 

60 

9.27 4049 

51 

4708 

62 

6367 

63 

6025 

64 

6681 

66 

9.27 7337 

66 

7991 

57 

8645 

68 

9297 

69 

.279948 

60 

9.28 0699 

I f 

1 

Cosine. 


TANGENTS, AND COTANGENTS 
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D.l". Cosine. D.l". 


11.93 

11.92 

11.88 

11.87 

11.85 
11.83 
11.82 
11.78 
11.77 
11.77 
11.72 
11.72 
11.70 
11.67 
11.65 
11.63 
11.62 
11.60 
11.57 
11.57 
11.53 
11.52 
11.50 
11.48 
11.47 
11.45 
11.42 
11.42 
11.38 
11.37 
11.35 
11.33 
11.32 
11.30 
11.27 
11.27 
11.23 
11.23 
11.20 
11.20 
11.17 
11.15 
11.13 
11.12 
11.10 
11.08 
11.07 
11.03 
11.03 
11.02 
10.98 
10.98 
10.97 

10.93 
10.93 
10.90 
10.90 

10.87 

10.85 
10.85 


9.' 


99 3351 
3329 
3307 
3284 
3262 
.99 3240 
3217 
3195 
3172 
3149 
.99 3127 
3104 
3081 
3059 
3036 
.99 3013 
2990 
2967 
2944 
2921 
.99 2898 
2875 
2852 
2829 
2806 
.99 2783 
2759 
2736 
2713 
2690 
.99 2666 
2643 
2619 
2596 
2572 
.99 2549 
2525 
2501 
2478 
2454 
. 99 2430 
2406 
2382 
2359 
2335 
.99 2311 
2287 
2263 
2239 
2214 
.99 2190 
2166 
2142 
2118 
2093 
.99 2069 
2044 
2020 
1996 
1971 
.99 1947 


.37 

.37 

.38 

.37 

.37 

.38 

.37 

.38 

.38 

.37 

.38 

.38 

.37 

.38 

.38 

.38 

.38 

.38 

.38 

.38 

.38 

.38 

.38 

.38 

.38 

.40 

.38 

.38 

.38 

.40 

.38 

.40 

.38 

,40 

.38 

.40 

.40 

.38 

,40 

.40 

.40 

.40 

.38 

.40 

.40 

.40 

.40 

.40 

.42 

.40 

.40 

.40 

.40 

.42 

.40 

.42 

.40 

.40 

.42 

.40 


Tang. 


9.24 6319 
7057 
7794 
8530 
9264 

9.24 9998 
.25 0730 

1461 

2191 

2920 

9.25 3648 
4374 
5100 
5824 
6547 

9.26 7269 
7990 
8710 

.25 9429 
.26 0146 

9.26 0863 
1578 
2292 
3005 
3717 

9.26 4428 
5138 
5847 
6555 
7261 

9.26 7967 
8671 

.269375 
.27 0077 
0779 

9.37 1479 
2178 
2876 
3573 
4269 

9.27 4964 
5658 
6351 
7043 
7734 

9.27 8424 
9113 

.279801 

.280488 

1174 

9.381868 

2542 

3225 

3907 

4588 

9.28 6268 
5947 
6624 
7301 
7977 

9.28 8662 


D.1". 


12.30 

12.28 

12.27 
12.23 
12.23 
12.20 
12.18 
12,17 
12.15 
12.13 
12.10 
12.10, 
12.07 
12.05 
12.03] 
12.02 
12.00 
11.98 
11.95, 
11.95| 
11.92 
11.90 j 
11.88 
11.87 
11.85 
11.83 
11.82 
11.80 
11.77 
11.77 
11.73 
11.73 
11.70 
11.70 
11.67 
11.65 
11.63 
11.62 
11.60 
31.58 
11.57 
11.56 
11.53 
11.62 
11.50 
11.48 
11.47 
11.45 
11.43 
11.40 
11.40 
11.38 
11.37 
11.35 
11.33 
11.32 

11.28 
11.28 
11.27 
11.25 


D.l". 1 Sine. D.l". 


Cotang^ DJ^ 


169 ^ 


Cotang. 

# 

10.76 3681 

60 

2943 

59 

2206 

58 

1470 

67 

0736 

66 

10.76 0002 

66 

.74 9270 

64 

8639 

53 

7809 

52 

7080 

61 

10.74 6362 

60 

5626 

49 

4900 

48 

4176 

47 

3453 

46 

10.74 2731 

45 

2010 

44 

1290 

43 

.74 0571 

42 

.73 9854 

41 

10.73 9137 

40 

8422 

39 

7708 

38 

6995 ! 

37 

6283, 

36 

10.73 6672! 

36 

4862 

34 

4153 

33 

3445 

32 

2739 

31 

10.73 2033 

80 

1329 

29 

.73 0625 

28 

.72 9923 

27 

9221 

26 

10.72 8621 

26 

7822 

24 

7124 

23 

6427 

22 

5731 

21 

10.72 6036 

20 

4342 

19 

3649 

18 

2957 

17 

2266 

16 

10.72 1676 

16 

0887 

14 

.72 0199 

13 

.719512 

12 

8826 

11 

10.71 8142 

10 

7458 

9 

6775 

8 

6093 

7 

5412 

6 

10.71 4732 

6 

4053 

4 

3376 

3 

2699 

2 

2023 

1 

10.71 1348 

0 

Tang. 
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0 §.28 0599 


.19.991947 

1922 

10.82 1007 


I ifso 

4 I 3190 10.77 

5 {§.28 3836 10 fj'i 

® 10:73 


8 5766 

9 6408 

10 9.287048 

11 7688 

12 8326 

13 8964 


Sit 10:70 


in 7R ^897 
10 -JS 1873 
10.77 1848 
10 77 

;^*''|9.99 1828 
1041 1799 
10 -Z?! 1774 


11 7688 iA «o! 

12 8326 

13 8964 iX-gX 

14 .28 9600 ll’S 

15 9.29 0236 .q 57! 

16 0870 

\l M37 

IS life 10.52 

19 2768 10.52 

20 9-22 3399 ^q\ 

21 4029 IQ 4gj 

22 4658 Jg-gi 

I! 5913 

24 5913 iQ.4,5 


10 -S 1724 

?®*39.99 1699 

10 -OJ 1674 

1649 

10.03i IA04 


}o'dh®®“l9 


IS 9.29 6S39 .n 

i? 

II foil 

80 9.29 9655 iq ok 
31 .30 0276 iX-XXi 

82 0895 ]0.32| 

83 1514 

34 2132 

35 9. SO 2748 ^ 97 


40 9.80 6819 iQ ^g 

II 704? fit 

44 8269 

44 8269 10.13 

46 9.30 8867 iq 

46 .30 9474 JX'Jg 

47 .310080 iX'Ax 

48 0685 

49 1289 

60 9.811893 -Q Qg 


65 9.314897 


60 9.317879 


2-28 8652 n gs 

.28 9999 iroQ 
•29 0671 Ydl 
1S42 11.18 
9.29 2013 11 15 

2682 i{*fX 

3350 }}*}X 
4017 \dil 
4684 

^•22 5349 11 07 

11*07 
^lll 11*03 

7339 11.03 
3001 11.02 
2.298662 h^qO 
9322 IQ 07 


10.52 

iofo *■*•»«« 

• >3il 

10 -471 1372 

10.45, 

10.43 

;^*;g9.99 1321 

10.42 1295 

10.40| 1270 

10.40j 1244 

10*35 1.21^ 

Jq ,^9.99 1193 
10*35 1167 

18:11 Wtl 

fi? 1090 

10.25 JXi2 

10.23 5^86 

10.23 0060 

10.20 

;^*::a9.99 0934 
10 -111 0908 

10.18 0882 

10* Ig 0855 

io'll 0829 

Jq , 39.99 0803 

10*12 0777 

lO.lOj 0750 

10.08, 0724 

10.07 0697 

10.07 ^ ^ 

,q q59.99 0671 
10.03 0645 

10*03j 0618 

10*0| 0591 

lO'.OO 

9.99 0538 

till 0511 

tltl 0485 

0.05 0468 

0.0| 0431 

0.92 9.99 0404 


10.711348 60 

0674 59 
. .71 0001 68 
.70 9329 67 
8658 66 
10.70 7987 50 
7318 54 
6650 53 
6983 52 
5316 51 
10.70 4661 60 
3987 49 
3323 48 
2661 47 
1999 46 


7339 2661 47 

8001 11*02 1099 46 

9.298662 n' OO ff 

9322 ii* Q7 0678 44 

.29 9980 IS'S .70 0020 43 

.30 0638 iX'Xs .69 9362 42 

1295 }X*X§ 8705 41 

9.301951 iq'qo 10.69 8049 40 

2607 }2*ff 7393 39 

3261 }n*oo 6739 38 

3914 if •If 6086 37 

4567 iS'ft 5433 36 

19.80 6218 ,Q‘gc 10.69 4782 35 

5869 IX'fo 4131 34 

' akVq 10.83 0481 33 


7168 

7816 

9.30 8463 


6519 iX*gX 
7168 iX*fo 
7816 io:78 


3481 33 
2832 32 
2184 31 


. 30 8463 1 Q 77 10 . 69 1537 30 

9109 Jf*n 0891 29 
.30 9754 iX'Zt .69 0246 28 
.310399 if-If .68 9601 27 

1! 1042 8958 26 

9.311686 10*70 10.68 8316 25 
2327 7673 24 

2968 if*ff 

OAnc lu.O/ 


3608 

4247 

9.314885 

5523 


6795 

7430 

9.818064 

8697 

9330 


till 16*60 

6' 65 10.58 

7^80 10.57 


7032 23 
6392 22 
5753 21 
10.68 5115 20 
4477 19 

3841 18 

3205 17 
2570 16 


.818064 -0 .- 10.681936 If 

8697 }X*ff 1303 14 
9330 if-fo 0670 13 

.319961 iX'tS .68 0039 12 
.32 0592 io 50 .67 9408 11 

.321222 To*. g 10.67 8778 10 

lori 10.48 0,40 a 


9.32 1222 

2479 ^6.47 

1*79 10.45 

8106 10.45 
10.42 
82 4358 10.42 
tfiff 10.40 
6231 16.40 

6863 
9.327475 


8149 
7521 
6894 
6267 
10.67 5642 
5017 
4393 
3769 
I 3147 
10.67 2525 
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/ 

Sine. 

D.l". 

Cosine. 

D.l". 

Tang. 

D.l". 

Cotang. 

t 

0 

1 

2 

5 

4 

@ 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 
19 
SO 
21 
22 

23 

24 

25 

26 

27 

28 
29 
80 
81 

32 

33 

34 
85 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 
61 
62 

63 

64 
55 
66 

67 

68 
69 
50 

1.817879 
8473 
9066 
.31 9658 
.32 0249 
9.82 0840 
1430 
2019 
2607 
3194 
9.32 8780 
4366 
4950 
6534 
6117 
9.82 6700 
7281 
7862 
8442 
9021 

9.82 9599 
.33 0176 

0753 
1329 
1903 
9.88 2478 
3051 
3624 
4195 
4767 

9.83 5837 
6906 
6475 
7043 
7610 

9.83 8176 
8742 
.9307 

.33 9871 
.34 0434 

9.84 0996 
1558 
2119 
2679 
3239 

9.84 8797 
4355 
4912 
6469 
6024 
9.84 6579 
7134 
7687 
8240 
8792 

9.84 9348 
.34 9893 
.35 0443 

0992 

1540 

9.85 2088 

9.90 

9.88 

9.87 

9.85 

9.85 

9.83 

9.82 

9.80 

9.78 

9.77 

9.77 

9.73 

9.73 

9.72 

9.72 

9.68 

9.68 

9.67 

9.65 

9.63 

9.62 

9.62 
9.60 
9.67 
9.58 
9.55 
9.55 
9.52 

9.63 
9.50 
9.48 
9.48 
9.47 
9.45 
9.43 
9.43 
9.42 
9.40 
9.38 
9.37 
9.37 
9.35 
9.33 
9.33 
9.30 
9.30 
9.28 
9.28 

9.25 

9.26 
9.26 
9.22 
9 22 
9.20 
9.18 

9.17 

9.17 
9.15 
9.13 
9.13 

0.99 0404 
0378 
0351 
0324 
0297 
9.99 0270 
0243 
0215 
0188 
0161 
9.99 0134 
0107 
0079 
0052 
.99 0025 
9.98 9997 
9970 
9942 
9915 
9887 

9.98 9860 
9832 
9804 
9777 
9749 

9.98 9721 
9093 
9665 
9637 
9610 

9.98 9582 
9553 
9525 
9497 
9469 

9.98 9441 
9413 
9385 
9356 
9328 

9.98 9300 
9271 
9243 
9214 
9186 
9.98 9157 
9128 
9100 
9071 
9042 
9.98 9014 
8985 
8956 
8927 
8898 
9.98 8869 
8840 
8811 
8782 
8753 
9.98 8724 

.43 

.45 

.45 

.45 

.45 

.45 

.47 

.45 

.45 

.45 

.45 

.47 

.45 

.45 

.47 

.45 

.47 

.45 

.47 

,45 

.47 

.47 

.45 

.47 

.47 

.47 

.47 

.47 

.45 

.47 

.48 

.47 

.47 

.47 

.47 

.47 

.47 

.48 

.47 

.47 

.48 i 

.47 

.48 

.47 ' 

.48 

.48 

.47 

.48 

.48 

.47 

,48 

.48 

.48 

.48 

.48 

.48 

.48 

.48 

.48 

.48 

9.32 7475 
8095 
8715 
9334 

.32 9953 

9.33 0570 
1187 
1803 
2418 
3033 

9.33 3646 
4259 
4871 
5482 
6093 

9.33 6702 
7311 
7919 
8527 
9133 

9.33 9739 

.34 0344 

0948 

1552 

2155 

9.34 2757 
3358 
3958 
4558 
6157 

9.34 5755 
6353 
6949 
7545 
8141 

9.348735 
9329 
.34 9922 
.36 0514 
1106 

9.35 1697 
2287 
2876 
3465 
4053 

9.35 4640 
6227 
6813 
6398 
6982 

9.35 7566 
8149 
8731 
9313 

.359893 

9.360474 

1053 

1632 

2210 

2787 

9.36 3364 

10.33 

10.33 

10.32 

10.32 

10.28 

10.28 

10.27 

10.25 

10.25 

10.22 

10.22 

10.20 

10.18 

10.18 

10.15 

10.15 

10.13 

10.13 

10.10 

10.10 

10.08 

10.07 

10.07 

10.05 

10.03 

10.02 

10.00 

10.00 

9.98 

9.97 

9.97| 

9.93 

9.93: 

9.93 

9.90 

9.90 

9.88 

9.87 

9.87 

9.85 

9.83 

9.82 

9.82 

9.80 

9.78 

9.78 

9.77 

9.75 

9.73 

9.73 

9.72 

9.70 

9.70 

9.67 

9.68 
9.65 
9.65 
9.63 
9.62 
9.62 

10.67 2525 
1905 
1285 
0666 
.67 0047 
10.66 9430 
8813 
8197 
7582 
6967 
10.66 6354 
5741 
5129 
4518 
3907 
10.66 3298 
2689 
2081 
1473 
0867 

10.66 0261 
.65 9656 
9052 
8448 
7845 
10.65 7243 
6642 
6042 
5442 
4843 
10.65 4245 
3647 
3051 
2455 
1859 
10.651266 
0671 
.650078 
.64 9486 
8894 
10.648303 
7713 
7124 
6535 
5947 
10.64 6360 
4773 
4187 
3602 
3018 
10.64 2434 
1851 
1269 
0687 
.64 0107 
10.63 9526 
8947 
8368 
7790 
7213 
10.63 6636 

60 

59 

58 

57 

56 

55 

54 

53 

52 

61 

60 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

85 

34 

33 

32 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 

/ 

1 Cosine. 

D.l". 

11 Sine. 1 D.l". 

Cotang. 

D.l". 

Tang, 

/ 
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9. 38 3675 
4182 
4687 
6192 
5697 

9.38 6201 
6704 
7207 
7709 
8210 

9.38 8711 
9211 

.38 9711 
.39 0210 
0708 

9.39 1206 
1703 
2199 
2695 
3191 

9.39 3685 
4179 
4673 
6166 
6658 

9.39 6150 
6641 
7132 
7621 
8111 

9.39 8600 
9088 

.39 9575 
.40 0062 
0549 

9.40 1035 
1520 
2005 
2489 
2972 

9.40 3455 
3938 
4420 
4901 
5382 

9.40 5862 
6341 
6820 
7299 
7777 

9.40 8254 
8731 
9207 

.40 9682 
.41 0157 

9.41 0632 
1106 
1579 
2052 
2524 

9.41 2996 


9.98 6904 
6873 
6841 
6809 
6778 

9.98 6746 
6714 
6683 
6651 
6619 

9.98 6587 
6555 
6523 
6491 
6459 

9.98 6427 
6395 
6363 
6331 
6299 

9.98 6266 
6234 
6202 
6169 
6137 

9.98 6104 
6072 
6039 
6007 
5974 

9.98 5942 
5909 
5876 
5843 
5811 

9.98 5778 
5745 
5712 
5679 
5646 

9.98 5613 
5580 
5547 
5514 
5480 

9.98 5447 
5414 
5381 
5347 
5314 

9.98 5280 
5247 
5213 
5180 
5146 

9.98 5113 
5079 
5045 
5011 
4978 

9.98 4944 


9.39 6771 
7309 ' 
7846 
8383 
8919 

9.39 9455 
.39 9990 
,40 0524 

1058 

1591 

9.40 2124 
2656 
3187 
3718 
4249 

9.40 4778 
5308 
5836 
6364 
6892 

9.40 7419 
7945 
8471 
8996 

.40 9521 

9.410045 

0569 

1092 

1615 

2137 

9.41 2658 
3179 
3699 
4219 
4738 

9.41 5257 
5775 
6293 
6810 
7326 

9.41 7842 
8358 
8873 
9387 

.41 9901 

9.42 0415 
0927 
1440 
1952 
2463 

9.42 2974 
3484 
3993 
4503 
5011 

9.42 5519 
6027 
6534 
7041 
7547 

9.42 8052 


10.60 3229 60 
2691 59 
2154 58 
1617 57 
1081 56 
10.60 0545 55 
.60 0010 54 
.59 9476 53 
8942 52 
8409 51 
10.597876 60 
7344 49 
6813 48 
6282 47 
6751 46 
10.69 5222 45 
4692 44 
4164 43 
3636 42 
3108 41 
10.69 2581 40 
2055 39 
1529 38 
1004 37 
.59 0479 36 
10.68 9955 36 
9431 34 
8908 33 
8385 32 
7863 31 
10.68 7342 SO 
6821 29 
6301 28 
6781 27 
5262 26 
10.68 4743 26 
4225 24 
3707 23 
3190 22 
2674 21 
10.68 2158 20 
1642 19 

1127 18 
0613 17 
.580099 16 
10.67 9686 16 
9073 14 
8560 13 
8048 12 

7537 11 
10.57 7026 10 
6516 9 

6007 8 

5197 7 

4989 6 

10.67 4481 6 

3973 4 

3466 3 

2959 2 

2453 1 

10.871948 0 


Cosine. D.l". Sine, D.l". Cotang. D.T". Tang. 
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/ 

Sine. 

D.l". 

Cosine. 

D.l". 

Tang. 

D.l'^ 

Cotang. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 
12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 
29 
80 

31 

32 

33 

34 
86 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 
61 
62 
53 
64 

55 

56 

67 

68 
69 
60 

». 44 0838 
0778 
1218 
1658 
2096 

1.44 2635 
2973 
3410 
3847 
4284 

9.44 4720 
6155 
5590 
6025 
6459 

9.44 6893 
7326 
7759 
8191 
8623 

9.44 9064 
9485 

.44 9915 

.45 0345 
0775 

9.45 1204 
1632 
2060 
2488 
2915 

9.45 3342 
3768 
4194 
4619 
6044 

9.45 6469 
5893 
6316 
6739 
7162 

9.46 7584 
8006 
8427 
8848 
9268 

9.45 9688 
.46 0108 

0527 

0946 

1364 

9.461782 

2199 

2616 

3032 

3448 

9.46 3864 
4279 
4694 
5108 
5522 

9.46 5935 

7.33 

7.33 

7.33 

7.30 

7.32 

7.30 

7.28 

7.28 

7.28 

7,27 

7.25 

7.25 

7.25 

7.23 

7.23 

7.22 

7.22 
7.20 
7.20 
7.18 
7.18 
7.17 
7.17 
7.17 
7.15 
7.13 
7.13 
7.13 
7.12 
7.12 
7.10 
7.10 
7.08 
7.08 
7.08 
7.07 
7.05 i 
7.05 
7.05 
7.03 
7.03 
7.02 
7.02 
7.00 
7.00 
7.00 
6.98 
6.98 
6.97 
6.97 
6.95 

6.95 
6.93 

6.96 
6.93 
6.92 
6.92 
6.90 
6.90 
6.88 

9.98 2842 
2805 
2769 
2733 
2696 
9.98 2660 
2624 
2587 
2551 
2514 
9.98 2477 
2441 
2404 
2367 
2331 
9.98 2294 
2257 
2220 
2183 
2146 
9.98 2109 
2072 
2035 
1998 
1961 
9.98 1924 
1886 
1849 
1812 
1774 
9.981737 
! 1700 

1662 
16251 
1587 
9.98 1549 
1512 
1474 
1436 
1399 
9.98 1361 
1323 
1285 
1247 
1209 
9.98 1171 
1133 
1095 
1057 
1019 
9.98 0981 
0942 
0904 
0866 
0827 
9.98 0789 
0750 
0712 
0673 
0635 
9.98 0596 

.62 

.60 

.60 

.62 

.60 

.60 

.62 

.60 

.62 

.62 

.60 

.62 

.62 

.60 

.62 

.62 

.62 

.62 

.62 

.62 

.62 

.62 

.62 

.62 

.62 

.63 

.62 

.62 

.63 

.62 

.62 

.63 

.62 

.63 

.63 

.62 

.63 

.63 

.62 

.63 

.63 

.63 

.63 

.63 

.63 

.63 

.63 

.63 

,63 

.63 

.65 

.63 

.63 

.65 

.63 

.65 

.63 

.65 

.63 

.65 

9.46 7496 
7973 
8449 
8925 
9400 

9.45 9875 

.46 0349 

0823 

1297 

1770 

9.46 2242 
2715 
3186 
3658 
4128 

9.46 4599 
5069 
5539 
6008 
6477 

9.46 6946 
7413 
7880 
8347 
8814 

9.46 9280 

.46 9746 

.47 0211 

0676 

1141 

9.47 1606 
2069 
2532 
2995 
3457 

9.47 3919 
4381 
4842 
5303 
5763 

9.47 6223 
6683 
7142 
7601 
8059 

9.47 8617 
8975 
9432 

.47 9889 
.48 0345 

9.48 0801 
1257 
1712 
2167 
2621 

9.48 3075 
3629 
3982 
4435 
4887 

9.48 6839 

7.95 

7.93 

7.93 

7.92 

7.92 

7.90 

7.90 

7.90 

7.88 

7.87 

7.88 
7.85 
7.87 
7.83 
7.85 
7.83 
7.83 
7.82 
7.82 
7.80 
7.80 
7.78 
7.78 
7.78 
7.77 
7.77 
7.76 
7.75 
7.75 
7.73 
7.73 
7.72 
7.72 
7.70 
7.70 
7.70 
7.68 
7.68 
7.67 
7.67 
7.67 
7.65 
7.65 
7.63 
7.63 
7.63 
7.62 

7.62 
7.60 
7.60 
7.60 
7.58 
7.58 
7.57 
7.57 
7.57 
7.65 
7.55 

7.63 
7.63 

10.64 2504 
2027 
1551 
1075 
0600 
10.54 0126 
.63 9651 
9177 
8703 
8230 
10.53 7768 
7285 
6814 
6342 
5872 
10.53 5401 
4931 
4461 
3992 
3523 
10.58 3055 
2587 
2120 
1663 
1186 
10.53 0720 
.63 0254 
.52 9789 
9324 
8859 
10.52 8395 
7931 
7468 
7005 
6543 
10.52 6081 
5619 
5158 
4697 
4237 
10.52 3777 
3317 
2858 
2399 
1941 
10.52 1483 
1025 
0568 
.62 0111 
.619655 
10.519199 
8743 
8288 
7833 
7379 
10.61 6925 
6471 
6018 
5565 
6113 
10.51 4661 

60 

59 

58 

67 

66 

55 

54 

63 

52 

51 

SO 

49 

45 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

85 

34 

83 

32 

31 

50 

29 

28 

27 

26 

S8 

24 

23 

22 

21 

80 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 


Cosine. 

D.l" 

1 Sine. 

1 D.l". 

Cotang. 

D.l". 

Tang. 



106 ' 


78 ' 




logarithmic sines, cosines, 


17 ° 


Tablb XIX. — Continued 


162 ° 


Cotang. 


10.61 4661 

60 

4209 

59 

3758 

58 

3307 

57 

2857 

56 

10.612407 

66 

1957 

54 

1508 

53 

1059 

52 

0610 

51 

10.61 0162 

60 

.50 9714 

49 

9267 

48 

8820 

47 

8373 

46 

10.607927 

46 

7481 

44 

7035 

43 

6590 

42 

6146 

41 

10.60 6701 

40 

5257 

39 

4814 

38 

4370 

37 

3927 

36 

10.60 3485 

38 

3043 

34 

2601 

33 

2159 

32 

1718 

31 

10.60 1278 

SO 

0837 

29 

.50 0397 

28 

.49 9958 

27 “ 

1 9519 

26 

; 10.49 9080 

25 

8641 

24 

8203 

23 

7765 

22 

\ 7328 

21 

1 10.49 6891 

20 

1 6454 

19 

1 6018 

18 

[ 5582 

17 

1 5146 

16 

1 10.49 4711 

16 

1 4276 

14 

1 3841 

13 

1 3407 

12 

1 2973 

11 

't 10.49 2640 

10 

1 2107 

9 

i 1674 

8 

2 1241 

7 

g 0809 

6 

^ 10.49 0378 

i 6 

g .48 9946 

1 4 

1 9515 

i 3 

® 9084 

2 

1 8654 

: 1 

' 10.48 8224 

L 0 

Tang. 

/ 

*700 


Sine. 


D.l''. II Cosine. 


0 

1 

2 

3 

4 
@ 

6 

7 

8 
9 

10 

11 
12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 
29 
80 

31 

32 
83 
34 
SB 
86 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

so 

61 

62 

63 

54 

55 
66 

67 

68 

59 

60 


,46 5985 
6348 
6761 
7173 
7585 
.46 7996 
8407 
8817 
9227 
.46 9637 
,47 0046 
0455 
0863 
1271 
1679 
► .47 2086 
2492 
2898 
3304 
3710 
.47 4115 
4519 
4923 
5327 
6730 

1.47 6133 
6536 
6938 
7340 
7741 

). 47 8142 
8542 
8942 
9342 
.47 9741 

9.48 0140 
0539 
0937 
1334 
1731 

.48 2128 
2525 
2921 j 
3316 
3712 
► .48 4107 
4501 
4895 
5289 
6682 
».48 6075 
6467 
6860 
7251 
7643 
J .48 8034 
8424 
8814 
9204 
9593 
9. 48 9982 


6.88 

6.88 

6.87 

6.87 
6.85 
6.85 
6.83 
6.83 
6.83 

1.82 

6.82 

6.80 

6.80 

6.80 

6.78 

6.77 

6.77 

6.77 

6.77 

6.75 

6.73 

6.73 

6.73 

6.72 

6.72 

6.72 

6.70 

6.70 

6.68 

6.68 

6.67 

6.67 

6.67 
6.65 
6.65 
6.65 
6.63 
6.62 
6.62 
6.62 
6.62 
6.60 

6.68 
6.60 
6.68 
6,57 
6.67 
6,57 
6.55 
6.65 
6.53 
6.65 
6.62 
6.53 
6.52 
6.50 
6.50 
6.50 
6.48 
6.48 


D.l" 


9.98 0696 
0558 
0519 I 
0480' 
0442 

|9.98 0403 
0364 
0325 
0286 
0247 
{9.98 0208 
0169 
0130 
0091 
0052 

19.98 0012 

.97 9973 

9934 
9895 
9855 
19.97 9816 
9776 
9737 
9697 
9658 
19.97 96181 
9579 
9539 
9499 
9459 

19.97 9420 
9380 
9340 
9300 
9260 

119.97 9220 
9180 
9140 
9100 
9059 

j9.97 9019 
8979 
8939 
8898 
8858 

19.97 8817 
8777 
8737 


8655 
1 | 9.97 8615 
8574 
8533 
8493 
8452 
9.97 8411 
8370 
8329 
8288 
8247 
9.97 8206 


.63 

.65 

.65 

.63 

.65 

.65 

.65 

.65 

.65 

.65 

.65 

.65 

.65 

.65 

.67 

.65 

.65 

.65 

.67 

.65 

.67 

.65 

.67 

.65 

.67 

.65 

.67 

.67 

.67 

.65 

.67 

.67 

.67 

.67 

.67 

,67 

.67 

.67 

.68 

.67 

.67 

.67 

.68 

.67 

.68 

.67 

.67 

.68 

.68 

.67 

.68 

.68 

.67 

.68 

.68 

.68 

.68 

.68 

.68 

.68 


Tang. 


48 6339 
5791 
6242 
6693 
7143 
9.48 7593 
8043 
8492 
8941 
9390 

9.48 9838 
.49 0286 

0733 

1180 

1627 

9.49 2073 
2519 
2965 
3410 
3854 

9.49 4299 
4743 
6186 
5630 
6073 
9.49 6615 
6957 
7399 
7841 
8282 

9.49 8722 
9163 

.49 9603 
.50 0042 
0481 

9.50 0920 
1369 
1797 
2235 
2672 

9.60 3109 
3546 
3982 
4418 
4854 
9.60 6289 
5724 
6159 
6593 
7027 
9.60 7460 
7893 
8326 
8759 
9191 
9.60 9622 
.51 0054 
0485 
0916 
1346 
9.611776 


Cosine. 1 D.l". || Sine. | D.l^^ 


7.53 

7.52 

7.52 

7.50 

7.50 

7.50 

7.48 

7.48 

7.48 

7.47 

7.47 

7.45 

7.45 

7.45 

7.43 

7.43 

7.43 

7.42 

7.40 

7.42 

7.40 

7.38 

7.40 

7.38 


Cotang. 


Da" 




TANGENTS, AND COTANGENTS 
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' 

Sine. 

D.l". 

Cosine. 

D.l". 

Tang. 

D.l" 

Cotang. 

/ 

0 

».48 9982 

6.48 

9.97 8206 

RR 

9.511776 

7 17 

10.48 8224 

60 

1 

.49 0371 

6.47 

8165 

68 

2206 

7 1-'^ 

7794 

59 

2 

0759 

6.47 

8124 

.68 

2635 

7 15 

7365 

58 

3 

1147 

6.47 

8083 

.68 

3064 

7 15 

6936 

57 

4 

1535 

6.45 

8042 

.68 

3493 

7.13 

6507 

56 

§ 

9.49 1922 

6.43 

9.97 8001 

70 

9.613921 

7 1.8 

10.48 6079 

56 

6 

2308 

6.45 

7959 

.68 

4349 

7 ! 1.8 

5651 

54 

7 

2695 

6.4,3 

7918 

68 

4777 

7*12 

5223 

53 

8 

3081 

6.42 

7877 

.70 

5204 

7.12 

4796 

62 

9 

3466 

6.42 

7835 

.68 

5631 

7.10 

4369 

51 

10 

9.49 3851 

6 42 

9.97 7794 

.70 

9.51 6067 

7*12 

10.48 3934 

SO 

11 

4236 

6 42 

7752 

.68 

6484 

7 10 

3516 

49 

12 

4621 

eUo 

7711 

.70 

6910 

7.08 

3090 

48 

13 

5005 

6*38 

7669 

.68 

7335 

7.10 

2665 

47 

14 

6388 

6!40 

7628 

.70 

7761 

7.08 

2239 

46 

15 

9.49 5772 

6*37 

9,97 7686 

.70 

9.518186 

7.07 

10.48 1814 

46 

16 

6154 

6 .38 

7544 

68 

8610 

7 07 

1390 

44 

17 

6537 

6!.37 

7503 

70 

9034 

7.07 

0966 

43 

18 

6919 

6 37 

7461 

.70 

9458 

7.07 

0542 

42 

19 

7301 

6135 

7419 

.70 

.619882 

7.05 

.48 0118 

41 

20 

9.49 7682 

6 3.5 

9.97 7377 

70 

9.52 0305 

7.05 

10,47 9696 

40 

21 

8064 

6 .33 

7335 

70 

0728 

7.05 

9272 

39 

22 

8444 

6l^ 

7293 

!70 

1151 

7.03 

8849 

38 

23 

8825 

6 32 

7251 

.70 

1573 

7.03 

8427 

37 

24 

9204 

6!33 

7209 

.70 

1995 

7.03 

8005 

36 

25 

9.49 9584 

6 32 

9.97 7167 

.70 

9.52 2417 

7.02 

10,47 7683 

35 

26 

.49 9963 

6 .32 

7125 

.70 

2838 

7.62 

7162 

34 

27 

.50 0342 

6.. 32 

7083 

.70 

3259 

7.02 

6741 

33 

28 

0721 

6 30 

7041 

.70 

3680 

7.00 

6320 

32 

29 

1099 

6.28 

6999 

.70 

4100 

7.00 

5900 

31 

SO 

9.60 1476 

6.30 

9.97 6957 

.72 

9.52 4520 

7.00 

10.47 6480 

30 

31 

1854 

6l28 

6914 

.70 

4940 

6.98 

5060 

29 

82 

2231 

6.27 

6872 

.70 

5359 

6.98 

4641 

28 

33 

2607 

6 28 

6830 

.72 

5778 

6.98 

4222 

27 

34 

2984 

6.27 

6787 

.70 

6197 

6.97 

3803 

26 

S5 

9.60 3360 

6.25 

9.97 6746 

.72 

9.62 6615 

6.97 

10.47 3385 

25 

36 

3735 

6.25 

6702 

.70 

7033 

6.97 

2967 

24 

37 

4110 

6!25 

6660 

.72 

7451 

6.96 

2549 

23 

38 

4485 

6 25 

6617 

.72 

7868 

6.95 

2132 

22 

39 

4860 

6!23 

6574 

.70 

8285 

6.95 

1715 

21 

40 

9.50 5234 

6.23 

9.97 6532 

.72 

9.62 8702 

6.95 

10.47 1298 

20 

41 

5608 

6.22 

6489 

.72 

9119 

6.93 

0881 

19 

42 

5981 

6!22 

6446 

.70 

9535 

6.93 

0465 

18 

43 

6354 

6 22 

6404 

72 

.62 9951 

6.92 

.47 0049 

17 

44 

6727 

6!20 

6361 

.72 

.53 0366 

6.92 

.46 9634 

16 

45 

9.50 7099 

6.20 

9.97 6318 

.72 

9.63 0781 

6.92 

10.46 9219 

15 

46 

7471 

6!20 

6275 

.72 

1196 

6.92 

8804 

14 

47 

7843 

oils 

6232 

.72 

1611 

6.90 

8389 

13 

48 

8214 

618 

6189 

.72 

2025 

6.90 

7975 

12 

49 

8585 

6.18 

6146 

.72 

2439 

6.90 

7561 

11 

50 

9.60 8956 

6.17 

9.97 6103 

.72 

9.53 2853 

6.88 

10.46 7147 

10 

61 

9326 

6!i7 

6060 

.72 

3266 

6.88 

6734 

9 

52 

.50 9696 

6.15 

6017 

.72 

3679 

6.88 

6321 

8 

53 

.51 0065 

6 16 

5974 

73 

4092 

6.87 

5908 

7 

54 

0434 

6.15 

5930 

.’72 

4504 

6.87 

5496 

6 

65 

9.51 0803 

6.15 

9.97 6887 

.72 

9.53 4916 

6.87 

10.46 5084 

5 

66 

1172 

6.13 

5844 

.73 

6328 

6.85 

4672 

4 

57 

1540 

6*12 

5800 

.72 

6739 

6.85 

4261 

3 

58 

1907 

eiis 

5757 

.72 

6150 

6.85 

3850 

2 

69 

2275 

6.12 

5714 

.73 

6561 

6.85 

3439 

1 

60 

9.612642 


9.97 6670 


9.63 6972 


10.46 3028 

0 


Cosine. 

D.l". 

1 Sine. 

1 D-l" 

Cotang. 

D.l" 

Tang. 
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LOGARITHMIC SINES, COSINES. 
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Sine. 

D.l" 

Cosine. 

D.l" 

Tang, 

D.l". 

Cotang. 

' 

0 

9.61 2642 

6 12 

9.97 6670 

,72 

9.63 6972 

6.83 

10.46 3028 

60 

1 

3009 


5627 

JIZ 

7382 

6.83 

2618 

59 

2 

3375 

6 10 

5583 

.7.3 

7792 

6.83 

2208 

58 

3 

3741 

o' 10 

5539 

.72 

8202 

6.82 

1798 

67 

4 

4107 

6!o8 

5496 

.73 

8611 

6.82 

1389 

56 

6 

9.614472 

6 08 

9.97 6452 

7.3 

9.63 9020 

6.82 

10.46 0980 

55 

6 

4837 


5408 

72 

9429 

6,80 

0571 

54 

7 

6202 

6 07 

5365 

7.3 

.53 9837 

6.80 

.46 0163 

63 

8 

5566 


5321 

7.3 

.54 0245 

6.80 

.45 9755 

52 

9 

6930 

6.07 

5277 

.73 

0653 

6.80 

9347 

51 

10 

9.61 6294 

6 05 

9.97 5233 

.73 

9.54 1061 

6.78 

10 45 8939 

50 

11 

6657 


5189 

73 

1468 

6.78 

8532 

49 

12 

7020 


5145 

73 

1875 

6.77 

8125 

48 

13 

7382 

6 05 

5101 

*73 

2281 

6.78 

7719 

47 

14 

7745 

6!o3 

5057 

.73 

2688 

6.77 

7312 

46 

15 

9.61 8107 

6 02 

9.97 5013 

.73 

9.64 S094 

6.75 

10.45 6906 

45 

16 

8468 


4969 

73 

3499 

6.77 

6501 

44 

17 

8829 

6 02 

4925 

.75 

3905 

6.75 

6095 

43 

18 

9190 

6 02 

4880 

.73 

4310 

6.75 

5690 

42 

19 

9561 

eioo 

4836 

.73 

4715 

6.73 

5285 

41 

SO 

9.61 9911 

6 00 

9.97 4792 

.73 

9.64 6119 

6.75 

10.45 4881 

40 

21 

.62 0271 


4748 

75 

6524 

6.73 

4476 

39 

22 

0631 


4703 

,7-3 

6928 

6.72 

4072 

38 

23 

0990 


4659 

75 

6331 

6.73 

3669 

37 

24 

1349 

5.97 

4614 

.73 

6735 

6.72 

3265 

36 

26 

9.62 1707 


9.97 4670 

75 

9.64 7138 

6 7ft 

10.45 2862 

35 

26 

2066 


4525 

73 

7540 

6.72 

2460 

34 

27 

2424 


4481 

75 

7943 

A. 7ft 

2067 

33 

28 

2781 

6 95 

4436 

.75 

S345 

6.70 

1655 

32 

29 

3138 

6!95 

4391 

.73 

8747 

6.70 

1253 

31 

30 

9.62 3495 

6.95 

9.97 4347 

.75 

9.64 9149 

6.68 

10.45 0851 

30 

31 

3852 

5^93 

4302 

.75 

9550 

6.68 

0450 

29 

32 

4208 

5^93 

4257 

.75 

.64 9951 

6.68 

,45 0049 

28 

33 

4564 

5*93 

4212 

75 

.55 0352 

6.67 

.44 9648 

27 

34 

4920 

S'.Q2 

4167 

.*75 

0762 

6.68 

9248 

26 

86 

9.62 6276 

6.92 

9.97 4122 

.75 

9.65 1153 

6.65 

10.44 8847 

26 

36 i 

5630 

5.90 

4077 

.76 

1552 

6.67 

8448 

24 

37 j 

5984 

5,92 

4032 

.75 

1952 

6.65 

8048 

23 

38 ! 

6339 

5*90 

3987 

.75 

2351 

6,65 

7649 

22 

39 

6693 

5'.S8 

3942 

.75 

2750 j 

6.65 

7250 

21 

40 

9.62 7046 

5.90 

9.97 3897 

75 

9.65 3149 

6.65 

10.44 6861 

20 

41 

7400 

5.88 

3852 

.76 

3548 

6.63 

6452 

19 

42 

7753 

5.87 

3807 

.77 

3946 

6.63 

6054 

18 

43 

8105 

6 88 

3761 

.75 

4344 

6.62 

5656 

17 

44 

8458 

5'.87 

3716 

.75 

4741 

6.63 

5259 

16 

46 

9.62 8810 

6.85 

9.973671 

.77 

9.65 6130 

6.62 

10.444861 

15 

46 

9161 

5.87 

3625 

.75 

5536 

6.62 

4464 

14 

47 

9513 

5.85 

8580 

.75 

5933 

6.60 

4067 

13 

48 

,52 9864 

5,85 

3535 

.77 

6329 

6 60 ^ 

3671 

12 

49 

.58 02X5 

d'.SS 

3489 

.76 

6725 

6.60 

3275 

11 

60 

9.63 0666 

6.83 

9.97 3444 

.77 

9.66 7121 

6.60 

10.442879 

10 

61 

0916 

6.83 

3398 

.77 

7517 

6.60 j 

2483 

9 

62 

1266 

6.82 

3352 

.76 

7913 

6.58 

2087 

8 

63 

1614 

6*82 

3307 

.77 

8308; 

6.58 * 

1692 

7 

64 

1963 

5,82 

3261 

.77 

8703 

6.57 

1297 

6 

66 

9.632812 

5.82 

9.97 3215 

.77 

9.66 9097 

6.57 

10.44 0903 

5 

66 

2661 

5.80 

8169 

.76 

9491 

6.57 

0509 

4 

67 

3009 

5.80 

3124 

.77 

, .55 9885 

6.57 

.44 0115 

3 

68 1 

3357 

5.78 

3078 

.77 

.66 0279 

6i67 

.43 9721 

2 

69 

3704 

5,80 

3032 

.77 

0673 

6.55 

9327 

2 

m 

9.63 4062 


9.97 2986 


9.68 1066 


10.43 8934 

0 

' 

Coeine. 

D.l". 

Sine. 

D.l" 

Cotang. 

D.l" 

Tang. 



70 “ 


109 * 
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20® Table XIX . — Continued 160® 



Sine. 

H.l". 

Cosine. 

D.l". 

Tang, 

D.r'. 

Cotang. 

' 

0 

9.53 4052 

5.78 

9.97 2986 

.77 

9.56 1066 

6 55 

10.43 8934 

60 

1 

4399 

6.77 

2940 

.77 

1469 


8641 

59 

2 

4745 

5.78 

2894 

*77 

1851 

fi 55 

8149 

68 

3 

5092 

5.77 

2848 

,77 

2244 

6 5.3 

7756 

67 

4 

5438 

5.76 

2802 

.78 

2636 

6.63 

7364 

56 

i 

9.53 5783 

6.77 

9.97 2765 

,77 

9.56 3028 

6*52 

10.43 8972 

56 

6 

6129 

6.75 

2709 

.77 

3419 

6*53 

6581 

54 

7 

6474 

5.73 

2663 

,77 

3811 

6*52 

6189 

53 

8 

6818 

5.75 

2617 

*78 

4202 

fi K9. 

6798 

62 

G 

7163 

6.73 

2570 

.77 

4593 

6.50 

6407 

61 

10 

9.53 7507 

5.73 

9.97 2524 

J77 

9.56 4983 

6 50 

10.43 5017 

50 

11 

7851 

5.72 

2478 

78 

5373 

6 50 

4627 

49 

12 

8194 

5.73 

2431 

I 77 

6763 

ft 50 

4237 

48 

13 

8538 

5.70 

2385 

7S 

6153 

6 48 

3847 

47 

14 

8880 

6.72 

2338 

.78 

6542 

6 iso 

3458 

46 

15 

9.53 9223 

5 70 

9.97 2291 

77 

9.56 6932 

fi 4.7 

10.433088 

45 

16 

9565 

5.70 

2245 

Its 

7320 

fi 48 

2680 

44 

17 

.63 9907 

5 68 

2198 

7« 

7709 

fi 4.8 

2291 

43 

18 

.54 0249 

5.68 

2151 

77 

8098 

6 47 

1902 

42 

19 

0590 

6.68 

2105 

.78 

8486 

6i45 

1514 

41 

20 

9.54 0931 

6^ 

9.97 2068 

7R 

9.56 8873 

fi 47 

10.48 1127 

40 

21 

1272 

5..B8 

2011 

78 

9261 

6 '45 

0739 

39 

22 

1613 

5 67 

1964 

78 

.66 9648 

ft 45 

.43 0352 

38 

23 

1953 

5.67 

1917 

'78 

.57 0035 

6 45 

.42 9966 

37 

24 

2293 

5.65 

1870 

.78 

0422 

6.45 

9578 

36 

25 

9.54 2632 

6 6.'; 

9.97 1823 

78 

9.57 0809 

fi 48 

10.42 9191 

35 

26 

2971 

sIbs 

1776 

78 

1196 

6 4.8 

8805 

34 

27 

3310 

.6 B.'v 

1729 

Its 

1581 

ft 43 

8419 

33 

28 

3649 

.5 6.3 

1682 

'.78 

1967 

6 42 

8033 

32 

29 

3987 

5.63 

1636 

.78 

2352 

6i43 

7648 

31 

80 

9.54 4325 

5.63 

9.97 1588 

.80 

9.57 2738 

6.42 

10.42 7262 

30 

31 

4663 

5.Q2 

1540 

.78 

3123: 

6i40 

6877 

29 

32 

5000 

5.63 

1493 

.78 

3507 

6.42 

6493 

28 

33 

6338 

6 60 

1446 

.80 

3892 

6 40 

6108 

27 

34 

5674 

5.62 

1398 

.78 

4276 

6.40 

6724 

26 

85 

9.54 6011 

6.60 

9.97 1351 

.80 

9.57 4660 

6.40 

10.42 5340 

25 

36 

6347 

6*60 

1303 

,78 

5044 

6.38 

4956 

24 

37 

6683 

6*60 

1256 

.80 

5427 

6i38 

4673 

23 

38 

7019 

6 68 

1208 

78 

6810 

6 38 

4190 

22 

39 

7364 

5l68 

1161! 

,80 

6193 

eiss 

3807 

21 

40 

9.64 7689 

5.58 

9.971113 

.78 

9.57 6676 

6.38 

10.42 3424 

20 

41 

8024 

6*63 

1066 

.80 

6959 

6.37 

3041 

19 

42 

8359 

■ 5*67 

1018 

.80 

7341 

6.37 

2659 

18 

43 

8693 

5 57 

0970 

*80 

7723 

6 35 

2277 

17 

44 

9027 

5.55 

0922 

.80 

8104 

6.37 

1896 

16 

45 

9.54 9360 

5,55 

9.97 0874 

•Its 

9.57 8486 

6.35 

10.42 1514 

15 

46 

.64 9693 

6.65 

0827 

.80 

8867 

6.35 

1133 

14 

47 

.56 0026 

5 [55 

0779 

*80 

9248 

6.35 

0752 

13 

48 

0359 

6 55 

0731 

'so 

.67 9629 

6.33 

.42 0371 1 

12 

49 

0692 

5‘.5Z 

0683 

iso 

.68 0009 

6.33 

.41 9991 

11 

50 

9.66 1024 

6,63 

9.97 0635 

.82 

9.58 0389 

6.33 

10.41 9611 

10 

51 

1366 

6.62 

0586 

.80 

0769 

6.33 

9231 

9 

62 

1687 

5 [52 

0538 

iso 

1149 

6.32 

8851 

8 

53 

2018 

6*52 

0490 

80 

1628 

6.32 

8472 

7 

64 

2349 

5.' 52 

0442 

iso 

1907 

6.32 

8093 

6 

55 

9.55 2680 

6.50 

9.97 0394 

.82 

9.58 2286 

6.32 

10.41 7714 

5 

66 

3010 

6]52 

0346 

iso 

2665 

6.32 

7335 

4 

67 

3341 

5]48 

0297 

.80 

3044 

6.30 

6956 

3 

68 

3670 

5.60 

0249 

i82 

3422 

6.30 

6578 

2 

69 

4000 

6.48 

0200 

iso 

3800 

6.28 

6200 

1 

60 

9.55 4329 


9.97 0152 


9.68 4177 


10.41 5823 

0 

f 

Cosine. 

D.l". 

Sine. 

D.l" 

Cotang. 

D.l^^ 

Tang. 

f 
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Sine. 

D.l". 

Cosine. 

D.l". 

Tang. 

D.l". 

9.66 4329 

5.48 

9.97 0162 

.82 

9.66 4177 

6.30 

4658 

5 48 

0103 

.80 

4655 

6.28 

4987 

6.47 

0055 

.82 

4932 

6.28 

5315 

6 47 

.97 0006 

.82 

6309 

6,28 

5643 

5.47 

.96 9957 

.80 

5686 

6.27 

9.66 6971 

6.47 

9.96 9909 

.82 

9.68 6062 

6.28 

6299 

6!45 

9860 

.82 

6439 

6.27 

6626 

5*45 

9811 

.82 

6815 

6.25 

6953 

5 45 

9762 

,80 

7190 

6.27 

7280 

s!43 

9714 

.82 

7566 

6.25 

9.66 7606 

5.43 

9.96 9665 

.82 

9.68 7941 

6.25 

7932 

5*43 

9616 

.82 

8316 

6.25 

8258 

5.42 

9567 

.82 

8691 

6.25 

8583 

5 43 

9518 

.82 

9066 

6.23 

8909 

5.42 

9469 

.82 

9440 

6.23 

9.66 9234 

5.40 

9.96 9420 

.83 

9.68 9814 

6.23 

9558 

5*42 

9370 

.82 

.59 0188 

6.23 

.55 9883 

5*40 

9321 

.82 

0562 

6.22 

.56 0207 

5*40 

9272 

.82 

0935 

6.22 

0531 

5!40 

9223 

.83 

130S 

6.22 

9.60 0858 

5.38 

9,96 9173 

.82 

9.69 1681 

6.22 

1178 

5.38 

9124 

.82 

2054 

6.20 

1501 

siss 

9075 

.83 

2426 

6.22 

1824 

5 37 

9025 

.82 

2799 

6.20 

2146 

5.37 

8976 

.83 

3171 

6.18 

9.66 2468 

5 37 

9.96 8926 

.82 

9.69 3542 

6.20 

2790 

5*37 

8877 

.83 

3914 

6.18 

3112 

6.35 

8827 

.83 

4285 

6.18 

3433 

5.37 

8777 

.82 

4656 

6.18 

3755 

6.33 

8728 

.83 

6027 

6.18 

9.66 4076 

5.35 

9.96 8678 

.83 

9.69 6398 

6.17 

4396 

6.33 

8628 

.83 

5768 

6.17 

4716 

5,33 

8578 

.83 

6138 

6.17 

6036 

6.33 

8528 

,82 

6508 

6.17 

5356 

5.33 

8479 

.83 

6878 

6.15 

9.66 6676 

5 32 

9.96 8429 

.83 

9.69 7247 

6.15 

5995 

6*32 

8379 

,83 

7616 

6.15 

6314 

6.30 

8329 

.85 

7985 

6.15 

6632 

6,32 

8278 

.83 

8354 

6.13 

6951 

6.30 

8228 

.83 

8722 

6.15 

9.66 7269 

5.30 

9.96 8178 

.83 

9.69 9091 

6.13 

7587 i 

6.28 

8128 

.83 

9459 

6.13 

7904 

5 30 

8078 

.85 

.59 9827 

6.12 

8222 

6.28 

8027 

.83 

.60 0194 

6.13 

8539 

6.28 

7977 

.83 

0562 

6.12 

9.66 8866 

6.27 

9,96 7927 

.85 

9.60 0929 

6.12 

9172 

5.27 

7876 

.83 

1296 

6.12 

9488 

6.27 

7826 

.85 

1663 

6.10 

.56 9804 

6.27 

7775 

.83 

2029 

6.10 

.67 0120 

6.25 

7725 

.85 

2395 

6,10 

9.67 0436 

6.27 

9.96 7674 

.83 

9.60 2761 

6 10 

0751 

6.25 

7624 

' .85 

3127 

6.10 

1066 

6.23 

7573 

.85 

3493 

6.08 

1380 

6.25 

7522 

.85 

3858 

6.08 

1695 

6.23 

7471 

.83 

4223 

1 6.08 

9.67 2009 

5.23 

9.96 7421 

.85 

9.60 4588 

6.08 

2323 

5.22 

7370 

.85 

4953 

6.07 

2636 

6.23 

7319 

.85 

5317 

6^08 

2950 

6.22 

7268 

.85 

5682 

6.07 i 

3263 

6.20 

7217 

.85 

6046 

6*07 

9.073676 


9.96 7166 


9.60 6410 


Cosine. 

D.l". 

Sine. 

D.l" 

Cotang. 

D.1- i 


10.41 S8SS m 
6445 59 
5068 68 
4691 57 
4314 66 
10.41 39S8 88 
3561 64 
3185 63 
2810 52 
2434 61 
10.412069 60 
1684 49 
1309 48 
0934 47 
0560 46 
10.410186 46 
.40 9812 44 
9438 43 
9065 42 
8692 41 

10.40 8319 40 
7948 39 
7574 38 
7201 37 
6829 36 

10.40 6458 36 
6086 34 
5715 33 
5344 32 
4973 31 

10.40 4602 80 
4232 29 
3862 28 
3492 27 
3122 26 

10.40 2763 26 
2384 24 
2015 23 
1646 22 
1278 21 
10.40 0909 20 
0541 19 
.40 0173 18 
.39 9806 17 
9438 16 

10.89 9071 16 
8704 14 
8337 13 
7971 12 
7605 11 
10.39 7239 10 
6873 9 

6507 8 

6142 7 

5777 6 

10.89 6412 6 

5047 4 

4683 3 

4318 2 

3964 1 

10.89 8690 0 
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. Cosine, p.l". Tang. 


9.96 4026 
3972 
3919 
3865 
3811 

9.96 3767 
3704 
3650 
3596 
3542 

9.96 3488 
3434 
3379 
3325 
3271 

9.96 8217 
3163 
3108 
305 ^ 
2999 

9.96 2946 
2890 
2836 
2781 
2727 

19.96 2672 
2617 
2562 
2508 
2453 

9.96 2398 
2343 
2288 
2233 
2178 

9.96 2123 
2067 
2012 
1057 
1902 

9.96 1846 
1791 
1735 
1680 
1624 . 

9.96 1569 
1513 
1458 
1402 
1346 

9.96 1290 
1235 
1179 
1123 
1067 

9.96 1011 
0955 
0899 
0843 
0786 

9.96 0730 


9.62 7825 
8203 
8554 
8905 
9255 

9.62 9606 
.62 9956 
.63 0306 

0656 

1005 

9.631355 

1704 

2053 

2402 

2750 

9.63 3099 
3447 
3795 
4143 
4490 

9.63 4838 
5185 
5532 
5879 
6226 

9.63 6572 
6919 
7265 
7611 
7956 

9.63 8302 
8047 
8992 
9337 

.63 9682 

9.64 0027 
0371 
0716 
1060 
1404 

9.64 1747 
£091 
2434 
2777 
3120 

9.64 3463 
3806 
4148 
4490 
4832 

9.64 5174 
5516 
5857 
6199 
6640 

9.64 6881 
7222 
7562 
7903 
8243 

9.64 8583 


D.l". Cotang. 

K OK 10.37 2148 60 

5 OK 1446 68 

J'ls 1095 67 

0745 56 
K o-i 10.37 0394 5® 

5 83 .37 0044 64 

K*oo .36 9694 63 
g'82 9344 52 

I’ji 8995 61 

K CO 10.36 8645 50 
sll 8296 49 

6 82 7947 48 

5 80 7598 47 

IJI 7250 46 

5 80 10.866901 40 
r|0 6553 44 

I'lo 6205 43 

5S57 42 
5.80 5610 41 

5 78 10.36 5162 40 
5 78 4815 39 

5 78 4468 38 

5 78 4121 37 

5177 3774 36 

5 78 10.36 3428 86 
6*77 3081 34 

5 77 2735 33 

5 75 2389 32 

5; 77 2044 31 

5*75 10.361698 80 
5 75 1353 29 

5 75 1008 28 

5 75 0663 27 

5:75 .36 0318 26 

5*73 10.35 9973 20 
^•7! 9629 24 

5 73 9284 23 

5 73 8940 22 

5,72 8596 21 

5 73 10.35 8253 20 
.^ 72 7909 19 

5 72 7566 18 

5 72 7223 17 

6 72 6880 16 

5 72 10.85 6537 15 
5*70 6194 14 

5 70 5852 13 

5 *70 5510 12 

5.70 5168 11 

5 70 10.35 4826 10 
5 68 4484 9 

5 70 4143 8 

5 68 3801 7 

6:68 3460 6 

5 68 10.35 8119 6 

5 67 2778 4 

H 68 2438 3 

6.67 2097 2 

5 67 1757 1 

10.861417 0 


Cosine. D.l" 1 Sine. p.TL Cotang. D.l". Tang. 
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9.96 7276 
7217 
7158 
7099 
7040 

9.95 69S1 
6921 
6862 
6803 
6744 

9.95 6684 
6625 
6566 
6506 
6447 

9.95 6887 
6327 
6268 
6208 
6148 

9.95 6089 
6029 
5969 
6909 
5849 

9.95 5789 
5729 
5669 
5609 
5548 

9.95 5488 
5428 
5368 
5307 
5247 

9.95 5186 
5126 
5065 
5005 
4944 

9.95 4883 
4823 
4762 
4701 
4640 

9.95 4679 
4518 
4457 
4396 
4335 

9.95 4274 
4213 
4152 
4090 
4029 

9.95 3968 
3906 
3845 
3783 
3722 

9.95 3660 


9.66 8673 
9002 
9332 
9661 

.66 9991 

9.67 0320 
0649 
0977 
1306 
1635 

9.67 1963 
2291 
2619 
2947 
3274 

9.67 3602 
3929 
4257 
4584 
4911 

9.67 5237 
5564 
5890 
6217 
6643 

9.67 6869 
7194 
7520 
7846 
8171 

9.67 8496 
8821 
9146 
9471 

.67 9795 

9.68 0120 
0444 
0763 
1092 
1416 

9.68 1740 
2063 
2387 
2710 
3033 

9.68 3356 
3679 
4001 
4324 
4646 

9.68 4968 
6290 
S6J2 
5934 
6255 

9.68 6577 
6898 
7219 
7540 
7861 

9.68 8182 


10.331327 60 
0998 59 
0668 68 
0339 67 
.33 0009 56 
10.319680 55 
9351 64 
9023 63 
8694 62 
8365 61 
10.32 8037 50 
7709 49 
7381 48 
7053 47 
6726 46 
10.32 6398 45 
6071 44 
5743 43 
6416 42 
5089 41 
10.32 4763 40 
4436 39 
4110 38 
3783 37 
3457 36 
10.32 3131 ’86 
2806 34 
2480 33 
2154 32 
1829 31 
10.32 1504 30 
1179 29 
0854 28 
0629 27 
.32 0205 26 
10.319880 26 
9556 24 
9232 23 
8908 22 
8584 21 
10.318260 20 
7937 19 
7613 18 
7290 17 
6967 16 
10.31 6644 15 
6321 14 
5999 13 
6676 12 
5354 11 
10.31 5032 10 
4710 9 

4388 8 

4066 7 

3745 6 

10.31 3423 5 

3102 4 

2781 3 

2460 2 

2139 1, 

10.311818 0 


Cosine. D.l". 1 Sine. D.l". 1 Cotang. D.l". Tang. 
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950 LOGARITHMIC SINES, COSINES, 

27® Table XIX. — Continued 152® 




D.r', 

Cosine. 

D.l^ 

Tang. 

djFT 

Cotang, 

/ 

0 

9.65 7047 

4 13 

9.94 9881 

1 OS 

9.70 7166 

5.20 

10.29 2834 

60 

1 

7295 

4 1*:? 

9816 

1 !o7 

7478 

6.20 

2522 

69 

2 

7542 

413 

9752- 

1 07 

7790 

6.20 

2210 

68 

3 

7790 


9688 

l.OS 

8102 

5.20 

1898 

67 

4 

8037 

t.u 

9623 

1.08 

8414 

5.20 

1586 

66 

5 

9.65 8284 

4 12 

9.94 9558 

1 07 

9.70 8726 

5.18 

10.29 1274 

55 

6 

8531 

412 

9494 

1 ns 

9037 

5.20 

0963 

64 

7 

8778 

4 12 

9429 

1 os 

9349 

5.18 

0651 

63 

8 

9025 

4 in 

9364 

1 07 

9660 

5.18 

0340 

52 

9 

9271 

4il0 

9300 

l.OS 

9971 

5.18 

.29 0029 

51 

10 

9.65 9517 

4 10 

9.94 9235 

1.08 

9.71 0282 

5.18 

10.28 9718 

50 

11 

.65 9763 

4 10 

9170 

i.08 

0593 

5.18 

9407 

49 

12 

.66 0009 

4 10 

9105 

1 08 

0904 

5.18 

9096 

48 

13 

0265 

4*10 

9040 

1.08 

1215 

5.17 

8785 

47 

14 

0501 

4.08 

8975 

1.08 

1525 

5.18 

8475 

46 

IS 

9.66 0746 

4 OS 

9.94 8910 

1.08 

9.71 1836 

5.17 

10.28 8164 

45 

16 

0991 

4 ns 

8845 

1 08 

2146 

5.17 

7854 

44 

17 

1236 

4 OS 

8780 

1 OS 

2456 

5.17 

7544 

43 

18 

1481 

4 OS 

8715 

1 08 

2766 

5.17 

7234 

42 

19 

1726 

4.07 

8650 

1.10 

3076 

5.17 

6924 

41 

20 

9.66 1970 

4 07 

9.94 8584 

1.08 

9.71 3386 

5.17 

10.28 6614 

40 

21 

2214 

4 ns 

8519 

1 OS 

3696 

5.15 

6304 

39 

22 

2459 

4 07 

8454 

1 10 

4005 

5 15 

5995 

38 

23 

2703 

4 05 

8388 

l.OS 

4314 

5.17 

5686 

37 

24 

2946 

4.07 

8323 

1.10 

4624 

5.15 

5376 

36 

25 

9.66 3190 

4 05 

9.94 8257 

1 OS 

9.71 4933 

E 15 

10.28 5067 

35 

26 

3433 

4 ' 07 

8192 

1 10 

5242 

6.15 

4768 

34 

27 

3677 

4 05 

8126 

1 in 

5551 

slis 

4449 

33 

28 

3920 

4 05 

8060 

UlS 

5860 

5.13 

4140 

32 

29 

4163 

4^05 

7995 

1.10 

6168 

5.15 

3832 

31 

SO 

9.66 4406 

' 4.03 

9.94 7929 

1.10 

9.71 6477 

5.13 

10.28 3523 

SO 

31 

4648 

4 ! 05 

7863 

1.10 

6785 

5.13 

3215 

29 

32 

4891 

4!03 

7797 

i!io 

7093 

6.13 

2907 

28 

33 

6133 

4 03 

7731 

1 10 

7401 

6 13 

2599 

27 

34 

6375 

4.03 

7665 

1.08 

7709 

5.13 

2291 

26 

35 

9.66 5617 

4.03 

9.94 7600 

1.12 

9.71 8017 

5.13 

10.28 1983 

25 

36 1 

6859 

4^02 

7533 

1.10 

8325 

5.13 

1675 

24 

37 

6100 

4^03 

7467 

1.10 

8633 

5.12 

1367 

23 

38 

6342 

4!02 

7401 

1 10 

8940 

5 13 

1060 

22 

39 

6583 

4.02 

7335 

1 1.10 

9248 

5.12 

0752 

21 

40 

9.66 6824 

4.02 

9.94 7269 

1.10 

9.719656 

5.12 

10.28 0446 

20 

41 

7065 

4*00 

7203 

i!i2 

.719862 

5.12 

.28 0138 

19 

42 

7305 

4^02 

7136 

i!io 

.72 0169 

5!i2 

.27 9831 

18 

43 

7546 

4 00 

7070 

1 10 

0476 

6 12 

9524 

17 

44 

7786 

4!02 

7004 

j l’l2 

0783 

6!io 

9217 

16 

45 

9.66 8027 

4.00 

9.94 6937 

1 10 

9.72 1089 

6.12 

10.27 8911 

15 

46 

8267 

3. 98 

6871 

' 1.12 

1396 

6,10 

8604 

14 

47 

8506 

4.00 

6804 

1.10 

1702 

6.12 

8298 

13 

48 

8746 

4^00 

6738 

1 12 

2009 

6 10 

7991 

12 

49 

8986 

3.98 

6671 

i i!i2 

2315 

slio 

7685 

11 

50 

9.66 9225 

3.98 

9.94 6604 

1.10 

9.72 2621 

5.10 

10.27 7379 

10 

61 

9464 

3.98 

6538 

1.12 

2927 

5.08 

7073 

9 

52 

9703 

3.98 

6471 

1.12 

3232 

6.10 

6768 

8 

63 

.669942 

3.98 

6404 

1 12 

3538 

6*10 

6462 

7 

64 

.67 0181 

8.97 

6337 

i!i2 

3844 

6.08 

6156 

6 

55 

9.670419 

3.98 

9.94 6270 

1.12 

9,72 4149 

6.08 

10.27 5851 

5 

56 

0658 

i 3.97 

6203 

1.12 

4454 

5.10 

5546 

4 

67 

0896 

3.97 

6136 

1.12 

4760 

6.08 

5240 

3 

68 

1134 

3.97 

6069 

i!i2 

5065 

5*08 

4935 

2 

69 

1372 

3.95 

6002 

i!i2 

6370 

5*07 

4630 

1 

60 

9.671609 


9.94 5935 


9.72 5674 


10.27 4826 

0 

0 

Cosine. 

1 D.l". 

Sine, 

D.l''. 

Cotang. 

P.l" 

Tang. 

0 
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r 

Sine. 

D.r'. 

Cosine. 

D.l". 

Tang. 

D.l". 

Cotang. 

/ 

0 

9.67 1609 

3 97 

9.94 6935 

LJ.2 

9.72 6674 

5 08 

10.27 4326 

60 

1 

1847 

3.95 

5868 

1.13 

5979 

5 OS 

4021 

59 

2 

2084 

3.95 

5800 

1.12 

6284 

5 07 

3716 

68 

3 

2321 

3.95 

5733 

1.12 

6588 

07 

3412 

67 

4 

2558 

3.95 

6666 

1.13 

6892 

6.05 

3108 

66 

@ 

9.67 2796 

.3 9.5 

9.94 5598 

J 12 

9.72 7197 

5 07 

10.27 2803 

55 

6 

3032 

Alos 

6531 

Lui2 

7501 

5 07 

2499 

64 

7 

3268 

3.95 

5464 

1 13 

7805 

.>1 07 

2195 

63 

8 

3505 

3 I 93 

5396 

1 13 

8109 

.|=i n.i 

1891 

52 

9 

3741 

3.93 

5328 

1.12 

8412 

5 I 07 

1588 

51 

io 

9.67 3977 

.3 9.3 

9.94 5261 

1 13 

9.72 8716 

5 07 

10.27 1284 

50 

11 

4213 

.3 92 

6193 

1 13 

9020 

5 O.'l 

0980 

49 

12 

4448 

.3 9.3 

6125 

1 12 

9323 

5 < 1.5 

0677 

48 

13 

4684 

3 92 

6068 

1 13 

9626 

.5 0.^ 

0374 

47 

14 

4919 

3^93 

4990 

1.13 

.72 9929 

6^07 

.27 0071 

46 

16 

9.67 6166 

3 92 

9.94 4922 

1 13 

9.73 0233 

fi 03 

10.26 9767 

46 

16 

5390 

.3 90 

4854 

1 13 

0535 

5 (15 

9465 

44 

17 

6624 

3la2 

4786 

ills 

0838 

.5 0.5 

9162 

43 

18 

6869 

2 92 

4718 

1.13 

1141 

6 05 

8869 

42 

19 

6094 

3.90 

4650 

1.13 

1444 

5.03 

8556 

41 

20 

9.67 6323 

3 90 

9.94 4682 

1 13 

9.73 1746 

5 0.3 

10.26 8254 

40 

21 

6562 

3 90 

4514 

1 13 

2048 

5 n.5 

7952 

39 

22 

6796 

3 90 

4446 

11.*; 

2351 

5 n.i 

7649 

38 

23 

7030 

3 90 

4377 

1.13 

2653 

5 0.3 

7347 

37 

24 

7264 

3.90 

4309 

1.13 

2955 

5.03 

7045 

36 

25 

9.67 7498 

3 83 

9.94 4241 

1 15 

9.73 3267 

5 02 

10.26 6743 

SO 

26 

7731 

3 88 

4172 

1.13 

3558 

5 03 

6442 

34 

27 

7964 

3 88 

4104 

LIS 

3860 

a 03 

6140 

33 

28 

8197 

3 88 

4036 

1 !i5 

4162 

5 62 

5838 

32 

29 

8430 

3^88 

3967 

1.13 

4463 

5.02 

5537 

31 

SO 

9.67 8663 

3.87 

9.94 3899 

1.15 

9.73 4764 

5.03 

10.26 5236 

30 

31 

8895 

3’ 88 

3830 

i!i5 

5066 

5.02 

4934 

29 

32 

9128 i 

3! 87 

3761 

1.13 

5367 

5.02 

4633 

28 

33 

9360 

3 87 

3693 

1.15 

5668 

6.02 

4332 

27 

34 

9592 

3;87 

3624 

1.15 

5969 

6.00 

4031 

26 

85 

9.67 9824 

3.87 

9.94 3555 

1.15 

9.73 6269 

6.02 

10.263731 

25 

36 

.68 0056 

3.87 

3486 

1.15 

6570 

6.00 

3430 

24 

37 

0288 

3.85 

3417 

1.15 

6870 

5.02 

3130 

23 

38 

0519 

3 85 

3348 

1.15 

7171 

6 00 

2829 

22 

39 

*0750 

3.87 

3279 

1.15 

7471 

6.00 

2529 

21 

40 

9.68 0982 

3.85 

9.94 3210 

1.15 

9.73 7771 

6.00 

10.26 2229 

20 

41 

1213 

3*33 

3141 

1.15 

8071 

5.00 

1929 

19 

42 

1443 

3.85 

3072 

i!i5 

8371 

6.00 

1629 

18 

43 1 

1674 

3*85 

3003 

1 15 

8671 

6 00 

1329 

17 

44 

1905 

3l83 

2934 

i!i7 

8971 

5.00 

1029 

16 

46 

9.68 2136 

3.83 

9.94 2864 

1.16 

9.73 9271 

4.98 

10.26 0729 

15 

46 

2365 

3.83 

2795 

1.15 

9570 

6.00 

0430 

14 

47 

2595 

3.83 

2726 

i!i7 

.73 9870 

4! 98 

.26 0130 

13 

48 

2826 

3*83 

2656 

1 15 

.74 0169 

4*98 

.25 9831 

12 

49 

3055 

3!82 

2587 

i!i7 

0468 

4.98 

9532 

11 

60 

9.68 3284 

3.83 

9.94 2517 

1.15 

9.74 0767 

4.98 

10.26 9233 

10 

61 

3514 

3^82 

2448 

1.17 

1066 

4.98 

8934 

9 

62 

3743 

3! 82 

2378 

i!i7 

1365 

4.98 

8635 

8 

63 

3972 

3 82 

2308 

1 15 

1664 

4.97 

8336 

7 

64 

4201 

3! 82 

2239 

i!i7 

1962 

4.98 

8038 

6 

56 

9.68 4430 

3.80 

9.94 2169 

1.17 

9.74 2261 

4 97 

10.257739 

6 

66 

4658 

3^82 

2099 

1.17 

2559 

4.98 

7441 

4 

67 

4887 

siso 

2029 

1.17 

2858 

4.97 

7142 

3 

68 

6115 

3 80 

1959 

i!i7 

3156 

4.97 

6844 

2 

69 

5343 

3*80 

1889 

1.17 

3454 

4.97 

6546 

1 

60 

9.68 5571 

9.94 1819 


9.74 3752 


10.25 6248 

0 


Cosine. 

D.l" 

1 Sine. 

D.l" 

Cotang. 

D.l". 

Tang. 
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» ■ 

Sine. 

D.l". 

Cosine. 

D.l" 

Tang. 

D.l" 

Cotang. 


0 

9.88 8871 

3 80 

9.94 1819 

1 17 

9.74 3762 

4.97 

10.26 6248 

60 

1 

6799 

3*80 

1749 

1 .17 

4050 

4.97 

5950 

69 

2 

6027 


1679 

L17 

4348 

4.95 

6652 

68 

3 

6254 

.8 RO 

1609 

1 .17 

4645 

4.97 

6355 

67 

4 

6482 

3.78 

1539 

1.17 

4943 

4.95 

5057 

56 

5 

9.88 6709 

3 78 

9.941469 

1*18 

9.74 5240 

4.97 

10.26 4760 

66 

Q 

6936 

.8 78 

1398 

1.17 

5538 

4.95 

4462 

64 

7 

7163 

3 77 

1328 

1 .17 

5835 

4.95 

4165 

63 

g 

7389 

a 78 

1258 

1.18 

6132 

4.95 

3868 

52 

9 

7616 

3.78 

1187 

1.17 

6429 

4.95 

3571 

51 

10 

9.68 7048 

.3-77 

19.94 1117 

1.18 

9.74 6726 

4.95 

10.26 3274 

60 

11 

8069 

.3 77 

1046 

1.18 

7023 

4.93 1 

2977 

49 

12 

8295 1 

3 77 

0975 

1.17 

7319 

4.95 ! 

2681 

48 

13 

8521 i 

.V 77 

0905 

1.18 

7616 

4.95 1 

2384 

47 

14 

8747! 

3.75 

0834 

1.18 

7913 

4.93 

2087 

46 

18 

9.68 8972 

3.77 

9.94 0763 

1.17 

9.74 8209 1 

4.93 

10.26 1791 

46 

16 

9198 i 

3 75 

0693 

1.18 

8505 

4.93 1 

1495 

44 

17 

9423 

3*75 

0622 

1.18 

8801 

4.93 1 

1199 

43 

18 

9648 

3.75 

0551 

1.18 

9097 

4.93 1 

0903 

42 

19 

.68 98731 

3.75 

0480 

1.18 

9393 

4.93 

0607 

41 

20 

9.69 0098 

a 7.5 

9.94 0409 

1.18 

9.74 9689 

4.93 

10.25 0311 

40 

21 

0323 

3 75 

0338 

1 IS 

.74 9985 

4.93 

.25 0015 

39 

22 

0548 

.3 ’ 73 

0267 

1.18 

.75 0281 

4.92 

.24 9719 

38 

23 

0772 

3.73 

0196 

1.18 

0576 

4.93 

9424 

37 

24 

0996 

3.73 

0125 

1.18 

0872 

4.92 

9128 

36 

28 

9.69 1220 

3 73 

9.94 0084 

1.20 

9.75 1167 

4.92 

10.248833 

36 

26 

1444 1 

3 73 

.93 9982 

1.18 

1462 

4.92 1 

8538 

34 

27 

1668! 

3 73 

9911 

1.18 

1757 

4.92 

8243 

33 

?8 

1892 

3 I 72 

9840 

1.20 

2052 

4.92 1 

7948 

32 

29 

2115 

3.73 

9768 

1.18 

2347 

4.92 1 

7653 

31 

80 

9.69 2339 

3.72 

9.93 9697 

1.20 

9.75 2642 

4.92 

10.24 7358 

80 

31 

2562 

3.72 

9625 

1.18 

2937 

4.90 

7063 

29 

32 

2785 

3.72 

9554 

1.20 

3231 

4.92 ! 

6769 

28 

33 

3008 

3.72 

9482 

1.20 

3526 

4.90 1 

6474 

27 

34 

3231 

3.70 

9410 

1.18 

3820 

4.92 1 

6180 

26 

88 

9.69 3483 

3.72 

9.93 9339 

1.20 

9.75 4115 

4.90 

10.24 6886 

26 

36 

3676 

3.70 

9267 

1.20 

4409 

4.90 

6591 

24 

87 

3898 

3 70 

9195 

1.20 

4703 

4.90 

6297 

23 

88 

4120 

3!70 

9123 

1.18 

4997 

4.90 

5003 

22 

39 

4342 

3.70 

9062 

1.20 

6291 

4.90 

4709 

21 

40 

9.69 4864 

3.70 

9.93 8980 

1.20 

9.75 8585 

4.88 

10.24 4416 

20 

41 

4786 

3,68 

8908 

1.20 

6878 

4.90 

4122 

19 

42 

5007 

3 ! 70 

8836 

1,22 

6172 

4.88 

3828 

18 

43 

5229 

3.68 

8763 

1.20 

6465 

4.90 

3535 

17 

44 

5450 

3.68 

8691 

1.20 

6759 

4.88 

3241 

16 

48 

9.69 8671 

3.68 

9.93 8619 

1.20 

9.75 7052 

4.88 

10.24 2948 

16 

46 

5892 

3.68 

8547 

1,20 

7345 

4.88 

2655 

14 

47 

6113 

3.68 

8475 

1.22 

7638 

4.88 

2362 

13 

48 

6334 

3.67 

8402 

1,20 

7931 

4.88 

2069 

12 

49 

6554 

3.68 

8330 

1.20 

8224 

^ 4.88 

1776 

11 

80 

9.69 6775 

3.67 

9.93 8288 

1.22 

9.75 8617 

' 4.88 

10.241483 

10 

51 

6995 

3.67 

8185 

1.20 

8810 

4.87 

1 1190 

9 

52 

7216 

3.67 

8113 

1.22 

9102 

4.88 

1 0898 

8 

53 

7435 

3.65 

8040 

1.22 

9395 

4.87 

0605 

7 

64 

7664 

3.67 

7967 

1.20 

9687 

4.87 

0313 

6 

88 

9.69 7074 

3.67 

9.93 7895 

1.22 

9.76 9979 

4.88 

10.24 0021 

e 

56 

8094 

3.65 

7822 

1.22 

.76 0272 

4^87 

.23 9728 

4 

67 

8313 

3.65 

7749 

1.22 

0564 

4.87 

9436 

3 

68 

8532 

sies 

7676 

1.20 

0856 

4.87 

9144 

2 

69 

8751 

3.65 

7604 

1.22 

1148 

4.85 

8862 

1 

80 

9.69 8970 


9.93 7631 


9.76 1439 


10.23 8661 

0 

/ 

Cosine. 

D.l". 

Sine. 

D.l". 

Cotang. 

D.l". 

Tang. 

t 
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Sine. 

D.l''. 

Cosine. 

D.l" 

Tang. 

D.l". 

Cotang. 

/ 

0 

9.69 8970 

3.65 

9. 98 7631 

1*22 

9.761439 

4 B7 

10.23 8561 

60 

1 

9189 

3.63 

7458 

1.22 

1731 

4 S7 

8269 

69 

2 

9407 

3.65 

7385 

1 22 

2023 

4 «.<> 

7977 

68 

3 

9626 

3.63 

7312 

1*23 

2314 

4 87 

7686 

67 

4 

.69 9844 

3.63 

7238 

1.22 

2606 

4*85 

7394 

66 

i 

9.70 0062 

3.63 

9.93 7165 

1*22 

9.76 2897 

4 85 

10.23 7103 

58 

6 

0280 

3.63 

7092 

1^22 

3188 

4lS5 

6812 

64 

7 

0498 

3.63 

7019 

1 22 

3479 

4 8.5 

6521 

63 

8 

0716 

3.62 

6946 

1 22 

3770 

4*85 

6230 

62 

9 

0933 

3.63 

6872 

1.22 

4061 

4^85 

6939 

61 

10 

9.70 1151 

.3 62 

9.93 6799 

1 23 

9.76 4352 

4 R5 

10.23 5648 

60 

11 

1368 

3 62 

6725 

1*22 

4643 

4'«3 

5357 

49 

12 

1585 

3 62 

6652 

1 23 

4933 

4*85 

5067 

48 

13 

1802 

3.62 

6578 

1 '22 

6224 

4 8.^ 

4776 

47 

14 

2019 

3.62 

6505 

1.23 

5514 

4.85 

4486 

46 

ig 

9.70 2236 

.3 60 

9.93 6431 

f 5>3 

9.76 6805 

4 8.3 

10.23 4195 

45 

16 

2452 

3.62 

6357 

1*22 

6095 

4 8.3 

3905 

44 

17 

2669 

3.60 

6284 

1 23 

6385 

4*83 

3615 

43 

18 

2885 

zlJ&o 

6210 

1*23 

6075 

4 83 

3326 

42 

19 

8101 

3.60 

6136 

i!23 

6965 

4.83 

3035 

41 

20 

9.70 3317 

.3.60 

9.93 6062 

1 23 

9.76 7255 

4*83 

10.23 2745 

40 

21 

3533 

3.60 

6988 

1*23 

7545 

4 83 

2455 

39 

22 

3749 

3.58 

5914 

1 *23 

7834 

4 83 

2166 

38 

23 

3964 

3*58 

5840 

1 23 

8124 

4 83 

1876 

37 

24 

4179 

3.60 

5766 

1.’23 

8414 

4.82 

1586 

36 

25 

9.70 4395 

3 58 

9.93 5692 

1 23 

9.76 8703 

4 83 

10.23 1297 

35 

26 

4610 

alss 

6618 

1 25 

8992 

4^82 

1008 

34 

27 

4825 

3 .58 

5543 

1*23 

9281 

4 83 

0719 

33 

28 

6040 

3 57 

5469 

1 23 

9571 

4lS2 

0429 

32 

29 

5254 

3.58 

5395 

1.25 

.76 9860 

4.80 

.23 0140 

31 

30 

9.70 5469 

3.57 

9.93 6320 

1.23 

9.77 0148 

4.82 

10.22 9852 

SO 

31 

6683 

3.58 

6246 

1I25 

0437 

4.82 

9563 

29 

32 

5898 

3^57 

5171 

i!23 

0726 

4 ! 82 

9274 

28 

33 

6112 

3 57 

6097 

1*25 

1015 

4.80 

8985 

27 

34 

6326 

3.65 

6022 

i!23 

1303 

4 *.82 

8697 

26 

35 

9.70 €539 

3.67 

9.93 4948 

1,25 

9.77 1592 

4.80 

10.228408 

25 

36 

6753 

3*57 

4873 

1^25 

1880 

4 Iso 

8120 

24 

37 

I 6967 

3^55 

'4798 

i]23 

2168 

4 [82 

7832 

23 

38 

' 7180 

3 55 

4723 

1*23 

2457 

4*80 

7543 

22 

39 

7393 

3 ! 65 

4649 

i!25 

2745 

4*80 

7255 

21 

40 

9.70 7606 

3.55 

9.93 4574 

1.25 

9.77 8033 

4.80 

10.22 6967 

20 

41 

7819 

3^55 

4499 

i!25 

3321 

4 ! 78 

6679 

19 

42 

8032 

3.55 

4424 

1 [23 

3608 

4 ] 80 

6392 

18 

43 

8246 

3*55 

4349 

1*25 

3896 

4 ’so 

6104 

17 

44 

8458 

s'.dZ 

4274 

i!25 

4184 

4178 

6816 

16 

45 

9.70 8670 

3.63 

9.93 4199 

1.27 

9,77 4471 

4.80 

10.22 6629 

15 

46 

8882 

3 ! 63 

4123 

1*25 

4759 

4*78 

6241 

14 

47 

9094 

3 ! 53 

4048 

l]25 

6046 

4*78 

4954 

13 

48 

9306 

3 53 

3973 

1 25 

5333 

4*80 

4667 

12 

49, 

9518 

3!63 

3898 

i!27 

6621 

4.78 

4379 

11 

50 

9.70 9730 

3.52 

9.93 3822 

1.25 

9.77 6908 

4.78 

10.22 4092 

10 

61 

.70 9941 

3^53 

3747 

i!27 

6195 

4^78 

3805 

9 

62 

.710153 

3^52 

3671 

1*25 

6482 

4.77 

3518 

8 

63 

0364 

3*52 

3596 

1*27 

6768 

4*78 

3232 

7 

64 

0575 

3 ’.52 

3520 

1I25 

7055 

4.78 

2945 

6 

55 

9.710786 

3.52 

9.93 3445 

1.27 

9.77 7342 

4.77 

10.22 2658 

5 

66 

0997 

3^52 

3369 

i!27 

7628 

4*78 

2372 

4 

67 

1208 

3*52 

3293 

1*27 

7915 

4*77 

2085 

3 

58 

1419 

3 ! 50 

3217 

1*27 

8201 

4^78 

1799 

2 

59 

1629 

3.50 

3141 

i!25 

8488 

4I77 

1512 

1 

60 

9.71 1839 


9.93 3066 


9.77 8774 


10.22 1226 

0 

- 1 . 

Cosine. 

D.l". 

1 Sine. 

1 D.l". 

1 Cotang. 

1 D.l". 

Tang. 
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TANGENTS, AND COTANGENTS 


Table XIX. — Continued 


Cosine. 

D.l". 

Tang. 

D.l" 

9.92 8420 

1.30 

9.79 5789 

4.68 

8342 

1.32 

6070 

4.68 

8263 

1.33 

6351 

4.68 

8183 

1,32 

6632 

4.68 

8104 

1.32 

6913 

4.68 

9.92 8026 

1 .32 

9.79 7194 

4.07 

7946 

1.32 

7474 

4.68 

7867 

1.33 

7755 

4.68 

7787 

1.32 

8036 

4.67 

7708 

1.32 

8316 

4.67 

9.92 7629 

1.33 

9.79 8596 

4.68 

7549 

1.32 

8877 

4.67 

7470 

1.33 

9157 

4.67 

7390 

1.33 

9437 

4.67 

7310 

1.32 

9717 

4.67 

9.92 7231 

1 33 

9.79 9997 

4.67 

7151 

1.33 i 

.80 0277 

4.67 

7071 

1.33 

0557 

4.65 

6991 

1.33 

0836 

4.67 

6911 

1.33 

1116 

4.67 

9.92 6831 

1.33 

9.80 1396 

4.65 

6751 

1.33 

1675 

4.67 

6671 

1.33 

1955 

4.65 

6591 

1.33 

2234 

4.65 

6511 

1.33 

2513 

4.65 

9.92 6431 

1.33 

9.80 2792 

4.67 

6351 

1.35 

3072 

4.65 

6270 

1.33 

3351 

4.65 

6190 

1 1.33 

3630 

4.65 

6110 

1.35 

3909 

4.63 

9.92 6029 

1.33 

9.80 4187 

4.65 

5949 

1.35 

4466 

4.65 

5868 

1.33 

4745 

4.63 

5788 

1.35 

5023 

4.65 

5707 

1.35 

5302, 

4.63 

9.92 5626 

1.35 

9.80 5580 

4.65 

5545 

1.33 

5859 I 

4.63 

5465 

1.35 

6137 

4.63 

5384 

1.35 

6415 

4.63 

5303 

1.35 

6693 

4.63 

9.92 6222 

1.35 

9.80 €971 

4.63 ' 

5141 

1.35 

7249 

4.63 

5060 

1.35 

7527 

4.63 

4979 

1.37 

7805 

4.63 

4897 

1.35 

8083 

4.63 

9.92 4816 

1.35 

9.80 8361 

4.62 

4735 

1.35 

8638 

4.63 

4654 

1.37 

8916 

4.62 

4572 

1.35 

9193 

4.63 

4401 

1.37 

9471 

4.62 

9.92 4409 

1.35 

9.80 9748 

4.62 

4328 

1.37 

.81 0025 

4.62 

4246 

1.37 

0302 

4.63 

4164 

1.35 

0580 

4.62 

4083 

1.37 

0857 1 

4.62 

9.92 4001 

1.37 

9.81 1134 

4.60 

3919 

1 3837 

1.37 

1.37 

1410 

1687 

4.62 

4.62 


10.20 4aii 60 
3930 59 
3649 68 
3368 67 
3087 66 

10.20 2806 60 
2526 64 
2245 63 
1964 62 
1684 61 

10.20 1404 60 
11^3 49 
0843 48 
0563 47 
0283 46 

10.20 0003 45 
.19 9723 44 
9443 43 
9164 42 
8884 41 

10.19 8604 40 
8325 39 
8045 38 
7766 37 
7487 36 

10.19 7208 35 
6928 34 
6649 33 
6370 32 
6091 31 

10.19 6813 30 
5534 29 
5255 28 
4977 27 
4698 26 

10.19 4420 25 
4141 24 
3863 23 
3585 22 
3307 21 

10.19 8039 20 
2751 19 
2473 18 
2195 17 
1917 16 

10.19 1639 15 
1362 14 
1084 13 
0807 12 
0629 11 

10.19 0352 10 
..18 9975 9 

9698 8 

9420 7 

9143 6 

10.18 8366 



) 
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LOGARITHMIC SINES, COSINES- 


Table XIX . — Continued 


Cosine. 

DA". 

Tang. 

D.l". 

9.92 3591 

1.37 

9.81 2617 

4.62 

3509 

1.37 

2794 

4.60 

3427 

1.37 

3070 

4.62 

3345 

1.37 

3347 

4.60 

3263 

1.37 

3623 

4.60 

9.92 3181 

1.38 

9.81 3899 

4.6:s 

3098 

1.37 

4176 

4.60 

3016 

1.38 

4452 

4.60 

2933 

1.37 

4728 

4.60 

2851 

1.38 

6004 

4.60 

9.92 2768 

1.37 

9. SI 5280 

4.58 

2686 

1.38 

6555 

4.60 

2603 

1.38 

6831 

4.60 

2520 

1.37 

6107 

4.58 

2438 

1.38 

6382 

4.60 

9.92 2355 

1.38 

9.81 6658 

4.58 

2272 

1.38 

6933 

4. GO 

2189 

1.38 

7209 

4.58 

2106 

1.38 

7484 

4.68 

2023 

1.38 

7759 

4.60 

9.92 1940 

1.38 

9.818035 

4.58 

1857 

1.3S 

8310 

4.68 

1774 

1.38 

8585 

4.58 

1691 

1.40 

8860 

4.58 

1607 

1.38 

9135 

4.58 

9.92 1524 

1.38 

9.819410 

4.57 

1441 

1.40 

9684 

4.68 

1357 

1.38 

.819959 

4.68 

1274 

1.40 

.82 0234 

4.57 

1190 

1.38 

0508 

4.58 

9.92 1107 

1.40 

9.82 0783 

4.57 

1023 

1.40 

1057 

i 4.68 

0939 

1.38 

1332 

4.57 

0856 

1.40 

1606 

4.57 

0772 

1.40 

1880 

4.57 

9.92 0688 

1.40 

9.82 2154 

4.58 

0604 

1 .40 

2429 

4.57 

0520 

1.40 

2703 

4.57 

0436 

1.40 

2977 

4.57 

0352 

1.40 

3251 

4.55 

9.92 0268 

1.40 

9.82 3524 

4.57 

0184 

1.42 

3798 

4.57 

0099 

1.40 

4072 

4.55 

.92 0015 

1.40 

4345 

4.57 

.919931 

1.42 

4619 

4.57 

9.91 9846 

1.40 

9.82 4893 

4.55 

9762 

1.42 

6166 

4 55 

9677 

1.40 

5439 

4.57 

9593 

1.42 

6713 

4.55 

9508 

1.40 

6986 

4.65 

9.91 9424 

1.42 

9.82 6254 

4,65 

9339 

1.42 

6532 

4.55 

9254 

1.42 

6805 

4.65 

9169 

1.40 

7078 

4.65 

9085 

1.42 

7351 

4.65 

9.91 9000 

1.42 

9.82 7624 

4.55 

8915 

1.42 

7897 

4.55 

8830 

1.42 

8170 

4.53 

8745 

1.43 

8442 

4.65 

8669 

1.42 

8715 

4.63 

9.918674 


9.82 8987 


Sine. 

D.l". 

Cotang. 

B.l", 


10.18 7488 60 
7206 59 
6930 58 
6653 57 
6377 56 

10.18 6101 m 

6824 64 
6548 53 
6272 62 
4996 51 

10.18 4720 SO 
4445 49 
4169 48 
3893 47 
3618 46 

10.18 3342 43 
3067 44 
2791 43 
2516 42 
2241 41 
10.181965 40 
1690 39 
1415 38 
1140 37 
0865 36 

10.18 0590 36 
0316 34 
.18 0041 33 
.17 9766 32 
9492 31 

10.17 9217 SO 
8943 29 
8668 28 
8394 27 
8120 26 

10.17 7846 25 
7671 24 

7297 23 
7023 22 
6749 21 

10.17 6476 20 
6202 19 
5928 18 
5655 17 
5381 16 

10.17 5107 15 
4834 14 

4561 13 

4287 12 
4014 11 

10.17 3741 10 
3468 9 

3195 8 

2922 7 

2649 6 

10.172376 0 

2103 4 

1830 3 

1558 2 

1285 1 

10.17 1013 0 
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34® Table XIX . — Continued 146® 


' 

Sine. 

D.l'' 

Cosine, 

D.l" 

Tang. 

D.l" 

Cotang. 


0 

9.74 7562 

3J2 

9.918574 

1 42 

9.82 8987 

4 55 

10.171013 

60 

1 

7749 

.3 12 

8489 

i 49 

9260 

4 63 

0740 

59 

2 

7936 

3.12 

8404 

1 4.2 

9532 

4 5.5 

0468 

68 

3 

8123 

3^^ 

8318 

1 42 

.82 9805 

4*53 

.17 0195 

57 

4 

8310 

3.12 

8233 

1.43 

.83 0077 

4^53 

.16 9923 

66 


1.74 8497 

3JL0 

9.91 8147 

1 42 

9.83 0349 

4 53 

LO. 16 9661 

55 

6 

8683 

3 I 12 

8062 

1 ' 4.2 

0621 

4 * 5.3 

9379 

54 

7 

8870 

2 10 

7976 

1 49 

0893 

4*5.3 

9107 

53 

8 

9056 

3 ! 12 

7891 

LI 43 

1165 

4 5.3 

8835 

52 

9 

9243 

3.10 

7805 

1.43 

1437 

4!53 

8563 

51 

10 

9.74 9429 

.2,10 

9.917719 

1 42 

9.83 1709 

4 53 

10.16 8291 

60 

11 

9615 

3.16 

7634 

1 L 43 

1981 

4 ' 5.3 

8019 

49 

12 

9801 

.3 10 

7548 

1 42 

2263 

4*53 

7747 

48 

13 

.74 9987 

2 08 

7462 

1 4.2 

2525 

4 53 

7475 

47 

14 

.75 0172 

3.16 

7376 

1.43 

2796 

4.53 

7204 

46 

15 

9.75 0358 

2 08 

9.91 7290 

1 42 

9.83 3068 

4 52 

10.16 6932 

45 

16 

0543 

2 10 

7204 

1 ' 4.2 

3339 

4 53 

6661 

44 

17 

0729 

2 08 

7118 

1 42 

3611 

4*52 

6389 

43 

18 

0914 

2 08 

7032 

i!4.2 

3882 

4 53 

6118 

42 

19 

1099 

3.08 

6946 

1.45 

4154 

4 ! 52 

5846 

41 

20 

9.75 1284 

3 08 

9.91 6859 

1 42 

9.83 4425 

4 52 

10.16 6575 

40 

21 

1469 

-2*08 

6773 

1 *4.2 

4696 

4*52 

5304 

39 

22 

1654 

.2*08 

6687 

1 L 45 

4967 

4 J=>2 

5033 

38 

23 

1839 

.2 07 

6600 

1 4.2 

5238 

4 52 

4762 

37 

24 

2023 

3.08 

6514 

1.45 

5509 

4^52 

4491 

36 

26 

9.75 2208 

2 07 

9.91 6427 

1 4.2 

9.83 5780 

4 52 

10.16 4220 

35 

26 

2392 

3 07 

6341 

1 45 

6051 

4*52 

3949 

34 

27 

2576 

2 07 

6254 

1 4.5 

6322 

4 52 

3678 

33 

28 

2760 

3 07 

6167 

1 4,2 

6593 

4 52 

3407 

32 

29 

2944 

3i07 

6081 

1.45 

6864 

4 ! 50 

3136 

31 

30 

9.76 3128 

3.07 

9.91 5994 

1.45 

9.83 7184 

4.62 

10.16 2866 

30 

31 

3312 

sios 

5907 

1.45 

7405 

4*50 

2595 

29 

32 

3495 

3*07 

5820 

i!45 

7675 

4.52 

2325 

28 

33 

3679 

3 07 

6733 

1 45 

7946 

4 50 

2054 

27 

34 

3862 

3.07 

5646 

1.45 

8216 

4 ! 62 

1784 

26 

35 

19.75 4046 

3,05 

9.91 5559 

1.45 

9.83 8487 

4.60 

10.16 1613 

25 

36 

1 4229 

3 ! 05 

5472 

1 !45 

8757 

4*50 

1243 

24 

37 

4412 

3 ! 05 

6385 

1*47 

9027 

4 iso 

0973 

23 

38 

4695 

3 05 

6297 

1 45 

9297 

4 ! 62 

0703 

22 

39 

4778 

3!03 

5210 

i!45 

9568 

4.50 

0432 

21 

40 

9.75 4960 

3.05 

9.91 6123 

1.47 

9.83 9838 

4.50 

10.16 0162 

20 

41 

6143 

3 I 05 

6035 

1^45 

.84 0108 

4 iso 

.15 9892 

19 

42 

6326 

3.03 

4948 

i!47 

0378 

4 iso 

9622 

18 

43 

5608 

3 03 

4860 

1 45 

0648 

4*48 

9352 

17 

44 

6690 

3^03 1 

4773 

l’.47 

0917 

4i60 

9083 

16 

45 

9.76 6872 

3.03 

9.91 4685 

1.45 

9.84 1187 

4.60 

10.16 8813 

16 

46 

6064 

3*03 i 

4598 

1*47 

1457 

4i60 

8543 

14 

47 

6236 

sios 

4510 

1.47 

1727 

4^48 

8273 

13 

48 

6418 

3*03 

4422 

1*47 

1996 

4 50 

8004 

12 

49 

6600 

3!o3 

4334 

ll47 

2266 

4.48 

7734 

11 

50 

9.75 6782 

3.02 

9.914246 

1.47 

9.S4 2535 

4.50 

10.15 7465 

10 

61 

6963 

3^02 

4168 

1.47 

2805 

4.48 

7195 

9 

62 

' 7144 

3*03 

4070 

1.47 

3074 

4.48 

6926 

8 

53 

7326 

3 02 

3982 

1 47 

3343 

4.48 

6657 

7 

64 

7607 

3!02 

3894 

1.47 

3612 

4.60 

6388 

6 

55 

9.76 7688 

3.02 

9.91 3806 

1.47 

9.84 3882 

4.48 

10.15 6118 

5 

56 

7869 

3.02 

3718 

1.47 

4151 

4.48 

6849 

4 

67 

8050 

3*00 

3630 

1.48 

4420 

4.48 

5580 

3 

58 

8230 

3.02 

3541 

1.47 

4689 

4.48 

5311 

2 

69 

8411 

3.00 

3453 

1.47 

4958 

4.48 

6042 

1 

60 

9.75 8691 


9.01 3365 


9.84 6227 


10.16 4773 

0 

! 

Cosine. 

D.l". 

[ Sine. 

D.l". 

Cotang. 


Tang. 
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IX)GAKITHMIC SINES, COSINES, 


Table XIX. — Cofdinued 144* 

D.l". Cosine, b'.l".] Tan^ D.l^^ ] Cotang. 1 ^ 

3 02 9 91 3^5 148 9.84 5227 443 10 15 4778 60 

i:00 3276 5496 4504 59 

I '00 3099 1*48 6033 4 If 3967 57 

3*00 3010 1*47 6302 ttr 3698 56 

3*00 9.®12922 148 9.84 6670 445 10.15 8480 65 

3 00 2833 1 48 6839 4 43 3161 54 

i-Qo 2744 rli 7108 4 47 2892 53 

2666 1 If 7376 4 47 2624 52 

2*98 2566 {H 7644 ttl 2356 51 

2*98 9.912477 148 9.84 7913 4.47 10.15 2087 50 

2* of 2388 1 If 8181 4 47 1819 49 

: IM? 1 it? II tii I? 

I;?! 2121 i.m 8986 |;|? 1014 46 

2 08 9,91 2081 1 48 9.84 9254 447 10.15 0746 45 

1*11 1942 {‘4I 9522 0478 44 

2 98 1853 1 50 .84 9790 4 45 .15 0210 43 

o'aI 1763 1 48 .85 0057 4 47 .14 9943 42 

2*97 1074 1*5§ 0325 Jig 9675 41 

0*08 9.911684 1 48 9.86 0593 447 10.14 9407 40 

2*97 1495 1 50 0861 4 47 9139 39 

0*07 1405 1 50 1129 4 45 8871 38 

2*95 1315 lil 1396 4 47 3604 37 

1*^? 1226 1*50 1664 Ills 3336 36 

0*97 9.911186 ISO 9.851931 447 10.14 8069 85 

2 95 1046 1 60 2199 4.45 7801 34 

1*97 0956 1 50 2466 4 45 7534 33 

2 95 0866 1 50 2733 4 47 7267 32 

1:95 0776 }:50 3001 6999 31 

2 95 9.910686 1 50 9.85 3268 4,45 10.14 6732 SO 

2 at 0596 1 so 3535 4 45 6465 29 

2 95 0506 1 52 3802 4 45 6198 28 

2 95 0416 1*50 4069 4 45 6931 27 

2 93 0325 1 60 4336 l.'ls 6664 26 

o’ftE 9,91 0285 1*52 0.86 4608 4.45 10.14 6397 26 

2 93 0144 1 50 4870 4 45 6130 24 

i'li .910064 1 52 5137 445 4863 23 

i'li .90 9963 1*50 5404 445 4596 22 

1:93 9S73 5671 t*!? 4329 21 

900 9.90 9782 1 59 9.85 5988 443 10.14 4062 20 

2 93 9691 1 60 6204 4 45 3796 19 

i'li 9601 1 62 6471 4*43 3629 18 

2*93 0510 1*52 6737 liJs 3263 17 

1:92 i:52 7004 2996 16 

1 ll til I li II 

i-ll 1 111 IZ ti 

2.92 8964 lit 8336 |;|| 1664 11 

9 00 9.908873 i 50 9.86 8602 443 10.141398 10 

2*92 8781 1 62 8868 Ills 1132 9 

2 92 8690 1 62 ©134 4 43 0866 8 

2 90 8599 1*53 9400 4 43 0600 7 

i'll 8607 1 52 9666 4:43 0334 6 

2 90 9.90 8416 153 9.86 9982 443 10.14 0068 5 

m 8324 .860198 ,139802 4 

2 90 8233 1 63 0464 4.43 9636 3 

2 so 8141 1 53 0730 4 49 9270 2 

2 so 8049 1*52 0996 4 43 9006 1 

9.90 7958 9.86 1261 * ^ 10.13 8789 0 


Coain©.J D.l" I Sine. D.!"! Cotang, j D.l". ! Tang. 
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Tabjje XIX.~-ConHnued 143“ 


' Sine. Cosine. D.l". jl Tang. D.l". ' Cotang. 


li ©.771815 


10 ©.77 2676 


16 ©.77 3633 


SO 0.77 4388 


85 9.77 6240 


40 9.77 6090 


46 9.77 6937 


SO 9.77 7781 


65 9.77 8624 


60 9.77 9463 


9.90 7968 1 

7866 1 
7774 } 

7682 1 

7590 1 
9.90 7498 1 

7406 1 
7314 1 
7222 i 
7129 3 
9.90 7037 1 
6945 j 
6852 j 
6760 
6667 3 
9.90 6575 1 

6482 
6389 
6296 
6204 3 

9.90 6111 
, 6018 
5925 
i 5832 

! 5739 

; 9.90 5645 
5552 
5459 
5366 
• 5272 

> 9.90 6179 

5085 

4992 

4898 

1 4804 

> 9.90 4711 

> 4617 

\ 4523 

\ 4429 

J 4335 

2 9.90 4241 

1 4147 

2 4053 

1 3959 

2 3864 

2 9.90 3770 
2 3676 

2 3581 

2 3487 

0 3392 

2 9.90 3298 
2 3203 

0 3108 

0 3014 

2 2919 

0 9.90 2824 
0 2729 

In 2634 

2539 
[0 2444 

' 9.90 2349 


I 9.86 1261 4^43 10.13 8739 60 


Cosine. D.l'^. | 


2058 4^42 
2323 |;|3 


8473 69 
8208 68 
7942 67 
7677 66 


9.86 2589 440 10.13 7411 56 
2854 4 42 7146 64 

3119 4 43 6881 63 

3385 4 42 6615 62 

3650 4 42 6350 61 

9.86 3915 4*42 10.13 6085 60 


4445 
4710 
4975 
9.86 5240 
6505 
6770 


4:12 


6035 4*42 


5820 49 
5555 48 I 
6290 47 
6025 46 
10.1© 4760 45 
4495 44 
4230 43 
3965 42 
1 3700 41 


9.86 6564 4 42 10.1© 3436 40 

6829 4 42 3171 39 

7094 4 40 2906 38 

7358 I* 42 2642 37 

7623 4 40 2377 36 

9.86 7887 a'ao 10.13 2113 35 
8152 4 40 1848 34 

8416 4 ’So 1684 33 

8680 4 42 1320 32 


8152 4 '40 1848 34 

8416 4 ’So 1684 33 

8680 4 42 1320 32 

8945 4 40 1065 31 

9.86 9209 4*40 10.1© 0791 80 

9473 4-40 0627 29 

.86 9737 4 40 .13 0263 28 

.87 0001 4 40 .12 9999 27 


9473 4 40 0627 29 

.86 9737 4 40 .13 0263 28 j 

.87 0001 4 40 .12 9999 27 

0265 4 40 9736 26 

9.87 0629 4*40 10.12 9471 26 

6793 4 40 9207 24 

1057 4 ’40 8943 23 

8415 21 


1321 4 ’ 40 
1585 4:Io 


9.871849 4.38 10.12 8151 20 


2640 4 38 
2903 4:40 


7888 19 
7624 18 
7360 17 
7097 16 


I 9.87 3167 4 30 10.12 6833 16 


3957 4*38 
4220 1:40 


6570 14 
6306 13 I 
6043 12 
6780 11 i 


9.87 4484 4 30 10.126516 10 

4747 4 88 6263 9 

5010 438 4990 8 

6273 44^; 4727 7 

6637 4:38 4463 6 

9.87 6800 4*00 10.12 4200 6 


sff? 4:11 

6852 4 37 
9.877114 

Cotiuttg. 


3937 

3674 

3411 

3148 

10.12 2886 
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/ 

Sine. 

D.l" 

Cosine. 

D.l". 

Tang. 

D.l". 

Cotang. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 
IB 
16 

17 

18 
19 

30 
21 
22 

23 

24 
28 
26 

27 

28 
29 
SO 

31 
82 
83 
34 
SB 

36 

37 

38 

39 

40 

41 

42 

43 

44 
4B 

46 

47 

48 

49 
BO 
61 
62 

63 

64 
BB 
66 

67 

68 
69 
60 

9.77 9463 
9631 
9798 

.77 9966 
.78 0133 

9.78 0300 
0467 
0634 
0801 
0968 

9.78 1134 
1301 
1468 
1634 
1800 
9.78 1966 
2132 
2298 
2464 
2630 
9 .78 2796 
2961 
3127 
3292 
3458 
9.78 3623 
3788 
3953 
4118 
4282 
9.78 4447 
4612 
4776 
4941 
6105 
9.78 6269 
6433 
6597 
6761 
6926 
9.78 8089 
6252 
6416 
6579 
6742 
9.78 6906 
7069 
7232 
7395 
7667 
9.78 7720 
7883 
8046 
8208 
8370 
9.78 8532 
8694 
8866 
9018 
9180 
9.78 9342 

2.80 

2.78 

2.80 

2.78 

2.78 

2.78 

2.78 

2.78 

2.78 

2.77 

2.78 
2.78 
2.77 
2.77 
2.77 
2.77 
2.77 
2.77 
2.77 
2.77 
2.75 
2.77 
2.75 
2.77 
2.75 
2.75 
2.75 
2.75 
2.73 
2.75 
2.75 
2.73 
2.75 
2.73 
2.73 
2.73 
2.73 
2.73 
2.73 
2.73 

2.72 

2.73 

2.72 
2.72 

2.73 
2.72 
2.72 
2.72 
2.70 
2.72 
2.72 
«.70 
2.72 
2.70 
2.70 
2.70 
2.70 
2.70 
2.70 
2.70 

9.90 2349 
2263 
2158 
2063 
1967 
9.90 1872 
1776 
1681 
1585 
1490 
9.90 1394 
1298 
1202 
1106 
1010 
9.90 0914 
0818 
0722 
0626 
0529 
9.90 0433 
0337 
0240 
0144 
.90 0047 
9.89 9951 
9854 
9767 
9660 
9564 
9.89 9467 
9370 
9273 
9176 
9078 
9.89 8981 
8884 
8787 
8689 
8592 
9.89 8494 
8397 
8299 
8202 
8104 
9.89 8006 
7908 
7810 
7712 
7614 
9.89 7616 
7418 
7320 
7222 
7123 
9.89 7025 
6926 
6828 
6729 
6631 
9.89 6532 

1.60 

1.68 

1.58 

1.60 

1.5S 

1.60 

1.58 

1.60 

1.58 

1.60 

1.60 

1,60 

1.60 

1,60 

1.60 

1.60 

1.60 

1 60 
1.62 
1.60 
1.60 
1.62 
1.60 
1.62 
1.60 
1.62 
1.62 
1.62 
1.60 
1.62 
1.62 
1.62 
1.62 
1.63 
1.62 
1.62 
1.62 
1.63 
1.62 
1.63 
1.62 
1.63 
1.62 
1.63 
1.63 
1.63 
1.63 
1.63 
1.63 

1.63 

1.63 

1.63 
1.63 
1.65 
1.63 
1.65 I 
1.63 ! 
1.65 1 
1.63 
1.65 

9.87 7114 
7377 
7640 
7903 
8165 
9.87 8428 
8691 
8953 
9216 
9478 

9.87 9741 
.88 0003 

0265 

0528 

0790 

9.88 1052 
1314 
1577 
1839 
2101 

9.88 2363 
2625 
2887 
3148 
3410 
9.88 3672 
3934 
4196 
4457 
4719 
9.88 4980 
6242 
5504 
5765 
6026 
9.88 6288 
6549 
6811 
7072 
7333 
9.88 7594 
7855 
8116 
8378 
8639 

9.88 8900 
9161 
9421 
9682 

.88 9943 

9.89 0204 
0465 
0725 
0986 
1247 

9.89 1507 
1768 
2028 
2289 
2549 
9.89 2810 

4.38 

4.38 

4.38 

4.37 

4.38 
4.38 

4.37 

4.38 

4.37 

4.38 
4.37 

4.37 

4.38 
4.37 
4.37 

4.37 

4.38 
4.37 
4.37 
4.37 
4.37 
4.37 
4.35 
4.37 
4.37 
4.37 
4.37 
4.35 
4.37 
4.35 
4.37 
4.37 
4.35 
4.35 
4.37 
4.35 
4.37 
4.35 
4.35 
4.35 
4.35 
4.35 
4.37 
4.35 
4.35 
4.35 
4.33 
4.35 
4.35 
4.35 

4.35 
4.33 : 

4.36 
4.36 
4.33 
4.35 
4.33 
4.35 
4.33 
4.35 

10.12 2886 
2623 
2360 
2097 
1835 
10.121572 
1309 
1047 
0784 
0522 
10.12 0259 
.11 9997 
9735 
9472 
9210 
10.11 8948 
8686 
8423 
8161 
7899 
10.11 7637 
7375 
7113 
6852 
6590 
10.11 6328 
6066 
6804 
6543 
5281 
10.11 5020 
4758 
4496 
4235 
3974 
10.11 3712 
3451 
3189 
2928 
2667 
10.11 2406 
2145 
1884 
1622 
1361 

10.11 1100 
0839 
0579 
0318 
.110057 
10.10 9796 
9635 
9275 
9014 
8753 
10.10 8493 
8232 
7972 
7711 
7451 
10.10 7190 

60 

69 

68 

57 

56 

55 

54 

53 

52 

51 

50 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

82 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

a 

t 

Cosine. 

D.l". 

Sine. 

D.l". 

1 Cotang. 

D.l". 

Tang. 

f 


i2r 


52 ’ 
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Sine. 

D.l". 

Cosine. 

D . l ". 

Tang. 

D.l". 

9.78 9342 

2.70 

9.89 6632 

1.65 

9.89 2810 

4.33 

9504 

2.68 

6^33 

1.63 

30-70 

4I35 

9665 

2.70 

6335 

1.65 

3331 

4.33 

9827 

2.68 

6236 

1.65 

3591 

4 33 

.78 9988 

2.68 

6137 

1,65 

3851 

4.33 

9.79 0149 

2.68 

9.89 6038 

1.65 

9.89 4111 

4.35 

0310 

2.68 

5939 

1.65 

4372 

4.33 

0471 

2.68 

5840 

1.65 

4632 

4.33 

0632 

2.68 

5741 

1.67 

4892 

4.3 S 

0793 

2.68 

5641 

1.65 

5152 

4.33 

9.79 0964 

2.68 

9.89 5542 

1.65 

9.89 6412 

4.33 

1115 

2.67 

5443 

1.67 

5672 

4.33 

1275 

2.68 

5343 

1.65 

5932 

4.33 

1436 

2,67 

5244 

1.65 

6192 

4 33 

1596 

2.68 

5145 

1.67 

6452 

4.33 

9.79 1757 

2.67 

9.89 5045 

1.67 

9.89 6712 

4.32 

1917 

2.67 

4945 

1.65 

6971 

4!33 

2077 

2,67 

4846 

1,67 

7231 

4.33 

2237 

2.67 

4746 

1.67 

7491 

4.33 

2397 

2.67 

4646 

1.67 

7751 

4.32 

9.79 2667 

2.65 

9.89 4646 

1.67 

9.89 8010 

4.33 

2716 

2.67 

4446 

1.67 

8270 

4.33 

2876 

2.65 

4346 

1.67 

8530 

4.32 

3035 

2.67 

4246 

1.67 

8789 

4,33 

3195 

2.65 

4146 

1.67 

9049 

4.32 

9.79 3364 

2,67 

9.89 4046 

1.67 

9.89 9308 

4.33 

3514 

2.65 

3946 

1.67 

9568 

4.32 

3673 

2.65 

3846 

1.68 

.89 9827 

4.33 

3832 

2,65 

3745 

1.67 

.90 0087 

4,32 

3991 

2.65 

3645 

1.68 

0346 

4.32 

9.79 4160 

2.63 

9.89 3644 

1.67 

9.90 0605 

4.32 

4308 

2,65 

3444 

1.68 

0864 

4.33 

4467 

2.65 

3343 

1.67 

1124 

4.32 

4626 

2.63 

3243 

1.68 

1383 

4.32 

4784 

2.63 

3142 

1.68 

1642 

4.32 

9.79 4942 

2.65 

9.89 3041 

1.68 

9.90 1901 

4.32 

5101 

2.63 

2940 

1.68 

2160 

4.33 

5259 

2.63 

2839 

1.67 

2420 

4.32 

5417 

2.63 

2739 

1.68 

2679 

4.32 

6575 

2.63 

2638 

1.70 

2938 

4.32 

9.79 5733 

2.63 

9.89 2536 

1.68 

9.90 3197 

4.32 

6891 

2.63 

2435 

1.68 

3456 

4.30 

6049 

2.62 

2334 

1.68 

3714 

4.32 

6206 

2.63 

2233 

1.68 

3973 

4.32 

6364 

2.62 

2132 

1.70 

4232 

4.32 

9.79 0621 

2.63 

9.89 2030 

1.68 

9.90 4491 

4.32 

6679 

2.62 

1929 

1.70 

4750 

4.30 

6836 

2.62 

1827! 

1,68 

5008 

4.32 

6993 

2.62 

1726 

1,70 

5267 

4.32 

7150 

2.62 

1624 

1.68 

5526 

4.32 

9.79 7307 

2.62 

9.89 1623 

1.70 

9.90 6786 

4.30 

7464 

2.62 

1421 

1.70 

6043 

4.32 

7621 

2.60 

1319 

1.70 

6302 

4.30 

7777 1 

2.62 

1217 

1.70 

6560 

4.32 

7934 

2.62 

1115 

1.70 

6819 

4.30 

9.79 8091 

2.60 

9.89 1013 

1.70 

9.90 7077 

4.32 

8247 

2.60 

0911 

1.70 

7336 

4.30 

8403 

2 62 

0809 

1.70 

7594 

4.32 

8560 

2! 60 

0707 

1.70 

7853 

4.30 

8716 

2.60 

0605 

1.70 

8111 

4.30 

9.79 8872 


9.89 0603 


9.90 8369 


Cosine. 

D.l'\ 

Sine. 

D.l" 

Cotang. 

D.l". 


10.10 7190 60 
6930 69 
6669 68 
6409 57 
6149 66 

10.10 6869 m 
6628 54 
5368 53 
1 5108 62 

4848 51 

10.10 4588 60 
4328 49 
4068 48 
3808 47 
3548 46 

10.10 3288 46 
3029 44 
2769 43 
2509 42 
2249 41 

10.10 1990 40 
1730 39 
1470 38 
1211 37 

0951 36 

10.10 0692 38 
0432 34 
.10 0173 33 
.09 9913 32 
9654 31 

10.09 9396 30 
9136 29 
8876 28 
8617 27 
8358 26 

10.09 8099 25 
7840 24 
7580 23 
7321 22 
7062 21 

10.09 6803 20 
6544 19 

6286 18 
6027 17 
5768 16 

10.09 6609 15 
5250 14 

4992 13 
4733 12 
4474 11 

10.09 4216 10 
3957 9 

3698 8 

3440 7 

3181 6 

10.09 2923 5 

2664 4 

2406 3 

2147 2 

1889 1 

10.091631 0 
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Sine. 

D.l''. 

Cosine. 

D.l" 

Tang. 

D.l". 

Cotang. 

f 

0 

9.79 8872 

2 60 

9.89 0503 

1 72 

9.90 8869 

4.32 

10.09 1631 

60 

1 

9028 

2 60 

0400 

1 70 

8628 

4.30 

1372 

59 

2 

9184 

2 58 

0298 

1 72 

8886 

4.30 

1114 

68 

3 

9339 

2^0 

0195 

1.70 

9144 

4.30 

0856 

67 

4 

9495 

2.60 

.89 0093 

1.72 

9402 

4.30 

0598 

56 

S 

9.79 9661 

2 58 

9.88 9990 

1 70 

9.90 9660 

4.30 

10.09 0340 

55 

6 

9806 

2 60 

9888 

1 *72 

.90 9918 

4.32 

.09 0082 

54 

7 

.79 9962 

2 58 

9785 

1 72 

.91 0177 

4.30 

.08 9823 

63 

8 

.80 0117 

2 58 

9682 

1 72 

0435 

4.30 

y5fi5 

52 

9 

0272 

2.58 

9579 

1.70 

0693 

4.30 

9307 

51 

10 

9.80 0427 

2 58 

9.88 9477 

1 72 

9.91 0951 

4.30 

10.08 9049 

50 

11 

0582 

2 .58 

9374 

il72 

1209 

4.30 

8791 

49 

12 

0737 

2 58 

9271 

1 I 72 

1467 

4.30 

8533 

48 

13 

0892 

2 58 

9168 

1 7,2 

1725 

4.28 

£> 

47 

14 

1047 

2.57 

9064 

li72 

1982 

4.30 

8018 

46 

16 

9.80 1201 

2 58 

9.88 8961 

U72 

9.912240 

4.30 

10.08 7760 

45 

1« 

1356 

2 58 

8858 

1 72 

2498 

4.30 

7502 

44 

17 

1511 

2 57 

8755 

LilS 

2766 

4.30 

V244 

43 

18 

1665 

2 57 

8661 

1 72 

3014 

4.28 

6986 

42 

19 

1819 

2.67 

8648 

1.73 

3271 

4.30 

6729 

41 

20 

9.80 1973 

2 58 

9.88 8444 

TLjt2 

9.91 3529 

4.30 

10.08 6471 

40 

21 

2128 

2 57 

8341 

1 7a 

3787 

4.28 

6213 

39 

22 

2282 

2 57 

8237 

1 72 

4044 

4.30 

5956 

38 

23 

2436 

2 .55 

8134 

1 73 

4302 

4.30 

5698 

37 

24 

2589 

2.57 

8030 

1.73 

4560 

4.28 

6440 

36 

2S 

9.80 2743 

2 57 

9.88 7926 

1 73 

9.914817 

4.30 

10.08 5188 

85 

26 

2897 

2 55 

7822 

1 I 73 

5075 

4.28 

4925 

34 

27 

3050 

2 57 

7718 

1 73 

5332 

4.30 

4668 

33 

28 

3204 

2 I 55 

7614 

1 73 

5590 

4.28 

4410 

32 

29 

3357 

2.57 

7510 

1.73 

5847 

4.28 

4153 

31 

80 

9.80 3611 

2.55 

9.88 7406 

1.73 

9.91 6104 

4.30 

10.08 3896 

30 

31 

3664 

2^55 

7302 

1.73 

6362 

4.28 

3638 

29 

32 

3817 

2.55 

7198 

li75 

6619 

4.30 

3381 

28 

83 

3970 

2 55 

7093 

1 73 

6877 

4.28 

3123 

27 

34 

4123 

2^55 

6989 

1.73 

7134 

4.28 

2866 

26 

80 

9.80 4276 

2.55 

9.88 6885 

1.75 

9.91 7391 

4.28 

10.08 2609 

25 

36 

4428 

2 ! 55 

6780 

1.73 

7648 

4.30 

2352 

24 

37 

4581 

2.55 

6676 

1.75 

7906 

4.28 

2094 

23 

38 

4734 

2 S3 

6571 

1 75 

8163 

4.28 

1837 

22 

39 

4886 

2!65 

6466 

1.73 

8420 

4.28 

1580 

21 

40 

9.80 6039 

2.53 

9.88 6362 

1.75 

9.91 8677 

4.28 

10.08 1323 

20 

41 

5191 

2,53 

6257 

1.75 

8934 

4.28 

1066 

19 

42 

6343 

2^63 

6162 

1.75 

9191 

I 4.28 

0809 

18 

43 

6495 

2.53 

6047 

1 75 

9448 

4.28 

0552 

17 

44 

6647 

2.63 

6942 

1.76 

9705 

4.28 

0295 

16 

46 

9.80 6799 

2.53 

9.88 6837 

1.75 

9.91 9962 

4.28 

10.08 0038 

15 

46 

6951 

2 ! 53 

6732 

1.75 

.92 0219 

4,28 

.07 9781 

14 

47 

6103 

2.62 

6627 

1.75 

0476 

4.28 

9524 

13 

48 

6254 

2.53 

6522 

1 77 

0733 

4.28 

9267 

12 

49 

6406 

2,52 

6416 

1.75 

0990 

4.28 

9010 

11 

60 

9.80 6667 

2.68 

9.88 5311 

1.77 

9.92 1247 

4.27 

10.07 8753 

10 

51 

6709 

2 ’52 

5205 

li75 

1503 

4.28 

8497 

9 

52 

6860 

2.62 

5100 

1.77 

1760 

4.28 

8240 

8 

53 

7011 

2 53 

4994 

1.75 

2017 

4.28 

7983 

7 

54 

7163 

2.52 

4889 

1.77 

2274 

4.27 

7726 

6 

06 

9.80 7314 

2.52 

9.88 4783 

1.77 

9.92 2530 

4.28 

10 . 077470 ' 

5 

56 

7465 

2 iso 

4677 

li75 

2787 

4.28 i 

7213 

4 

57 

7615 

2,52 

4572 

1.77 

3044 

4.27 

6956 

3 

58 

7766 

2.52 

4466 

li77 

3300 

4.28 

6700 

2 

59 

7917 

2 iso 

4360 

li77 

3557 

4.28 

6443 

1 

60 

9.80 8067 


9.88 4254 


9.92 3814 


10.07 6186 

0 

' 

Cosine. 


Sine. 

D.l". 

Cotang. 

D.l". 

Tang. 
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0 

1 

2 

3 

4 

1 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 
19 
SO 
21 
22 

23 

24 
S6 
26 

27 

28 
29 
80 

31 

32 

33 

34 

85 

86 

37 

38 

39 

40 

41 

42 

43 

44 < 

45 

46 

47 

48 

49 

50 
61 
62 

63 

64 
55 
66 

67 

68 
69 
60 

Sine. 

D.l". 

Cosine. 

D.l". 

Tang. 

D.l". 

Cotang. 

/ 

9.81 6043 
7088 
7233 
7379 
7524 
O.Sl 7668 
7813 
7958 
8103 
8247 
9.81 8392 
8536 
8681 
8825 
8969 
9.810113 
9257 
9401 
9546 
9689 

9.81 9832 
.81 9976 
.82 0120 

0263 

0406 

9.82 0550 
0693 
0836 
0979 
1122 

9.82 1265 
1407 
1550 
1693 
1835 
9.82 1977 
2120 
2262 
2404 
2546 
9.82 2688 
2830 
2972 
3114 
3255 
9.82 8397 
3539 
3680 
3821 
8963 
9.82 4104 
4245 
4386 
4527 
466S 
9.82 4808 
4949 
5090 
5230 
5371 
9.82 5511 

2.42 

2.42 

2.43 
2.42 
2.40 
2.42 
2.42 
2.42 
2.40 

2.42 
2.40 

2.42 
2.40 
2.40 
2.40 
2.40 
2.40 
2.40 
2.40 
2.38 
2.40 
2.40 
2. 38 
2.38 
2.40 
2.38 
2.38 
2.38 
2.38 
2.38 

2.37 

2.38 
2.38 
2.37 

2.37 

2.38 
2.37 
2.37 
2.37 
2.37 
2.37 
2.37 
2.37 
2.35 
2.37 
2.37 
2.35 

2.35 
2.37 

2.36 

2.35 

2.36 

2.35 

2.35 
2.33 

2.36 
2.35 
2.33 
2.35 
2.33 

9.87 7780 
7670 
7560 
7450 
7340 
9.87 7230 
7120 
7010 
6899 
6789 
9.87 6678 
6568 
6457 

6347 

6236 
9.87 6125 

6014 
6904 
6793 
5682 
9.87 5571 
5459 

6348 

6237 
6126 

9.87 6014 
4903 
4791 
4680 
4568 
9.87 4456 
4344 
4232 
4121 
4009 
9.87 3896 
3784 
3672 
3560 
3448 
9.87 3335 
3223 
3110 
2998 
2885 
9.87 2772 
2669 
2547 
2434 
2321 
9.87 2208 
2096 
1981 
1868 
1755 
9.87 1641 

1 1528 

1414 
1301 
1187 
9.87 1073 

1.83 

1.83 

1.83 

1.83 

1.83 

1.83 

1.83 

1.85 

1.83 

1.85 

1.83 

1.85 

1.83 

1.85 

1.85 

1.85 

1.83 

1.85 

1.85 

1.85 

1.87 

1.85 

1.85 

1.85 

1.87 

1.85 

1.87 

1.85 

1.87 

1.87 

1.87 

1.87 

1.85 

1.87 

1.88 

1.87 

1.87 
1.87 

1.87 

1.88 

1.87 

1.88 

1.87 

1.88 
1.88 
1.88 

1.87 

1.88 
1.88 
1.88 
1.88 
1.90 
1.88 
1.88 
1.90 
1.88 
1.90 
1.88 
1.90 
1.90 

9.93 9163 
9418 
9673 

.93 9928 
.94 0183 

9.94 0439 
0694 
0949 
1204 
1459 

9.941713 

1968 

2223 

2478 

2733 

9.94 2988 
3243 
3498 
3752 
4007 

9.94 4262 
4517 
4771 
5026 
5281 

9.94 6535 
5790 
6045 
6299 
6554 

9.94 6808 
7063 
7318 
7572 
7827 

9.94 8081 
8335 
8590 
8844 
9099 

9.94 9353 
9608 

.94 9862 
.95 0116 
0371 

9.95 0625 
0879 
1133 
1388 
1642 

9.95 1896 
2150 
2405 
2B59 
2913 

9.96 3167 
3421 
3675 
3929 
4183 

9.95 4437 

4.25 

4.25 

4.25 

4.25 

4.27 

4.25 

4.25 

4.25 

4.25 

4.23 

4.25 

4.25 

4.25 

4.25 

4.25 

4.25 

4.25 

4.23 

4.25 

4.25 

4.25 

4.23 

4.25 

4.25 

4.23 

4.25 

4.25 

4.23 

4.25 

4.23 

4.25 

4.25 

4.23 ! 

4.25 j 

4.23 i 

4.23 

4.25 

4.23 

4.25 

4.23 

4.25 

4.23 

4.23 

4.25 

4.23 

4.23 

4.23 

4.25 

4.23 

4.23 

4.23 

4.25 

4.23 

4.23 

4.23 

4.23 
4.23 
4.23 
4.23 
4.23 

10.06 0837 
0582 
0327 
.06 0072 
.05 9817 
10.05 9561 
9306 
9051 
8796 
8541 
10.05 8S87 
8032 
7777 
7522 
7267 

10.05 7012 
6757 
6502 
6248 
5993 

10.06 6738 
5483 
5229 
4974 
4719 

10.05 4465 
4210 
3955 
3701 
3446 
10.05 8192 
2937 
2682 
2428 
2173 
10.05 1919 
1665 
1410 
1156 
0901 
10.05 0647 
0392 
.05 0138 
; .04 9884 

9629 
10.04 9375 
9121 
8867 
8612 
8358 
10.048104 
7850 
7595 
7341 
7087 
10.04 6833 
6579 
6325 
6071 
5817 
10.04 5663 

60 

59 

58 

57 

56 

55 

54 

53 

52 

51 

50 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

12 

11 

10 

9 

8 

7 

6 

1 

4 

3 

2 

1 

0 


Cosine. 

D.l"'. 

Sine. 

D.l". 

Cotang. 

D.l" 

Tang. 
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' 

Sine. 

D.l^'. 

Cosine, 

D.l". 

Tang. 

D.l". 

Cotang. 


0 

9,82 5511 

2.33 

9.87 1073 

1.88 

9.95 4437 

4.23 

10.04 6663 

60 

1 

5651 

2.33 

0960 

1.90 

4691 

4 ^5 

5309 

59 

2 

5791 

2.33 

0846 

LOO 

4946 

4 23 

5054 

58 

3 

5931 

2.33 

0732 

1.90 

5200 

4i23 

4800 

57 

4 

6071 

2.33 

0618 

1.90 

5454 

4.23 

4546 

66 

5 

9.82 6211 

2.33 

9.87 0504 

1 .90 

9.95 6708 

4 22 

10.04 4292 

55 

6 

6351 

2.33 

0390 

1.90 

6961 

4 2.2 

4039 

54 

7 

6491 

2.33 

0276 

L92 

6215 

4 23 

3785 

53 

8 

6631 

2.32 

0161 

1 90 

6469 

4 23 

3531 

52 

9 

6770 

2.33 

.87 0047 

1.90 

6723 

4.23 

3277 

51 

10 

9.82 6910 

2.32 

9.86 9933 

1 99 

9.96 6977 

4 23 

10.04 3023 

50 

11 

7049 

2.33 

9818 


7231 

4 2.2 

2769 

49 

12 

7189 

2.32 

9704 

1 I 92 

7485 

4 2.2 

2515 

48 

13 

7328 

2.. 32 

9589 

L92 

7739 

4 23 

2261 

47 

14 

7467 

2.32 

9474 

1.90 

7993 

4.23 

2007 

46 

15 

9.82 7606 

2.32 

9.86 9360 

1.92 

9.96 8247 

4 22 

10.04 1763 

45 

16 

7745 

2.32 

9245 

ila2 

8500 

4 2.2 

1500 

44 

17 

7884 

2.32 

9130 

1 92 

8754 

4 2.2 

1246 

43 

18 

8023 

2^2 

9015 

1 '93 

9008 

4 23 

0992 

42 

19 

8162 

2.32 

8900 

1.92 

9262 

4i23 

0738 

41 

20 

9.82 8301 

2.30 

9.86 8785 

1 92 

9.95 9616 

- 1^22 

10.04 0484 

40 

21 

8439 

2.. 22 

8670 

1 92 

.95 9769 

4 2,2 

.04 0231 

39 

22 

8578 

2.30 

8555 

1 92 

.96 0023 

4 22 

.03 9977 

38 

23 

8716 

2,32 

8440 

1 9.2 

0277 

4 22 

9723 

37 

24 

8855 

2.30 

8324 

li92 

0630 

4i23 

9470 

36 

25 

9.82 8993 

2.. 30 

9.86 8209 

L93 

9.96 0784 

4 2.2 

10.03 9216 

35 

26 

9131 

2 I 3 O 

8093 

1 .92 

1038 

4^.33 

8962 

34 

27 

9269 

2 .30 

7978 

1 9.3 

1292 

4 22 

8708 

33 

28 

9407 

2^^ 

7862 

i i92 

1645 

4i23 

8455 

32 

29 

9545 

2.30 

7747 

1.93 

1799 

4.22 

8201 

31 

SO 

9.82 9683 

2.30 

9.86 7631 

1.93 

9.96 2052 

4.23 

10.03 7948 

30 

31 

9821 

2.30 

7515 

lios 

2306 

4i23 

7694 

29 

32 

.82 9959 

2 iso 

7399 

1.93 

2560 

4i22 

7440 

28 

33 

.83 0097 

2 28 

7283 

1.93 

2813 

4 23 

7187 

27 

34 

0234 

2.30 

7167 

1.93 

3067 

4i22 

6933 

28 

35 

9.83 0372 

2.28 

9.86 7051 

1.93 

9.96 3320 

4.23 

10.03 6680 

26 

36 

0509 

2.28 

6935 

1.93 

3574 

4.23 

6426 

24 

37 

0646 

2 iso 

6819 

lios 

3828 

4i22 

6172 

23 

38 

0784 

2 28 

6703 

1,95 

4081 

4 23 

5919 

22 

39 

0921 

2i28 

6586 

1.93 

4335 

4i22 

5665 

21 

40 

9,83 1058 

2.28 

9.86 6470 

1.95 

9.96 4588 

4.23 

10.03 5412 

20 

41 

1195 

2.28 

6353 

1.93 

4842 

4 .22 

5158 

19 

42 

1332 

2i28 

6237 

1.95 

6095 

4 i23 

4905 

18 

43 

1469 

2i28 

6120 

1 93 

6349 

4 22 

4651 

17 

44 

1606 

2.27 

6004 

1.95 

5602 

4.22 

4398 

16 

45 

9.83 1742 

2.28 

9.86 5887 

1.95 

9.96 6856 

4.23 

10.03 4145 

15 

46 

1879 

2.27 

5770 

1.95 

6109 

4.22 

3891 

14 

47 

2015 

2i28 

5653 

1.95 

6362 

4.23 

3638 

13 

48 

2152 

2i27 

5536 

1.95 

6616 

4 22 

3384 

12 

49 

2288 

2.28 

5419 

1.95 

6869 

4.23 

3131 

11 

50 

9 .83 2425 

2.27 

9.86 5302 

1.95 

9.96 7123 

4.22 

10.03 2877 

10 

61 

2561 

2.27 

5185 

1.95 

7376 

4.22 

2624 

9 

62 

2697 

2i27 

6008 

1.97 

7629 

4 i23 

2371 

8 

63 

2833 

2 27 

4950 

1 95 

7883 

4.22 

2117 

7 

64 

2969 

2i27 

4833 

1.95 

8136 

4.22 

1864 

6 

55 

9.83 3105 

2.27 

9.86 4716 

1.97 

9.96 8389 

4.23 

10.03 1611 

5 

66 

3241 

2,27 

4598 

1-95 

8643 

4.22 

1357 

4 

67 

3377 

2i25 

4481 

1.97 

8896 

4.22 

1104 

3 

68 

3512 

2.27 

4363 

1.97 

9149 

4.23 

0851 

2 

69 

3648 

2,25 

4245 

1.97 

9403 

4.22 

0597 

1 

60 

9.83 3783 


9.86 4127 


9.96 9656 


10.03 0344 

0 

/ 

Cosine. 

D.l". 

Sine. 

D.l". 

1 Cotang. 

D.l". 

Tang. 
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* 

Sine . 

D . l " 

Cosine . 

D . l ". 

Tang . 

D . l ''. 

Cotang . 

f 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 
li 
16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 
U 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 
61 
62 

63 

64 

55 

56 

57 

58 
69 
50 

9.8 S 8783 
3919 
4054 
4189 
4325 
9.83 4460 
4595 
4730 
4865 
4999 
9.83 6134 
' 6269 
6403 
5538 
6672 
0.88 5807 
6941 
6075 
6209 
6343 
0.83 8477 
6611 
6745 
6878 
7012 
0.83 7146 
7279 
7412 
7546 
7679 
9.83 7812 
7945 
8078 
8211 
8344 
0.83 8477 
8610 
8742 
8875 
9007 
0.83 9140 
9272 
9404 
9536 
9668 

9.83 9800 
.83 9932 
.84 0064 

0196 

0328 

9.84 0469 
0591 
0722 
0854 
0985 

9.84 1115 
1247 
1378 
1509 
1640 
9.84 1771 

2.27 

2.25 

2.25 

2.27 

2.25 

2.25 

2.25 

2.25 
2.23 

2.25 

2.25 
2.23 
2.25 
2.23 
2.25 
2.23 
2.23 
2.23 
2.23 
2.23 
2.23 
2.23 
2.22 
2.23 
2.23 
2.22 
2.22 
2.23 
2.22 
2.22 
2.22 
2.22 
2.22 
2.22 
2.22 
2.22 
2.20 
2.22 
2.20 
2.22 
2.20 
2.20 
2.20 
2.20 
2.20 
2.20 
2.20 
2.20 
2.20 
2.18 
2.20 1 
2.18 ! 
2.20 1 
2.18 ! 
2.18 
2.18 
2.18 
2.18 
2.18 
2.18 

9.86 4127 
4010 
3892 
3774 
3656 
9.86 3538 
3419 
3301 
3183 
3064 
9.86 2946 
2827 
2709 
2590 
2471 
9.86 2353 
2234 
2115 
1996 
1877 
9.861758 
1638 
1519 
1400 
1280 

9.861161 
1041 
0922 
0802 
0682 
9.86 0562 
0442 
0322 
0202 
.86 0082 

9.85 9962 | 
9842 
9721 1 
9601 
9480 

9.86 9360 
9239 
9119 
8998 
8877 

9.85 8756 
8635 
8514 
8393 
8272 
9.85 8161 
8029 
7908 
7786 
7665 

9.85 7543 
7422 
7300 
7178 
7056 

9.86 6934 

1.95 

1.97 

1.97 

1.97 

1.97 

1.98 
1.97 

1.97 

1.98 

1.97 

1.98 

1.97 

1.98 
1.98 

1.97 

1.98 
1.98 
1.98 
1.98 
1.98 
2.00 
1.98 
1.98 
2.00 
1.98 
2.00 
1.98 
2.00 
2.00 
2.00 
2.00 
2.00 
2.00 
2.00 
2.00 
2.00 
2.02 
2,00 
2.02 
2.00 
2.02 
2.00 
2,02 
2.02 
2.02 
2.02 
2.02 
2.02 
2.02 
2.02 
2.03 
2.02 
2.03 
2.02 
2.03 
2.02 
2.03 
2.03 
2.03 
2.03 

9.96 9656 
.96 9909 
.97 0162 

0416 

0669 

9.97 0922 
1175 
1429 
1682 
1935 

9.97 2168 
2441 
2695 
2948 
3201 
9.97 3454 
3707 
3960 
4213 
4466 
9.97 4720 
4973 
5226 
5479 
5732 
9.97 5985 
6238 
6491 
6744 
6997 
9.97 7250 
7603 
7756 
8009 
8262 
9.97 8515 
8768 
9021 
9274 
9527 

9.97 9780 
.98 0033 

0286 

0538 

0791 

9.98 1044 
1297 
1650 
1803 
2056 

9.98 2309 
2562 
2814 
3067 
3320 
9.98 3673 
3826 
4079 
4332 
4584 
9.98 4887 

4.22 

4.22 

4.23 
4.22 

4.22 
4.22 

4.23 
4.22 
4.22 
4.22 

4.22 

4.23 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 

4.22 

4.23 

4.22 

4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 i 
A . 22 
4.22 ! 
4.22 ' 
4.22 
4.22 
4.20 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.20 
4.22 
4.22 
4.22 
4.22 
4.22 
4.22 
4.20 
4.22 

10.03 0344 
.03 0091 
.02 9838 
9684 
9331 
10.02 9078 
8825 
8571 
8318 
8065 
10.02 7812 
7569 
7305 
7052 
6799 
10.02 6546 
6293 
6040 
6787 
6534 

10.02 6280 
6027 
4774 
4521 
4268 
10.02 4015 
3762 
3609 
3256 
3003 
10.02 2760 
2497 
2244 
1991 
1738 
10.02 1485 
1232 
0979 
0726 
0473 

10.02 0220 
.01 9967 
9714 
9462 
9209 

10.01 8966 
8703 
8450 
8197 
7944 

10.01 7691 
7438 
7186 
6933 
6680 

10.01 6427 
6174 
5921 
5668 
5416 

10.01 6163 

60 

59 

58 

67 

66 

m 

54 

63 

62 

51 

60 
49 

43 
47 
46 
46 

44 
43 
42 

41 

40 

39 

38 

37 

38 
85 
34 
33 
32 
31 
30 
29 
28 
27 
26 
26 
24 
23 
22 
21 
20 
19 
18 
17 
16 
16 
14 
13 
12 
11 
10 

9 

8 

7 

6 

6 

4 

3 

2 

1 

0 

$ 

Cosine . 

D . l ". 

Sine . 

D . l ". 

1 Cotang . 1 d .1". 

Tang . 

* 
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TANGENTS, AND COTANGENTS 


Table XIX . — Concluded 


Sine. 

D.l'^ 1 

Cosine. 

D.l" 

9.841771 

2.18 

9.85 6934 

2.03 

1902 

2.18 

6812 

2.03 

2033 

2.17 

6690 

2.03 

2163 

2.18 

6568 

2.03 

2294 

2.17 

6446 

2.05 

i. 84 2424 

2.18 

9.85 6323 

2.03 

2555 

2.17 

6201 

2.05 

2685 

2.17 

6078 

2.03 

2815 

2.18 

5956 

2.05 

2946 

2,17 

5833 

2.03 

9.84 3076 

2.17 

9.85 6711 

2.05 

3206 

2.17 

5588 

2.05 

3336 

2.17 

6465 

2.05 

3466 

2.15 

5342 

2.05 

3595 

2.17 

6219 

2.05 

9.84 3725 

2.17 

9.85 6096 

2.05 

3855 

2.15 

4973 

2.05 

3984 

2.17 

4850 

2.05 

4114 

2.15 

4727 

2.07 

4243 

2.15 

4603 

2.05 

9.84 4372 

2.17 

9.85 4480 

2.07 

4502 

2.15 

4356 

2.05 

4631 

2.35 

4233 

2.07 

4760 

2.15 

4109 

2.05 

4889 

2.15 

3986 

2.07 

9.84 5018 

2.15 

9.85 8862 

2.07 

6147 

2.15 

3738 

2.07 

6276 

2.15 

3614 

2.07 

6405 

2.13 

3490 

2.07 

6533 

2.15 

3366 

2.07 

9.84 6662 

2.13 

9.85 3242 

2.07 

5790 

2.15 

3118 

2.07 

5919 

2.13 

2994 

2.08 

6047 

2.13 

2869 

2.07 

6175 

2.15 

2745 

2.08 

9.84 6304 

2.13 

9.85 2620 

2.07 

6432 

2.13 

2496 

2.08 

6560 

2.13 

2371 

2.07 

6688 

2.13 

2247 

2.08 

T6816 

2.13 

2122 

2.08 

9.84 6944 

2.12 

9.86 1997 

2.08 

7071 

2.13 

1872 1 

2.08 

7199 

2.13 

1747! 

2.08 

7327 

2.12 

1622 

2.08 

7454 

2.13 

1497 

2.08 

9.84 7682 

2.12 

9.85 1372 

2.10 

7709 

2.12 

1246 

2.08 

7836 

2.13 

1121 

2.08 

7964 

2.12 

0996 

2.10 

8091 

2.12 

0870 

2.08 

9.848218 

2.12 

9.85 0745 

2.10 

8345 

2.12 

0619 

2.10 

8472 

2.12 

0493 

2.08 

8599 

2.12 

0368 

2.10 

8726 

2.10 

0242 

2.10 

9.84 8862 

2.12 

9.85 0116 

2.10 

8979 

2.12 

84 9990 

2.10 

9106 

2.10 

9864 

2.10 

6232 

2.12 

9738 

2.12 

9359 

2.10 

9611 

2.10 

9.84 9486 

9.84 9485 

Cosine. 

D.l" 

Sine. 

D.l''. 


9.98 4837 
6090 
6343 
6696 
6848 
9.98 6101 
6354 
6607 
6860 
7112 
9.98 7365 
7618 
7871 
8123 
8376 
9.98 8629 
8882 
9134 
9387 
9640 

9.98 9893 
.99 0145 

0398 

0651 

0903 

9.99 1156 
1409 
1662 
1914 
2167 

9.99 2420 
2672 
2925! 
3178 
3431 
9.99 3683 
3936 
4189 
4441 
4694 
9.99 4947 
6199 
6452 
6705 
6957 
9.99 6210 
6463 
6715 
6968 
7221 
9.99 7473 
7726 
7979 
8231 
8484 
9.99 8737 
8989 
9242 
9495 
9.99 9747 
10.00 0000 


4 22 10.018163 60 ' 

4*22 4910 69 

4 22 ‘4667 68 

4 20 4404 67 

4 22 4162 56 

4*22 10.01 S899 55 
4 ‘22 3646 64 

4 22 3393 63 

4 20 3140 52 

4 22 2888 61 

422 10.012636 50 
4 22 2382 49 

do 212? « 

4 22 1877 47 

4 22 1624 46 

4*22 10.011371 46 
4 20 1118 44 

4 22 0866 43 

4 22 0613 42 

4 22 0360 41 

4' 20 10.010107 40 

4 22 .00 9855 39 

4 22 9602 38 

4 20 0349 37 

4 22 0097 36 

4*22 10.00 8844 35 

4 22 859 1 34 

4 20 8338 33 

4 22 8086 32 

4 22 7833 31 

4 20 10.00 7580 30 

4 22 7328 29 

4 22 7075 28 

4 22 6822 27 

4 20 6569 26 

4*22 10.00 6317 25 

4 22 6064 24 

4 20 6811 23 

4 22 6659 22 

4 22 6306 21 


4 22 6064 24 

4 20 6811 23 

4 22 6659 22 

J;!! 6306 21 

4*oA 10.00 5063 20 

4 22 4801 19 

1:22 4548 18 

4 20 4295 17 

4 22 4043 16 


4 22 

1:22 4548 18 

4 20 4295 17 

4;22 4043 16 

4*22 10.00 8790 15 

4 20 3537 14 

4 22 3286 13 

4 22 3032 12 

4*20 2779 11 


4 20 3537 

4 22 3286 13 

4 22 3032 12 

4:20 2779 11 

4 22 10.00 2627 10 

4 22 2274 9 

4:20 2021 8 

4 22 1769 7 

Tii 1516 6 


4 22 '^'^•4 

4 20 2021 

4*22 1769 

4:22 1516 

4 20 10.001263 
4*22 1011 

422 0758 

4*20 0606 

4 22 0263 

10.00 0000 


'■i ! 

;i I 


V':\ 
liii 
li : !! 


i,; 

ri 

i 

m 
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NATUEAX. SINES AND COSINES 


Table XX. Natural Sines and Cosines 


0 

0 

Sine 

|0 

Cosine 

f 

60 

59 

58 

57 

56 

55 

54 

53 

52 

51 

SO 

48 

47 

46 

45 

441 

43 

42 

41 

40 

/ 

0' 

Sine 

0 

Cosine 

/ 

/ 

0 

Sine 

b 

Cosine 

/ 

19 

18 

15 

14 

13 

12 

IX 

10 

i 

1 

s 

4 

3 

3 

X 

0 

0 

I 

a 

3 

4 

5 

6 

1 

P 

30 

31 

32 

33 

34 

3 5 

36 

S 

Ip 

30 

.ooooo 

.00029 

.00058 

.00087 

.00116 

.0014s 

.00175 

.00204 

.00233 

Xt0262 

.00291 ' 

.00320 

.00340 

.00378 

/)0407 

.00436 

.00465 

.00495 

.00524 

.00553 

.00582 

I 

I 

I 

1 

I 

I 

I 

X 

X 

X 

X 

. 99 P 9 P 

• 99 P 9 P 

4 K >999 

.99999 

.99999 

•99999 

.99999 

.99999 

.99998 

•99998 

21 
j 22 

23 

24 

""I 

26 

27 

28 

29 j 

30 

31 

32 

33 

34 

36 

37 

38 

39 

40 

.00611 

.00640 

.00669 

.00698 

.00727 

J0O7SO 

.00785 

.00814 

.00844 

^00873 

.00902 

.00931 

jx> 96 o 

jX)989 

.01018 

JD 1047 

x>io76 

.01105 

x>ir 34 

JOIX 64 

4>9998 

.99998 

.99998 

4)9998 

.99997 

.99997 

.99997 

4>9997 

•99990 

.99996 

.99996 

.99996 

•99995 

•99995 

•99995 

•99995 

•99994 

•99994 

.99994 

.99993 

3 § 

38 

36 

35 

34 

33 

32 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

41 

42 

43 

44 

46 

47 

48 

49 

50 

51 

52 

5 3 

54 

56 

57 

58 

59 

60 

.01193 

.01222 

.01251 

.01280 

.01309 

.01338 

.01367 

.01396 

.01425 

.01454 

.01483 

.01513 

.01542 

.01571 

.01600 

.01629 

.01658 

.01687 

.01716 

.01745 

.99993 

.99993 

.99992 

.99992 

.99991 

•99991 

.99991 

.99990 

.99990 

.99989 

.99989 

.99989 

.99988 

.99988 

.99987 

.99987 

•99986 

.99986 

.99985 

.99985 

'7" 

Cosine 

1 < 

Sine 

390 



Cosine 

£ 

Sine 


Cosine 

8 

Sine 

,9® 

t 
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Table XX. — Continued 



F 1 

1 

3 ® ! 

4 ® 1 


0 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 


o 

J 3 I 745 

.99985 

.03490 

.99939 

•05234 

.99863 

.06976 

•99756 

60 

s 

.01774 

.99984 

.03519 

.99938 

.05263 

4)9861 

.07005 

•99754 

59 

a 

.01803 

.99984 

.03548 

•99937 

.05292 

4)9860 

.07034 

•99752 

sS 

3 

.01833 

•99983 

.03577 

•99936 

455321 

.^858 

.07063 

•99750 

57 

4 

.01863 

•99983 

.03606 

•99935 

•05350 

•99857 

.07092 

•99748 

56 

§ 

.01891 

.99982 

.03635 

•99934 

•05379 

•99855 

.07121 

.99746 

55 

6 

.0x920 

.99982 

.03664 

•99933 

.05408 

•99854 

.07150 

•99744 

54 


.01949 

.99981 

.03693 

•99932 

•05437 

.99853 

.07179 

.99743 

S 3 

S 

.01978 

.99980 

.03723 

•99931 

455466 

.99851 

.07208 

.99740 

52 

9 

.02007 

.99980 

•03752 

•99930 

•OS 49 S 

.99849 

J57237 

•99738 

51 

SO 

.02036 

.99979 

.03781 

•99929 

•05524 

.99847 

.07266 

•99736 

SO 

11 

.02065 

•99979 

.03810 

•99927 

4)5553 

.99846 

.07295 

•99734 

40 

13 

.02094 

.99978 

.03839 

.99926 

455582 

-99844 

.07324 

•99731 

48 

S 3 

.02123 

.99977 

453868 

.99925 

455611 

.99842 

.07353 

•99729 

47 

14 

.02152 

.99977 

.03897 

.99924 

.05640 

.99841 

.07382 

•99727 

46 

IS 

.02181 

.99976 

.03926 

-99923 

455669 

•99839 

x> 74 ti 

.99725 

45 

ZtJ 

.02211 

.99976 

-03955 

•00022 

455698 

.99838 

.07440 

•99723 

44 

27 

.02240 

.99975 

.03984 

.99921 

.05727 

.99836 

.07469 

.99721 

43 

l8 

.02269 

•99974 

.04013 

.99919 

-05756 

.99834 

.07498 

.99719 

42 

19 

.02298 

•99974 

.04042 

.99918 

•05785 

.99833 

.07527 

.99716 

41 

so 

.02327 

.99973 

454071 

.99917 

455814 

•99831 

.07556 

.99714 

40 

sx 

.02356 

.99972 

X14100 

.99916 

•05844 

.99829 

.07585 

.99712 

39 

S 2 

.02385 

.99972 

.04129 

.99915 

•05873 

.99827 

.07614 

.99710 

38 

as 

x>S4i4 

.99971 

•04159 

.99913 

455902 

4)9826 

.07643 

4)9708 

37 

24 

.02443 

.99970 

454188 

.99912 

•05931 

•99824 

^>7672 

•9970s 

36 

«S 

.02472 

.99969 

.04217 

,99911 

455960 

.99822 

.07701 

.99703 

35 

s6 

.02501 

.99969 

..04246 

•OOOIO 

455989 

.99821 

.07730 

•99701 

34 

*2 

.02530 

.99968 

.04275 

,99909 

456018 

.99819 

.07759 

.99609 

33 

88 

.02560 

.99967 

.04304 

.99907 

4)6047 

•99817 

057788 

.99696 

32 

89 

^32589 

.99966 

•04333 

,99906 

4)6076 

•9981s 

.07817 

4)9694 

31 

30 

^026x8 

.99966 

.04362 

.99905 

.06105 

•99813 

057846 

.99692 

30 

31 

.02647 

•9996s 

454391 

•99904 

.06134 

.99812 

.07875 

•99689 

29 

38 

.02676 

.99964 

.04420 

.99902 

4)6163 

.99810 

.07904 

4)9687 

28 

33 

.02705 

.99963 

•04449 

.99901 

4)6192 

4)9808 

.07933 

.99685 

27 

34 

.02734 

.99963 

4)4478 

.99900 

4)6221 

.99806 

.07963 

4)9683 

26 

35 

.02763 

.99962 

454507 

4 J 9898 

4)6250 

.^04 

.07991 

.99680 

25 

36 

X>2792 

.99961 

454536 

.99897 

4)6279 

•99803 

458020 

4)9678 

24 

37 

X»282I 

.99960 

454565 

.99896 

.06308 

4)9801 

058049 

4)9676 

33 

38 

X)28so 

•99959 

454594 

•99894 

4)6337 

•99799 

008078 

0)9673 

22 

39 

X )2879 

• 999 S 9 

.04623 

•99893 

4)6366 

4)9797 

058107 

.99671 

31 

40 

.02908 

•99958 

•04653 

.99892 

4)6395 

•99795 

058136 

4)9668 

20 

41 

XI 2938 

.99957 

454682 

.99890 

,06424 

•99793 

.08x65 

4)9666 

19 

48 

x)2967 

.99956 

45471 1 

.99889 

456453 

4)9793 

058194 

4)9664 

18 

43 

.02996 

•99955 

4)4740 

.99888 

456482 

.99790 

058223 

4)9661 

17 

44 

.03025 

•99954 

4)4769 

.99886 

456511 

.99788 

0)8253 

4)9659 

16 

45 

•03054 

•99953 

454798 

.99885 

456540 

4)9786 

.08281 

.99657 

IS 

46 

.03083 

•99952 

.04827 

.99883 

4)6569 

4)9784 

058310 

4)9654 

14 

47 

.03112 

•99952 

454856 

.99882 

4)6598 

.9978a 

.08339 

.99652 

13 

48 

.03141 

.99951 

.04885 

.99881 

456627 

.99780 

058368 

4)9649 

12 

49 

JOST^O 

•99950 

.04914 

.99879 

456656 

4)9778 

.08397 

4)9647 

IX 

SO 

•03199 

.99949 

.04943 

.99878 

45668s 

.99776 

0)8426 

.^44 

10 

SI 

X>3228 

•99948 

454972 

.99876 

.06714 

•99774 

0)8455 

.99642 

9 

52 

.03257 

.99947 

455001 

-9987s 

4)6743 

4)9772 

058484 

4)9639 

8 

53 

.03286 

.99946' 

455030 

•99873 

4)6773 

.99770 

•08513 

.99637 

7 

54 

453316 

•99945 

455059 

.9987a 

456802 

4)9768 

058542 

4)9635 

6 

55 

•03345 

.99944 

455088 

.99870 

.06831 

.99766 

.08571 

4)963* 

5 

56 

•03374 

•99943 

455117 

•99869 

4)6860 

•99764 

,08600 

4)9630 

4 

57 

•03403 

.99942 

.05146 

459867 

456889 

.99762 

058629 

.99627 

3 

S8 

4 D 3433 

.99941 

•05175 

459866 ' 

4569x8 

4)9760 i 

058658 

.99625 

e 

59 

4 > 346 i 

.99940 

455205 

459S64 

456947 

4 ) 97 S 8 

.08687 

.99622 

X 

60 

433490 

.99939 

•05234 

.99863 ' 

.06976 

.99756 

058716 

4)9619 

0 


Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sins 

T* 


1 88® 

1 87° 

11 86° 

ihk. 
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NATURAI. SINES AND COSINES 


Xable XX . — Continued 



5 “ 1 

6 ° 

1 7 ° 

1 8® 


9 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

r 

o 

.08716 

-90619 

.10453 

•99452 

.12187 

.99255 

.13917 

.99027 

60 

t 

.08745 

99617 

.10483 

•99449 

.12216 

•99251 

.13946 

.99023 


n 

.08774 

.99614 

.X051X 

•99446 

.12245 

.99248 

.13975 

.99019 

S8 

3 

.08803 

99612 

.10540 

•99443 

.12274 

.99244 

.14004 

.99015 


4 

.08831 

.99609 

.10569 

.99440 

.12302 

4)9240 

•14033 

.99011 

56 

S 

.08860 

99607 

.10597 

•99437 

.12331 

.99237 

.14061 

.99006 

55 

6 

.08889 

.99604 

,10626 

•99434 

.12360 

.99233 

.14090 

.99002 

54 

7 

J38918 

99602 

.10655 

•99431 

.12389 

.99230 

.14119 

.98998 

S 3 

8 

.08947 

•99599 

.10684 

4>9428 

.12418 

.99226 

.14148 

.98994 

52 

9 

JS8976 

•99596 

.10713 

.99424 

.12447 

.99222 

.14177 

.98990 

51 

to 

*09005 

99594 

.10742 

.99421 

.12476 

.99219 

.14205 

.98^6 

50 

11 

-09034 

•99501 

.10771 

4 ) 94 i 8 

.12504 

.99215 

-14234 

.98982 


13 

-09063 

.99588 

.10800 

•9941s 

-I 2 S 33 

4)9211 

.14263 

.98978 

48 

13 

.09093 

•99586 

.10S29 

•99412 

.12562 

.99208 

.14292 

.98973 


»4 

.09121 

•99583 

.108^8 

.99409 

.12591 

4)9204 

.14320 

.98969 

46 

15 

•09150 

•99580 

.10887 

4)9406 

.12620 

.99200 

.14349 

.98965 

45 

36 

-09179 

.99578 

.10916 

.^402 

,12640 

•99197 

.14378 

.98961 

44 

37 

.09208 

•99575 

.1094S 

.99399 

.12678 

4)9193 

.14407 

.^957 

43 

18 

•09237 

99572 

.10973 

.99396 

.12706 

4)9189 

.14436 

.98953 

4 « 

19 

.09266 

•99570 

,11002 

•99393 

.12735 

4)9186 

.14464 

.98948 

41 

so 

•0929s 

.99567 

.11031 

.99390 

.12764 

.99182 

.14493 

.98944 

40 

St 

.09324 

.90564 

.11060 

4>0386 

.12793 

.99178 

.14522 

.98940 

39 

S3 

-09353 

.99562 

.11089 

.99383 

.12822 

.99175 

.14551 

.98936 

38 

03 

.09382 

-99559 

.11118 

•99380 

.12851 

.99171 

.14580 

.98931 

37 

24 

Xk94ix 

•99556 

.11147 

*99377 

.12880 

4)9167 

.14608 

.98927 

36 

05 

♦09440 

•99553 

.11176 

.99374 

.12908 

•99163 

.14637 

•98923 

35 


094^ 

•99551 

.11205 

•99370 

.12937 

-99160 

.14666 

.98919 

34 


•09490 

.99548 

.11234 

.99367 

.12966 

.99156 

.14695 

.98914 

33 

flS 

-09527 

•99545 

.11263 

.99364 

.12995 

-99152 

.14723 

4)8910 

3 * 

S9 

.09556 

.99542 

.11291 

.99360 

.13024 

.99148 

.14752 

.98906 

3 X 

30 

x> 9 s 8 s 

99540 

.11320 

• 993 S 7 

.13053 

.99144 

.14781 

.^902 

30 

31 

09614 

99537 

.11349 

•99354 

.13081 

.99141 

.14810 

.98897 

29 

32 

.0964a 

•99534 

.11378 

•99351 

.13110 

•99137 

.14838 

•98893 

23 

33 

,0^71 

99531 

.11407 

•99347 

.13130 i 

.99133 

.14867 

.988^ 

27 

34 

09700 

99528 

.11436 

.99344 

.13168 

.99129 

.14896 

.^884 

26 

35 

09729 

•99526 

.11465 

•99341 

.13197 

49125 

.14925 

.98880 

25 

36 

.09758 

.99523 

.11494 

•99337 

.13226 

.99122 

.14954 

4)8876 

24 

37 

09787 

•99520 

.11523 

•99334 

.13254 

4 > 9 Ii 8 

.14982 

•98871 

23 

38 

09816 

.99517 

.11552 

•99331 

.13283 

4 > 9 I 14 

.15011 

.98867 

aa 

39 

0984s 

•99514 

.11580 

.99327 

.13312 

4)9110 

.15040 

.^863 

2X 

40 

09874 

.99511 

.11609 

.99324 

.13341 

4)9106 

.15069 

.98858 

20 

41 

09903 

•99508 

.11638 

4^320 

•13370 

.99102 

.15097 

•98854 

19 

43 

•09932 

99506 

.11667 

.99317 

.13399 

.99098 

.15126 

•98849 

i 3 

43 

09961 

.99503 

.11696 

•99314 

-13427 

4)9094 

.15155 

4)8845 

17 

44 

•09990 

99500 

.11725 

4)9310 

•13456 

.99091 

.15184 

.98841 

16 

45 

.10019 

•99497 

.11754 

•99307 

.13485 

4)9087 

.15212 

.98836 

IS 

46 

.10048 

.99494 

-11783 

.99303 

*13514 

.99083 

.15241 

-9^32 

14 


.10077 

.99491 

.11813 

4)9300 

.13543 

4)9079 

.15270 

.98827 

13 

48 

.10106 

.99488 

.11840 

4)9297 

.13572 

•99075 

.15299 

•^823 

12 

49 

.1013s 

.99485 

.11869 

.99293 

.13600 

.99071 

•15327 

.98818 

IS 

SO 

.10164 

.99482 

.11898 

4)9290 

.13629 

.99067 

•15356 

.^14 

1 10 

51 

.10193 

•99479 

.11927 

4)9286 

.13658 

.99063 

■15385 

.98809 


53 

.10231 

.99476 

.11956 

4)9283 

.13687 

.99059 

•15414 

• 9^5 

I 

53 

.10250 

.99473 

.11985 

•99279 

.13716 

.99055 

.15442 

4)8800 

t 

54 

.10279 

99470 

.12014 

4)9276 

.13744 

.99051 

.15471 

.^796 

6 

55 

.10308 

-99467 

.12043 

.99272 

.13773 

.99047 

.15500 

4)8791 

5 

56 

•10337 

99464 

.12071 

4)9269 

.13802 

•99043 

.15529 

•98787 

4 


.10366 

99461 

-I 3 IOO 

4)9265 

.13831 

•99039 

.15557 

.98782 

3 

58 

•1039s 

! .99458 

.12120 

4)9262 

.138^ 

<99025 

.15586 

.98778 

a 

59 

.10424 

•99455 

.12158 

4)9258 

.13889 

4)9031 

.15615 

.98773 

X 

60 

•10453 

99452 

.12187 

4)9255 

•13917 

4)9027 

1 -15643 

.^769 

0 

f 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

i Cosine 

Sine 




84° 1 

83° i 

82° 1 

81° 
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9 ° 11 

1 C 

0 

IP 11 

12“ 1 


t 

Sine 

Cosine 

Sine 

COSINB 

Sene 

Cosine 

Sine 

Cosine 

/ 

0 

.15643 

. 9 S'z 69 

.17365 

.98481 

.190S1 

.98163 

.20791 

4 ) 78 rs 

60 

X 

.15672 

.98764 

.17393 

.98476 

.19109 

.98.157 

.20S20 

4)7809 

59 

a 

.15701 

.^760 

.17422 

.98471 

.19138 

4)8152 

.20848 

4)7803 

58 

3 

.15730 

.98755 

.17451 

.98466 

.19167 

.98146 

.20877 

.97797 

57 

4 

.15758 

.98751 

•17479 

.98461 

.19195 

,98140 

.20905 

•97791 

S6 

5 

.15787 

,98746 

.17508 

.98455 

.19224 

.9813s 

.20933 

■97784 

55 

6 

.15816 

.98741 

•17537 

.98450 

.19252 

4)8129 

.20962 

•97778 

54 

7 

.15845 

•98737 

.17565 

.98445 

.19281 

.98124 

.20990 

.97772 

S 3 

8 

.15873 

.98732 

•I 7 S 94 

.98440 

.19309 

.^118 

,21019 

-97766 

Sa 

9 

.15902 

.98728 

.17623 

.9843s 

.19338 

4)8ii2 

•21047 

.97760 

SI 

so 

•15931 

•98723 

.17651 

.98430 

.19366 

.^107 

.21076 

-97754 

so 

SI 

.15959 

.98718 

.17680 

.98425 

•1939s 

4)8ioi 

.21104 

.97748 

49 

S3 

.15988 

-98714 

.17708 

.98420 

•19423 

.98096 

.21132 

.9774a 

48 

13 

.16017 

.98709 

.17737 

.98414 

•19452 

.98090 

.21161 

• 9773 S 

47 

14 

.16046 

.98704 

.17766 

.98409 

.19481 

.98084 

.21189 

.97729 

46 

IS 

.16074 

.98700 

-17794 

.98404 

•19509 

.98079 

.21218 

•97723 

45 

i6 

.16103 

.98695 

.17823 

.98399 

•19538 

.98073 

.21246 

.97717 

44 

17 

.16132 

.98690 

.17853 

•98394 

.19566 

4)8067 

.21275 

.97711 

43 

S8 

.16160 

.98686 

.17880 

.98389 

•19595 

4)8061 

.21303 

.97705 

42 

ip 

.16189 

.98681 

.17909 

.98383 

.19623 

.^56 

.21331 

.97698 

41 

30 

.162x8 

.98676 

•17937 

.^378 

.19652 

.98050 

.21360 

4)7693 

40 

31 

.16246 

.98671 

.17966 

.98373 

.19680 

.98044 

.21388 

4)7686 

39 

32 

.16275 

.98667 

.17995 

.^368 

.19709 

.98039 

.21417 

4)7680 

38 

33 

.16304 

.98662 

.18023 

.98362 

.19737 

.98033 

.21445 

.97673 

37 

34 

.16333 

.98657 

.1^52 

•98357 

.19766 

.98027 

.21474 

.97667 

36 

as 

.16361 

.98652 

.18081 

•98352 

.19794 

.98021 

.21502 

.97661 

35 

36 

.16390 

.98648 

.18109 

•98347 

.19823 

.98016 

.21530 

4)7655 

34 

37 

.16419 

.98643 

.18138 

■98341 

•19851 

.98010 

• 2 I 5 S 9 

.97648 

33 

s 8 

.16447 

.98638 

.18166 

-^336 

.19880 

.98004 

.21587 

.97642 

33 

ap 

.16476 

.9^33 

.18195 

•98331 

.19908 

.97998 

.21616 

4)7636 

31 

30 

.16505 

.98629 

.18224 

.98325 

.19937 

.97992 

.21644 

.97630 

30 

31 

.16533 

.98624 

.18252 

.98320 

•19965 

•97987 

.21672 

.97623 

29 

32 

.16562 

.98619 

.18281 

.^315 

•19994 

•97981 

.21701 

.97617 

23 

33 

.16591 

1 .98614 

.18309 

.98310 

.20022 

•97975 

.21729 

.97611 

27 

34 

.16620 

.98609 

.18338 

.98304 

.20051 

•97969 

I .21758 

4)7604 

26 

35 

.16648 

.98604 

.18367 

.98299 

.20079 

4?7963 

.21786 

.97598 

as 

36 

.16677 

1 .98600 

•18395 

.98294 

.20108 

•97958 

.21814 

•97592 

24 

37 

.16706 

.p 8 S 95 

.18424 

.98288 

.20136 

•97952 

.21843 

.97585 

23 

38 

.16734 

! .£>8590 

.18452 

.98283 

,2016s 

-97946 

.21871 

•97579 

aa 

39 

.16763 

.98585 

.18481 

.98277 

.20193 

4)7940 

.21809 

•97573 

az 

40 

.16792 

.98580 

.18509 

.98272 

.20222 

.97934 

.21928 

4)7566 

20 

41 

.16820 

.98575 

.18538 

.98267 

.20250 

4)7928 

.21956 1 

.97560 

19 

42 

.16849 

.98570 

.18567 

.98261 

.20279 

.97922 

.21985 

.97553 

18 

43 

.16878 

•98565 

•18595 

.^256 

.20307 

•97916 

.22013 

.97547 

17 

44 

.16906 

.98561 

-18624 

.98250 

.20336 

4)7910 

.22041 

.97541 

16 

45 

.16935 

4 > 8 S 56 

.18652 

.^245 

.20364 

4 J 790 S 

.22070 

.97534 

IS 

46 

.16964 

•98551 

.18681 

4)8240 

.20393 

.97899 

.22098 

.97528 

14 

47 

.16992 

.98546 

.18710 

.98234 

1 .20421 

4>7893 

.22x26 

.97521 

13 

48 

,17021 

.98541 

.18738 

4)8229 

.20450 

.97887 

,22155 

.97515 

12 

49 

.17050 

.98536 

.18767 

.^223 

.20478 

.97881 

.22183 

•97508 

IX 

50 

.17078 

•98531 

.18795 

4)8218 

.20507 

•9787s 

.22312 

.97502 

ZO 

SI 

.17107 

.98526 

.18824 

4)8212 

.20535 

.97869 

.22240 

.97496 

9 

S3 

,17136 

.98521 

.18852 

.98207 

.20563 

.97863 

.22268 

.97489 

8 

S 3 

,17164 

.^Si& 

.18881 

.98201 

.20592 

•97857 

.23297 

•97483 

7 

S 4 

.17193 

.98511 

.18910 

.^196 

.20620 

•97851 

.22325 

.97476 

6 

55 

.17222 

.98506 

.18938 

.^190 

.20649 

.97845 

.aa 3 S 3 

4)7470 

5 

S6 

.17250 

.98501 

.18967 

.98185 

.20677 

•97839 

.223S2 

•97463 

4 

57 

.17279 

.98496 

.18995 

.^179 

.20706 

.97833 

.22410 

4)7457 

3 

S 8 

.17308 

.98491 

.19024 

.98174 

.20734 

.97827 

.22438 

•97450 

a 

S 9 

.17336 

.98486 

.19052 

.98168 

.20763 

4)7821 

.22467 

.97444 

X 

60 

.17365 

.98481 

.19081 

.98163 

.20791 

•97815 

.22495 

.97437 

0 

0 

Cosine 

Sine 

Cosine 

Sine 

Cosine 1 Sine 

Cosine 

Sens 



1 SO® 

11 79 ® 

78 ® 

W 77® 
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» 

1 

Sine 

30 

Cosine 

1 

Sine 

4 ® 

Cosine 

1 

Sine 

5 ° 

Cosine 

16 ® 

Sine J Cosine 


o 

.22495 

•97437 

.24192 

.97030 

.25882 

.96593 

.27564 

.96126 

60 

X 

.22523 

.97430 

.24220 

4)7023 

.25910 

.96585 

.27592 

.96118 


s 

.22552 

.97424 

.24249 

4 ) 70 X 5 

.25938 

4)6578 

.27620 

.96110 

58 

3 

.22580 

•97417 

.24277 

4)7008 

.25966 

.0570 

.27648 

4 ) 6 x 03 

5? 

4 

s 

.22608 

.22637 

4)7411 

.97404 

.24305 

•24333 

4)7001 

4)6994 

4 ) 6^7 

.25994 

.26022 

40562 

•0555 

.27676 

.37704 

4)094 

.0o86 

S6 

SS 

6 

.22665 

4)7398 

.24363 

.26050 

.0547 

.27731 

4)078 

54 

7 

.22603 

.97391 

.24390 

.^980 

.26079 

4)6540 

.27759 

.96070 

S 3 

8 

.22722 

•97384 

.24418 

4)6973 

.26107 

.96532 

.27787 

.9600 

Sa 

P 

.22750 

4)7378 

.24446 

4)6966 

.2613s 

4)6524 

.27815 

46054 

51 

lO 

.22778 

4)7371 

.24474 

4)6959 

.26163 

4)6517 

.27843 

4)046 

50 

11 

J!28o7 

.97365 

.24503 

4)6952 

.26191 

.96509 

.27871 

46037 


12 

.22835 

4)7358 

.24531 

4)6945 

.26219 

4)6503 

.27899 

46029 

13 

.22863 

.97351 

•24559 

4)6937 

.26247 

.0494 

.27927 

4021 


14 

.22802 

4)7345 

.24587 

4)6930 

.26275 

.96486 

• 279 SS 

<^13 

46 

14 

.22020 

4)7338 

.24615 

4)6923 

.26303 

.0479 

.2703 

46005 

45 

x6 

452048 

4)7331 

.24644 

416916 

.26331 

.96471 

.28011 

4507 

44 

S 

.22077 

4)7325 

.24672 

4)6909 

.26359 

.0463 

.28039 

4509 

43 

.23005 

.97318 

.24700 

4)6go2 

.26387 

4)6456 

.28067 

4501 

42 

10 

.23033 

4)7311 

.24728 

4)6894 

.26415 

4)6448 

.28095 

45973 

41 

®o 

.2306a 

.97304 

.24756 

4)6887 

.26443 

4)6440 

.28123 

.95964 

40 

21 

.23000 

4)7298 

.24784 

4)688o 

.26471 

4)6433 

.28150 

45956 


22 

.23118 

-97291 

.24813 

4)6873 

.26500 

.96425 

.28178 

45948 

38 

23 

.23146 

.97284 

.24841 

4)6866 

.26528 

4)6417 

.2820 

45940 

37 

24 

.23175 

.97278 

.24869 

4 ) 68 s 8 

.26556 

. 04 X 0 

.28234 

45931 

3 <S 

25 

.23203 

4 > 727 l 

.24897 

4)6851 

.26584 

.0403 

.28262 

45923 

35 

26 

.23231 

4)7264 

.24925 

4)6844 

.26613 

.96394 

.0386 

.28290 

4591s 

34 

®7 

.23260 

*97257 

.24954 

.0837 

.2040 

.28318 

4507 

33 

28 

.23288 

4 > 72 S 1 

.24983 

4)6829 

.26668 

4)6379 

.28346 

4580 

3a 

sp 

.23316 

4)7244 

.25010 

4)6823 

.26696 

.96371 

.28374 

45890 

31 

30 

•33345 

.97237 

.25038 

. 08 x 5 

.26724 

40363 

.28402 

458S2 

30 

31 

.23373 

.97230 

.25066 

4)6807 

.26752 

4)6355 

.28429 

45874 

20 

33 

.23401 

.07223 

.25094 

.0800 

.26780 

.96347 

.28457 

4586s 

28 

33 

.23420 

.97217 

.25x22 

.0793 

.26808 

4)6340 

.28485 

45857 

27 

34 

.23458 

4)7210 

.25151 

4)6786 

.26836 

40333 

.28513 

45849 

20 

SS 

423486 i 

.97203 

.25179 

.0778 

.26864 

40324 

.28541 

45841 

25 

S <5 

.23514 

417196 

.25207 

.0771 

.26892 

.96316 

.28569 

45832 

24 

37 

.23542 

.97189 

.25235 

.0764 

4)6756 

.26920 

4)6308 

.28597 

45824 

23 

S8 

.23571 

4)7182 

.25263 

.26948 

4)6301 

.28625 

45816 

22 

SO 

• 2359 P 

4)7176 

.25291 

.0749 

.26976 

.96293 

.28652 

.95807 

2 X 

40 , 

.23627 

.97169 

.25320 

.96743 

.27004 

.96285 

.28680 

45799 

20 

41 

.23656 

4)7162 

.25348 

.0734 

.27032 

.96277 

.28708 

45791 

^9 

43 

4*3684 

4 » 7 iSS 

•35376 

4)6727 

.37060 

4)6269 

.28736 

45783 

18 

43 

.23713 

.97148 

.25404 

4)6719 

J!7o88 

.0261 

.28764 

4 S 77 | 

X 7 

44 

.23740 

.97141 

.25432 

40712 

.27116 

40253 

.28793 

45766 

16 

45 

-23760 

477134 

.25460 

.0705 

,27144 

4)6246 

.28820 

45757 

15 

46 

.23797 

4)7127 

.25488 

40697 

.27172 

.0238 

.28847 

45749 

14 

47 

.23825 

4)7120 

.25516 

.0690 

.0682 

.37200 

.0230 

.28875 

.95740 

13 

^ 1 

.23853 

4)7113 

.25545 

.27228 

.0222 

.28903 

45732 

xa 

4P 1 

.23882 

.97106 

.25573 

40675 

.27256 

4)6214 

4)6206 

.28931 

.95724 

12 

SO \ 

.23010 

.97100 

.25601 

4)6667 

.27384 

.28959 

.95715 

xo 

St 

•23938 

4)7093 

.25629 

40660 

.27312 

.0x98 

.2807 

.95707 

g 

S 3 

.23066 

4)7086 

i .25657 

.^53 

.27340 

.96190 

.29015 

4560 

8 

S 3 

•23995 

4)7079 

.25685 

.0645 

.27368 

.0182 

.2904a 

.9560 

1 

54 

.24023 

.97072 

.25713 

.0638 

.2730 

.96174 

.29070 

.95681 

6 

55 

.24051 

•9706s 

.25741 

.0630 

.27424 

4)6x0 

.2900 

45673 

S 

S6 

.24079 

.97058 

.25769 

.96623 

.27453 

.96158 

.29X26 

4504 

4 

57 

.24108 

.97051 

.25798 

4 ) 66 x 5 

.96608 

.27480 

•96150 

.29154 

.95656 

3 

S8 

.24136 

4)7044 

.25826 

.27508 

4 ) 6 x 42 

.29182 

45647 

2 


.24164 

.97037 

.25854 

.0600 

.27536 

. 0 X 34 

.29209 

.95639 

X 

.24102 

.97030 

1 ,2588a 

.96593 

.27564 

4)6x26 

.29237 

45630 

0 


Cosine 

76 

Sine 

;o 

1 Cosine 
i 7S 

Sine 

;o 

1 Cosine I 
i 74 

^SlNE 1 

Cosine 

73 

Sine 

•0 
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ir !i 

1 18 ° 11 

19 ° I! 

1 20 ° I 


p 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

t 

o 

*29237 

.95630 

.30902 

.95106 

1 .32557 

.94552 

.34203 

.93969 

60 

X 

.29265 

.95622 1 

.30929 

•95097 

•32584 

.94543 

.34229 

•93959 

59 

9 

•29293 

.95613 

.30957 

.95088 

.32612 

4*4533 

.34257 

.93949 

58 

3 

.29321 

.95605 1 

.30985 

.95079 

.32639 

4*4523 

.34284 

.93939 

57 

4 

.29348 

•95596 

.31012 

.95070 

.32667 

4 ) 45 X 4 

•343x1 

.93929 

S6 

1 

.29376 

•95588 

.31040 

.95061 

.32694 

4)4504 

.34339 

.93919 

55 

6 

.29404 

•95579 

.3x068 

.95053 

.32723 

•94495 

.34366 

.93009 

54 


.29432 

•95571 

.3x095 

.95043 

,32749 

.94485 

•34393 

.93899 

S 3 

8 

.29460 

.95562 

.31x23 

.95033 

.32777 

.94476 

.34421 

.93889 

52 

9 

.29487 

•95554 

.31x51 

.95024 

.32804 

.94466 

.34448 

.93879 

51 

so 

.295x5 

•95545 ! 

.31x78 

.95015 

.3283a 

•94457 

.34475 

.93869 

SO 

II 

•29543 

.95536 

.31206 

.95006 

.32859 

4)4447 

.34503 

4)3859 

4 ? 

X 2 

•29571 

.95528 

.31233 

.94997 

.32887 

4)4438 

•34530 

.93849 

48 

13 

.29599 

•95519 

.3x261 

.94988 

.32914 

.94428 

.34557 

.93839 

47 

14 

.29626 

•95511 

.31289 

.94979 

.32943 

.94418 

.34584 

.93829 

46 

25 

.29654 

•95502 

•31316 

.94970 

.32969 

4)4409 

.34612 

.93819 

45 

l6 

.29682 

.95493 1 

.3x344 

.94961 

.32997 

4)4399 

.34639 

.93809 

44 

27 

.29710 

.95485 

.3x373 

.9495a 

.33024 

4*4390 

.34666 

.93799 

43 

i8 

.29737 

.95476 

.31399 

•94943 

.33051 

4)4380 

.34694 

.93789 

42 

ip 

.29765 

•95467 

.31427 

.94933 

•33079 

.94370 

. 3472 t 

.93779 

41 

so 

.29793 

. 9 S 4 SP 

•31454 

•94924 

.33x06 

.94361 

•34748 

.93769 

40 

sx 

.29821 

•95450 

.3x482 

.949x5 

.33x34 

•94351 

•34775 

•93759 

39 

S 3 

.29849 

•95441 

.31510 

.94906 

•33161 

4)4343 

.34^3 

.93748 

38 

as 

.29876 

•95433 

.3x537 

•94897 

.33189 

.94332 

.34830 

.93738 

37 

S 4 

.29904 

.95424 

*3x565 

.94888 

.332x6 

.94323 


4)3728 

36 

as 

.29932 

.954x5 

.31593 

.94878 

.33244 

4)43x3 

,34884 

.93718 

35 

s6 

.29960 

.95407 

.31620 

.94869 

.33271 

•94303 

.349x2 

1 .93708 

1 34 

27 

.29987 

.95398 

.31648 

.94860 

•33298 

4)4293 

.34939 

4)3698 

33 

sS 

.30015 

.95389 

.3x675 

•948SX 

.33326 

.94284 

.34966 

.93688 

3a 

sp 

.30043 

.95380 

.3x703 

.94842 

• 333 SS 

.94274 

•34993 

.93677 

31 

30 

.30071 

•95373 

.3x730 

.94833 

.33381 

4)4264 

.35021 

.93667 

30 

31 

.30098 

.95363 

.31758 

.94823 ! 

.33408 

.94254 

.35048 

.93657 


32 

.30x26 

•95354 

.31786 

.94814 

•33436 

.94245 

.35075 

.93647 

28 

33 

•30154 

•95345 

.3x813 

.94805 

.33463 

4)4235 

.35102 

4)3637 


34 

.30182 

•95337 

.3x841 

•94795 

•33490 

.94225 

.35x30 

.93626 

26 

35 

.30209 

.95328 

.31868 

.94786 

• 335 x 8 

4*42x5 

.35x57 

4)3616 

as 

36 

.30237 

,953x9 

.31896 

.94777 

•33545 

4)4206 

•35184 

4)3606 

24 

37 

.30265 

• 953 X 0 

.3x923 

.94768 

.33573 

.94196 

•3521 1 

.93596 

23 

38 

.30292 

.95301 

.3x951 

.94758 

.33600 

.94186 

.35239 

4*3585 

22 

30 

.30320 

•95293 

.3x979 

•94749 

.33627 

.94176 

.35266 

4)3575 

2X 

40 

.30348 

.95284 

.32006 

.94740 

.33655 

.94167 

.35293 

.93565 

20 

41 

.30376 

•95275 

.32034 

.94730 

.33682 

.94157 

.35320 

•93555 


42 

•30403 

.95266 

.32061 

.94721 

.33710 

4 ) 4 X 47 

•35347 

4)3544 

xS 

43 

.30431 

•95257 

.32089 

.947x3 

.33737 

4 ) 4 X 37 

•35375 

4)3534 

17 

44 

•30459 

.95248 

.32116 

,94702 

.33764 

.94127 

.35402 

4*3524 

16 

45 

.30486 

.95240 

.32144 

4*4693 

.33792 

4 ) 41 x 8 

*35429 

.935x4 

15 

46 

,30514 

.9523X 

.32171 

.94684 

.33819 

4)4108 

.35456 

4*3503 

14 

47 

.30542 

.95222 

.32x99 

4*4674 

.33846 

4)4098 

.35484 

•93493 

13 

48 

.30570 

.95213 

.32227 

4)4665 

.33874 

4^4088 

.355x1 

•93483 

X 2 

49 

•30597 

,95204 

.32254 

.94656 

.33901 

.94078 

.35538 

4*3472 

XI 

SO 

.30625 

.95x95 

.32282 

.94646 

.33929 

4 ) 40 ^ 

.35565 

4*3462 

10 

SX 

•30653 

.95x86 ! 

.32309 

•94637 

•33956 

4)4058 

.35592 

.93452 

2 

53 

.30680 

.95x77 

.32337 

.94627 

•33983 

4)4049 

.356x9 

4)3441 

8 

S 3 

.30708 

.95x68 

.32364 

.94618 

.34011 

4)4039 

.55647 

.93431 


54 

.30736 

.95x59 

.32392 I 

,94609 

.34038 

4)4029 

.35674 

.93420 

6 

55 

.30763 

.95x50 

.324x9 

.94599 

.34065 

4)4019 

•35701 

4 ) 34 X 0 

5 

56 

.30791 

.95142 

.32447 

.94590 

.34093 

.94009 

.35728 

.93400 

4 

57 

.30819 

•95x33 

.32474 

.94580 

.34120 

.93999 

•35755 

.93389 

3 

S8 

.30846 

.95x24 

.32502 

.94571 

.34147 

‘93989 

.35782 

.93379 

2 

59 

.30874 

.951x5 

.32529 

4*4561 i 

.34x75 

4*3979 

.358x0 

4)3368 

X 

60 

.30902 

.95106 

.32557 

4 > 4 S 52 

-34202 

4*3969 

.35837 

4*3358 

0 

t 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sms 



1 72 ° 

11 71 ° 

11 70 ° 

11 69 ° 
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21 ® 

f StN^ 1 Cosine 

o .35837 -93358 

X .35864 -93348 

3 .35891 -93337 

3 -35918 .93327 

4 -35945 -93316 

5 -35973 -93300 

6 .36000 4>329S 

*1 .36027 .93285 

8 .36054 .93274 

9 .36081 .93264 

xo .36108 4>3253 

XI .36135 4>3243 

12 .3616a .93232 

13 .36190 4>3222 

14 .362x7 4>3211 

15 .36244 4>320l 

16 .36271 .93190 

X7 .36298 ^>3180 

X8 .36325 .93169 

19 .36352 -93159 

80 .36379 -93148 

81 .36406 4)3137 

82 .36434 -93127 

83 .36461 4>3 Ii 6 

84 .36488 4>3 io 6 

«s -36515 -93095 

86 .36542 4)3084 

87 •365<k> -93074 

a8 .36596 4)3063 

89 .36623 .93052 

30 .36650 4)3042 

31 .36677 .93031 

3a .36704 4>3020 

33 .36731 -93010 

34 -36758 .92999 

35 .36785 .92988 

36 ,36812 4>2978 

37 -36839 4)2967 

38 .36867 4)29s6 

39 -36894 -92945 

40 .36921 4)2935 

41 .36948 4)2924 

42 ,3697s 4)2913 1 

43 .37002 4)2002 

44 .37029 .92892 ! 

45 .37056 .92^1 

46 .37083 .92870 

47 .37110 .92859 

48 .37137 -92849 

49 .37164 4)2838 

50 47191 4)2827 

51 .37218 4)2816 

52 .37245 -92805 

53 .37272 .92794 

54 .37299 .92784 

55 .37326 4)2773 

56 .37353 .92762 

57 .37380 ,92751 

58 .37407 .92740 

59 .37434 4)2729 

00 .37461 4)2718 

^ Cc^iNE Sine i 

68P I 


Table XX. — Continued 

22® 23® 24® 

Sine Cosine Sms Cosine Sine Cosine ' 

.37461 4)2718 .39073 4)2050 .40674 4)1355 60 

.37488 4>2707 .39100 .92039 .40700 4)1343 59 

•37515 4)2697 *39127 4)2028 40727 4»i33i 58 

,37542 4)2686 .39153 4)20i6 40753 -91319 57 

•37569 4)2675 .39180 .92005 40780 .91307 56 

*37595 4)2664 .39207 4)1994 40806 4>I29S SS 

.3762a 4)2653 -39234 .91982 .40833 .91283 54 

•37649 .9264a .39260 4)1971 40860 4)1272 53 

.37676 4)2631 .39287 4)1959 40886 4)I26o 53 

*37703 4)2620 ,39514 4)1948 40913 4)1248 51 

.37730 4)2609 .39341 -91936 -40939 4)1236 SO 

•37757 -92598 .39367 4)1925 40966 4)1224 49 

*37784 4)2587 .39394 4)1914 .40992 4)1212 48 

.37811 4)2576 .39421 4>i902 41019 *91200 47 

.37838 4)2565 .39448 4)1891 4104s 4)1188 46 

.3786s *92554 .39474 4)1879 41072 4 >ii 76 45 

.37893 .92543 .39501 4)i868 41098 4)1 164 44 

.37919 4)2533 .39528 .91856 4112S 4)liS2 43 

.37946 4)2521 .39555 4>i84i> .41151 4>ii40 42 

.37973 4>2Sio .39581 4)1833 .41178 4)1128 41 

*37999 -92499 .39608 4)1822 41204 .911x0 40 

.38026 4)2488 .39635 .91810 41231 4)1104 39 

-38053 4)2477 .39661 4)1799 41257 4)1092 38 

,38080 4)2466 .39688 4)1787 '41284 4)Io8o 37 

.38107 4)2455 .39715 .91775 41310 4)1o68 36 

•38134 -92444 *39741 4)1764 41337 4 )ios 6 35 

.38161 4)2432 .39768 4 >i7 S2 41363 4)1044 34 

.38188 4)2421 .39795 .91741 41390 4)1032 33 

.38215 4)2410 .39822 .91729 .41416 .91020 3a 

.38241 4)2399 .39848 4)17 18 .41443 4)ioo8 31 

-38268 .92388 .39875 4)1706 41469 4)0996 30 

•3829s 4)2377 .39902 41694 .41496 4)0984 29 

.3832a 4)2366 .39928 .91683 41522 4)0972 28 

•38349 -92355 -39955 -91671 41549 .90960 27 

-38376 4)2343 -39982 4)i66o *41575 4>0943 26 

•38403 4)2332 40008 41648 41602 40936 2S 

.38430 42321 .40035 41636 .41628 .90924 24 

.38456 .92310 40062 41625 .41655 40911 23 

•38483 42299 40088 41613 41681 .90899 aa 

.38510 42287 40ns 41601 .41707 40887 21 

.38537 42276 40141 41590 .41734 4 )o 87S 20 

.38564 .92265 .40168 .91578 41760 40863 19 

•38591 42254 4019s 41566 41787 40851 18 

.38617 42243 .40221 .9155s .41813 4)0839 17 

.38644 42231 40248 41543 41840 40826 16 

.38671 42220 40275 41531 .41866 40814 IS 

.386^ 42209 40301 41519 41892 4080a 14 

.38725 42108 40328 41508 41919 4)0790 13 

.38753 43186 .40355 .91496 4194s 40778 12 

,38778 .92175 40381 41484 .41972 40766 11 

.38805 42164 40408 41472 .41998 40753 10 

.3883 a 42152 40434 41461 .42024 4)0741 9 

.38859 42141 40461 41449 42051 40729 8 

.38886 42130 40488 .91437 .42077 40717 7 

.3891a 42119 40514 41425 42104 40704 6 

.38939 42107 40541 .91414 42130 40692 s 

.38^ 42096 40567 41402 .42156 40680 4 

•38^3 4)2085 40594 41390 .42183 40668 3 

.39020 42073 .40621 41378 42209 .90655 2 

.39046 42062 40647 41366 42235 .90643 X 

.39073 42050 ,40674 .91355 42262 .^31 0 

Cosine Sine Cosine Sine Cosine Sine * 

67® 66° 65° 
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Table XX. — Continued, 



25 ‘> i 

26 ° 1 

27 ® 1 

28 ° 


» 

Sene 

Cosine 

Sine 

Cosine 

Sine. 

Cosine 

Sine 

Cosine 

0 

o 

.42262 

410631 

.43837 

.89879 

45399 

89101 

•46947 

*88295 

6 q 

X 

.42288 

.90618 

.43863 

B9867 

45425 

8^7 

*46973 

.88281 

59 

s 

.42315 

.90606 

•43889 

.8^54 

•45451 

89074 

.46999 

.88267 

S8 

3 

42341 

,90594 

.43916 

B9841 

45477 

89061 

47024 

.^254 

57 

4 

.42367 

.90582 

.43942 

B9828 

.45503 

8^48 

47050 

.88240 

S6 

S 

.42394 

.90569 

.439^ 

.8^16 

•45529 

.89035 

47076 

.88226 

55 

6 

.42420 

.90557 

.43994 

.8^3 

•45554 

89021 

47101 

.88213 

54 

7 

.42446 

.9054s 

.44020 

.89790 

.45580 

89008 

47127 

.S8100 

S 3 

8 

-^2473 

,90532 

.44046 

.89777 

45606 

88^5 

47 IS 3 

-88185 

52 

9 

.42499 

.90520 

.44072 

B9764 

45632 


47178 

.88172 

SI 

to 

.42525 

4 PS 07 

»44098 

.89752 

45658 

88968 

47204 

.88158 

SO 

IX 

.42552 

•90495 

.44124 

.89739 

45684 

.88955 

47229 

.88144 

49 

13 

.42578 

.90483 

^4151 

.89726 

•45710 

^42 

47255 

.88130 

48 

33 

4,2604 

4)0470 

.44177 

.89713 

45736 

.88928 

47281 

.88117 

47 

14 

.42631 

.90458 

.44203 

.89700 

.45762 

88915 

47306 

.88103 

46 

l,S 

.42657 

.90446 

.44229 


.45787 

.SS902 

-47332 

.88089 

45 

l6 

.42683 

4)0433 

.44255 

.89674 

45813 

88888 

47358 

.88075 

44 

17 

.42709 

.90421 

.44281 

.8^62 

45839 

8887s 

47383 

.88062 

43 

i8 

^42736 

.90408 

.44307 

.89649 

45865 

88862 

47409 

.88048 

43 

Ip 

.42762 

•90396 

.44333 

.8^36 

45891 

8884S 

47434 

.88034 

4 X 

flfO 

.42788 

4)0383 

-14359 

.89623 

,45917 

*88835 

47460 

<88020 

40 

31 

.42815 

.90371 

.44385 

89610 

45942 

8S822 

47486 

.88006 

39 

23 

.42841 

.90358 

.44411 

89597 

45968 

88808 

47511 

-87993 

3 ^ 

23 

^2867 

4*0346 

.44437 

.89584 

.45994 

8879s 

47537 

.87979 

37 

24 

<42894. 

.90334 

-14464 

.^571 

.46020 

887S2 

47562 

.87965 

36 

as 

.42920 

4)0321 

.44490 

.89558 

.46046 

88768 

47588 

.87951 

35 

26 

42946 

.90309 

-14516 

.89545 

.46072 


47614 

-87937 

34 

37 

.42972 

.90296 

.44542 

•^532 

46097 

88741 

47639 

.87923 

33 

28 

-42999 

.90284 

.44568 

.89519 

46123 

88728 

47665 

-87909 

32 

2p 

.43025 

.90271 

*44594 

.89506 

.46149 

8871s 

47690 

.87896 

31 

30 

.43051 

.90259 

-14620 

.89493 

.46175 

88701 

47716 

.87882 

30 

31 

.43077 

4)0246 

.44646 

89480 

.46201 

88688 

-47741 

.87868 

29 

32 

.43104 

.90233 

.44672 

89467 

-16226 

88674 

47767 

.87854 

28 

33 

.43130 

.90221 

.44698 

.89454 

-16252 

88661 

•47793 

B7840 

27 

34 

,43156 

.90208 

.44724 

.89441 

46278 

88647 

47818 

.87826 

26 

35 

.43182 

.90196 

.44750 

,89428 

46304 

JS8634 

47844 

.87812 

25 

36 

.43209 

.90183 

-44776 

.89415 

46330 

88620 

47869 

.87798 

24 

37 

.43235 

.90171 

.44802 

.89402 

46555 

88607 

4789s 

.87784 

33 

38 

.4326X 

.90158 

.448 28 

89389 

46381 

•^593 

47920 

87770 

a* 

39 

.43287 

.90146 

.44854 

89376 

i .46407 

88580 

47946 

87756 

at 

40 

.43313 

.90133 

.^880 

*89363 

46433 

88566 

*47971 

•87743 

20 

41 

•43340 

,90120 

.44906 

.89350 

46458 

88553 

•47997 

37729 

ig 

43 

-43366 

.90108 

-44932 

.89337 

46484 

*88539 

48022 

3771s 

18 

43 

•43392 

.90095 

.44958 

89324 

.46510 

88526 

48048 

37701 

17 

44 

.43418 

.900S2 

.44984 

89311 

46536 

88512 

•48073 

37687 

itf 

45 

•43445 

.90070 

-15010 

89298 

46561 

88499 

48099 

37673 

IS 

46 

.43471 

4)0057 

-15036 

89285 

46587 

.88485 

48124 

37659 

14 

47 

•43497 

.9004S 

.45062 

.89272 

46613 


48150 

.87645 

13 

48 

43523 

.90032 

.45088 

89259 

1 .46639 

88458 

.48175 

37631 

la 

49 

•43549 

.90019 

.45114 

8924s 

46664 

88445 

.48201 

87617 

IX 

50 

.43575 

.90007 

•45140 

89232 

.46690 

88431 

48226 

37603 

10 

SI 

.43602 

.89994 

-45166 

89219 

46716 

88417 

48252 

.87589 

9 

Sa 

.43628 

.89981 

.45192 

89206 

.46742 

88404 

48277 

37575 

8 

S 3 

•43654 

-89968 

-45218 

.89193 

.46767 

88390 

48303 

37561 

7 

54 

43680 

.8^56 

•45243 

.89180 

.46793 

88377. 

48328 

37546 

6 

ss 

43706 

.89943 

•45269 

89167 

.46819 

88363 

48354 

37532 

5 

56 

43733 1 

.89930 

.45295 

89153 

46844 

•88349 

48379 

37518 

4 

57 

•43759 

.89918 

- 4 S 32 I 

.89140 

.46870 

.88336 

48405 

.87504 

3 

S8 

.43785 

. 8^5 

•45347 

.89127 

.46896 

88322 

48430 

37490 

2 

59 

.438:1 

J9892 

.45373 

89114 

.46921 

88308 

*48456 

37476 

'I 

60 

•43837 

.89879 

45399 

89101 

46947 

.8829s 

48481 

B7462 

0 

0 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 



64 ° 

1 63 ° 

1 62 ° 

i 6P 
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Table XX . — Continued 



29 ® 1 

30 ® 

1 31 ® 

1 32 ® 


f 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

f 

0 

.48481 

.87462 

.50000 

.86603 

.51504 

•85717 

.52992 

.84805 

60 

X 

.48506 

.87448 

.50025 

.86588 

.51529 

.85702 

.53017 

.84789 

59 

a 

.48532 

.87434 

.50050 

.86573 

.51554 

.85687 

.53041 

.84774 

S 3 

3 

.48557 

.87420 

.50076 

.86559 

.51579 

.85672 

.53066 

.84759 

57 

4 

.48583 

.87406 

.50x01 

.86544 

.51604 

.85657 

.53091 

.84743 

56 

s 

.48608 

.87391 

.50126 

.86530 

.51628 

.85642 

.53115 

.84728 

55 

6 

.48634 

•87377 

.50x51 

•865x5 

.51653 

.85627 

.53140 

.84712 

54 

7 

.48659 

.87363 

.50x76 

.86501 

.51678 

J85612 

.53164 

.84697 

S 3 

8 

.48684 

.87349 

.50201 

.86486 

.51703 

.85597 

.53189 

.84681 

52 

9 

.48710 

.8733s 

.50227 

.86471 

.51728 

.85582 

.53214 

.84666 

SI 

30 

•4873s 

.87321 

.50252 

.86457 

.51753 

•85567 

.53238 

.84650 

5 ® 

31 

.48761 

.87306 

.50277 

.86442 

.51778 

.85551 

.53263 

.84635 

49 

32 

.48786 

.87292 

.50302 

.86427 

.51803 

•85536 

.53288 

.84619 

4 « 

*3 

.488x1 

.87278 

.50327 

.86413 

.51828 

.85521 

.53313 

-84604 

47 

34 

.48837 

.87264 

•50352 

.86398 

.51852 

.85506 

•53337 

.84588 

46 

3«; 

.48862 

.87250 

•50377 

B6384 

.51877 

.85491 

.53361 

.84573 

45 

36 

,48888 

.87235 

.50403 

.86369 

.51902 

.85476 

.53386 

.84557 

44 

37 

.48913 

.87221 

.50428 

.86354 

.51927 

.85461 

•53411 

.84542 

43 

18 

.48938 

.87207 

.50453 

.86340 

.51952 

.85446 

.53435 

.84526 

4 Z 

3 S> 

.48964 

•87193 

.50478 

.86325 

.51977 

.85431 

.53460 

.84511 

41 

«o 

48989 

.87178 

.50503 

.86310 

.52002 

.85416 

.53484 

.84495 

40 

ax 

.40014 

.87164 

.50528 

.86295 

.52026 

.85401 

•53509 

.84480 

3 ? 

32 

4^40 

.87150 

•50553 

B6281 

-52051 

.85385 

♦53534 

.84464 

33 

23 

49065 

.87136 

.50578 

B6266 

.52076 

.85370 

.53558 

.84448 

37 

24 

49090 

.87121 

.50603 

B62S1 

.52x01 

.85355 

.53583 

.84433 

36 

a,-; 

.49116 

.87107 

.50628 

B6237 

.52126 

.85340 

.53607 

.84417 

35 

26 

49141 

.87093 

.50654 

.86222 

.52151 

.85325 

•53632 

.84402 

34 


.49166 

.87079 

.50679 

B6207 

•52175 

•85310 

.53656 

.84386 

33 

20 

49192 

,87064 

.50704 

J86X92 

.52200 

.85294 

.53681 

.84370 

3a 

29 

.49217 

.87050 

•50729 

.86178 

.52225 

•85279 

•53705 

.84355 

31 

30 

49242 

.87036 

•50754 

.86163 

.52250 

.85264 

•53730 

.84339 

30 

3 X 

.49268 

.87021 

.50779 

.86148 

.52275 

.85249 

.53754 

.84324 

29 

32 

.49293 

.87007 

.50804 

B6133 

.52299 

.85234 

•53779 

.84308 

aS 

33 

•49318 

.86993 

.50829 

B6ti9 

.52324 

.85218 

. 53^4 

.S4292 

27 

34 

.49344 

.86978 

.50854 

B6xo4 

■52349 

.85203 

.53828 

.84277 

26 

35 

.49369 

.86964 

.50879 

B6089 

.52374 

.85188 

.53853 

.84261 

25 

36 

•49394 

.86949 

.50904 

.86074 

.52399 

.85173 

.53877 

.84245 

24 

37 

.49419 

.86935 

.50929 

B6os9 

.52423 

.85157 

•53902 

.84230 

23 

38 

49445 

.86921 

•50954 

,86045 

.52448 

.85142 

•53926 

.84214 

22 

39 

49470 

.86906 

•50979 

.86030 

.52473 

.85x27 

•S 39 SI 

.84198 

2 Z 

40 

•49495 

.86892 

.51004 

.S6015 

.52498 

.85112 

■53975 

.84x82 

20 

41 

49521 

.86878 

.51029 

.86000 

.52522 

.85096 

.54000 

.84167 

19 

42 

•49546 

,86863 

.51054 

.85985 

•52547 

.85081 

.54024 

.84151 

18 

43 

•49571 

.86849 

.51079 

.85970 

.52572 

.85066 

.54049 

.84135 

17 

44 

.49596 

.86834 

.51104 

.85956 

.52597 

.85051 

.54073 

.84120 

16 

45 

49622 

.86820 

.51x29 

.85041 

.52621 

.8503s 

.54097 

.84104 

IS 

46 

.49647 

.86805 

.51154 

B5926 

.52646 

.85020 

.54122 

.84088 

14 

4 Z 

.49672 

.86791 

.51179 

.85911 

.52671 

.85005 

■54146 

.84072 

13 

48 

,49697 

.86777 

•51204 

BS896 

.52696 

.84989 

.54171 

.84057 

X 3 

49 

.49723 

.8676a 

.5x229 

.85881 

.52720 

.84974 

.5419s 

.84041 

It 

SO 

.49748 

.S674S 

.51254 

.85866 

.52745 

.84959 

.54220 

.84025 

10 

SI 

.49773 

.86733 

.51279 

•fsSsi 

.52770 

.84943 

.54244 

.84009 

9 

52 

49798 

.86719 

.51304 

.85836 

.52794 

.84928 

.54269 

.83994 

3 

S 3 

.49824 

.86704 

.51329 

^5821 

.52819 

.84913 

.54293 

.83978 

7 

54 

.49849 

.86690 

.51354 

JBs8o6 

.52844 

.84897 

.54317 

.83962 

6 

55 

45^74 

.86675 

•S1379 

•85792 

.S28<^ 

.84882 

•54342 

.83946 

s 

S6 

.49899 i 

.86661 

.51404 

.85777 

.52893 

.84866 

.54366 

.83930 

4 

57 

.49924 

.86646 

.51429 

BS762 

.52918 

.84851 

•54391 

.83915 

3 

S8 

.49950 

,86632 

•51454 

.85747 

.52943 

.84836 

.5441 S 

.83899 

2 

S 9 

.49975 

.86617 

•51479 

.85733 

.52967 

.84820 

.54440 

.83883 

X 

60 j 

.50000 

ii66o3 

.51504 

.85717 

.52993 

.84805 

.54464 

.83867 

0 

f 1 

Cosnm 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 



60 ® 

59 ® |j 

58 ® 11 

67° 
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33 ® II 

34 ® n 

35® fi 

36® 1 


e 

SmE 

Cosrm 

Sms 

Cosms 

Sms 

Cosine 

Sine 

Cosins 

f 

o 

.54464 

B3867 

.55929 

.82904 

•57358 

.81915 

•58779 

.80902 

60 

1 

,54488 

.83851 

•55943 

.82887 

•57381 

.81899 

.58802 

.80885 

59 

a 

.54513 

1 .8383s 

.55968 

.82871 

•57405 

.81882 

.58826 

.80867 

58 

3 

■54537 

.83819 

•55992 

.82855 

•57429 

.81865 

-58849 

.80850 

57 

4 

.54562 

1 ^[3804 

.56016 

.82839 

•57453 

.81848 

.58873 

.80833 

56 

5 

.54586 

.83788 

.56040 

.82822 

•57477 

.81832 

.58896 

.80816 

55 

6 

.54610 

.83773 

.56064 

.82806 

•S 750 I 

.81815 

.58920 

.80799 

54 

7 

.54635 

•83756 

.56088 

.82790 

•57524 

.81798 

.58943 

.80782 

53 

8 

•54659 

.83740 

.56112 

.82773 

•57548 

.81782 

-58967 

.80765 

52 

9 

.54683 

.83724 

.56136 

.82757 

.57572 

.81765 

.58990 

.80748 

SI 

lO 

.54708 

.83708 

.56160 

.82741 

•57596 

.81748 

•59024 

.80730 

SO 

11 

.5473a 

8369a 

.56184 

.82724 

.57619 

.81732 

.59037 

.80713 

49 

12 

.54756 

.83676 

.56208 

.82708 

•57643 

.81714 

.59061 

.80696 

48 

23 

.54781 

.83660 

.56232 

.82692 

.57667 

.81698 

.59084 

.80679 

47 

14 

.54805 

.83645 

.56256 

.82675 

.57692 

.81681 

,59108 

.80662 

46 

!,■; 

.54829 

.83629 

.56280 

.82659 

.57725 

.81664 

.59231 

.80644 

45 

i 6 

•54854 

.83613 

•56305 

.82643 

•57738 

B1647 

•S 9 I 54 

.80627 

44 

17 

.54878 

•83597 

.56329 

.82626 

.57762 

.81632 

.59178 

.80610 

43 

i8 

.54902 

.83581 

.56353 

.82610 

•57786 

.81614 

.59201 

•80593 

42 

29 

.54927 

•83565 

.56377 

.82593 

.57810 

.81597 

•59225 

.80576 

41 

ao 

.54952 

.83549 

.56401 

.82577 

•57833 

.81580 

.59248 

.80556 

40 

ai 

•54975 

•83533 

.56425 

.82561 

•57857 

.81563 

.59272 

.80541 

39 

aa 

•54999 

•83527 

.56449 

.82544 

.57881 

.81546 

.59295 

.80524 

38 

23 

.55024 

.83501 

•56473 

.82528 

.57904 

.81530 

.59328 

.80507 

37 

24 

.55048 


•56497 

.82511 

.57928 

.81513 

.59342 

.80489 

36 

53 

.55073 

.83469 

.56521 

.82495 

-57952 

.81496 

-59365 

.80472 

35 

26 

.55097 

•83453 

•56545 

i 82478 

.57976 

.81479 

.59389 

.80455 

34 

27 

.55131 

-83437 

.56569 

.82462 

•57999 

.81462 

.59422 

.80438 

33 

aS 

•55245 

.83421 

.56593 

.82446 

.58023 

.81445 

•59436 

.80420 

33 

29 

.55169 

•83405 

.56617 

.82429 

.58047 

.81428 

-59459 

.80403 

31 

30 

•35294 

.83389 

.56641 

.82413 

.58070 

•81412. 

.59482 

.80386 

30 

32 

.55228 

.83373 

.56665 

.82396 

.58094 

.8139s 

.59506 

.80368 


33 

.55242 

•83356 

.56689 

.82380 

.58118 

B1378 

•59529 

.80351 

28 

S 3 

.55266 

.83340 

.56723 

.82363 

.58142 

.81361 

•59552 

.80334 

27 

34 

.55292 

.83324 

.56736 

-82347 

.58165 

.81344 

•59576 

.80316 

26 

3 S 

•55325 

.83308 

.56760 

-82330 

.58189 

.81327 

•59599 

.80299 

25 

36 

•55339 

.83292 

.56784 

.82314 

.58212 

.81310 

.59622 

.80283 

24 

37 

.55363 

.83276 

.56808 

.82297 

.58236 

.81293 

.59646 

.80264 

23 

38 

.55388 

.83260 

.56832 

.82281 

.58260 

.81276 

•59669 

.80247 

22 

39 

•55423 

.83244 

.56856 

.82264 

.58283 

.81259 

.59693 

.80230 

21 

40 

.55436 

.83228 

.56880 

.82248 

.58307 

.81242 

-59726 

.80212 

20 

41 

.55460 

.83212 

.56904 

.82231 

.58330 

.81225 

•59739 

.80195 


42 

•55484 

•8319s 

.56928 

.82214 

.58354 

.81208 

.59763 

.80178 

18 

43 

■55509 

.83279 

. 5695 ^ 

.82198 

•58378 

.81191 

.59786 

.80160 

17 

44 

•55533 

.83163 

.56976 

.82181 

.58401 

.81174 

.59809 

.80143 

16 

45 

•55557 

.83147 

.57000 

.82165 

.58425 

.81157 

.59832 

.80125 

IS 

46 

•55581 

.83131 

.57024 

.82148 

.58449 

.81140 

.59856 

.80108 

24 

47 

.55605 

.83125 

.57047 

.82132 

•58472 

.81123 

.59879 

.80091 

13 

48 

•55630 

.83098 

•57071 

.82115 

.58496 

.81106 

.59902 

.80073 

12 

49 

.55654 

.83082 

.57095 

.82098 

.58529 

.81089 

.59926 

.80056 

n 

SO 

.55678 

.83066 

.57129 

.82083 

•58543 

.81072 

•59949 

.80038 

10 

51 

•55702 

.83050 

•57143 

.82065 

.58567 

.810SS 

.59972 

.80021 

E 

S 3 

.55726 

•83034 

•57167 

.82048 

.58590 

.81038 

•59995 

.80003 

8 

53 

•55750 

•83017 

.57291 

.8203a 

.58614 

.81021 

.60019 

.79986 

Z 

54 

•S 577 S 

.83001 

•57225 

.82015 

.58637 

.81004 

.60042 

.79968 

0 

SS 

•55799 

.82985 

.57238 

.81999 

.58661 

J80987 

.60065 

.79952 

s 

56 

-55823 i 

.82969 

.57262 

.81983 

.58684 

.80970 

.60089 

.79934 

4 

SI 

-55847 1 

•83953 1 

•57286 

.81965 

.58708 

.80953 

.60112 

.79916 

3 

58 

-55871 

•82936 ^ 

•57320 

.81949 

.58731 

.80936 

.60135 

.79899 

2 

59 

-55895 

.82920 

•57334 

.8193a 

.58755 

.80919 

AS158 

.79881 

X 

60 

-55929 

.82904 

•57358 

.81915 

.58779 

310903 

.60182 

.79864 

0 

/ 

COSXITE 

Sins 

Cosine 

Sms 

Cosine 

Sms 

Cosine 

Sms 

# 


& 

50 

3 

5® ; 

11 64® 1 

5< 

3® 
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1 37 ° 

li 38 “ 

!! 39 ° 

II 40 ° 


* 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

f 

o 

.6oi8a 

.79864 

61566 

.78801 

.6293a 

.7771S 

.64279 

.76604 

60 

I 

.60205 

.79846 

.61589 

.78783 

62955 

.77696 

.64301 

.76586 


9 

.60228 

-79829 

.61612 

•78765 

62977 

.77678 

.64323 

.76567 

S8 

3 

.60251 

.79811 

6163s 

.78747 

63000 

.77660 

.64346 

.76548 

57 

4 

.60274 

•79793 

61658 

.78729 

63022 

.77641 

.64368 

.76530 

56 

5 

USoagS 

.79776 

61681 

.78711 

6304s 

.77623 

-64390 

-76511 

55 

6 

450321 

•79758 

.61704 

.78694 

63068 

.77605 

.64412 

-76492 

54 

1 

450344 

•79741 

6x726 

.78676 

63090 

.77586 

.64435 

.76473 

53 

i 

.60367 

•79723 

.61749 

.78658 

63113 

.77568 

.64457 

.76455 

S 3 

9 

j 5 o 35 >o 

.79706 

61772 

.78640 

6313s 

• 775 SO 

.64479 

.76436 

51 

to 

.60414 

.79688 

.6179s 

.78622 

63158 

-77531 

.64501 

-76417 

SO 

n 

.60437 

.79671 

61818 

,78604 

63180 

.77513 

.64524 

.76398 

49 

'za 

450460 

-79653 

61841 

.78586 

63303 

.77494 

.64546 

.76380 

48 

*3 

450483 

•79635 

61864 

.78568 

6322s 

*77476 

.64568 

,76361 


14 

450506 

.79618 

61887 

.78550 

63248 

-77458 

.64590 

.76342 

46 

15 

.60529 

.79600 

.61909 

•78531 

63271 

•77439 

.64613 

.76323 

45 

x6 

•60553 

•79583 

.61932 

.78514 

.63293 

.77421 

.6463s 

.76304 

44 

17 

.60576 

•79565 

61 955 

.78496 

63316 

.77403 

.64657 

.76286 

43 

i8 

.60599 

•79547 

6197S 

.78478 

.63338 

-77384 

. 6.:679 

.76267 

43 

19 

.60622 

.79530 

.62001 

.78460 

.63361 

.77366 

.64701 

.76248 

41 

ao 

.60645 

•79513 

62024 

.7844a 

.63383 

.77347 

.64723 

.76229 

40 

az 

.60668 

•79494 

.62046 

.78424 

.63406 

.77329 

.64746 

.76210 

39 

aa 

.6069 z 

.79477 

-620<^ 

.78405 

63428 

.77310 

.64768 

.76193 

38 

n 

.60714 

•79459 

.62092 

.78387 

.63451 

.77292 

.64790 

.76173 


84 

.60738 

•79441 

.62115 

.78369 

63473 

.77273 

.64812 

.76154 

36 

85 

60761 

.79424 

.62138 

.78351 

63496 

.77255 

.64834 

.7613s 

35 

a6 

.60784 

.79406 

.62160 

•78333 

.63518 

.77236 

.64856 

.76116 

34. 

87 

.60^7 

.79388 

,62183 

•7831s 

.63540 i 

.77218 

.64878 

.76097 

33 

aS 

.60830 

.79371 

.62206 

.78297 

.63563 

.77199 

.64901 

.76078 

33 

89 

60853 

.79353 

.62229 

.78279 

63585 

.77181 

.64923 

.76059 

3 * 

30 

60876 

•79335 

.62251 

.78261 

63608 

.77162 

.64945 

.76041 

30 

31 

.60899 

.79318 

.62274 

.78243 

63630 

.77144 

.64967 

.76022 


38 

60922 

.79300 

.62297 

.78225 

63653 

.77125 

.64989 

.76003 

28 

33 

.60945 

.79282 

62320 

.78206 

6367s 

•77107 

.65011 

.75984 

27 

34 

.60968 

.79364 

62342 

-78:88 

.63698 

.77088 

.65033 

.75965 

26 

35 

.60991 

.79247 

.62365 

.78170 

63720 

.77070 

.65055 

.75946 

‘ 25 

36 

.61015 

.79229 

.62388 

.78152 

63742 

•77051 

.65077 

.75927 

24 

37 

.61038 

.79211 

.62411 

.78134 

.63765 

.77033 

.65100 

.75908 

23 

38 

.6io6z 

•79193 

62433 

.78116 

.63787 

.77014 ' 

.65122 

.758^ 

22 

39 

.61084 

.79176 

.62456 

.78098 

.63810 

.76996 

.65144 

-75870 

2 X 

40 

.61107 

.79158 

.62479 

.78079 

63832 

.76977 

.65166 

.75851 

20 

41 

.61x30 

.79140 

62502 

.78061 

.63854 

.76959 

455188 

.75832 

19 

4a 

61153 

.79122 

.63524 

.78043 

63877 

.76940 

.65210 

.75813 

18 

43 

.61176 

.79105 

,62547 

.78025 

63899 

.76921 

.65232 

.75794 

17 

44 

f 199 

.79087 

.62570 

.78007 

63922 

.76903 

.65254 

.75775 

i <5 

4 S 

.61222 

i -79069 

.63592 

.77988 

.63944 

.76884 

455276 

.75756 

IS 

46 

61245 

t .79051 

.62615 

.77970 

63966 

-76866 

.65298 

-75738 

14 

47 

6126S 

.79033 

.63638 

.77952 

.63989 

.76847 

.65320 

.75719 

13 

48 

.6x291 

*79016 

626^ 

•77934 

.64011 

.76828 

.65342 

.75700 

12 

49 

.61314 

.78998 ! 

63683 

.77916 

.64033 

,76810 

.65364 

.75680 

11 

SO 

.61337 

.78980 

62706 

.77897 

64056 

.76791 

.65386 

.75661 

10 

51 

.61360 

.78^2 

.62728 

.77879 

64078 

.76772 

.65408 

.75642 

9 

S8 


.78944 

.62751 

.77861 

64100 

.76754 

.65430 

.75623 

8 

S 3 

.61406 

.78926 

.62774 

.77843 

64123 

.76735 

.65452 

.75604 

7 

S 4 

.61429 

.78^ 

i 62796 

.77824 

.64145 

.76717 

.65474 

.75585 

6 

ss 

.6145Z 

.78891 

62819 

.77806 

64167 

.76698 

.65496 

.75566 

5 

S6 

61474 

. 7^73 

.62842 

.77788 

.64190 

•76679 

.65518 

•75547 

4 

57 

61497 

•78855 

.62864 

.77769 

64212 

.76661 

.65540 

.75528 

3 

ss 

.61520 

.78837 

62887 

•77751 

64234 

.76642 

.65562 

.75509 

a 


•61543 

.78819 

.62909 

•77733 

64256 

.76623 

.65584 

.75490 

I 

60 

•61566 

.78801 

62932 

•7771s 

64279 

.76604 

.65606 

.75471 

0 

/ 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

! 

— 

52 ° (1 

51 

0 

50 

0 

49 

0 
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Table XXr—Concli/ded 



41 ® li 

I 42 ® (1 

1 43 ® 11 

44“ 1 


0 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

Cosine 


o 

.65606 

•75471 

i .66913 

.74314 

.68200 

.73135 

.69466 

.71934 

60 

1 

.65628 

•75452 

1 .6693s 

.74295 

.68221 

.73116 

.69487 

.71914 

59 

s 

.65650 

•75433 

.66956 

.74276 

.68242 

.73096 

.69508 

.71894 

S8 

s 

.65672 

•75414 

.66978 

•74256 

.68264 

.73076 

.69529 

•71873 

57 

4 

.65694 

•75395 

.66999 

•74237 

.6828s 

.73056 

•69549 

.71853 

S6 

S 

U557i6 

•75375 

.67021 

.74217 

.68306 

•73036 

-69570 

•71833 

SS 

6 

*65738 

•75356 

.67043 

.74198 

.68327 

.73016 

.69591 

.71813 

54 

1 

•65759 

•75337 

.67064 

.74178 

.68349 

.72996 

.69612 

•7179a 

S 3 

8 

.65781 

•75318 

J57086 

•7 JI 5 P 

.68370 

-72^76 

.69633 

.71772 

Sa 

9 

.65803 

•75299 

.67107 

•74139 

.68391 

.72957 

.69654 

.71752 

SI 

30 

.65825 

.75280 

.67129 

*74120 

.68412 

•72937 

.69675 

.71732 

so 

IX 

.65847 

.75261 

.67151 

.74100 

.68434 

-72917 

.69696 

.71711 

49 

13 

.65869 

.75241 

.67172 

.74080 

•68455 

.72897 

.69717 

.71691 

48 

13 

.65891 

.75222 

.67194 

,74061 

.68476 

.72877 

.69737 

.71671 

47 

14 

•65913 

.75203 

.67215 

•74041 

M497 

.72857 

.6975S 

.71650 

46 

15 

•65935 

.75184 

.67237 

.74022 

-68518 

.72837 

.69779 

.71630 

45 

i6 

.65956 

•75165 

A7258 

.74002 

.68539 

.72817 

.69800 

.71610 

44 

37 

.65978 

.75146 

.67280 

.73983 

.68561 

.72797 

.69821 

! .71590 

43 

s8 

.66000 

.75126 

.67301 

.73963 

.68582 

.72777 

.6984a 

.71569 

43 

ip 

.66022 

•75107 

•67323 

•73944 

,68603 

•72757 

.69862 

-71549 

41 

30 

.66044 

.75088 

.67344 

•73924 

.68624 

-72737 

.69883 

.71529 

40 

31 

J 56 o 66 

.75069 : 

.67366 

•73904 

.68645 

.72717 

.69904 

.71508 

39 

33 

.66088 

•75050 

•67387 

•73885 

.68666 

.72697 

.69925 

.71488 

38 

33 

.66109 

.75030 

457409 

.73865 

.68688 

.72677 

.69946 

.71468 

37 

34 

.66131 

.75011 

.67430 

-73846 

.68709 

.72657 

.69966 

•71447 

36 

35 

.66153 

.74992 

.67452 

.73826 

A8730 

.72637 

459987 

.71427 

35 

36 

.66175 

•74973 

•67473 

.73806 

.68751 

.72617 

.70008 

•71407 

i 34 

37 

.66197 

• 749 S 3 

.67495 

-73787 

.68772 

•72597 

.70029 

.71386 

33 

38 

.66218 

•74934 

457516 

-73767 


.72577 

.70049 

.71366 

32 

3 P 

.66240 

•7491s 

•67538 

•73747 

.68814 1 

.72557 

.70070 

.71345 

31 

80 

.66262 

.74896 

.67559 

.73728 

.6883s 

•72537 

.70091 

-7132s 

30 

$1 

.66284 

•74876 

.67580 

.73708 


.72517 

.70112 

.71305 

29 

31 

.66306 

.74857 

.67602 

.73688 

.68878 

.72497 

.70132 

.71284 

28 

S 3 

.66327 

.74838 

.67623 

.73669 

.688^ 

•72477 

.70153 

.71264 

27 

S 4 

.66349 

.74818 

.67645 

.73649 

.68920 

.72457 

.70174 

.71243 

26 

ss 

.66371 

•74799 

A7666 

.73629 

.68941 

.72437 

•7019s 

.71223 

25 

86 

J 56393 

.74780 

457688 

.73610 

A8962 

-72417 

.70215 

.71203 

24 

S 7 

: .66414 

.74760 

.67709 

•73590 

.68^3 

•72397 

.70236 

.71183 

23 

38 

.66436 

•74741 

.67730 

.73570 

.69004 

.72377 

.70257 

.71163 

23 

3 P 

.66458 

.74722 

.67752 

•73551 

: .69025 

•72357 

.70277 

.71141 

31 

40 

.66480 

.74703 

.67773 

.73531 

.69046 

-72337 

.70298 

.71131 

20 

41 

.66501 

.74683 

.67795 

•73511 

.69067 

.72317 

.70319 

.71100 


41 

,66523 

.74664 

.67816 

-73491 

.69088 

-72297 

.70339 

.71080 

18 

43 

.66545 

.74644 

457837 

•73472 

.69109 

.72277 

.70360 

.71059 

17 

44 1 

.66566 , 

.74625 

.67859 

-73452 

.69130 

.72257 

.70381 

.71039 

16 

45 

.66588 1 

.74606 

.67880 

-73432 

.69151 

,72236 

.70401 

.71019 

IS 

46 

.66610 

.74586 

.67901 

•73413 

.69172 

.72216 

.70422 

.70998 

14 

47 

.66632 

•74567 

.67923 

•73393 

.69193 

.72196 

.70443 

.70978 

13 

48 

.66653 

.74548 

.67944 

•73373 

.69214 

.72176 

.70463 

.70957 

12 

49 

.66675 

.74528 

•6796s 

-73353 

.6923s 

.72156 

.70484 

.70937 

II 

50 

.66697 

•74509 

.67987 

•73333 

.69256 

.72136 

.70505 

.70916 

zo 

51 

.66718 

.74489 

.68008 

•73314 

.69277 

.72116 

.70525 

.70896 

2 

33 

.66740 

.74470 

.68029 

.73294 

J59298 

.72095 

.70546 

.70875 

8 

S 3 

.66762 

•74451 

.68051 

.73274 

.69319 

.7207s 

.70567 

-70855 

r 

54 

.66783 

.74431 

.68073 

.73254 

.69340 

•720SS 

.70587 

.70834 

6 

55 

.66805 

•74412 

.68093 

.73234 

.69361 

.72035 

.70608 

.70813 

5 

S6 

.66827 

.74392 

458 iiS 

-7321S 

.69382 

.72015 

.70628 

.70793 

4 

57 

.66848 

•74373 

.68136 

-73195 

A9403 

.71995 

.70649 

.70772 

3 

58 

.66870 

• 743^3 

.68157 

•7317s 

.69424 

.71974 

.70670 

.70752 

a 

59 

.66891 

•74334 

.68179 

-73155 

.69445 

.71954 

.70690 

.70731 

I 

60 

.66913 

*74314 

.68200 

•7313s 

A9466 

.71934 

-70711 

.70711 

0 

f 

Cosine 

Sine '' 

Cosine 

Sine 

Cosine 

Sine 

Cosine 

Sine 

# 


4 

8° 

11 47® i 

11 .46® 1 

11 46'' 
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NATURAL TANGENTS AND COTANGENTS 


Table XXI. Natural Tangents and Cotangents 


— — 

00 j 

1 1° 1 

I 2 ° 1 

il 3 ° 



Tan, 

' Co-tan. 

Tan. 

Cotan. 

Tan. 

Co-TAN. 

Tan. 

CO-TAH. 

' j 

o 

.00000 

' Infinite. 

,01746 

57.2900 

.03492 

28.6363 

.05241 

19.0811 

60 

I 

,O 0 O 2 p 

3437.750 

.01775 

56.3506 

.03521 

28.3994 

.05270 

18.975s 

59 

a 

.00058 

1718.870 

,01804 

55.4415 

.03550 

28.1664 

.05299 

18.8711 

S 3 

3 

.00087 

1 145.920 

.01833 

54.5613 

-03579 

27.9372 

.05328 

18.7678 

57 

4 

4 X>h 6 

859.436 

joi862 

53.7086 

03609 

27.7117 

.05357 

18.6656 

56 

S 

.0014s 

687.549 

.01891 

52.8821 

03638 1 

27.4899 

•05387 

18.5645 

55 

6 

.00175 

572.957 

.01920 

5243807 

03667 

27.271s 

.05416 

18.4645 

54 

1 

.00204 

491.106 

.01949 

S1.3032 

03696 i 

27.0.566 

.05445 

18.3655 

S 3 1 

S 

.00233 

429.718 

.01978 

50.5485 

03725 1 

26.8450 

.05474 

18.2677 

52 

9 

.00262 

381.971 

X)2007 

49.8157 

.03754 i 

26.6367 

.05503 

18.1708 

51 

lo 

.002pl 

343-774 

.02036 

49.1039 

03783 

26.4316 

.05533 

1803750 

SO 

31 

350320 

312.521 

.02066 

48^4121 

4)3813 

26.2296 

.05562 

17.980a 

49 

33 

. 0034 P 

286.478 

W0209S 

47.739s 

0384a f 

26.0307 

.05591 

17.8863 

48 

13 

.00378 

264.441 

.02x24 

47.0853 

03871 

25.8348 

035620 

17-7934 

^2 

*4 

.00407 

245.552 

.02153 

46.4489 

.03900 

25.6418 

035649 

17.701S 

40 

IS 

,00436 

229.182 

.021S2 

45.8294 

03929 

25.4517 

035678 

17.6106 

45 

i6 

.00465 

214.858 

.022X1 

45.2261 

03958 

25.2644 

035708 

17.5205 ! 

44 

37 

•0049s 

202.219 

.02240 

44.6386 

03987 

25.0798 

.05737 

17.4314 1 

43 

i8 

^>0524 

190.984 

.02269 

44.0661 

4)4016 

24-8978 

035766 

17.3433 

42 

19 

.00553 

280.932 

.02298 

43.5081 

04046 

24-7185 

.05795 

17.2558 

41 

ao 

.00582 

171.^5 

.02328 

424)641 

04075 

24.5418 

.05824 

17.1693 

40 

ar 

.00611 i 

163.700 

.02357 

42.433s 

.04104 1 

24.367s 

.05854 

17.0837 


aa 

.00640 

156.259 

.02386 

41.9158 

04133 

24.1957 

035883 

16.9990 

38 

23 

.00669 

149.465 

.02415 

41.4106 

4)4162 

24.0263 

.05912 

164)150 

32 

04 

.00698 

143.237 

.02444 

40.9174 

0419X 

23.8593 

035941 

16.8319 

39 

as 

.00727 

137.507 

.02473 

40.4358 

4)4220 

23.6945 

.05970 

16.7496 

35 

a6 

.00756 

132.219 

.02502 1 

39.9655 

04250 

23.5321 

035999 

16.6^1 1 

34 

37 

.00^5 

127.321 

432531 

39.5059 

04279 

23.3718 

036029 

16.5874 

33 

aS 

X10814 

122.774 

.02560 ! 

39.0568 

04308 

23.2137 

036058 

16.5075 

33 

ap 

.00844 

218.540 

432589 i 

38.6177 

04337 

23-0577 

.06087 

16.4283 

31 

30 

.00873 

114.589 

.02619 

38.1885 

04366 

22.9038 

o>6ii6 

16.3499 

30 

31 

.00902 

110.892 

.02648 

37.7686 

04395 

22.7519 

.06145 

16.2723 

29 

Sa 

•00931 

207.426 

.02677 

37.3579 

4)4424 

22.6020 

.06175 

16.1952 

2 § 

33 

.00960 

204.171 

X12706 

36.9560 

04454 

22.4541 

.06204 

16.1190 

27 

34 

.00989 

201.107 

4)2735 

36.5627 

04483 

22.3081 

.06233 

16.043s 

26 

3 S 

.01018 

98.2179 

.02764 

36.1776 

.04512 

22.1640 

.06262 

! 15.9687 

25 

30 

.01047 

95.4805 

4)2793 

3Sitoo6 

.04541 

22.0217 

.06291 

[ 15.8945 

24 


451076 

92.9085 

.02822 

35.4313 

04570 

21.8813 

.06321 

15.8211 

i 23 

38 

4)1105 

90.4633 

.02851 

35.0695 

04599 

21.7426 

.06350 

1 15.7483 

32 

39 

.01135 

88.1436 

.02881 

34.7151 

4)4628 

21.6056 

.06379 

15.676a 

ax 

40 

4)1164 

Ss. 93 p 8 

.02910 

34.3678 

4)4658 

21.4704 

0)6408 

15.6048 

20 

41 

.01193 

83.8435 

.02939 

34-0273 

.04687 

21.3369 

.06437 

15.5340 

“ 19 

42 

.01222 

81.8470 

4)2968 

33.6935 

4)4716 

21.2049 

.06467 

15.4638 

18 

43 

.01251 

79-9434 

.02997 

33.3663 

04745 

21.0747 

.06496 

15.3943 

17 

44 

451280 

78.1263 

4)3026 

33-0452 

04774 

20.9460 

0)6525 

15.3254 

16 


.01309 

76.3900 

.03055 

32.7303 

4)4803 

20.8188 

0)6554 

15.2571 

15 


.01338 

74.7292 

4)3084 

32.4213 

04832 

20.6932 

.06584 

15.1893 

14 


.01367 

73-1390 

.03114 

32.1181 

4)4862 

20.5691 

.06613 

15.1223 

13 

1; 48 

.01396 

71.6151 

.03143 

31.8205 

4)4891 

20.4465 

.06642 

15.0557 

12 

■' 49 

.01425 

70.1533 

.03172 

31.5284 

.04920 

20.3253 

0)6671 

14.9898 

II 

SO 

•OI 45 S 

6S.7501 

.03201 

31.24x6 

04949 

20.2056 

0)6700 

14.9344 

10 

51 

.01484 

67.4019 

.03230 

30-9599 

4)4978 

20.0872 

036730 

14.8596 

9 

S 3 

.01513 

^.1055 

4)3250 

30.6833 

4)5007 

19.9702 

.06759 

14.7954 

8 

53 

.01542 

64.8580 

.03288 

30.4116 

05037 

19,8546 

0)6788 

14.7317 

7 

54 

.01571 

63.6567 

.03317 

30.1446 

4)5066 

19.7403 

.06817 

14.668s 

6 

55 

4 ) 16 oO 

62.4992 

.03346 

39.8823 

05095 

19.6273 

0)6847 

14.6059 

5 

S6 

.01629 

61.3829 

•03376 

39.624s 

.05124 

19.5156 

.06876 

14.5438 

4 


.01658 

60.3058 

.0340s 

29.3711 

05153 

19.4051 

.06905 

14.4823 

3 

58 

.01687 

' 59.2659 

•03434 

39.1220 

05182 

19.2959 

•06934 

14.42x2 

2 

59 j 

.01716 

58.2612 

•03463 

28.8771 

4)5212 

19.1879 

0)6963 

14.3607 

X 

60 

.01746 

57.2900 

433492 

28.6363 

.05241 

19.0811 

.06993 

J 14.3007 

0 

/ j 

Co-tan. 

Tan. 

Co-tan. 

Tan. 

Co-TAN. 

Tan. 

Co-TAN. 

! Tan. 



89 ° I 

1 88° 1 

1 87 ° 1 

1 86° i 

1 
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Table XXI. — Continued 


1 

4 *^ 11 

5 *=* 11 

6“ II 

7“ 1 


'1 

Tan. 

Co-tan. 

Tan. 

Co-tan. || 

Tan. 

Co-tan. 

Tan. 

Co-tan. 

9 

o 

.06993 

14.3007 

.08749 

11.4301 

.105x0 

9.5x436 

.12278 

8.1443s 

60 

X 

.07022 

14.2411 

.08778 

11.39x9 

.10540 

9.48781 

.12308 

8.12481 

59 

& 

.07051 

14.1821 

.08807 

11.3540 1 

.10569 

9,46141 

.12338 

8.10536 

58 

3 

.07080 

14.123s 

.08837 

IX.3163 

.10599 

9.4351S 

.12367 

8.08600 

57 

4 

.07x10 

14.0655 

.08866 

11,2789 1 

.10628 

9.40904 

.12397 

8.06674 

56 

5 

.07139 

14.0079 

,0889s 

11.2417 

.10657 

9.38307 

.12426 

8.04756 

55 

6 


13.9507 

.08925 

11. 2048 1 

.10687 

9.35724 

.12456 

8.02848 

54 

t 

.07197 

13.8940 

.08954 

11.1681 

.X0716 

9.33x54 

.12485 

8.00948 

S 3 

8 

.07227 

13.8378 

.08983 

11.1316 

.10746 

9.30599 

.12515 

7.99058 

52 

9 

J07256 

13.7821 

459013 

11.0954 

.10775 

9.28058 

.12544 

7.97176 

51 

10 

4 > 7 a 85 

13.7267 

.09042 

11.0594 

.10805 

9.25530 

.12574 

7*95302 

SO 

IX 

^7314 

13.6729 

.09071 

11.0237 1 

.10834 

9.23016 

.12603 

7.93438 

49 

xa 

*07344 

13.6174 

.09101 

10.9882 

.10863 

9.20516 

.12633 

7-91582 

48 

23 

.07373 

13.5634 

459130 

10.9529 

.10893 

9.18028 

.12662 

7.89734 

47 

24 


13.5098 

.09159 

10.9178 

.10922 

9.15554 

.12692 

7.8789s 

46 

tn 

4)7432 

13.4566 

459189 

10.^29 

.10952 

9.13093 

,12722 

7.86064 

45 

lt> 

457461 

13.4039 

.09218 

10,8483 

.10981 

9.10646 

.12751 

7.84242 

44 

17 

457490 

13.3515 

459247 

20.8139 

.IIOII 

9.08211 

.12781 

7.82428 

43 

x8 

457519 

13.2996 

459277 

10.7797 

.11040 

9.05789 

.12810 

7.80622 

42 

ip 

457548 

13.2480 

459306 

10-7457 

.11070 

9.03379 

.12840 

7.78825 

41 

so 

457578 

13.1969 

.09335 

10.7119 

. 11099 

9.00983 

.12869 

7.77035 

40 

2 X 

457607 

13.1461 

.09365 

10.6783 

.11128 

8.98598 

.12899 

7.75254 

39 

aa 

457636 

13.0958 

.09394 

10.6450 

.11158 

8,96227 

.12929 

7.73480 

38 

33 

•07665 

13.0458 

459423 

10.6118 

.11187 

8,93867 

.12958 

7.71715 

.37 

34 

457695 

12.9962 

.09453 

19.5789 

.11217 

8.91520 

.12988 

7.69957 

36 

3 f; 

457724 

12.9469 

45948a 

10,5462 

,11246 

8.8918s 

.13017 1 

7.68208 

35 

a6 

.07753 

12.8981 

459511 

10.5136 

.11276 

8.86862 

.13047 1 

7.66466 

34 

37 

x>77S2 

12.8496 

45954X 

10.4813 

.11305 

8^4551 

.13076 

7.64732 

33 

38 

.07812 

12.8014 

459570 

10.449X 

.11335 

8,82252 

.13106 

7.63005 

32 

39 

457841 

12.7536 

.09600 

10.4172 

.11364 

8.79964 

.13136 

7.61287 

31 

30 

457870 ' 

12.7062 

.09629 

10.3854 

.11394 

8.77689 

.13165 

7-59575 

30 

31 

457899 

12.6591 

459658 

30.3538 

.11423 

8.75425 

.13195 

7.57872 

29 

3a 

.07929 

12.6124 

45968S 

10.3224 

.11452 

8.73172 

.13224 

7.56176 

28 

33 

.07958 

12.5660 

459717 

10.2913 

.1x482 

8.70931 

.13254 

7-54487 

27 

34 

457987 

12.5199 

459746 

10.2602 

.11511 

8.68701 

.13284 

7.52806 

26 

35 

.08017 

12.4742 

459776 

10.2294 

.11541 

8.66482 

.13313 

7-51132 

25 

36 

458046 

12.4288 

.09805 

10.19^ 

.11570 

8.6427s 

.13343 

7-49465 

24 

37 

458075 

12.3838 

459834 

10.1683 

.11600 

8.62078 

.13372 

7.47806 

23 

38 

458104 

12.3390 

459864 

10.1381 

.11629 

8.59893 

.13402 

7.46154 

22 

39 

458134 

12.2946 

459893 

10.1080 

.11659 

8.57718 

.13432 

7-44509 

21 

40 

.08163 

12.2505 

459923 

10.0780 

.11688 

8.5555s 

.13461 

7.42871 

20 

42 

458102 

12.2067 

459952 

10.0483 

.11718 

8-53402 I 

.13491 

7.41240 

19 

42 

458221 

12.1633 

.09981 

10.0x87 

.1x747 

8.51259 

.13521 

7.39616 

x8 

43 

.08251 

12.1201 

.100 II 

9.98931 

.11777 

8.4912S ! 

.13550 

7-37999 

17 

44 

458280 

1245772 

.10040 

9.96007 

.11806 

8.47007 

.13580 

7-36380 

x6 

45 

458309 

12.0346 

.10069 

9.93IOI 

.11836 

8.44896 

.13609 

7-34786 

IS 

46 

.08339 

11.9923 

,10099 

9.90211 

.11865 

8.4279s 

.13639 

7-33190 

14 

47 

458368 

11.9504 

.10128 

9.87338 

.1189s 

8.4070s 

.13669 

7.31600 

13 

48 

458397 

11.9087 

.10158 

9.84482 

.11924 

8.38625 

.13698 

7.30018 

13 

49 

458427 

11.8673 1 

.10187 

9.81641 

.11954 

8.36555 

.13728 

7.28442 

IE 

50 

458456 

1X.8262 

.102 16 

9.78817 

.11983 

8.34496 

.13758 

7.26873 

10 

51 

458485 

11.7853 

.10246 

9.76009 

.12013 

8.33446 

.13787 

7.25310 

i 

52 

458514 

11.7448 

.10275 

9.73217 

.12042 

8.30406 

.13817 

7-23754 

8 

S 3 

458544 

11.7045 

.10305 

9.70441 

-12072 

8.28376 

.13846 

7.22204 

7 

54 

458573 

11.664s 

.10334 

9.67680 

.12101 

8.26355 

.13876 

7.20661 

6 

55 

.08602 

11.624S 

.10363 

9.6493s 

.12131 

8.2434s 

.13906 

7.1912s 

S 

56 

458632 

11.5853 

.10393 

9.62205 

.12160 

8.22344 

.13935 

7-17594 

4 

57 

.08661 

11.5461 

.Z0422 

9.59490 

.12190 

8.20352 

.13965 

7.16071 

3 

S8 

458690 

11.5072 

-10452 

9.56791 

.13219 

8.18370 

•13995 

7.14553 

2 

59 

.08720 

114685 

.10481 

9.54106 

.12349 

8.16398 

.14024 

7.13042 

1 

60 

.08749 

11,4301 

.10510 

9.51436 

.12278 

8.1443s 

.14054 

7.11537 

0 

T" 

CO-TAN 

. Tan. 

lICo-TAN.l Tan. 

Co-tan 

. Tan. 

Co-tan 

Tan. 



1 85° 

11 

84° 

11 83° 

II 82° 




NATURAL TANGENTS AND COTANGENTS 


Table XXI. — Continu&d 



1 8 ° 1 

9 

0 

11 10 ° 

II ii» 


O 1 

Tan. 

Co-tan, 

Tan. 

Co-tan. 

Tan. 

Co-tan. 

Tan. 

Co-TAN. 



.14054 

7 -I 1 S 37 

.15838 

6.3137s 

.17633 

5.67128 

.19438 

5-14455 

60 

X 

.14084 

7.10038 

.15868 

6.30189 

.17663 

5.66165 

.19468 

5*13658 


a 

.14113 

7-08546 

.15898 

6.29007 

.17693 

5.65205 

.19498 

5.12862 

58 

3 

.14143 

7.07059 

.15928 

6.27829 

-17733 

5.64248 

.19529 

5.12069 

57 

4 

.14173 

7-05579 

.15958 

6.26655 

.17753 

5.63295 i 

.19559 

5*11279 

56 

5 

.14502 

7.0410S 

.159^ 

6.25486 

.17783 

5-62344 

.19589 

S.10490 

5 S 

6 

.14233 

7 02637 

.16017 

6.24321 

.17813 

5-61397 

.19619 

5*09704 

54 

7 

.1426a 

7.01174 

.16047 

6.23160 

.17843 

5.60452 

.19649 

5.08921 

53 

8 

.142PX 

6.99718 

i .16077 

6-22003 

.17S73 

5-5951 1 

.19680 

5*08139 

5 * 

9 

.14321 

6.98268 

.16107 

6.20851 

.17903 

5-58573 

.19710 

5*07360 

51 

lO 

.14351 

6.96823 

.16137 

6.19703 

.17933 

5.57638 

.19740 

5.06584 

SO 

XI 

.14381 

6.9538s 

' .16167 

6.18559 

-17963 

5-56706 

.19770 

5*05809 


xa 

.14410 

6.93953 

.16196 

6.17419 

-17993 

5-55777 

.19801 

5*05037 

4S 

13 

.14440 

6.92535 

.16226 

6.16283 

.18023 

5.54851 

.19831 

5.04267 

47 

14 

.14470 

6.91104 

.16256 

6.15151 

. 1^53 

5-53927 

.19S61 

5*03499 

46 

15 

•14490 

6.89688 

.16286 

6.14023 

.18083 

5.53007 

.19891 

5*02734 

45 

x6 

.14529 

6.88278 

.16316 

6.12899 

.18113 

5.52090 

.19921 

5*01971 

44 

17 

•14559 

6*86874 

.16346 

6.11779 

.1S143 

5.51176 

.19952 

5X>I2I0 

43 

x8 

.14588 

6.85475 

.16376 

6.10664 

.18173 

5.50264 

.19982 

5*00451 

43 

ip 

.14618 

6.840S2 

.16405 

6.09552 

.18203 

5-49356 

.20012 

4.9969s 

41 

ao 

.14648 

6.82694 

.1643s 

608444 

.18233 

5.48451 

.20042 

4.98940 

40 

ax 

.14678 

6.81312 

.16465 

607340 

.18263 

5-47548 

.20073 

4.98188 

32 

aa 

.14707 

6.79936 

.16495 

6-06240 

.18293 ; 

5.46648 

.20103 

4-97438 

38 

as 

•14737 

6.78564 

.16525 

6.05143 

.18323 1 

5-45751 

.20133 

4.96690 

37 

«4 

.14767 

6.77199 

i .16555 

6.04051 

•18353 i 

5.44857 

.20164 

4-95945 

36 

as 

.14796 

6.75838 

.16585 

6.02962 

,18383 

5.43966 

.20194 

4.95201 

35 

a6 

.14826 

6.74483 

.16615 

6.01878 

,18414 

5-43077 

.20224 

4.94460 

34 


.14856 

6.73133 

.16645 

6.00797 

.18444 

5.42192 

.20254 

4.93721 

33 

aS 

.14886 

6.71789 

.16674 

54)9720 

.18474 

5-41309 

.20285 

4.92984 

33 

ap 

,1491s 

6.70450 

.16704 

5.98646 

.18504 

5 -40429 

.20315 

4.92249 

31 

30 

•14045 

6.69116 

•16734 

S 4 > 7 S 76 

.18534 

5-39552 

.20345 

4.91516 

30 

31 

•I 407 S 

6.67787 

.16764 ’ 

54)6510 

.18564 

5*38677 

.20376 

4.9078s 

29 

33 

.15005 

6.66463 

,16794 

5.95448 

,18594 

5-37805 

.20406 

4.90056 

aS 

33 

.15034 

6.65144 

.16824 

54)4390 

.18624 

5 -36936 

.20436 

4.89330 

27 

34 

.15064 

6.63831 

.16854 

54)3335 

.18654 

5.36070 

.20466 

4.8360s 

ad 

35 

.15094 

6.62523 

.16884 

5.92283 

.18684 

S-35206 

.20497 

4.87882 

25 

36 

.15124 

6.61219 

.16914 

54)1235 

.18714 

5-34345 

.20527 

4.87162 

24 

37 

.15153 

Asppai 

.16944 

5.90191 

.18745 

S-33487 

.20557 

4.86444 

23 

38 

.15183 

6.58627 

.16974 

5.89151 

.18775 

5-32631 

.20588 

4-85727 

22 

39 

.15213 

6-57339 

.17004 

5.88114 

.18^5 

S- 317''8 

.20618 

4.85013 

2Z 

40 

.15243 

6,5605s 

-17033 

5.87080 

.18835 

5.30928 

.20648 ‘ 

4.84300 

20 

41 

.15272 

6-54777 

.17063 

5.860SX 

.18865 

5.30080 

.20679 

4-83590 

19 

42 

.15302 

6.53503 

,17093 

5.85024 

.18895 

5-29235 

.20709 

4.82882 

i 3 

43 

.15333 

6.52234 

.17123 

5.84001 

.18925 

5-28393 

.20739 

4.82175 

17 

44 

.15362 

6.50970 

.17153 

5-82982 

.18955 

5 - 27 SS 3 

.20770 

4.81471 

id 


.15391 

6.49710 

.17183 

5,81966 

.18^ 

5-26715 

.20800 

4,80769 

15 

46 

.15421 

6.48456 

.17313 

5-80953 

.19016 

5.25880 

.20830 

4.80068 

14 

^2 

.15451 

6.47206 

.17243 

5-79944 

.19046 

5-25048 

.20861 

4*79370 

13 

48 

.15481 

6.43961 

.17273 

[ 5.7^38 

.19076 

5.24218 

.20891 

4*78673 

12 

49 

.15511 

6.44720 

.17303 

5-77936 

.19106 

S-23391 

.20921 

4*77978 

It 

5 ® 

-15540 

6.43484 

.17333 

5-76937 

.19136 

5.22566 

.20952 

4.77286 

xo 

SI 

.15570 

6.42353 

.17363 

5-75941 

.19166 

5.21744 

.20982 

4*76595 

2 

S 3 

,15600 

6.41026 

•17393 

5-74949 

•19197 

5.20925 

.21013 

4*75906 

3 

53 

.15630 

6,39804 

.17423 

5.73960 

.19227 

5.20107 

,21043 

4*75219 

7 

54 

.15660 

6.38587 

.17453 

5-72974 

.19257 

5.19293 

.21073 

4*74534 

d 

55 

.15689 

6.37374 

.17483 

5.71992 

.19287 

5.18480 

.21x04 

4*73851 

S 

56 

.15719 

6.36165 

•17513 

5.71013 

.19317 

5.17671 

.21134 

4-73170 

4 


.15749 

6.34961 

.17543 

5.70037 

1 -19347 

5-16863 

.2x164 

4.72490 

3 

58 

-15779 

6.33761 

' .17573 

5.69064 

.19378 

5.16058 

.2119s 

4.71813 

a 

so 

.15809 

6.32566 

.17603 

5.68094 

.19408 

5.15256 

.2x225 

4-71137 

t 

So 

-15S38 

6.31375 

.17633 

5.67128 

.19438 

5.1445s 

.21256 

4.70463 

0 

/ 

Co-tan. 1 

Tan. 

Co-tan. 

Tan. 

CoyTAN. 

Tan. 

Co-TAN. 

Tan. 

7“ 



8P il 

80° » 

79 ° a 

7 ^ 


1 
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Table XXI . — Continued 



I 12 ® 11 

1 13 ° II 

14 ° (1 

1 15 ° 1 

' 

9 

Tan., 

Co-TAN. 

Tan, 

Co-TAN. 

Tan. 

Co-TAN. 

Tan. 

Co-TAN. 

# 

O 

.21256 

4.70463 

.23087 

4.33148 

•24933 

4x1078 

.26795 

3,7320s 

60 

z 

.2x286 

4.69791 

.23117 

4-32573 

.24964 

4.00582 

.26826 

3.72771 

59 

& 

.21316 

4.69121 

.23148 

4.32001 

•2499s 

4.00086 

.26857 

3-72338 

S8 

3 

.21347 

4.68452 

.23179 

4-31430 

.25026 

34>9592 

.26888 

3.71907 


4 

.21377 

4.67786 

.23209 

4<3o86o 

.25056 

3.99099 

.26920 

3.71476 

56 

S 

.21408 

4.67121 

.23240 

4-30291 

.25087 

3.98607 

.26951 

3-71046 

SS 

6 

.21438 

4.66458 

.23271 

4.29724 

.25118 

3-98117 

-26982 

3.70616 

54 

y 

.2x469 

4-65797 

.23301 

4.29159 

.25149 

3-97627 

.27013 

3.70188 

53 

8 

.21499 

4-65138 

.23332 

4.2859s 

.25180 

3-97139 

.27044 

3-69761 

52 

P 

.21529 

4.64480 

.23363 

4.28032 

.25211 

3-96651 

.27076 

3-69335 

51 

ao 

.21560 

4-63825 

•23393 

4.27471 

.25242 

3-96165 

.27107 

3.68909 

50 

ax 

.21590 

4-63x71 

.23424 

4.26911 

.25273 

34 )S 68 o 

.27138 

3-68485 

49 

32 

,21621 

4-62518 

.23455 

4.26352 

.25304 

3-95196 

.27169 

3.68061 

48 

23 

.21651 

4.61868 

.23485 

4-25795 

.25335 

3-94713 

.27201 

3-67638 


a 4 

.21682 

4.61219 

.23516 

4-25239 

,25366 

3-94232 

,27232 

3-67217 

46 

a.-; 

.21712 

4.60572 

.23547 

4.24685 

•25397 

3-93751 

.27263 

3.66796 

45 

a6 

.21743 

4.59927 

.23578 

4-24132 

.25428 

3-93271 

.27294 

3-66376 

44 

27 

.21773 

4.59283 

.23608 

4-23580 

•25459 

3-92793 

.27326 

3-65957 

43 

aS 

.21804 

4.58641 

.23639 

4.23030 

.25490 

3-92316 

.27357 

3-65538 

42 

29 

.21834 

4.58001 

.23670 

4.22481 

.25521 

3-91839 

.27388 

3.65121 

41 

SO 

.21864 

4.57363 

.23700 

4-21933 

.25552 

3-91364 

.27419 

3.64705 

40 

SI 

.21895 

4.56726 

.23731 

4-21387 

•25583 

3.90890 

.27451 

3.64289 


82 

.21925 

4.56091 

.23762 

4.20842 

.25614 

3-90417 

.27482 

3-63874 

38 

as 

.21956 

4-55458 

.23793 

4.20298 

.25645 

3-89945 

•27513 

3.63461 


84 

.21986 

4,54826 

.23823 

4-19756 

-25676 

3-89474 

.27545 

3.63048 

36 

fl 5 

.22017 

4.54196 

.23854 

4.19215 

.25707 

3-89004 

,27576 

3.62636 

35 

86 

,22047 

4-53568 

.23885 

4.1S675 

.25738 

3-88536 

.27607 

3.62224 

34 

a? 

.22078 

4.52941 

.23916 

4.18137 

.25769 

3.88068 

.27638 

3.61814 

33 

sS 

.22108 

4.52316 

.23946 

4.17600 

.25800 

3.87601 

.27670 

3-61405 

32 

89 

.22139 

4-51693 

.23977 

4.17064 

.25831 

3.87^6 

.27701 

3.60996 

31 

30 

.22169 

4.51071 

.24008 

4.16530 

.25862 

3.86671 

.27732 

3.60588 

30 

31 

.22200 

4.50451 

.24039 

4-15997 

.25893 

3.86208 

.27764 

3.60181 

29 

32 

.22231 

4.49832 

.24069 

4-15465 

•25924 

3-85745 

.27795 

3-59775 

So 

33 

.22261 

4-49215 

.24100 

4-14934 

.25955 

3-85284 

.27826 

3-59370 


34 

.22292 

4.48600 

.24131 

4.14405 

.25986 

3-84824 

.27858 

3.58966 

20 

35 

.22322 

4.47986 

.24162 

4-13877 

.26017 

3-84364 

.27889 

3-58562 

as 

36 

.22353 

4-47374 

.24193 

4-13350 

.26048 

3,83906 

.27920 

3.58160 

24 

37 

.22383 

4.46764 

.24223 

4.12825 

.26079 

3-83449 

.27952 

3.57758 

23 

38 

.22414 

4-46155 

.24254 

4.12301 

.26110 

3.82992 

.27983 

3-57357 

22 

3 P 

.22444 

4-45548 

.24285 

4.11778 

.26141 

3-82537 

.28015 

3-56957 

21 

40 

.22475 

4.44942 

.24316 

4.11256 

.26172 

3.82083 

.28046 

3-56557 

20 

41 

.22505 

4.44338 

■24347 

4-10736 

.26203 

3.81630 

.28077 

3-56159 

19 

4a 

.22536 

4-43735 

.24377 

4.10216 

.26235 

3-81177 

.28109 

3.55761 

10 

43 

.22567 

4-43134 

.2440S 

4.09699 

.26266 

3.80726 

.28140 



44 

.22597 

4-42534 

.24439 

4.09182 

.26297 

3.80276 

.28172 

3.54968 

10 

45 

.22628 

4.41936 

.24470 

4.08666 

.26328 

3-79827 

.28203 

3-54573 

IS 

46 

.22658 

4.41340 

.24501 

4.08152 

.26359 

3-79378 

.28234 

3-54179 

14 

47 

.22689 

4-40745 

.24532 

4.07639 

.26390 

3-78931 

.28266 

3-53785 

13 

48 

.22719 

4.40152 

.24562 

4x17127 

.26421 

3-78485 

.28297 

3-53393 

12 

49 

.22750 

4-39560 

•24593 

4.0^16 

.26452 

3.78040 

.28329 

3-53001 

11 

50 

.22781 

4.38969 

.24624 

4.06107 

.26483 

3-77595 

.28360 

3.52609 

10 

SI 

.22811 

4.38381 

.24655 

4-05599 

.26515 

3-77152 

.28391 

3-52219 

I 

52 

-22842 

4-37793 

.24686 

4.05092 

.26546 

3.76709 

.28423 

3.51829 

0 

S 3 

-22872 

4.37207 

.24717 

4,04586 

,26577 

3.76268 

.28454 

3-51441 

1 

54 

.22903 

4.36623 

.24747 

4x4081 

.26608 

3.75828 

.28486 


0 

55 

.22934 

4-36040 

.24778 

4-03578 

.26639 

3-75388 

.28517 

3.50666 

5 

56 

-22964 

4-35459 

.24S09 

4-03075 

.26670 

3-74950 

.28549 

3-50279 

4 

57 

-2299s 

4.34879 

.24840 

4-02574 

.26701 

3 - 74 SI 2 

.28580 

3.49894 

3 

58 

.23026 

4.34300 

.24871 

4-02074 

.26733 

3-74075 

.286x2 

3-49509 

* 

59 

.23056 

4-33723 

.24902 

4.01576 

.26764 

3-73640 

.28643 

3-49125 

* 

60 

.23087 

4-33148 

•24933 

4x1078 

.26795 

3-73205 

.28675 

3-48741 

. - 


Co-TAN. 

Tan. 

Co-TAN. 

Tan. 

Co-tanJ 

Tan. i 

Co-TAN. 

Tan. 

> 


1 77® 1 

J 76® 1 

1 75® I 

11 



NATURAL TANGENTS AND COTANGENTS 


Table XXI. — Continued 


— 

16 ° I! 

1 17 ® 1: 

1 18 “ 1; 

1 19 “ 1 

r 

t 

Tan. 

Co-tan. 

Tan. 

Co-TAN. 

Tan. 

Co-XAN. 

Tan. 

Co-TAN. 

— 

0 

-2867s 

3-48741 

.30573 

3.2708s 

.32493 

3.07768 

.34433 

2.90421 

60 

X 

.28706 

3-48359 

.30605 

3.26745 

.32524 

3,07464 

.34465 

3.90147 


a 

.28738 

3-47977 

.30637 

3.26406 

•32556 

3.07160 

.34498 

2.89873 

S8 

S 

.28769 

3-47596 

.30669 

3.26067 

.32588 

3.06S57 

•34530 

2,89600 


4 

.28800 

3.47216 

.30700 

3.25729 

.32621 

3-06554 

.34563 

2.89327 

56 

5 

.2883a 

3-46837 

.30732 

3-25392 

-32653 

3.06252 

.34596 

3.89055 

ss 

6 

7 

.28864 

.28895 

3.46458 

3.46080 

.30764 

.30796 

3-25055 

3.24719 

.32685 

.32717 

3-05950 

3.05649 

.34628 

.34661 

2.88783 

2.88511 

54 

S 3 

8 

.28927 

3.45703 

.30828 

3.24383 

.32749 

3-05349 

.34693 

2.88240 

S 3 

9 

.28958 

3.45327 

.30860 

3.24049 

.32782 

3-05049 

.34726 

2.87970 

51 

xo 

.2S990 

3-44951 

.30891 

3.23714 

•32814 

3.04749 

•34758 

2.87700 

SO 

11 

.29021 

3.44576 

.30923 

3.23381 

.32846 

3-04450 

. 3479 X 

2.87430 

IS 

12 

-29053 

3.44202 

.30955 

3.23048 

.32878 

3.04153 

.34824 

2.87161 

48 

13 

.29084 

3.43829 

.30987 

3-22715 

.32911 

3-03854 

.34856 

2.86893 

47 

14 

.29116 

3.43456 

.31019 

3.22384 

.32943 

3-03556 

.34889 

2.86624 

46 

l-? 

.29147 

3-43084 

-31051 

3-22053 

.32975 

3.03260 

.34923 

2.S6356 

45 

26 

.29179 

3.42713 

.31083 

3.21722 

.33007 

3-02963 

•34954 

2.86089 

44 

17 

.29210 

3-42343 

.31115 

3.21392 

.33040 

3,02667 

.34987 

2.85822 

43 

18 

.29242 

3-41973 

.31147 

3.21063 

.33072 

3/>2372 

.35019 

3.85555 

4a 

19 

.29274 

3.41604 

.31178 

3-20734 

.33104 

3.02077 

.35053 

2.85289 

41 

SO 

•2930s 

3-41236 

.31210 

3.30406 

•33136 

3/31783 

.35085 

2.85023 

40 

SI 

.29337 

3.40869 

.31242 

3.20079 

.33160 

3-01489 

.35117 

2.84758 

39 

82 

.29368 

3-40502 

.31274 

3.19752 

.33201 

3.01196 

.35150 

2.84494 

38 

S 3 

.29400 

3.40136 

.31306 

3.19426 

-33233 

3-00903 

.35183 

2.84229 


S 4 

.29432 

3-39771 

•31338 

3.1910O 

.33266 

3.00611 

.35216 

2.8396s 

36 

»5 

.29463 

3-39406 

.31370 

3.1877s 

.33298 

3.00319 

.35248 

2.83702 

3 S 

s6 

.29495 

3.39042 

.31402 

3.18451 

•33330 

3.00028 

.35281 

3.83439 

34 

a? 

.29526 

3-38679 

.31434 

3.18127 

.33363 

2.99738 

•35314 

2.83176 

33 

s8 

.29558 

3-38317 

.31466 

3.17804 

•33395 

2.99447 

.35346 

2.829x4 

3 * 

Sp 

.29590 

3-37955 

1 .31498 

3.17481 

-33427 

2.99158 

•35379 

2.82653 

31 

30 

.29621 

3-37594 

1 .31530 

3.17159 

.33460 

2.9886S 

.35413 

2.82391 

30 

31 

•29653 

3.37234 

.31562 

3.16838 

-33492 

2.98580 

•35445 

2.82130 


32 

.29685 

3.3687s 

.31594 

3.16517 

•33524 

2.9829a 

.35477 

2.8 1870 

28 

33 

.29716 

3.36516 

.31626 

3.16197 

•33557 

2.98004 

•35510 

2.81610 


34 

.29748 

3.36158 

! .31658 

3.15877 

•33589 

2.97717 

•35543 

2.81350 

26 

35 

.29780 

3-35800 

.31690 

3.15558 

.33621 

2.97430 

.35576 

3.81091 

35 

36 

.29811 

3-35443 

.31722 

3.15240 

•33654 

2.97144 

.35608 

2.80833 

24 

n 

.29843 

3-35087 

.31754 

3.14922 

.33686 

2.96858 

.35641 

2.80574 

23 

38 

.29875 

3-34732 

.31786 

3.1460s 

-33718 

2.96573 

.35674 

2.80316 

22 

3 P 

.29906 

3-34377 

.31818 

3.14288 

• 337 SI 

2.96288 

.35707 

3.80059 

ax 

40 

.29938 

3-34023 

.31850 

3.13972 

•33783 

2.96004 

.35740 

a.79802 

20 

41 

•29970 

3-33670 

.31882 

3-13656 

-33816 

2.95721 

•35772 

3.79545 

19 

42 

.30001 

3-33317 

.31914 

3.13341 

.33848 

2-95437 

.35^5 

2.79289 

18 

43 

.30033 

3-32965 

.31946 

3.13027 

.33881 

2.95155 

•35838 

2.79033 

17 

44 

.30065 

3-32614 

.31978 

3.12713 

•33913 

2.9487a j 

•35871 

2.78778 

z 5 

45 

.30097 

3.32264 

.32010 

3.12400 

•33945 

2.94590 

•35904 

2.78523 

IS 

46 

.30128 

3-31914 

.3204a 

3.12087 

•33978 

2.94309 

•35937 

2.78269 

14 

47 

.30160 

3-31565 

.32074 

3.1177s 

-34010 

2.94028 

•35969 

2.78014 

13 

48 

.30192 

3.31216 

.32106 

3-11464 

-34043 

2.93748 

.3600a 

2.77761 

12 

49 

.30224 

3.30S68 

.32139 

3.11153 

.34075 

2.93468 

• 3^35 

3.77507 

IS 

50 

.30255 

3.30521 

.32171 

3.1084a 

.34108 

2,93189 

.36068 

2.77254 

10 

51 

.30287 

3.30174 

.32203 

3.10533 

.34140 

2.92910 

.36101 

2.77002 


52 

.30319 

3.29829 

-32235 

3.10223 

•34173 

2.92632 

.36134 

2.76750 

S 

53 

.30351 

3.29483 

.32267 

3-09914 

.34205 

2.92354 

.36167 

2.76498 

7 

54 

.30382 

3.29139 

.32299 

3.09606 

•3423S 

2.92076 

•36199 

2.76247 


55 

.30414 

3-28795 

•32331 

3/59298 

,34270 

2.91799 

.36232 

2.75996 

S 

S6 

.30446 

3.28452 

.32363 

3-08991 

.34303 

2.91523 

.36265 

2.75746 

4 


.30478 

3.28109 

.32396 

3,08685 

.34335 

2.9x246 

.36298 

2.75496 

3 

58 

.30509 

3.27767 

.32428 

3-08379 

.34368 

2.90971 

.36331 

2.75246 

2 

59 

.30541 

3.27426 

.32460 

3-08073 

-34400 

2.90696 

.36364 

2,74997 

X 

60 

•30573 

3.27085 

.32493 

3/57768 

.34433 

2.90421 

•36397 

2.74748 

0 

* 

CO-XAN. 

Tan. 

CO-TAN. 

Tan. 

Co-TAN. 

Tan. 

COTAN. 

Tan. 



1 73 ® 

II 72 ® 1 

11 71 “ I 

11 70 ° 




NATURAL TANGENTS AND COTANGENTS 


985 


i 


Table XXI . — Continued 



20 “ I 

21 “ 1 

22 “ 1 

23 ® 


» 

Tan. ' 

Co*TAN. 

Tan. 

Co-tan. 

Tan. 

Co-tan. 

Tan. 

COTAN. 


o 

.36397 

2.74748 

.38386 

2.60509 

.40403 

2.47509 

42447 

2.35585 

60 

X 

.36430 

a.74499 

.38420 

2.60283 

,40436 

2.4730a 

.42482 

2-35395 

59 

a 

•36463 

2.74251 

.38453 

2.60057 

-40470 

2.47095 

.42516 

2.35205 

58 

3 

.364P6 

a.74004 

.38487 

2.59831 

-40504 

a.46888 

.42551 

2.35015 

57 

4 

.36529 

a.73756 

.38520 

2.59606 

-40538 

2-16682 

4258s 

2.34825 

56 

5 

.36562 

2.73509 

.38553 

2,59381 

40572 

a.46476 

.42619 

2,34636 

55 

6 

.36595 

a.73263 

.38587 

2.59156 

-40606 

246270 

42654 

2.34447 

54 

7 

.36628 

2.730x7 

.38620 

2.58932 

-40640 

246065 

42688 

2.34258 

51 

1 

.36661 

3.72771 

.38654 

2.58708 

-40674 

2-45860 

42722 

2.34069 

52 

p 

.36694 

2.72526 

.38687 

2.58484 

-40707 

345655 

•42757 

2.33881 

51 

lO 

.36727 

2.72281 

.38721 

2.58261 

-40741 

245451 

42791 

2.33693 

SO 

11 

.36760 

a.72036 


2.58038 

4077s 

245246 

42826 

2.3350s 

49 

xa 

.36793 

2.71792 

.38787 

2.5781s 

40809 

245043 

42860 

2.33317 

43 

33 

.36826 

2.715^ 

.38821 

2.57593 

40843 

244839 

.42894 

2.33130 

47 

14 

.36859 

2.7130s 

•38854 

2.57371 

.40877 

2-44636 

42929 

2.32943 

46 

i«» 

.36892 

2.71062 

.38888 

2.571SO 

40911 

244433 

42^3 

2.32756 

45 

i6 

.3^25 

2.70819 

.38921 

a.56928 

4094s 

a-44230 

42998 

2.32570 

44 

17 

.3^58 

2.70577 


2.56707 

40979 

2-44027 

43032 

2.32383 

43 

x8 

.36991 

2.70335 

.38988 

2.56487 

41013 

24382s 

.43067 

2.32197 

42 

ip 

.37024 

2.70094 

.39022 

2.56266 

41047 

243623 

.43101 

2.320x2 

41 

ao 

.37057 

2439853 

•3905s 

2.56046 

4x081 

24342a 

43136 

2.3x826 

40 

ax 

.37090 

2.696x2 

.39089 

2.55827 

4111S 

a.43220 

.43170 

2.31641 

.39 

aa 

•37124 

2.69371 

.39122 

2.55608 

41149 

243019 

43205 

2.31456 

38 

23 

.37157 

2.69131 

•39156 

2.55389 

41183 

2-428x9 

43239 

a.31271 

37 

34 

.37x90 

2.68892 

.39190 

2.55x70 

41217 

2-426x8 

43274 

2.310^ 

36 

as 

.37223 

2.68653 

.39223 

2.5495a 

41251 

242418 

43308 

a.30902 

35 

a6 

.37256 

2.684x4 

.39257 

2.54734 

4128s 

2422x8 

43343 

2.30718 

34 

27 

.37289 

2.6817s 

.39290 

2.54516 

41319 

2-420x9 

43378 

2.30534 

33 

s8 

.37322 

2.67937 

.39324 

2.54299 

41353 

24x8x9 

•43412 

2.30351 

32 

sp 

•37355 

2.67700 

‘39357 

2.54082 

41387 

241620 

43447 

2.30167 

31 

SO 

.37388 

2.67462 

•39391 

2.53865 

41421 

24x421 

.43481 

2.29984 

30 

S 3 

.37422 

2.67225 

.39425 

2.53648 

4145s 

24x223 

43516 

2.29801 

29 

3a 

•37455 

a.66989 

.39458 

2.53432 

41490 

2.4x025 

43550 

a.29619 

28 

S 3 

.37488 

2.66752 

.39492 

2.53217 

41524 

2.40827 

43585 

2.29437 

27 

S 4 

.37521 

2.66516 

.39526 

2.53001 

41558 

240629 

43620 

2.29254 

26 

35 

•37554 

2.66281 

•39559 

2.52786 

41592 

240432 

43654 

2.29073 

25 

36 

.37588 

2.66046 

.39593 

2.52571 

4x626 

24023s 

.43689 

2.28891 

24 

37 

.37621 

2.65811 

.39626 

2.52357 

41660 

240038 

43724 

2.28710 

23 

38 

.37654 

2.65576 

.39660. 

2.52142 

41694 

2.39841 

43758 

2.28528 

22 

3 P 

.37687 

2.65342 

.39694 

2.51929 

-11728 

2.39645 

43793 

2.28348 

21 

40 

.37720 

2.65109 

.39727 

2.5171S 

•41763 

2.39449 

1 43828 

2.28x67 

20 

4 X 

•37754 

2.6487s 

.39761 

2.51502 

.41797 

2.39253 

.43862 

a. 27987 

^2 

43 

•37787 

2.64642 

•39795 

2.51289 

41831 

2.39058 

43897 

2.27^6 

18 

43 

.37820 

2.64410 

.39829 

2.51076 

41865 

2.38862 

! 43932 

2.27626 

17 

44 

.37853 

2.64177 

.39862 

2.50864 

-ji 899 

2.386^ 

43966 

2.27447 

16 

45 

.37887 

2-63945 

.39896 

2.50652 

41933 

2.38473 

-44001 

2.27267 

IS 

46 

.37920 

2.63714 

1 .39930 

2.50440 

41968 

2.38279 

.44036 

2.27088 

14 

47 

•37953 

2.63483 

.39963 

2,50229 

-42002 

2.38084 

44071 

2.26909 

13 

48 

•37986 

2.63252 

i -39997 

2.50018 

42036 

2.37891 

44IOS 

2.26730 

12 

49 

.38020 

2.63021 

.40031 

2-49807 

-42070 

2.37697 

-44140 

2.26552 

IX 

50 

-38053 

2.62791 

! .40065 

2-49597 

42105 

2.37504 

44175 

2.26374 

XO 

S 3 

.38086 

2.62561 

^0098 

2-493S6 

.42139 

2.37311 

-44210 

2.26196 

9 

52 

.38120 

2.62332 

-40132 

2-49177 

42173 

2.37118 

44244 

2.26018 

8 

S 3 

.38153 

2.62103 

; -40166 

2-48967 

,42207 

2.36925 

.44279 

2.25840 

7 

S 4 

.38186 

2.61874 

-40200 

2.48758 

.42242 

3.36733 

•44314 

2.25663 

6 

SS 

.38220 

2.61646 

.40234 

2.48549 

.42276 

2.36541 

.44349 

2.25486 

5 

56 

.38253 

2.6x418 

-40267 

2.48340 

42310 

2.36349 

44384 

2,25309 

4 

57 

.38286 

2.61190 

<40301 

2.48132 

•42345 

2.36158 

44418 

2.25x32 

3 

58 

.38320 

2.60963 

^0335 

2.47924 

42379 

2.35967 

44453 

2.24956 

2 

SP 

•38353 

2.60736 

-40369 

2.47716 

.42413 

2.35776 

.44488 

2.24780 

I 

60 

.38386 

2.60509 

-J 0403 

2.47509 

.42447 

3.3558s 

.44523 

2.24604 

0 

/ 

CO-TAN. 

Tan. 

Co-a-AN. 

Tan. i 

Co-tan. 

Tan. i 

Co-TAN. 

Tan. 

/ 


69 ® 

1 68® 

1 67 ® 

1 66° 




NATURAL TANGENTB AND COTANGENTS 
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24 ° f 

\ 25 ° 1 

II 26 ‘» 

(} 27 ° 


/ 

Tan. 

Co-tan. 

Tan. 

OOTAN. 

Tan. 

Co-tan. 

Tan. 

Co-tan. 


0 

44 S 23 

2.24604 

.46631 

2.14451 

•48773 

2.05030 

.50953 

x.96a6i 

60 

X 

•44558 

2.24428 

.46666 

2.14288 

w{8809 

2.04879 1 

.50989 

Z.0I2O 

59 

3 

•44593 

2.24252 

.46702 1 

2.14125 


2.04728 

.51026 

1.95979 

S8 

■3 

44627 

2.24077 

•46737 

2.13963 

48881 

2.04577 

.51063 

1.95838 

57 

4 

^662 

2.23902 

^^6772 

3.13801 

48917 

2.04426 

.51099 

14)5698 

56 

5 

•44697 

2.23727 


3.13639 

4^53 

2.04276 

.51136 

1-95557 

55 

6 

*44732 

2.23553 

.46843 

2.13477 


2.04125 

.51173 

1 95417 

54 

7 

44767 

2.23378 

•46879 

2.13316 

49026 

2.03975 

.51209 

1.95277 

S 3 

s 

.44802 

2.23204 

.46914 

2.13154 

49062 

2.03825 

.51246 

1.95137 

52 

9 

•44837 

2.23030 

.46950 

2-12993 

49098 

2.0367s 

.51283 

1-94997 

51 

10 ' 

•44873 

2.22857 

46^5 

2.12832 

49134 

2X>3S26 

.51319 

1.94858 

50 

ii 1 

•44907 

2.22683 

.47021 

2.12671 

49170 

2 x >3376 

.51356 

14)4718 

49 

X2 

.4494a 

2.22510 

.47056 

2.1251I 

49206 

2.03227 

•S1393 

1-94579 

48 

13 

•44977 

2.22337 

,47092 

2.12350 

.49242 

2x>3078 

.51430 

1.94440 


! ■ ■ ■ ■ 14 

^5012 

2.22164 

47128 

2.12190 

49278 1 

2^)2929 

.51467 

I.9430E 

46 

i IS 

.45047 

2.21992 

47163 

2.12030 

.49315 

2X>278o 

.51503 

14)4162 

45 

1 i 6 

•450S2 

2.21819 

47199 

2.I1S7I 

-I 935 I 

2.02631 

.51540 

14)4023 

44 

} 17 

-45117 

2.21647 

47234 

2.II71I 

.49387 

2.02483 

.51577 

14)3885 

43 

aS 

.45152 

2.21475 

47270 

2.11552 

.49423 

2.0233s 

.51614 

14)3746 

42 

19 

.45187 

2.21304 

4730s 

2.11393 

49459 

2.02187 


14)3608 

41 

30 

•45222 

2.21132 

.47341 

2.II333 

49495 

2D2039 

.51688 

1-96470 

40 

31 

•45257 

2.20961 

•47377 

2.11075 

.49532 

2.01891 

.51724 

1.93332 


aa 

.45292 

2.20790 

.47412, 

2.10916 

49568 

2.01743 

.51761 

1-93195 

38 

S 3 

.45327 

2.20619 

47448 

2.10758 

49604 

2.01596 

.51798 

1-93057 

37 

34 

4536a 

2.20449 

47483 

2,10660 

49640 

2.01449 

.51835 

1.92920 

36 

as 

•45397 

2.20278 

47519 

2.10442 

49677 

2/31302 

.51872 

14)2782 

35 

36 

•45432 

2.20108 

47555 

2.10284 

49713 

2 XIIISS 

.51909 

1.9264s 

34 

37 

•45467 

2.19938 

•47590 

2.10126 

49749 

i 2 /)ioo 8 

.51946 

14)2508 

33 1 

30 

.45502 

2.19769 

.47626 

3D9969 

497S6 

2/)o862 

•51983 

1.92371 

32 1 

39 

45537 

2.19599 

47663 

2.098x1 

49822 

! 2 /)o 7 X 5 

.52020 

1-92235 

31 ; 

30 

•45573 

2.19430 

47698 

3.09654 

49858 

2 /)o 569 

•52057 

14)20^ 

30 

31 

45608 

2.19261 

47733 

2.09498 

49894 

2/)0423 

.52094 

Z.91962 

29 

32 

45643 

2.19092 

.47769 

2 D 9341 

49931 

2.00277 

.52131 

14)1826 

28 

33 

.45678 

2.18923 

47805 

2.09184 

49967 

2/30131 

.52168 

1.91690 

27 

34 

.45713 

2.18755 

47840 

2.09038 

.50004 

1.99986 

.52205 

14)1554 

26 1 

35 

45748 

2.18587 

47876 

2/)8872 

-S0040 

1.9^41 

.52242 

1.91418 

25 j 

36 

45784 

2.18419 

.47912 

2u>87i6 

.50076 

1.9969s 

.52279 

14)1282 

24 

37 

45819 

2.18251 

47948 

2^)8560 

-50113 

I- 99 SSO 

.52316 

1.91147 

23 

30 

45854 

2.18084 

47984 

i 3 X >8405 

.50149 

1.99406 

*52353 

i4>ioia 

22 ! 

39 

45889 

2.17916 

.48019 

i 2.0S250 

-5018s 

1.99261 

.52390 

14)0876 

21 1 

40 

45924 

2.17749 

48055 

3 X} 8 o^ 

.50222 

1.99116 

.52427 

1.90741 

20 1 

41 

45960 

2.17582 

.48091 

24 > 7 P 39 

.50258 

1 - 9^72 

.52464 

1.90607 

19 

42 

45995 

2.17416 

48127 

1 2/>7785 

.50295 

1.98828 

.52501 

1.9047a 

iS 1 

43 

46030 

2.17249 

48163 

I 2 X »7630 

.50331 

1.98684 ' 

.52538 

1-90337 

17 

44 

46065 

2.17083 

4S198 

1 2 D 7476 

.50368 

14)8540 

•52575 

14)0203 

16 1 

4 S 

46101 

2.16917 

48234 

1 24>7321 

.50404 

1.98396 

.52613 

14)0069 

IS 

46 

46136 

2.16751 

48270 

2.07167 

.50441 

1-98253 

.52650 

1-89935 

14 ! 

47 

46171 

2.16585 

48306 

3.07014 

•S0477 

1.98110 

.52687 

1.89801 

13 1 

48 

46206 

2.16420 

48342 

2 wo 686 o 

.50514 

14>7966 

.52724 

1 . 8^7 

12 i 

49 

46242 

2.16255 

•48378 

24)6706 

.50550 

1-97823 

.52761 

1.89533 

11 1 


46277 ] 

2.16090 

4S414 

24)6553 

.50587 

14)7680 

.52798 

139400 

10 1 

W sx 

46312 

2.15925 

48450 

24)6400 

.50623 

1-97538 

.52836 

139266 

2 ? 

f Sa 

46348 

2.15760 

48486 

34)6247 

.50660 

1-97395 

.52873 

139133 

8 1 

S 3 

46383 

2.15596 

48521 

24)6094 

.50696 

I- 972 S 3 

.52910 

139000 


54 

46418 

2.15432 

48557 

24)5942 

.50733 

14)7111 

.52947 

138867 

6 i 

55 

46454 

2.15268 

•48593 

2-05790 

.50769 

14)6969 

.52984 

1.88734 

5 

S6 

.46489 

2.15104 

48629 

34)5637 

.50806 

x.^27 

.53022 

138602 

4 

57 

46525 

2,14940 

4866s 

24 ) 548 $ 

.50843 

14)6685 

.53059 

138469 

3 

S8 

46560 

2.14777 

.48701 

24)5333 

.50879 

1.96544 

.53096 

138337 

3 

I'’ 

•46595 

2.14614 

48737 

24)5182 

.50916 

1.96402 

.53134 

138205 

X I 

60 

46631 

2,14451 

•48773 

24)5030 

.50953 

1.96261 

.53171 

i 38 o 73 

0 


COTAN.I 

Tan. 

Co-tan. 

Tan, 

Co-tan. 

Tan. 

Co-tan. 

Tan. 

T , 1 

_J 

’ 65 ° ,1 

1 64 ° i 

1 63 ° 1 

I 62 ° 1 
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Table XXI . — Continued 


% 


.53m 

•53308 

•532^ 

•53283 

•53320 

•53358 

•53395 

•53432 

.53470 

.53507 

•53545 

.5358a 

.53620 

.53657 

•536^ 

. 5373 a 

.53769 

.53807 

.538M 

.53882 

.53920 

.53957 

•53995 

.54032 

.54070 

.54107 

. 5414 s 

.54183 

.54220 

I .54258 

.54296 

.54333 
.54371 
, .54409 
.54446 
1 .54484 
.54522 
.54560 
-54597 

1 .54635 
I .54673 
.54711 
.54748 
.54786 
.54824 
.54862 
.54900 
•54938 
•54975 

.55013 

.55051 

.55089 

.55127 

.55165 

.55203 

.55241 

•55279 

.55317 

•55355 

.55393 

•55431 


29 ® 

Tan. I Co-tan. 


iJSSo'js 

1.87941 

1.87809 

1.87677 

1.87546 I 

1.87415 

1.87283 

1.87152 

1.87021 

1.86891 

1.86760 

1.86630 

1.86499 

1.86369 

1.86239 

1.86109 

1.85979 

1.85850 

1.85720 

1.85591 

1.85462 

1^5333 

1.85204 

1.8507s 

1.84946 

1J84818 

1.84689 

1.84561 

1.84433 

1.84305 

1.84177 

1.84049 

1.83922 

1.83794 ! 

1.83667 

1.83540 

1.83413 

1.83286 

1.83159 I 

1.83033 i 

1.82906 I 

1.82780 

1.82654 

1.82528 

1.82402 

1.82276 

1.82150 

1.82025 

1.S1899 

1.81774 

1.81649 

1.81524 

1.81399 

1.81274 

1.S1150 

1.81025 

1.80901 

1.80777 

1.80653 

1.80529 

1.80405 


1.79051 

1.78929 

1.78807 

1.7868s 

1.78563 

1.78441 

1.78319 

1.78198 

1.78077 

1.77955 

1.77834 

1.77713 

1.77592 

1-77471 

1.77351 

1.77230 

1.77110 

1.76990 

1.76869 

1.76749 

1.76630 

1.76510 

1,76390 

1,76271 

1.76151 

1*76032 

1.75913 

1*75794 

1.7567s 

1.75556 

1.75437 

1.75319 

1.75200 
1,75082 
1.74964 
1.74846 
1.74728 
1.74610 
1.74492 
1.7437s 
1 1.74257 
I 1.74140 
1.74022 
1.7390s 
1.73788 
1.73671 
1.7355s 
1.73438 
I.73321 
1.7320s 


•57735 

*57774 

•57813 

•57851 

.57890 

•57929 

.57968 

.58007 

,58046 

.58085 

.58124 

,58162 

.58201 

.58240 

.58279 

.58318 

.58357 

.58396 

. 5843 s 

.58474 

-58513 

.58552 

.58591 

.58631 

.58670 

.58709 

.58748 

.58787 

.58826 

.58865 

.58904 

.58944 

.58^3 

.59022 

.59061 

.59101 

.59140 

.59179 

.59218 

.59258 

.59297 

.59336 

.59376 

.59415 

•59454 

.59494 

•59533 

•59573 

.59612 

.59651 

.59691 

-59730 

•59770 

.59809 

.59888 

.59928 

.59967 

.60007 

.60046 

.60086 


1.66428 
1.66318 
I. 6209 
1.66099 
1.65990 
1.65881 
1.65772 
1.65663 
1.65534 
1.65445 
1.65337 
1.65228 
1.65120 
1.65011 
1.64903 

1.6479s 

1.64687 

1.64579 

1.64471 

1.64363 

1.64256 

1.64148 

1.64041 

1.63934 

1.63826 

1.63719 

1.63612 

1.6350s 
1.63398 
1.63292 
1.63185 
1.63079 
1.62972 
1.628^ 
1452760 
1.62654 
1.62548 
1.62442 
1.62336 
1.62230 
1^62125 
1.62019 
1.61914 
1. 61808 
1.61703 
1.61598 

1.61493 

1.61388 

1.61283 

1,61179 

1.61074 

1.60970 

1.6086s 

1.60761 

1.60657 

1.60553 

1.60449 

1.6034s 

I 1.60241 
1.60137 
1.60033 


ICcwrAN.l Tan, Ibo-TAN.l Tan. Co-tan.} Tan. Co-tan J Tan. 
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32 ® \ 

I 33 ® 1 

( 34 ® ( 



f 

Tan. 

CO-XAN. 

Tan. 

Co-TAN. 

Tan. 


nggn 

Co-TAN. 

/ 

o 

.63487 

1.60033 

.64941 

1.53986 

.67451 

1.48256 

.70021 

1.428x5 

60 

X 

.63527 

1.59930 

.64982 

1.53888 

.67493 

X.48163 

.70064 

1.42726 


9 

,62568 

1.59826 

.65023 

1.53791 

.67536 

148070 

.70107 

1-42638 

58 

3 

.62608 

1.59723 

45065 

1.53693 

.67578 

1.47977 

.70151 

1.42550 

57 

4 

.62649 

1.59620 

.65x06 

1 .S 3 S 9 S 

.67620 

1.4788s 

.70194 

1.42462 

56 

*? 

.62689 

1.59517 

.65x48 

1.53497 

.67663 

1.47792 

.70238 

1.42374 

55 

6 

.62730 

1.59414 

.65189 

1.53400 

•67705 

1.47699 

.70281 

1.42286 

54 

7 

.62770 

1.59311 

.65231 

1.53302 

A7748 

147607 

.70325 

1.42198 

53 

8 

.62811 

1.59208 

*65272 

1.53205 

.67790 

1.47514 

.70368 

X.421ZO 

52 

9 

A2852 

1.59105 

.65314 

1.53107 

A7832 

147422 

.70412 

X.42022 

51 

10 

.62893 

1.59002 

4 s 3 SS 

I.53010 

.6787s 

1.47330 

.70455 

1.41934 

SO 

11 

A2933 

1.58900 

45397 

1.52913 

.67917 

147238 

.70499 

141847 

49 

la 

A2973 

1.58797 

.65438 

1.528x6 

.67960 

1.47146 

.70542 

1.41759 

48 

13 

453014 

1.58695 

.65480 

1.52719 

.68002 

1.47053 

.70586 

1.41672 

47 

14 

♦6305s 

1.58593 

.65521 

1.52622 

,68045 

1.46962 

.70629 

1.41584 

46 

IS 

•6309s 

1.58490 

.65563 

1.52525 

.68088 

1.46870 

.70673 

1.41497 

4 S 

x6 

.63136 

1 1.58388 

,65604 

1.52429 

.68130 

1,46778 

.70717 

1.41409 

44 

17 

A3177 

1.58286 

45646 

1.52332 

.68173 

1.46686 

.70760 

I.41322 

43 

18 

.63217 

1.58x84 

.65688 

1.5223s 

.68215 

1.46595 

.70804 

1.41235 

42 

zp 

A3258 

1.58083 

.65729 

1.52139 

.68258 

146503 

.70848 

1.4X148 

41 

so 

-63299 

1.57981 

.65771 

1.52043 

.68301 

1.46411 

.70891 

1.41061 

40 

sx 

.63340 

1.57879 

45813 

1.51946 

.68343 

146320 

•7093s 

1.40974 

39 

S3 

1 .63380 

1.57778 

.65854 

1.5x850 

A8386 

1.46229 

.70979 

1.40887 

38 

93 

! .63421 

1.57676 

45896 

1.51754 

J6S429 

1.46x37 

.7x023 

140800 

q 

34 

.63463 

1.5757s 

45938 

1.5x658 

A8471 

1.46046 

.7x066 

I.40714 

36 

25 

1 .63503 

I.S 7474 

.65980 

1.5x562 

.68514 

145955 

.71x10 

1.40627 

35 


.63544 

1.57372 

.66021 

1.5x466 

A 8 ss 7 

1.45864 

.71x54 

1.40540 

34 

27 

.63584 

1.57271 

.66063 

1.51370 

.68600 

1-45773 

.71x98 

1.40454 

33 

98 

.63625 

1.57170 

46 x 05 

1.5x27s 

.68642 

1.45682 

.7x242 

140367 

32 

29 

.63666 

1.57069 

.66147 

1.51179 

.68685 

1.45592 

.7x285 

1.40281 

31 

so 

.63707 

1.56969 

J661B9 

1.5x084 

.68728 

145501 

.71329 

I40XPS 

39 

31 

.63748 

1.56868 

.66230 

1.50988 

.68771 

1.45410 

.71373 

1.40x09 

29 

33 

j537^ 

1.56767 

4627a 

1.50893 

A88x4 

1.45320 

.71417 

1.40022 

23 

33 

.63830 

1.56667 

46314 

1.50797 

.68857 

1.45229 

.71461 

1.39936 1 

27 

34 

.63371 

1.56566 

46356 

1.50702 

.68900 

1.45139 

.71505 

1.39850 

20 

35 

.63913 

1.56466 

.66398 

1.50607 

.68942 

1.45049 

.71549 

1.39764 

25 

36 

.63953 

1.56366 

.66440 

1.50512 

.68985 

1.44958 

.71593 

1.39679 

24 

37 

.63994 

1.56265 

.66482 

1.50417 

.69028 

1.44868 

.71637 

1.39593 

23 

38 

.64035 

1,5616s 

.66524 

1.50322 

. 6^71 

1.44778 

,7i68x 

1.39507 

22 

39 

.64076 

1.56065 

46 s 66 

1.50228 

A9114 

1.44688 

.7x725 

1.39421 

21 

40 

.64117 

1,559^ 

466 o 8 

1.50133 

A9157 

144598 

.71769 

1.39336 

20 

41 

.64158 

1.55866 

46650 

1.50038 

.69200 

1.44508 

.718x3 

* 1.39250 


43 

.64199 

1-55766 

*66692 

1.49944 

A9243 

144418 

.71857 

1.39165 

x 3 

43 

.64240 

1.55666 

46734 

1-49849 

.69286 

144329 

.71901 

1 1.39079 

17 

44 

.642S1 

1.55567 

.66776 

I. 4975 S 

.69329 

144239 

.71946 

! 1.38994 

10 

4 S 

454322 

1.55467 

468 x 8 

X.4966X 

A9372 

1.44149 

.71990 

1.38909 

IS 

46 

•64363 

1.55368 

.66860 

1.49566 

.69416 

144060 

.72034 

1 X.38824 

14 

47 

.64404 

1.55269 

.66902 

1.49472 

A9459 

1.43970 

.72078 

X. 38738 

13 

48 

44446 

1.55170 

46944 

1.49378 

.69502 

143881 

.72122 

1.38653 

* za 

49 

44487 

1.55071 

.66986 

1.49284 

•69545 

143792 

.72166 

1.38568 

11 

SO 

44528 

1,5497a 

4702S 

149x90 

.69588 

143703 

.722x1 

1,38484 

10 

51 

,64569 

1.54873 

47071 

149097 

.69631 

1.43614 

.72255 

1.38399 


S3 

44610 

1.54774 

47113 

149003 

*69675 ! 

143525 

.72299 

1.383x4 

S 

53 

44652 ; 

1.5467s 

.67x55 

148909 

.69718 j 

1.43436 

•72344 

1.38229 

7 

54 

44693 

1.54576 

.67197 

148816 

.69761 

1-43347 

.72388 

1.3814s 

6 

55 

44734 

1.54478 

.67239 

148722 

J69804 

1.43258 

,72432 

1.38060 

S 

56 

44775 

1.54379 

.6728a 

148629 

•6^47 1 

1.43169 

.72477 

1.37976 

4 


,64817 

1.54281 

.67324 

148536 

.69891 1 

1.43080 

.72521 

1.37891 

3 

S8 

.64858 

1.54183 

.67366 

148442 

.69934 

X.42992 

•72565 

1.37807 

3 

SP 

44899 

1.54085 

47409 

148349 

.69977 

1.42903 

,72610 

1.37722 

X 

60 

44941 

1.53986 

47451 

148256 

.70021 

1.42815 

.72654 

1.37638 

0 

t 

Co-tan. 

Tan. 

CO-TAN 

Tan. 

Co-TAN. 

Tan. 

Co-TAN. 

Tan. 


; 

1 67® 1 

11 56® 1 

1 55® 1 
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Table XXI . — Continued 

36 ® 37 ® 38 ® 39 ® 

^ Tan. Co-tan. Tan. | Co-tan. Tan. Co-tan. Tan. Co-tan. ' 

0 .72654 1.37638 . 7 S 35 S 1.32704 .78129 1*27094 .80978 1.23490 60 

1 .72699 1.37554 *75401 1.32624 .78175 X.27917 .81027 1.23416 5g 

a .72743 1.37470 *75447 1*32544 .78222 1.27841 .81075 1-23343 S8 

3 .72788 1.37386 .75492 1.32464 .78269 1.27764 .81123 1.23270 57 

4 .72832 1.37302 .75538 1.32384 .78316 1.27688 .81171 1.23196 56 

5 .72877 1.37218 .75584 1.32304 *78363 1.27611 .81220 1.23123 55 

6 .72921 1.37134 *75629 1.32224 .78410 1.27535 A1268 1.23050 54 

7 .72966 1.37050 *75675 1.32144 *78457 1.27458 .81316 1.22977 S3 

8 .73010 1.36967 .75721 1.32064 .78504 1.27382 .81364 1.22904 51 

9 *73055 1-36883 .75767 1.31984 *78551 1.27306 A14T3 1.22831 sx 

so .73100 1.36800 .75812 1.31904 .78598 1.27230 .81461 1.22758 so 

IX .73144 1.36716 .75858 1.3182s .7864s 1.27153 Aisio 1.2268s 49 

12 .73189 1.36633 .75904 1.31745 .7869a 1.27077 Aiss8 1.2261a 48 

13 .73234 1.36549 *75950 1.31666 .78739 1.27001 .S1606 1.22539 47 

14 .73278 1.36466 .759^ 1.31586 .78786 1.26923 .81655 1.22467 46 

15 .73323 1.36383 .76042 1.31507 .78834 1.26849 .81703 1.22394 45 

16 .73368 1.36300 .76088 I.31427 .78881 1.26774 .81752 1.22321 44 

17 .73413 1.36217 .76134 1.31348 .78928 1.266^ A1800 1.22249 43 

18 *73457 1.36133 -76180 1.31269 .78975 1.26622 .81849 1,22176 42 

19 *73502 1.36051 .76226 1.31190 .79022 1.26546 .818^ 1.22104 41 

20 .73547 1.359^ ,7627a 1.31110 .79070 1.26471 .81946 1.22031 40 

21 *73592 1.35885 ,76318 I.31031 .79117 1.26395 .81995 1.219S9 39 

22 .73637 1.35802 .76364 1.3095a .79164 1.26319 .82044 1.2x886 38 

23 .73681 1.35719 .76410 1.30873 .79212 1.26244 .8209a 1.21814 37 

24 .73726 1.35637 *76456 1.3079s .79259 1.26169 .82141 1.21742 36 

25 *73771 1-35554 *76502 1.30716 .79306 1,26093 .82190 1.21670 35 

26 .73816 1.35472 .76548 1.30637 .79354 1.26018 .82238 1.21598 34 

87 .73861 1.35389 .76594 1.30558 .79401 1.25943 .82287 1.21526 33 

a8 .73906 1.35307 .76640 1.30480 .79449 1.25867 A2336 1.21454 3a 

29 .73951 1.35224 .76686 1.30401 .79496 1.25792 .82385 1.2138a 31 

30 .73996 1.3514a .76733 .79544 1.25717 .82434 1.21310 30 

31 .74041 1.35060 ,76779 1.30244 .79591 1.25643 J82483 1.21238 29 

32 .74086 1.34978 .76825 1.30166 .79639 1.25567 .82531 1.21166 28 

33 .74131 1.34896 .76871 1.30087 .79686 1.25492 .82580 X.21094 27 

34 .74176 1.34814 .76918 1.30009 .79734 1.25417 .82629 1.2x023 26 

35 .74221 1.34732 .76964 1-29931 .79781 1.25343 *82678 1.20951 25 

36 .74267 1.34650 .77010 1.29853 .79829 1.25268 .82727 1.20879 24 

37 .74312 1.34568 *77057 1.29775 *79877 1.25193 .82776 1.20808 23 

38 .74357 1-344S7 .77103 1.29696 .79924 1.25118 .82825 1.20736 22 

39 ,74402 1.34405 .77149 1.29618 .79973 1.25044 .82874 1.20665 2X 

40 .74447 1.34323 .77196 1.29541 «8ooao 1.24969 A2923 1.20593 20 

41 .74492 1.34242 .77242 1.29463 A5067 1.24895 .82972 1.20522 19 

43 .74538 1.34160 .772^ 1.29385 .80115 1.24820 .8302a 1.20451 18 

43 .74583 1.34079 -77335 1.29307 .80163 1.24746 A3071 1.20379 17 

44 .74628 1-33998 .77382 1.29229 A0211 1.2467a J83120 1.20308 16 

45 .74674 1.33916 .77428 1.29152 A0258 1.24597 A3169 1.20237 15 

46 .74719 1-33835 -77475 1.29074 .80306 1.24523 .83218 1.20166 14. 

47 .74764 1.33754 -77521 1.28997 ^0354 1.24449 -83268 1.20095 13 

48 .74810 1.33673 .77568 1.28919 A0402 1.2437s .83317 1.20024 12 

49 .74855 1-33592 .77615 1.28842 A> 4 S 0 1.24301 .83366 1.19953 « 

50 .74900 1.33511 .77661 1.28764 .80498 1^14227 .83415 1.1988a 10 

51 .74946 1.33430 .77708 1.28687 A0546 1.24153 .83465 1.19811 0 

52 .74991 1-33349 .77754 1.28610 A3594 1.24079 .83514 1.19740 8 

53 -75037 1.33268 .77801 1.28533 .80642 1.2400s .83564 1.19669 7 

54 .75082 1.33187 ,77848 1.28456 A0690 1. 23931 A36X3 I-19599 6 

55 -75128 1.33107 .77895 1.28379 .80738 1.23858 .83662 1.19528 5 

56 .75173 1.33026 .77941 1.28302 A>786 1.23784 .83712 1.19457 4 

57 .75219 1,32946 .77988 1,28225 .80834 1.23710 .83761 1.19387 3 

58 .75264 1.32865 .78035 1.28148 .80882 1.23637 .83811 1.19316 2 

59 .75310 1.32785 .78082 J.28071 .80930 1.23563 .83860 J.19246 X 

60 .75355 1.32704 .78129 1.27994 A5978 1.23490 .83910 1.1917s ® 

Co-TAN. Tan. Co-tan. Tan. Co-tan. Tan. Co-tan. Tam 

63 ® 62 ® 61 ® 60 ® 
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Table XXI . — Continued 


f 

40 

Tan. 

|0 

Co-tan. 

41 

Tan. 

b 

Co-tan. 

45 

Tan. 

}0 

COTAN. 

43 

Tan. 

[0 

Co-TAN. 


0 

1 

a 

3 

4 

5 

6 

1 

9 

10 

IX 

xa 

X 3 

*4 

i6 

ll 

19 

ao 

ax 

aa 

33 

34 

as 

36 

37 
a8 

ap 

30 

31 

32 

i 83 

34 

36 

39 

40 

41 

42 

43 

44 

45 

X3P10 

.83960 

.84009 

.84059 

.84108 

.84158 

.84208 

.84258 

.84307 

.84357 

A4407 

.84457 

.84507 

.84556 

.84606 

.84656 

.84706 

.84756 

.848^ 

.84856 

.849^ 

•84956 

.85006 

.85057 

.85107 

.85157 

.85207 

.85257 

.85307 

.85358 

.85408 

.85458 

.85509 

.85559 

35609 

.85660 

.85710 

.85761 

.85811 

.85862 

.85912 

•85963 

.86014 

.86064 

.86115 

.86166 

.86216 

.86267 

.86318 

.86368 

.S6419 

.86470 

.86521 

.86572 

.86623 

.86674 

.86725 

.86776 

.86827 

.86878 

.86929 

1.1917s 

1.1910S 

1.19035 

1.18964 

1.18894 

1.18824 

1.18754 

1.18684 

1.18614 

1.18544 

1.18474 

1. 18404 
1.18334 
1.18264 
1,18194 
1.18125 
1.18055 
1.17986 
1.17916 
1.17846 

1.17777 

ri 77 o 8 

1.17638 

1.17569 

1.17500 

1.17430 

1.17361 

1.17293 

1.17223 

1.17154 

1.17085 

1.17016 

1.16947 

1.16878 

1.16809 

1.16741 

1.16672 

1.16603 

1.1653s 

1.16466 

1,16398 

1,16329 

1.16261 

1.1619a 

1.16124 

1.16056 

1.15907 

1.15919 

1.15851 

1.15783 

1.15715 

1.15647 

1.15579 

1.15511 

1.1 5443 
1 .IS 37 S 
1.15308 
1.15240 
1.15172 
1.15104 
1.15037 

.86929 

.86^ 

.87031 

.87082 

.87133 

.87184 

.87236 

.87287 

.87338 

.87389 

.87441 

.87492 

.87543 

.87595 

.87646 

37698 

37749 

.87801 

.87852 

.87904 

.87955 

38007 

38oS9 

38 iio 

.88162 

.88214 

.88265 

.88317 

.88369 

.88421 

.88473 

,88524 

.88576 

38628 

38680 

.88732 

38784 

.88836 

,88888 

.88940 

38992 

39045 

.89097 

39149 

39201 

.89253 

39306 

39358 

39410 

39463 

.89515 

39567 

39620 

3^72 

39725 

.89777 

3030 

.89883 

.89935 

.89^ 

.90040 

1.15037 

1.14969 

1.14902 

1.14834 

1.14767 

1.14699 

1.14632 

1.14565 

1.1440 

1.14430 

1.14363 

1.14396 

1. 142 29 
1.14162 
1.1409s 
1.14028 

I.I 301 

1,13894 

1.13828 

1.13761 

1.13694 

1.13627 

1.13561 

1.13494 

1.13428 

1.13361 

1.1329s 
1.13228 
1.13162 
1.1300 
1. 13029 
1.1203 
1.12897 
1.12831 
1.12765 
1.12699 
1.12633 
1.12567 
1.12501 
1.12435 
1.12369 
I.12303 
1.12238 
I.12172 
1 .I 2 I 0 
1.12041 

1.1197s 

I.II909 

1.11844 

1.11778 

1.11713 

1.11648 

1.11582 

1.11517 

I.II 4 S 2 

1.11387 

1.1I32I 

1.11256 

1.1II9I 

1.11126 

1 . 1 I 0 I 

.90040 

.90093 

.90146 

4)0199 

4 >o 25 i 

4)0304 

.90357 

.90410 

.90463 

4 ) 05 x 6 

.90569 

.9021 

.90674 

4)0727 

4)0781 

.90834 

.90887 

4)0940 

.90903 

.91046 

.91099 

■91153 

4)1 206 
4)1259 

4)1313 

.91366 

.91419 

•91473 

4)1526 

4)1580 

.91633 

4)1687 

.91740 

.91794 

.91847 

.9101 

.919SS 

.92008 

.92063 

.92116 

.92170 

.92224 

.92377 

4>2331 

4)2385 

.92439 

4)2493 

.92547 

4)26oi 

432655 

.92709 

4)2763 

4)2817 

.92872 

432926 

432980 

.93034 

. 93 C^ 

.93143 

.93197 

-93252 

I.H 0 I 

1.1090 

I.IO93I 

1.10867 

1.10803 

1.10737 

1.10672 

1.10607 

1.10543 

1.10478 

1.10414 

1.10349 

1.10285 

I.I 032 O 

1.10156 

I.IOO9I 

I.JOO27 

1.09963 

1.09899 

1.0034 

1.09770 

1,0970 

1.09642 

1.09578 

1.09514 

1.09450 

1.09386 

1.09322 

1.0925S 

1.09195 

1.09131 

1.09067 

1.0003 

1.08940 

1.08876 

1.08813 

1.08749 

1.08686 

1.08622 

1.08559 

1.08496 

1.0432 

1.08369 

i03o6 

1.0243 

I 0 I 79 

I, 0 ii 6 

1.08053 

IX )790 

1.07927 

1.07864 

ix)78oi 

1.07738 

1.07676 

1.07613 

1.07550 

1.07487 

1.0742s 

1.07362 

1-0720 

1.07237 

•93252 

.93306 

•93360 

.9341S 

4)3469 

4 > 3 S 24 

4)3578 

4)3633 

4)3688 

.93742 

4)3797 

.93852 

4)390 

4)3961 

4)4010 

.94071 

4)4125 

.94180 

4)4235 

.9420 

.0345 

-94400 

•94455 

.94510 

.94565 

4)4620 

4)4676 

.94731 

.94786 

.94841 

.9480 

•94952 
.95007 
.95062 
4)5 118 

■95173 

.95229 

.95284 

•95340 

• 9 S 39 S 

.95451 

.95506 

.95562 

.95618 

.95673 

1 .95729 
.95785 
.95841 
.95897 

4 > 59 S 2 

.9600 

.9604 

0120 

.0176 

.96232 

0288 

0344 

0400 

.0457 

0513 

0569 

1.07237 
1.07 174 
I.07112 
1.07049 

i.o607 

1.06925 

i.o602 

1.0800 

1.06738 

xx>6676 

i 06 i 3 

1.06551 

1/0489 

1/0427 

1.0365 

1.06303 

1.06241 

10179 

I/ 0 II 7 

X.06056 

1.0504 
1.05932 
1/35870 
1/35809 

1.05747 

1.0505 
1/35624 
1.05562 
1.05501 
I.OS 439 
1.05378 
1435317 

1.05255 

1455194 

1x15133 

1.05072 

1.05010 

14)4949 

1.04888 

1434827 

143470 

I.0470S 

1.04644 

1.04583 

1434523 

1/34461 

1.04401 

1434340 

1/34279 

1.04218 

1434158 

1.04097 

1/34036 

1433976 

I433OIS 

1.03855 

1.03794 

1.03734 

1.03674 

1433613 

1433553 

60 

59 

S8 

56 

55 

54 

S3 

Sa 

SI 

SO 

^4 

46 

45 

44 

43 

4a 

41 

40 

39 

38 

36 

35 

34 

33 

3a 

31 

30 

4 

ll 

25 

34 
23 
2a 
21 
20 

19 

18 

x6 

15 

14 

13 

la 

IX 

xo 

1 

6 

5 

4 

3 

a 

X 

0 


Co-tan 

,1 Tan. 
19 ® 

CO'TAN 

. Tan. 
18® 

Co-TAN 

. Tan. 
47® 

Co-TAN 

j Tan. ' 
i6® 
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Table XXI . — Concliided 



44“ 1 



44° 1 



44° 1 

1 

• 

Tan. 

Cotan. 

' : 

/ 

Tan. 

Cotan. 

r 

, t 

Tan. 

Co-TAN. 

/ 

o 

.96560 

I. 035 S 3 

60 

21 

.97756 

2.02295 

39 

41 

4)8902 

2.02 112 

19 

J 

.96625 

1.03493 

59 

22 

.97813 

2.02236 

38 

42 

.^958 

2.01053 

18 

a 

4»668i 

1.03433 

58 

23 

4)7870 

2 X> 2 I 76 

37 

43 

i 4 » 90 i 6 

2.00994 

17 

3 

.0673S 

2.0337a 

57 

24 

.97927 

2.02127 

36 

44 

.99073 

2.0093s 

16 

4 

•96704 

2.03312 

56 

25 

.97084 

2.02057 

35 

45 

4)9131 

1.00876 

IS 

S 

.96850 

2^33252 

55 

26 

.98041 

1.02998 

34 

46 

4)9189 

2.00818 

14 

6 

.96907 

2x13192 

54 

27 

4*8098 

2 X>I 939 

33 


.99247 

2.00759 

13 

7 

.96963 

1.03232 

S 3 

28 

•9815s 

2x11879 

32 

48 

4)9304 

2.00702 

12 

B 

.97020 

X. 03072 

52 

29 

1 .98223 

1.01820 

31 

49 

4)9362 

X.00642 

It 

9 

.97076 

X/)30I2 

SI 

30 

4)8270 

ix>i76x 

30 

SO 

4)9420 

2x30583 

20 

10 

•97133 

2X)a952 

50 

31 

.98327 

1x32702 

29 

51 

4)9478 

2.0052s 

9 

21 

.97189 

2.02892 

49 

3a 

.98384 

2.02642 

28 

52 i 

•99536 

X. 00467 

3 

22 

.97246 

2.02832 

48 

33 

.0442 

IXD2583 

27 

S 3 

4 > 9 S 94 

2.0040 

7 

13 

•97302 

2.02772 

47 

34 

.0499 

2X12524 

26 

54 

.99652 

1.00350 

6 

J4 

.9735? 

2.02723 

46 

35 

.0556 

2.02465 

25 

55 

4)9710 

2.00292 

S 

2S 

-97416 

2X)26S3 

45 

36 

.98613 

2x31406 

24 

56 

.9970 

2.00233 

4 

j 6 

•97472 

2.02593 

44 

37 

.98671 

2 X 32347 

23 

57 

4)026 

2 X) 017 S 

3 

^7 

•97529 

X.02533 

43 

38 

.98728 

2 X 32288 

22 

58 

4)084 

2.00116 

2 

28 

.97586 

1.02474 

42 

39 

.98786 

2 X 32220 

22 

59 

.99942 

1x30058 

X 

19 

.97643 

xx)a4i4 

41 

40 

•osAjs 

XX 32 I 70 

20 

60 

2 

2 

0 

ao 

4 > 770 o 

IXJ 23 SS 

40 










Cot AN. 

1 Tan. 

/ 

/ 

COTAN. 

Tan. 

/ 

/ 

CO«TAN. 

Tan. 



1 45° 



1 45° 



1 45° 
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TRIGONOMETRIC FORMULAS 


Table XXII. Trigonometric Formulas 



Right Triangles 



a 

I, 

c 

d 


sm A ~ “ 

. 6 

cos A “ *= 

a 

tan A “ ■y ” 
5 

cot A « ■— *= 
a 

I c sin A = c cos B 
ccos A csin B «= 
a ^ a ^ 
* sin A * cos B 
t c vers A 


cos B sec A ■= y » cosec 5 

sin B cosec A = j » sec B 

. c — h d 
cot B vers A » — ^ ^ 

tan S cxsec A » 

- 6 tan A - ft cot B « Vc:»- V« 

. flcot A » ctanB = Vc* - a» 

& « ^ « _J— - — ‘—r - >/a« + 

Sins cos A vers 4 r e«ec A 





Tabus XXIII. Factors for Determining Strength of Figure 
A + + 5^) for various combinations of distance angles A and B of a triangle 


FACTOBS FOR DETERMINING STRENGTH OF FIGURE 




00 to to '«4<CQeO<M 


CO CO o 

CO N cq CNj 


CO O 00 05 lO 
th Tft c «5 cq cq 
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lO rH CO CO cq 
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t>.COCOtO tO'!f'ct<CO 


T-^1-(Tt^ooco 05cqt^co 
05C301>*CDCO tOiOTli^ 
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cq to rH 00 CO 
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00 CO CO 
IN 1> 1> 1> 


CO ’cti cq Q 
o o o o 
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INDEX 


A 

Aberration, 20, 24 

Abney band level and clinometer, 163, 
178 

Absolute parallax, 811 
Accessory, corner, 561, 610 
Accidental error, 72 
Accuracy (see Precision) 

Acre-foot, 738 
Adjusting pin, 41 
Adjustment, of angular error, 447 
of compass, 269 
of dumpy level, 170, 182 
of elevations, 199 
of eyepiece slide, 303 
figure, 391, 393 
of hand level, 178 
of instruments, 40 
of level circuit, 199 
of level tube, 16 
of mining transit, 709 
of objective slide, 177, 302 
of plane table, 427 
of sextant, 727 
of solar attachment, 535 
station, 391, 393 
of transit, 297, 303 
of triangulation figures, 391, 393, 397 
of weighted observations, 81 
of wye level, 176, 182 
Adverse possession, 563, 567 
Aerial photogrammetry, 7, 776, 789 
{See also Photogrammetric survey- 
ing) 

Aerial surveying, 776, 789 
Aerial triangulation, 822 
Aerocartograph, 776, 787, 827 
Agonic line, 254 
Air base, 811 
Airplane, jig for, 701 
for photography, 798 
Alidade, 413 

{See also Plane table) 


Alluvium, 563, 566 
‘‘Almanac, Nautical,’* 496 
Altimeter, 793 
Altitude, of flight, 774, 792 
of star, 497, 507 
refraction correction, 864 
of sun, corrections for, 863 
“American Ephemeris,” 496 
Anaglyph, 773, 785 
Angle, with compass, 262 
computations involving, 34, 52 
deflection, 258 
errors in, 303, 447, 617 
horizontal, 8 
hour, 494 
interior, 258, 329 
laying off, 285 
by repetition, 287, 314 
measurement of, 250, 260, 516 
horizontal, 284 
by repetition, 285, 313 
instruments for, 260 
mistakes in, 285 
precision of, 32, 34, 310, 650 
with sextant, 262, 728 
with tape, 139, 261 
with transit, 260, 284, 297 
vertical, 288 
with plane table, 261 
to the right, 258, 329, 704 
vertical, 8, 148, 288 
Annual variation, 254 
Apparent sun, 509 
Apparent time, 509 
Approach, velocity of, 764, 766 
Approximations, stadia, 347 
successive, 201 
Arc, declination, 534 
latitude, 533 
Rhodes reducing, 657 * 
stadia, 349 

Arc basis for curve, 678 
Architect’s level, 156 
Architect’s rod, 167 
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INDEX 


Area, average end, 241 
calculation of, 466 
from contour map, 633 
by coordinates, 468 
covered by photograph, 794 
of cross-section, 237 
by D.M.D. method, 470, 472 
effect on field methods, 638 
partition of land, 480 
by polar planimeter, 54, 62, 70 
of segment of circle, 477 
of tract with curved boundary, 474 
by triangles, 467 
units of, 9 
Arrow, meridian, 92 
surveyor’s, 122 
Artificial horizon, 729 
Ascension, 493 

Astronomical coordinates, 492-500 
azimuth and altitude, 497 
horizon system, 496 
hour angle and declination, 494 
PZS triangle, 500, 502 
relation between systems, 495, 498 
right ascension and declination, 493 
Astronomical eyepiece, 23 
Astronomical tables, 496 
Astronomical triangle, 500, 502, 528 
Astronomy in surveying, 489, 516 
Autograph, 827, 830 
Auxiliary telescope, 705, 709 
Average end area, volume by, 241 
Avulsion, 563 
Axis, horizontal, 13 
of level tube, 17, 171, 175 
optical, 21 
polar, 2 
vertical, 14 
of wyes, 162, 175 
Azimuth, 257, 489, 497, 516 
back, 327 

from back line, 258, 704 
of circumpolar star, 507 
error in, 546, 710 
and longitude, by sun, 532 
magnetic, 257 
by Polaris, at any time, 549 
at elongation, 544 
of secant, 594 
with solar attachment, 534 
by solar observation, 526 
field notes for, 527 



Azimuth, of star, 497, 553 
at elongation, 506 
formulas for, 502-506 
of sun, formulas for, 502-506, 526 
traverse by, 327 
field notes for, 328 
Azimuthal projection, 856 

B 

Back azimuth, 327 
Back line, azimuth from, 258, 704 
Backsight, 35, 184, 416 
balancing distances, 186 
with plane table, 415, 420 
Balancing the survey, 446-451 
Barometric leveling, 150 
Base, air, 811 
stereoscopic, 788, 812 
Base-length projection, 789 
Base line, in photogrammetry, 788 
in triangulation, 368, 375, 382 
in U.S. land surveys, 586, 590 
Base-line measurement, 382-3'89, 407 
corrections to, 387 
discrepancy between bases, 388 
equipment for, 382, 384 
errors in, 385 
field notes for, 385 
reduction to sea level, 387 
specifications for, 388 
Base net, triangulation, 375 
Batter board, 691, 694, 699 
Beam compass, 112 
Beaman stadia arc, 349 
Bearing, 256, 266 
Bearing tree, 610 
Bench mark, 36, 183, 210 
Binocular vision, 777, 781 
Blackline print, 108 
Blazing, 606 

Block, land surveying, 577 
Blueprint, 106 
Blueprint frame, 108 
Borrow pit, 216, 240 
Boundary, curved, 140, 147, 474, 477 
in mine surveying, 714, 715 
Boundary records, 561 
Bounds, 569 
Bridge^ survey for, 696 
Bridge method, flow measurement, 756 
Brock-Weymouth method, 844 
Brunton pocket transit, 2^ 
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Bubble (see Level tube) 

Building, angle between walls, 297 
survey for, 698 
Buoy, 730 

Burt solar attachment, 537 

C 

Cable-car method, flow measurement, 758 
Cadastral surveying, 7, 581, 774 
Calculation of area, 466 
by coordinates, 468 
within curved boundary, 474 
by D.M.D. method, 470, 472 
by double parallel distances, 473 
partition of land, 480 
of segments of circles, 477 
by triangles, 467 
(See also Computation) 

Call, for distance or direction, 564 
Camera, 773, 798-804 
for aerial photogrammetry, 798 
Brock, 845 
cartographic, 799 
Coast Survey nine-lens, 804 
continuous-strip, 801 
horizon, 773 
multiple-lens type, 802 
single-lens type, 799 
for terrestrial photogranometry, 787 
trimetrogon, 803 
Camera transit, 787 
Canal, cross-section of, 220, 673, 695 
grade for, 672 
survey for, 672, 695 
Cassiopeia, 540 
Celestial sphere, 489 
Center, optical, 21 
perspective, 778, 779 
reduction to, 389, 706 
Centers, eccentricity of, 282 
Central-point figure, 371 
Chain, engineer’s, 118 
Gunter’s, 9, 118, 584 
standardization of, 121, 145, 383, 386 
surveyor’s, 118 
of triangulation figures, 370 
(See also Tape) 

Chain gage, 740 
Chaining, 119 

angle measurement by, 139, 261 
corrections for, 128-136, 387 
equipment for, 39, 121, 122 


Chaining, errors in, 129, 131 
field notes for, 145, 146, 147 
on level ground, 122 
mistakes in, 138 

normal tension of tape, 131, 134 
precision of, 136 
on slope, 124, 127, 703 
survey by, 139 
on uneven ground, 124, 127 
in wind, 130, 132, 387 
Chaining pin, 122 
Chainmen, duties of, 123, 317 
Checkerboard system, 639, 657, 660 
field notes for, 212, 661 
Checking, of computations, 47 
by cut-off lines, 330, 441 
by intersecting lines, 442 
on plane-table surveys, 417, 429 
of plotted controls, 439 
of traverses, 329, 417, 439 
Chezy formula, 761 
Chicago rod, 165 
Chord, long, 226, 679 
plotting by, 439 
Chord basis for curve, 678 
Chromatic aberration, 20 
Cipolletti weir, 767 
Circle, area of segment, 477 
graduated, 280 
great, 2, 423, 861 
horizontal, 275 
hour, 493, 534, 537 
stadia, 349 
vertical, 301, 497 
zero, 64, 65 
Circuit, level, 186, 199 
Circular curve, 677 
Circumpolar star, 507, 540 
City surveying, 7, 579 
City transit, 277 
Civil time, 609 
Claim, mineral, 716 
Clamp screw, 28 
Clinometer, 163, 657 
Closed traverse, 259, 322 
adjustment of angles of, 447 
checking of, 439 
error of closure of, 439, 445 
running with transit, 325 
Closing corner, 589 
Closure, error of, 199, 439, 445 
of horizon, 286 
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Coaltitude, 498 
Coast Survey plane table, 412 
Codeclination, 502 
Coefficient, of roughness, 761 
weir, 765 

Collimation, 277, 279, 701 
Color, 103, 104, 110 
of title, 563 
Compass, beam, 112 
magnetic, 262 
orientation by, 415, 420 
pocket, 263 
surveyor’s, 265 
trough, 413 

{See also Pocket compass; Surveyor’s 
compass) 

Compass rule, 447 
Compass survey, 266, 273 
field notes for, 267 
Compensating error, 72 
Compilation of detail, 789, 824 
Computation, 46 
for angles and distances, 52 
angles used in, 34 
of area, 466 

arithmetical short cuts, 54 
checking of, 47 
of coordinates, 398, 399, 451 
for discharge, 759 
of geodetic position, 400 
graphical, 53 
logarithmic, 53, 55, 61 
mechanical, 53 
in mine surveying, 712 
for partition of land, 480 
precision of, 34, 49 
significant figures in, 48 
by slide rule, 58 
for triangulation, 389, 400 
by trigonometric functions, 58, 61 
of volumes, 239 
Computer, altitude, 793 
Conformal projection, 856, 859 
Conic projection, 857, 859 
Conjugate focal point, 780 * 

Conjugate focus, 344 
Connection, 561, 610, 713 
Constant error, 72 
Constellations, 540 
Construction survey, 670, 690 
alinement in, 690 
for bridge, 696 


Construction survey, for building, 698 
for canal, 695 
for culvert, 697 
for dam, 700 
establishing points, 692 
grade for, 691 
for highway, 692 
for pipe line, 694 
precision of, 692 
for railroad, 694 
for route, 670 
for sewer, 694 
for street, 693 
for tunnel, 695 
Continuous-strip camera, 801 
Continuous traverse (see Open traverse) 
Contour, 8, 224, 617 
in aerial photogrammetry, 826 
equal-depth, 630 

precision of measurements to, 649 
Contour finder, 842 
Contour interval, 618, 625, 638 
Contour line, 8, 617 
on aerial map, 826 
interpolation for, 621 
leveling for, 224 
plotting of, 618-623, 826 
Contour map, areas from, 633 
construction of, 618 
cross-sections from, 627 
earthwork from, 629 
precision of measurements for, 649 
profiles from, 627 
volumes from, 629, 633 
Contour pen, 113 
Contour point, 618 
Contouring, 826 
Contraction, weir, 763 
Control, 319, 637, 640, 738 
for gaging, 738 

horizontal (see Horizontal control) 
for hydrographic surveying, 720, 721, 
738 

for photogrammetric surveying, 773, 
813 

ground, 789, 813 
picture-point, 814 
secondary, 814 
radial-line method, 814 
section-line method, 821 
slotted-templet method, 819 
plotting of, 434. 815 
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Control, primary and secondary, 640 • 
for topographic surveying, 640 
vertical {see Vertical control) ■ 
Controlling point, 622, : 665 
Controlling-point system, 622, 639, 650 
Conventional signs, 97-103, 615 
for photogrammetry, 790, 824 
Convergence, angle of, 776, 782 
Convergency of meridians, 591, 642 
Coordinate-point system (see Checker- 
board system) 

Coordinates, area by, 468 
astronomical, 492-600 
computation of, 398, 399, 461 
deed description by, 570 
plotting by, 443, 452 
spherical, 492 
state plane, 403, 570 
in triangulation, 398-400 
Corner, 560, 606-613 
accessory for, 661, 610 
closing, 589 
correction, 689 
lost, 561, 610, 611 
marking of, 608 
meander, 604, 605 
monument for, 560, 607, 608 
obliterated, 561, 611 
referencing of, 223, 560, 610 
restoration of, 610, 611 
standard, 589 
witness, 334, 661, 607 
Correction (see Error) 

Correction corner, 589 
Correction line, 586 
Coverage of photograph, 794 
Crandall method, 449 
Crest, weir, 763 
Cross-hair ring, 22 
Cross-hairs, 22, 380 
adjustment of, 171, 176, 299, 427 
illumination of, 540, 703 
to replace, 22 

Cross-profile system, 622, 623, 639, 654 
Cross-section, 93, 209, 232 
area of, 236, 237 
of canal, 220 
from contours, 627 
of earthwork, 216, 237 
field notes for, 212, 219 
five-level, 219, 238 
irregular, 219, 238 


Cross-section, level, 219, 237 
levels for, 212, 216, 230 
plotting of, 232, 236, 249, 669 
of road, 213, 217 
for route, 213, 217 
side-hill, 219, 239 
of stream, 742 
three-level, 219, 237 
use of stadia for, 362 
volume by, 239, 736 
Cross-section paper, 93, 236, 669 
Cross-section-point systena {see Cross- 
profile system) 

Culmination, upper and lower, 608, 
542 

Culvert, survey for, 697 
Current, velocity of, 734, 743, 752 
Cuirent meter {see Meter) 

Curvature of earth, 4, 149, 187, 194 
Curve, circular, 677 
degree of, 678 
for highway, 671, 677, 688 
laying off, ^1, 684 
length of, 680 
parabolic, 677 
point of, 677 
railroad, 113 

for railroad, 672, 677, 686 
for route, 677 
spiral, 686, 688 
string-lining of, 685 
vertical, 225 

Curved boundary, 140, 147, 474, 477 
Cut, 221 

Cut-off lines, 330, 441 
Cylindrical projection, 857, 860, 861 

D 

D.M.D. method, 470, 472 
Dam, 700, 768 
Datum, 4, 8, 148, 721 
Datum plane, 4 
Day, 508, 611 

Declination, in astronomy, 493, 498 
magnetic, 252, 254, 272 
of Polaris, 540 

settings for, solar attachment, 637 
of sun , 522 
Declination arc, 534 

Deed, description for, 561, 564, 669, 
577 

Definition of telescope, 24 


1002 


INDEX 


Deflection angle, 258 
curve by, 681, 683 
field notes for, 683 
traversing by, 324 
field notes for, 325, 326 
precision of measurements, 327, 331 
Degree of curve, 678 
Departure, of line, 443, 444 
total, 444, 468 
Depression contour, 618 
Description of land, by coordinates, 570 
by government subdivision, 570 
legal interpretation of, 564 
by lot and block, 577 
by metes and bounds, 569, 577 
rural, 569 
urban, 577 

Details, 335, 336, 648 
in hydrographic surveying, 721, 731 
from photograph, 824 
with plane table, 653, 654, 659, 661 
plotting of, 454, 731 
precision of measurements to, 649 
soundings, 731 
with tape, 659 

in topographic surveying, 638, 648 
with transit and tape, 335, 336 
with transit-stadia, 651 
Deviation, 77, 78 
Diapositive, 778, 832, 845 
Dichromatic projection, 785 
Difierence, in elevation, 8, 148 
measurement of, 148, 150 
with plane table, 425 
down shaft, 714 
by stadia, ^0, 352, 356 
by stepping method, 359 
in parallax, 776, 811, 841 
Differential leveling, 150, 183 
adjustment of level circuit, 199 
balancing length of sights, 186 
errors in, 193 
field notes for, 188 
level circuit, 186 
mistakes in, 189 
precise, 190, 404 
precision of, 198 
reciprocal leveling, 192, 207 
two sets of turning points, 191 
Dip, 252, 729 
Direct leveling, 150, 155 
Direct position of telescope, 283 


Direct vernier, 26 
Direction, 250 
by azimuths, 257 
by bearings, 256 
with magnetic compass, 262 
meridian for, 250, 251 
with transit, 263, 264, 276 
Direction instrument, 381 
Disappearing hairs, stadia, 23, 342 
Discharge (see Flow measurement) 
Discrepancy, 72, 74 
between base lines, 388 
Displacement in photograph, 807, 810 
Distance, 8, 116 
error in, 129-138 
external, 680 
by gradienter, 118 
inaccessible, 141, 296 
measurement of, 116, 118 
meridian, 468, 470 
in mine surveying, 703 
obstructed, 141, 293 
by odometer, 119 
by pacing, 116 
parallel, 468, 473 
polar, 494 

precision of measurements, 32, 116, 136 
principal, 779 
by stadia, 117, 341 
tangent, 680 

with tape, 118, 122, 124, 127 
by time interval, 119 
vertical (see Difference in elevation) 
zenith, 498 

Diurnal variation, 254 
Dividers, proportional, 114 
Double meridian distance, 470, 472 
Double parallel distance, 474 
Double-rodded line, 191 
Double-sighting, 2^, 292, 315 
Drafting, 88 

cross-sections, 93, 232, 236 

instruments for, 110-114 

lettering, 93, 96 

machine for, 114 

for maps, 8^ 623 

paper for, 104, 231, 236, 414, 669 

profiles, 92 

scale of map, 91 

symbols, 92, 97, 101 

titles, 96 

(jSee oZso Plotting) 
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Drawing, reproduction of, 105 
(See also Drafting) 

Dumpy level, 156, 170 
adjustment of, 171 
Duplicate tracing, 106, 109 

E 

Earth, curvature of, 4, 149 
errors due to, 2, 187, 194 
eccentricity of, 2, 855, 861 
Earthwork, 232, 237 
by average end areas, 241 
construction surveys for, 690 
from contours, 629 
cross-sections for, 216, 237, 627, 633 
dredged material, 735 
errors in volume of, 245 
grading for, 629 
haul for, 670 
leveling for, 214 
mass diagram for, 671 
precision of, 245 
by prismoidal formula, 242, 243 
from road profile, 244, 633 
volume of, 239, 249, 627 
Easement, 715 
Easement curve, 686 
Eccentricity, of centers, 282, 308 
of earth, 2, 855, 861 
of verniers, 282, 308 
Ecliptic, 494, 508 
Elevation, 4, 8, 148, 792, 811 
adjustment of, 199 

difference in (see Difference in eleva- 
tion) 

superelevation, 686 
Ellis meter, 747 
Elongation, 506 
azimuth at, 506, 544 
End contraction, 763 
Energy slope, 734 
Engineer’s chain, 118 
Engineer’s level, 12, 156 
adjustment of, 40, 171, 182 
care of, 38 

dumpy type, 156, 170, 171 
level tube on, 14 
setting up, 168 
telescope on, 18 
types of, 156 
wye type, 159, 175, 176 
Engineer’s scale, 91, 110 


Engineer’s transit, 13, 274, 283 
adjustment of, 40, 297, 303 
care of, 38 

compared with plane table, 411, 430 
eccentricity of verniers, 282 
errors in use of, 303 
gradienter on, 29, 224, 277 
graduated circles on, 280 
level tube on, 14, 279 
measuring angle with, 284, 313 
mistakes in use of, 285 
principal lines of, 298 
setting up, 283 

sighting with two transits, 697, 700 

surveys with, 317 

telescope on, 18, 279 

use of, 283 

verniers on, 28, 281 

{See also Transit) 

Ephemeris, 496 
Equal-area projection, 856 
Equal-depth contours, 630 
Equation of time, 610 
Equator systems, 493-495, 499 
Equatorial hairs, 535 
Equinoctial colure, 493 
Equinox, 494, 508 
Equipment (see Instruments) 

Erecting eyepiece, 23 
Erratic error, 72 
Error, accidental, 72 
in aerial photogrammetry, 818 
in angle measurement, 303, 310 
in astronomical triangle, 528 
in azimuth, 528, 532, 551, 711 
in base-line measurement, 385 
in chaining, 129, 131 
of closure, 199, 439, 445 
in compass work, 269 
in computed quantities, 85 
constant, 72 
deviation, 77 

in differential leveling, 193, 198 
in direction, 551, 711 
discrepancy, 72, 74 
in distance, 32, 129, 131 
in earthwork quantities, 245 
in elevation, 198 
index, 289, 517, 728 
instrumental, 71, 304, 516 
kinds of, 72 
in latitude, 524, 646 
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Error, in level circuit, 199, 201 
in leveling, 154, 193 
in mapping, 624 
mistake, 72 
natural, 72, 310 
personal, 71, 309 
in photogrammetry, 818 
in plane-table surveying, 428 
in planimeter measurements, 66 
in plotting, 434, 437 
probable, 49, 77 
residual, 77 
resultant, 72 
sources of, 71, 269 
in stadia surveying, 360, 362 
with surveyor’s compass, 269 
systematic, 72 
in target setting, 196 
theory of probability, 74 
in transit work, 303, 331, 332 
in traversing, 331, 332 
triangle of, 421 
in U.S. land surveys, 597 
variable, 72 

weighted observations, 80, 81 
(See also Precision) 

Excess, spherical, 3, 391 
Exposures, 796, 798 
External distance, 680 
Eye, 780 

Eye base, 774, 784 
Eyepiece, 23 
prismatic, 617 
slide for, 24, 303 

F 

Fathometer, 731 
Federal Aid sheet, 669 
Fee, 563 

Field astronomy, 489, 516 
Field notes, 41, 44 
for adjustment of level, 181 
for angle by repetition, 287 
for azimuth by sun, 627 
for azimuth traverse, 328 
for base-line measurement, 385 
for chaining, 145-147 
for checkerboard method, 212, 661 
for compass survey, 267 
for cross-sections, 212, 215, 220 
for curve, 683 

for deflection-angle traverse, 325, 326 


Field notes, for differential leveling, 
188, 192 

for flow measurement, 753 
for latitude by sun at noon, 625 
for mine surveying, 713 
notebook for, 42, 713 
for precise leveling, 191 
for profile leveling, 211 
for radiation, 320 
sketches for, 42, 44, 661 
for slope stakes, 220 
for &tadia leveling, 353, 367 
for stadia surveying, 355, 358 
for surveys with tape, 146, 147 
for time by sun at noon, 530 
for traversing, 325, 326, 328, 355, 
358 

for U.S. land surveys, 606 
Field sheet, 826 
Field work, 31 

Figures, adjustment of, 391, 393 
chain of, 370, 391, 397 
significant, 48 
strength of, 372 
in triangulation, 370 
FiU, 221 

Final location, 669 
Finishing stake, 693, 694 
Five-level section, 219 
Fixed-tube alidade, 414, 428 
Flag, 12, 122 
Flagpole, 12, 122 
Flat-crested weir, 763 
Flat tint, 104 

Flight, altitude of, 774, 792 
line of, 795 
Float, 734, 743, 745 

Floating mark, 829, 831, 833, 836, 839, 
845, 849 
Florida rod, 165 
Flow, factors controlling, 738 
height of zero, 739 
Flow measurement, 720, 737 
from bridge, 756 
from cable car, 758 
computations for, 769 
control for gaging, 738 
current meters for, 746 
discharge units, 737 
field notes for, 753 
floats for, 743 
gages for, 739 
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Flow measurement, under ice, 758 
and measurement, of cross-section, 742 
of current velocity, 743, 745, 752 
of stream slope, 733 
of surface currents, 734 
rating curve, 750, 759 
by slope method, 761, 763 
volume units, 737 
by wading, 755 
weirs, 763 
Flume, venturi, 767 
Focal length, 21, 344, 779 
Focal point, conjugate, 780 
Focus, conjugate, 344 
principal, 21, 344 
Focusing, 19, 310 
Foresight, 35, 184, 416, 690 
balancing distance, 186 
intermediate, 210, 212 
Forward azimuth, 327 
Fractional lot, 602 
Fractional section, 602 
Free haul, 670 
Fteley meter, 747 
Full end contraction, 763 

G 

Gage, 739 
automatic, 740 
chain, 740 
hook, 741 
recording, 740 
staff, 739 
Gaging, 738, 742 
Geodetic position, 400 
Geodetic surveying, 5 
Geometric condition, 393 
Gnomonic projection, 856 
Gothic lettering, 95 
Grade, 9, 209, 223, 691 
in construction, 691 
curved, 225 

establishing, 223, 234, 691 
fixing on profile, 234 
with gradienter, 224 
shooting-in, 223 
Grade contour, 225 
Grade rod, 221 
Gradienter, 29, 118, 224, 277 
Grading for earthwork, 214, 629 
Graduations, 280, 308 
Graphical computations, 53 


Graphical interpolation, 621 
Graphical scale, 91 
Graphical triangulation, 419 
Great circle, 2, 423. 861 
Great triangle, 423 
Greenwich time, 509 
Ground control, 789, 813 
Ground points, 618 
systems of, 622, 639 
Ground rod, 221 
Guard stake, 318, 319 
Guide meridian, 586, 590 
Gunter’s chain, 9, 118, 584 


Hachures, 616 
Hack marks, 606 
Hair-line antique lettering, 95 
Hand level, Abney type, 163 
adjustment of, 178 
details with, 655, 659 
Locke type, 162 
Haskell meter, 747 
Haul, 670 
Haversine, 505 
Head, 763 
effective, 766 
leveling, 17 
velocity, 764, 766 
Heading, 702 

Height, of instrument, 184, 350 
in mine surveying, 703 
in stadia surveying, 350, 356 
of point, 703 
of zero flow, 739 
Heliotrope, 377, 823 
High-water mark, 563 
Highway, cross-section for, 213, 217, 236 
curve for, 671, 677, 688 
cut and fill for, 221, 632 
earthwork for, 632 
grade for, 223, 671 
location of, 6M, 671 
ownership of, 564 
surveys for, 671, 692 
{See also Route surveying) 
Hoffmeter,748 
Hook gage, 741 
Horizon, artificial, 729 
closure of, 286 
Horizon camera, 773 
Horizon glass, 726 
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Horizon system, 496, 499 
Horizontal angle, 8 
errors in, 303 
laying off, 285, 287, 314 
measuring, 284, 285 
(See also Angle) 

Horizontal axis, 276, 300, 307 
Horizontal circle, 275 
Horizontal control, 319 
in aerial photogrammetry, 773, 813 
in kydrographic surveying, 720 
plotting of, 434, 815 
precision of, 640 

in topographic surveying, 640, 647 
Horizontal distance, 8, 116 
(See also Distance) 

Horizontal line, 8, 148 
Horizontal plane, 8, 629 
Hoxir angle, 495, 503-505 
of Polaris, 547, 549 
Hour circle, 493, 534, 537 
Hub, 36, 317, 333 
Hue, 104 

Hydraulic radius, 761 
Hydrographic surveying, 6, 720, 733 
control for, 720, 721 
conventional signs for, 100, 732 
details in, 721, 731 
dredged material, 735 
maps, 732 
sextant, 725 
snow surveys, 736 
soundings, 721, 729, 730 
stream slope, 733 
surface currents, 734 
sweep or wire drag, 733 
volume of reservoir, 735 
Hypsometric map, 774 

I 

Illumination of cross-hairs, 540, 703 
Inaccessible distance, 141, 296 
Index of vernier, 26, 281 
Index correction, 289 
Index error, 289, 517, 728 
Index map, 797 

Index mark, 829, 831, 833, 836, 839, 845, 
849 

for stadia, 353 
Index mirror, 726, 727 
Indirect leveling, 150, 152 
by stadia, 352, 356 


Initial point, 586 
Ink, 104, no 

Instrumental error, 71, 304, 517 
Instruments, 12, 110 
adjustment of, 40 

for angle and direction measurement, 
13, 260, 377 

for area measurement, 62 
care of, 37 

for chaining, 119, 121, 122, 382 
for computation, 53, 58 
for direct leveling, 12, 156 
direction, 381 

for distance measurement, 117-119, 
121, 122, 382, 384 
for drafting, 110-114 
for land surveying, 559 
for mine surveying, 705 
for plane-table work, 410-414 
repeating, 380 

for route surveying, 654-657, 665 
for sounding, 729 

for stadia surveying, 341, 342, 348, 
349 

for topographic surveying, 638, 651- 
660 

for trian^lation, 377, 380, 382 
for velocity measurement, 743 
Integration method, 753 
Interior angle, 258, 329 
Intermediate foresight, 210, 212 
Intermediate-scale survey, 637, 639 
Internal-focusing telescope, 19 
Interpolation of contours, 621 
Intersection, checking by, 331, 441 
establishing points by, 692, 697, 700 
of lines, 296 
with plane table, 418 
point of, 677 
of range lines, 723 
with transit, 297, 321 
Interval, contour, 618, 625, 638 
Interval factor, stadia, 344, 345 
Intervalometer, 796 
Invar tape, 120, 383 
Inverted position of telescope, 283 
Inverting eyepiece, 23 
Irregular boundary, 140, 147, 474, 477 
Irregular error (see Accidental error) 
Irregular section, 219, 238, 604 
Irregular variation, 254 
Isocenter, 780 
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Isogonic chart, 252, 253 
Isogonic lines, 254 
Italic lettering, 94-96 

J 

Jacob’s staff, 263, 655 
Johnson plane table, 412 
K 

KEK plotter, 849 

Kelsh plotter, 847 ^ . «ai 

Kutter’s formula and coefficients, 7bl 

L 

Lambert projection, 859 
Land, adverse possession of, 563, 5o7 
conveyance of, 562 
corners of, 560, 589 _ 

description of, 564, 669, 570, 577 
partition of, 480 
riparian rights to, 565 
Land court, 562 
Land map, 571 
Land surveying, 5, 558 
cadastral survey, 7, 581 
city survey, 7, 579, 580 
instruments for, 559 
legal aspects of, 563-569 
map, 571 

meandering in, 561, 565, 604 
metes and bounds, 569 
monuments for, 560 
original survey, 558, 572 
partition of land, 480 
public-land survey (see XJ.S. public 
land surveys) 
resurvey, 559, 572 
rural-land survey, 569 _ 

subdivision survey, 559, 576, 576 
urban-land survey, 577 
Lap of photograph, 794 
Large-scale survey, 637, 639 
Latitude, 443, 489 
in astronomy, 489, 492, 516 
error in, 524, 546 
of a line, 443, 444, 468, 471 
by 'Polaris at culmination, 542 
by star, 552 
by sun at noon, 524 
total, 443, 468 
in triangulation, 399 


Latitude arc, 533 
Laying off angle, 285, 287, 314 
Laying off curve, 681, 684 
liaying off parallel, 593 
Leads, sounding, 729 
Least count of vernier, 26 
Legal aspects of land surveying, 563-569, 
583 

Legal authority of surveyor, 568 
Legal liability of surveyor, 568 
Legend for map, 97 
Length, focal, 21 
units of, 9 

Lens, for camera, 773, 778, 799, 802 
for telescope, 20, 23 
Lettering, 93, 96 
italic, 94-96 
Reinhardt, 93 
Roman, 95 
Level, 12 

architect’s, 156 
care of, 38 

control, 277, 302, 414 
engineer’s (see Engineer’s level) 
hand, 162, 163, 178 
plate, 276 
rod, 168 

striding, 15, 277, 414 
telescope, 276 
Level circuit, 186, 199 
Level line, 2, 148, 149, 153, 155 
I,evel net, 201 
Level party, 666 
Level section, 219, 237 
Level surface, 2, 8, 148 
Level tube, 14, 279 
adjustment of, 16, 171, 176, 300, 301 

axis of, 15 e 1 oi 

radius of curvature of, 15, 181 
sensitiveness of, 15, 25, 279 
Leveling, 9, 148 
barometric, 150 
for contours, 224 
for cross-sections, 212, 216, 230 
differential, 150, 183 
direct, 150, 155 

for earthwork, 214 

errors in, 154, 193, 197 
field notes for, 188, 191, 192, 211, 212, 
353,357,358 

for grades, 223 _ 

indirect, 150, 152, 352, 356, 648 
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Levelittg, instraments for, 12, 156 
architect’s level, 156 
dumpy level, 156, 171 
engineer’s level, 12, 166 
hand level, 162, 163 
rod (see Leveling rod) 
rod level, 168 
turning plate, 168 
turning point, 168 
wye level, 166, 169, 176 
mistakes in, 189 
with plane table, 425 
precise, 150, 190, 199, 404 
precision of, 198 
profile, 150, 209, 232 
for route, 666 
for slope stakes, 222 
spirit, 150, 155 
by stadia, 350, 352, 356 
in topographic surveying, 647, 648 
trigonometric, 150, 152, 352, 356, 648 
Leveling head, 17 
Leveling rod, 164 
architect’s, 167 
Chicago, 165 
flexible ribbon on, 166 
Florida, 165 
level on, 168 
New York, 166 
Philadelphia, 164, 166 
reading on, 169 
self-reading type, 164 
stadia, 342 
tape type, 166, 223 
target for, 167 
target type, 166 
topographer’s, 167 
vernier on, 27, 166 
Liability of surveyor, 568 
Limb of sun, 518 
Line, 36 
agonic, 254 

base, 375, 382, 586, 590, 788 
contour, 8, 617 
correction, 586 
cut-off, 330, 441 
departure of, 443, 444 
double rodded, 191 
horizontal, 8, 148 
intersection of, 296, 442 
isogonic, 254 

latitude of, 443, 444, 468, 471 


Line, level, 2, 148, 149, 153, 155 
marking of, 606 
meander, 561, 565, 604 
in mine surveying, 713 
past obstacle, 293 
perpendicular to, 139 
between points, 293 
prolongation of, 291, 292 
random, 295 
range, 587, 722, 723 
rhumb, 861 
section, 588 
of sight, 19 

adjustment of, 172, 176, 300, 428, 
728 

sounding, 729 
standard, 586, 590 
township, 587 
transit, 318 
traverse, 259, 322 
vertical, 8 
Line tree, 606 
Lining rod, 122 
Link, 9, 118, 584 
Local attraction, 264, 266 
Local time, 509 

Location, of details, 335, 336, 648 
final, ^9 
paper, 668 

of points by intersection, 692, 697, 700 
preliminary, 665 
of soundings, 721 
Location survey, 668 
for canal, 672 
for highway, 671 
for mining claim, 718 
by photogrammetry, 674 
for railroad, 672 
for transmission line, 673 
Locke hand level, 162, 178 
Lode claim, 716 
Logarithms, 53, 55, 61 
of numbers, tables, 896 
of trigonometric functions, tables, 923 
Long chord, 226, 679 
Long rod, 165, 166 
Longitude, 489, 492, 516 
relation to time, 513 
by star, 553 
by sun, 531, 632 
in triangulation, 399 
(iSee also Latitude) 
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Lost comer, 661, 610, 611 
Lot, 677, 679, 601, 698 
Low-water mark, 564 

M 

Machines for plotting, 114, 789, 827-849 
Magnetic azimuth, 257 
Magnetic bearing, 256 
Mapietic compass, 262 
adjustment of, 269 
Branton pocket transit, 264 
pocket type, 263 
prismatic, 265 
surveyor’s, 263, 265 
Magnetic declination, 252, 272 
variation in, 254, sk) 

Magnetic dip, 252 
Magnetic meridian, 250, 251, 255 
Magnetic needle, 262, 413 
local attraction of, 254, 260 
(See also Compass) 

Magnetic variation, 254, 880 
Magnify ing p^wer, 25, 180 
Mannheim slide rule, 58 
Map, 88, 433, 615, 774 
contour, 618 
control for, 433, 813 
conventional signs for, 97 
errors in, 624 
hydrographic, 732 
hypsometric, 774 
index, 797 
kinds of, 89, 90 
land, 571 
line, 774 

in photogrammetry, 774 
planimetric, 89, 774 
preliminary, 665, 667 
property, 6^, 670 
right-of-way, 670 
scale for, 91, 624, 637 
soil, 672 

specifications for, 626 
stereometric, 774 

topographic (see Topographic map) 
of utilities, 581 
wall, 681 

(See also Topographic mapping) 

Map projection, 824, 855 
(^ee also Projection) 

Mapping, 88, 433, 615 
in photogrammetry, 774, 804 
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Mapping, topographic (see Topographic 
mapping) 

Mark, bench, 36, 183, 210 
floating, 829-^9 
hack, 606 

index, 353, 829-849 
reference, 560 
Mass diagram, 671 
Mean, error of, 78 
weighted, 81 
Mean sea level, 2, 387 
Mean sun, 509 
Mean time, 509 
Meander corner, 604, 605 
Meander line, 561, 565, 604 
Meandering, 561, 565, 604 
Measurement, of angle by repetition, 
285,313 

of angles and directions, 139, 250, 284, 
288, 382, 516, 728 
of difference in elevation, 148, 160 
of distance, 116, 383 
omitted, 456 

precision of (see Precision) 
proportionate, 611, 612 
of stream flow, 737, 753, 761, 763 
with tape, 122, 124, 127, 383 
units of, 9 

of vertical angle, 288 
Mechanical computation, 53 
Mercator projection, 860, 861 
Meridian, 250, 492 
convergency of, 591, 642 
determination of, 255 
guide, 586, 590 
magnetic, 250, 251 
primary, 492 
principal, 586, 590 
reference, 251, 443, 468 
true, 251, 255 
Meridian arrow, 92 
Meridian circle, 492 
Meridian distance, 468, 470 
Metallic tape, 120 
Metapole, 780 
Meter, current, 746 
Ellis, 747 
Fteley, 747 
Haskell, 747 
Hoff, 748 

measurement with, 753 
from bridge, 756 


Meter, current, measurement with, from 
cable car, 758 
field notes for, 753 
under ice, 758 
by wading, 765 
Price, 746 
rating of, 749 
Meter rating curve, 750 
Metes and bounds, 569 
Middle ordinate, ^0, 685, 686 
Mine surveying, 6, 702 
boundaries, 714, 715, 716 
computations for, 712 
connecting survey, 710, 713 
difference in elevation, 714 
distance, 703 
field notes for, 713 
illumination, 703 
lode claim, 716 
reduction to center, 706 
station, 702 

surface survey, 715, 718 
tunnel survey, 715 
underground survey, 702 
Mineral-land survey, 702, 715-718 
Miner’s inch, 737 
Mining transit, 277, 705, 709 
adjustment of, 709 
Mistake, 72 
in chaining, 138 
in deed description, 564 
in differential leveling, 189 
in measuring angles, 285 
Model, relief, 615 
spatial, 777, 822, 828-849 
Monocular vision, 777, 780 
Monument, in land surveying, 560, 564, 
607 

setting of, 297 

for U.S. land surveys, 607, 608 
Mosaic, 774, 822 
Most probable value, 75 
Multiplex projector, 831 
Multiplication, 54, 67, 59 


Nadir, 490 
Nappe, 767 
Natural error, 72, 310 
''Nautical Almanac,” 496 
Negative, 778, 779 
Net, base, 375 


Net, level, 201 

New York rod, 166 

Normal position of telescope, 283 

Normal tension, 131, 134 

Notebook, 42, 713 

Notes (see Field notes) 

Nutation, 494 


Objective lens, 20 
Objective slide, 21, 177, 302 
Oblique photograph, 775, 804 
Obliterated corner, 561, 611 
Observational equation, 752 
Observations, adjustment of, 81 
on Polaris, 542, 544, 549 
on stars, 538, 551-553 
stereoscopic, 782 
on sun, 517 
azimuth, 526, 532 
latitude at noon, 524 
longitude, 531, 532 
with solar attachment, 5^ 
time at noon, 529 
weighted, 80, 81 
Observing tower, 379 
Obstacle, prolonging line past, 292 
Obstructed distance, 141, 293 
Ocular vision, 780, 781 
Odometer, distance by, 119 
Offsets, from chord, 685 
at irregular intervals, 477 
at regular intervals, 474, 475 
for spiral, 687 
swing, 141, 295, 297, 338 
tangent, 437 
from tangent, 594, 684 
with tape, 141, 142, 292, 338 
Omitted measurements, 456 
One-third rule, 475 
Open traverse, 259, 323 
checking of, 329, 441 
by deflection angles, 324 
Optical axis, 21, 302, 308 
Optical center, 21 
Optical collimator, 277, 279 
Orders, of control, 813 
of triangulation, 369, 640 
Ordinate, middle, 680, 685, 686 
Organization of party (see Party) 
Orientation, of plane table, 414, 421, 424 
of spatial model, 822 
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Orientation of transit, 327 
Orifice, 764 

Original survey, 658, 572 
Orthographic projection, 867 
Orthomorphic projection, 856 
Outcrop, 702 
Overhaul, 670 

Overlap of photograph, 794 
Ozalid print, 109 


Pacing, distance by, 116 
Paper, cro»-»ction, 93, 236, 669 
drawing, 104, 414 
profile, 92, 231, 669 
Paper location, 668 
Parabolic curve, 677 
Parabolic segment, 479 
Parallactic angle, 776 
Parallax, absolute, 811 
angle of, 776 
correction for, 620, 522 
elevations by, 811 
error due to, 194, 310 
in photogrammetry, 776 
of sun, 520 
in telescope, 19 

Parallax difference, 776, 811, 841 
Parallax displacement, 807, 810 
Parallax equation, 776 
Parallax tables, 812, 863 
Parallel, of latitude, 492, 593 
reference, 443, 468 
standard, 586, 590, 593, 860 
Parallel distance, 468, 473 
Parol, 664 

Partition of land, 480 
Party, land-line, 663, 670 
level, 666 

plane-table, 653, 664, 660 
topography, 651, 663, 666 
transit, 317, 651, 655, 666, 667 
Passometer, 1 17 
Patent, 564, 702 
Pavement (see Highway) 
Pedometer, 117 
Peep-sight alidade, 413 
Pen, 113 
Pencil, 109 
Penta-count, 747 
Perpendicular to line, 139 
Personal error, 71, 309 


Perspective, 778 

projection, 776, 779 

PW^elphiarod,164,166 

Fho^ffset process, 109 

rnotoanguiator, 821 
Photogrammetric surveying, 7, 771, 852 
aerial, 789 > » 

airplane for, 798 
camera for, 787, 798 
compilation of detail, 789, 824 
contouring, 826 
control for, 773, 813 
definitions of terms, 773 
errors in, 818 
%mg, 794, 798 
mdexinap,797 
mapping in, 797, 818 
mosaic, 774, 822 
photographs for, 778, 790 
plotting machines, 827 
relief, effect of, 807 
for route, 674 
stereoscopy, 780 
terms used in, 773 
terrestrial, 786 
tip and tilt, effect of, 810, 818 
Photogrammetry, 7, 771, 776 
aerial, 775, 789 
terrestrial, 786 
Photograph, 776, 790 
coverage of, 794 
detail from, 824 
^placement on, 807, 810 
interval between exposures, 79j6 
obHque, 775, 804 
scale of, 790 
Photostat process, 109 
Phototheodolite, 787 
Picture plane, 791 
Picture-point control, 814 
Pin, chaining, 122 
Pipe line, survey for, 694 
Plan, 89 

Plan-profile sheet, 669 
Plane, datum, 4 
focal, 798 
horizontal, 8, 629 
picture, 791 
principal, 779 
tangent, 866, 857 
vertical, 8 

Plane coordinates, state, 403, 570 


1012 


mornu 


Plane surveying, 4 
(See also Surveying) 

Plane table, 261, 410 
adjustment of, 427 
advantages and disadvantages, 429 
alidade of, 410, 413 
Coast Survey type, 412 
compared with transit, 411, 430 
Johnson type, 412 
measuring angles with, 262 
orienting, 414, 421, 424 
sheet for, 414 
traverse-table type, 412 
plane-table surveying, 410, 425, 431 
checking of, 417, 429 
details in, 653, 654, 659, 661 
difference in elevation, 425 
errors in, 428 

graphical triangulation, 419 
by intersection, 418 
in photogrammetry, 827 
by radiation, 416 
resection in, 420-424 
for route, 667 

three-point problem, 421, 424 
in topographic surveying, 653, 654, 
659, 661 

tracing-cloth method, 424 
by traversing, 417, 644 
triangulation by, 419, 645 
two-point problem, 424 
Planimeter (see Polar planimeter) 
Pianimetric map, 89, 774 
Plat, 89 

Plate levels, 276 
adjustment of, 300, 427 
errors due to nonadjustment of, 304, 
306,309 
Plotting, 433 
balancing the survey, 446 
checking of, 439 
by chords, 439 
of contours, 618-623, 826 
of control, 434, 815 
of conventional signs, 99, 101 
by coordinates, 443, 452 
of cross-sections, 93, 232, 236, 249, 669 
of details, 454, 731 
errors in, 434, 437 
machines for, 114, 789, 827 
aerocartograph, 776, 787, 827 
autograph, 830 


Plotting, machines for, Brock-Wey- 
mouth, 844 
contour finder, 842 
KEK plotter, 849 
Kelsh plotter, 847 
multiplex projector, 831 
rectoplanigraph, 842 
sketchmaster, 842 
stereocomparagraph, 838 
stereoplanigraph, 828 
Wernstedt-Mahan plotter, 835 
map projection, 855 
omitted measurements in, 456 
with plane table, 410 
of profiles, 92, 232, 248 
with protractor, 434, 439, 455, 731, 732 
by radar, 849 
01 soundings, 731 
with tangent protractor, 439, 731 
by tangents, 436 
by tracing-cloth method, 731 
Plumb point, 780 
Plunging telescope, 283 
Plus stations, 210, 318 
Pocket compass, 263 
Pocket transit, 264 
Point, contour, 618 
controlling, 622, 665 
of curve, 677 
focal, 780 

ground, 618, 622, 639 
height of, 703 
initial, 586 
of intersection, 677 
plumb, 780 
sought, 421 
of tangent, 677 

turning, 36, 37, 168, 184, 191, 196 
(See also Details) 

Polar distance, 494 
of Polaris, table, 879 
Polar planimeter, 54, 62 
area with, 63, 64, 70 
error in measurement, 66 
theory of, 66 
zero circle, 64, 65 
Polaris, 640 
hour angle of, 547, 549 
observations on, 542, 544, 549 
Polarized light*, 777 
Pole, in astronomy, 490 
of planimeter, 62 
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Pole, range, 12, 

Polyconic projection, SO i 

Polygon in tnangulatai, 370, 37J_ 

Porro and Koppe, principle ot, / il, 780 
Positive, 778, 7(9 
Possession, adverse, 663, 567 

150, 190, 199, 404 

“"es%.379,649 

and distanceSj 32, 34, 
of azimuth of sun, 528, 532 
in chaining, 136 
of computations, 34, m 
consistent, 32 

in construction survey, 692 
to contours, 649 

of deflection-angle traverse, 327, 

b differential leveling, 198, 640, 647, 
648 

of distance, 136 

for horizontal control, 640 

of measurements, 9 

in photogrammetry, 788, 818, 828 

with planimeter, 66 

with sextant, 728 

in stadia surveying, 362 

with tape, 136 

for topographic map, 623 

in topographio surveying, 640, 647, 648 

in traversing, 331 

in triangulation, 369, 379, 388, 640 
in TJ.S. land surveys, 597 
for vertical control, 640, 647 
for volume of earthwork, 245 
{See also Error) 

Precision ratio, 35, 77^ 

Preliminary cro^sections, 213, 215 
Preliminary map, 665, 667 
Preliminary profile, 667 
Preliminary survey, for canal, 672 
for highway, 671 
with plane table, 667 
for railroad, 672 
for route, 665 
Preliminary traverse, 259 
Price meter, 746 
Primary control, 640, 814 
Primary leveling, 647 
Primary meridian, 492 
Primary traverse, 642 


Primary triangulation, 370, 644 
Principal distance, 779 
Principal focus, 21, 344 
Principid lines of instruments, 170, 175, 
298 

Principal meridian, 586, 590 
Principal plane, 779 
Principal point, 777, 779 
Principal ray, 779 
Prismatic compass, 265 
Prismatic eyepiece, 517 
Prismoidal correction, 243 
Prismoidal formula, 242 
Probability, theory of, 74 
Probable error, 49, 77 
formulas for, 78 
weighted observations, 80, 81 
Probable value, 75 
Profile, 92, 209, 232 
from contours, 627 
cross, 622, 623, 639, 654 
finishing of, 234 
fixing grades, 223, 234 
plotting of, 92, 232, 248 
preliminary, 667 
progress, 235 
subsurface, 236 
volumes from, 244 
Profile leveling, 150, 209, 232 
bench marks for, 210 
cross-sections in, 212—220 
field notes for, 211 
grades in, 223, 234 
intermediate foresights in, 210, 212 
use of stadia in, 352 
Profile paper, 93, 232, 669 
Projection, map, 88, 668, 824, 855 
azimuthal, 856 
to cone, 857, 859 
confoirnal, 856, 859 
to cylinder, 857, 860, 861 
equal area, 856 
gnomonic, 856 
Lambert, 859 
Mercator, 860, 861 
orthographic, 857 
orthomorphic, 856 
perspective, 776, 779 
polyoonic, 857 
stereographic, 857 
transverse Mercator, 861 
Projector, multiplex, 831 
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Prolongation of line, 291, 292, 293 
Property map, 580, 670 
Proportional dividers, 114 
Proportionate measurement, 611, 612 
Protraction, subdivision by, 601 
Protractor, 111, 455, 731, 732 
plotting with, 434, 439, 455, 731, 732 
Public lands (see U.S. public-land sur- 
veys) 

PZS triangle, 600, 502 


Quadrilateral, 370 
adjustment of, 393, 397 
chain of, 371, 397 
Quarter section, 601-604 


Radar charting, 849 
Radial-line method, 814 
Radial triangulation, 776 
Radiation, 320, 416 
Railroad, construction survey for, 694 
cross-sections for, 213, 217 
curve for, 672, 677, 686 
cut and fill for, 221, 632 
grade for, 224, 672, 694 
levels for, 213, 694 
location survey for, 668, 672 
profile of, 232 
Railroad curve, 113, 677 
Railroad pen, 113 
Random line, 295 
Range, 587, 730 
Range line, 587, 722, 723 
Range pole, 12, 122 
Rating of current meters, 749 
Rating curves, 750, 759 
Ratio of precision, 35, 77 
Ray, 416, 429 
principal, 779 

Reciprocal leveling, 192, 207 
Reconnaissance, for route, 664 
for triangulation, 375, 376 
Recording of data, 43 
Recording gage, 740 

Rectangular coordinates (see Coordi- 
nates) 

Rectangular weir, 764 
Rectification, 777 
Rectoblique plotter, 821 
Reetoplanigraph, 842 


Reducing arc, 657 
Reduction, to center, 389, 706 
to sea level, 387 
stadia, 348 
Reference hub, 333 
Reference mark, 560 
Reference meridian, 251, 443, 468 
Reference parallel, 443, 468 
Referencing of transit station, 333, 560, 
610 

Refraction, correction for, 521, 538 
errors due to, 149, 194, 310, 361 
Register (see Gage) 

Registry of deeds, 562 
Regular subdivision, 598 
Reinhardt lettering, 93 
Reliction, 564, 566 
ReHef, 615 

displacement due to, 807 
Relief model, 615 
Repeating instrument, 380 
Repetition, angle by, 285, 287, 313 314 
Representative fraction, 91, 790 
Reproduction of drawings, 105 
Resection, 322, 401, 416, 420-424 
Reservoir, 633, 701, 735 
Residual, 77 
Resultant error, 72 
Resurvey, 559, 572 
Reticule, 22 
Retrograde vernier, 26 
Reversed position of telescope, 283 
Reversion, 16 
Rhodes reducing arc, 657 
Rhumb line, 861 
Right of way, 663, 664, 670 
Right ascension, 493 
Riparian rights, 565 
Road (see Highway^ Railroad) 

Road pen, 113 
Rod, grade, 221 
ground, 221 

for leveling (see Leveling rod) 
lining, 12, 122 
long, 165, 166 
sounding, 729 
stadia, 342 
tape, 166, 223 
unit of length, 9 
waving of, 170 
Rod float, 744 
Rod level, 168 
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Roman lettering, 95 
Roughness coefficient, 761 
Route surveying, 6, 662 
for canal, 672 

construction survey, 670, 690 
cross-s<iction in, 213-220, 237-239 
curve in, 225, 677 

for cut and fill, 221 
earthwork for, 670 
final location, 669 
grade in, 223 
for highway, 671 
location survey, 668 
from map, 634, 664 
paper location, 668 
in photogrammetry, 674 
with plane table, 667 
preliminary survey, 665 
profile in, 209, 667 
for railroad, 672 
reconnaissance survey, 664 
by stadia, 667 
for transmission line, 673 
Run-off, 738 
Rural land, 569 
description of, 569 
original survey, 572 
resurvey, 672 
subdivision of, 576 

S 

Saegmuller solar attachment, 536 
Sag, in tape, 131, 134 
of vertical curve, 228 
Scale, engineer’s, 91, 110 
graphical, 91 
for map, 91, 624, 637 
of photograph, 790, 817 
for profile, ^2 
Scale fraction, 794 
Scow measurement, 735 
Sea level, mean, 2 
reduction to, 387 
Secant method, 594 
Second-foot, 737 
Secondary control, 640, 814 
Secondary leveling, 647 
Secondary traverse, 643 
Secondary triangulation, 370, 645 
Section, 586, 588 
cross- (see Cross-section) 
fractional, 590, 602 


Section, level, 219, 237 
subdivision of, 600, 601, 603 
Section line, 588 
Section-line method, 821 
Secular variation, 254 
Segment of circle, area of, 477 
Self-reading rod, 164 
Semidiameter, 518 

Sensitiveness of level tube, 15, 25, 181, 
279 

Set backs, 385, 387 
Set forwards, ^5, 387 
Setting, of grades, 223 
of monument, 297 
of slope stakes, 218, 222, 230 
Setting up, of level, 168 
of plane table, 414 
of transit, 284, 309 
Settlement of tripod, 196, 310 
Sewer, survey for, 694 
Sextant, 262, 725 
adjustment of, 727 
angle with, 262, 728 
precision with, 728 
Shade, 104 
Shading, 616 

Shaft, elevation down, 714 
Sharp-crested weir, 763 
Shooting-in grade, 223 
Short cuts, arithmetical, 54 
Short rod, 166 
Shutter for camera, 798 
Side-hill section, 218, 219, 239 
Side shot, 425 
Sidereal time, 508, 511 
Sight, line of (see Line of sight) 

Signals, 36, 377, 730 
Significant figures, 48 
Simplex solar shield, 520 
Simpson’s rule, 475 
Site, for bridge, 696 
for building, 698 
Six-tenths method, 753 
Sketches, 42, 44, 651 
Sketchm^ter, 842 
Slide rule, 68 
stadia, 348 

Slope, chaining on, 124, 127, 703 
enei^gy, 734 
of stream, 733 
Slope board, 218 

Slope method of measuring discharge, 761 
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Slope stakes, 218, 222, 230 
Slotted-templet method, 819 
Small-scale surveys, 637, 639 
Smith solar attachment, 533 
Snow survey, 736 
Soil survey, 671, 672 
Solar attachment, 532 
adjustment of, 535 
azimuth with, 534 
Burt, 537 

declination settings for, 537 
Saegmuller, 536 
Smith, 533 

Solar-diurnal variation, 254 
Solar ephemeris, 496 
Solar method, 594 

Solar observations (see Observations on 
sun) 

Solar prism, 520 
Solar screen, 517 
Solar shield, 520 
Solar telescope, 533, 536, 537 
Solar time, 508, 509 
Sounding, 730, 731 
equipment for, 729 
location of, 721 
plotting of, 731 
Spad, 703 

Spatial model, 777, 822, 828-849 
Specifications, for base-line measure- 
ment, 388 

for stadia survey, 363 
for topographic map, 626 
for traversing, 332 
Sphere, celestial, 489 
Spherical aberration, 20, 24 
Spherical coordinates, 492 
Spherical excess, 3, 391 
Spherical trigonometry, 500 
Spheroid, the earth a, 2, 861 
Spiral curve, 686, 688 
Spirit leveling {see Direct leveling) 
Square root, short method, 55 
Stadia, 117, 341 
approximations, 347 
in hydrographic surveying, 724 
inclined sights with, 345 
route surveying by, 667 
topographic surveying by, 352, 651, 
653, 660 

trigonometric leveling by, 352 
uses of, 351 


Stadia arc, 349 
Stadia circle, 349 
Stadia constant, 344 
Stadia diagram, 348 
Stadia formulas, 344, 346 
Stadia hairs, 23, 341 
Stadia interval, 341, 343 
Stadia interval factor, 344, 345 
Stadia leveling, 350, 352, 356 
field notes for, 353, 357 
height of instrument in, 350, 356 
index mark in, 353 
Stadia reading, 341, 343 
Stadia reduction, 348 
Stadia rod, 342 
Stadia slide rule, 348 
Stadia surveying, 354, 366 
errors in, 360, 362 
field notes for, 355, 358 
height of instrument in, 350, 356 
with plane table, 360, 653 
precision of, 362 
stepping method in, 359 
Stadia tables, 348, 881 
Stadia traverse, 354, 356 
field notes for, 355, 358 
Staff, Jacob’s, 263, 655 
Staff gage, 739 
Stake, 318 
finishing, 693, 694 
grade, 691 
guard, 318, 319 
slope, 218, 222, 230 
Standard corner, 589 
Standard line, 586, 590 
Standard parallel, 586, 590, 593, 860 
Standard time, 514 

Standardization of tape, 121, 145, 383, 
386 

Stars, observations on, 538, 551-553 
State plane coordinates, 403, 570 
Station, 123, 209, 317 
gaging, 738, 742 
in mine surveying, 702 
plus, 210, 318 
transit, 317, 333 
traverse, 99, 318, 322 
triangulation, 99, 368, 374 
Station adjustment, 391, 393 
Station rating curve, 759 
Station yard, 670 
Stepping method, 359 
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Stereocartograph, 827 

Stereocomparagrapii, / /o, JWRs 
Stereogram, 782 ^ 

Stereographic projection, 857 
Stereometer, 845 
Stereometric i«ap, 774 
Stereoplanigrapn, 82/, oZo 
stereoscope, 777, 7^ 

Stereoscopic base, /8o, oi-^ 

Stereoscopic measurement, 777, 782 
Stereoscopic plotting, 827 
Stereoscopic vision, 782 
Stereoscopy, 777, 780, 782 
Stereotopograpb, 827 
Straight line, past obstacle, 292 
prolongation of, 291, 292 
to ran between two points, 293 
Straightedge, 113 

Stream flow (see Flow measurement) 
Stream slope, 733 
Street, survey for, 693 
Strength of figure, 372 
Stride, 117 

Striding level, 15, 277, 414 
adjustment of, 303, 428 
Strike, 702 
String-lining, 685 

Structure, survey for (see Construction 
survey) 

Subdivision, by protraction, 601 
of public land, 570, 586 
of rural land, 576 
of section, 600-604 
of township, 598 
of urban land, 578 

Subdivision survey, 559, 576, 578, 603 
Subgrade, 217, 671, 693 
Submerged weir, 764, 766 
Subsurface float, 744 
Subsurface method, 753 
Successive approximations, 201 
Summit of vertical curve, 228 
Sun, angular diameter of, 518 
declination of, 522 
limbs of, 518 

observations on (see Observations on 
sun) 

parallax of, 520 
time to cross meridian, 531 
true and mean, 509 
Sun glass, 517 
Sun shade, 39 


Superelevation, 686 
Suppressed weir, 764 
Surface, level, 2, 8, 148 
Surface current, 734 
Surface float, 734, 743 
Surface slope, 733 
Surveying, 1, 5 
aerial, 789 

astronomy in, 489, 516 
for bridge, 696 
for building, 297, 698 
cadastral, 7, 581 
cameras for, 773, 798-804 
for canal, 672, 695 
city, 7, 579 

with compass, 266, 273 
for construction, 670, 690 
for culvert, 697 
for dam, 700 
geodetic, 5 

for highway, 671, 692 
hydrographic, 6, 720 
instruments for (see Instruments) 
by intersection, 321, 418 
kinds of, 4, 5, 319, 637 
of land, 6, 558, 583 
for mine, 6, 702 
of mineral land, 702, 715-718 
operations of, 5^ 
photogrammetric, 7, 771 
for pipe line, 694 
plane, 4 

with plane table, 410, 653-661 

principles and practice of, 10 

by radiation, 320, 416 

for railroad, 672, 694 

for route, 6, 662, 677 

for sewer, 694 

signals used in, 36 

snow, 736 

soil, 671, 672 

by stadia, 341, 354, 356, 651 
for street, 693 
subaqueous, 735 
with tape, 139 

terms used in, 35, 563, 702, 773 
topographic, 6, 637 
with transit and tape, 317 
for transmission line, 673 
by traversing, 322 
by triangulation, 368 
for tunnel, 695, 715 
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Surveying, underground, 702 
of U.S. public land, 583 
Surveyor, legal authority of, 568 
liability of, 568 
requisites of, 11 
Surveyor’s arrow, 122 
Surveyor’s chain, 118 
Surveyor’s compass, 263, 265 
adjustment of, 269 
errors with, 269 
field notes for, 267 
Surveys {see Surveying) 

Sweep, 733 

Swing offset, 141, 295, 297, 338 
Symbol (see Conventional signs) 
Systematic error, 72 
Systems of ground points, 622, 639 

T 

Table, astronomical, 496 
parallax, 812 
plane (see Plane table) 
stadia, 348 

traverse, 412, 445, 712 
trigonometric, 52, 923, 968, 980 
Tangent, 677 
offsets from, 594, 684 
point of, 677 
Tangent distance, 680 
Tangent method of laying off parallel, 
594 

Tangent offsets, plotting by, 437 
Tangent protractor, 439, 731 
Tangent screw, 28 
Tape, 118 

for base-line measurement, 382 
care and handling of, 39, 121 
invar, 120, 383 
metallic, 120 

standardization of, 121, 145, 383, 386 
steel, 120, 121 
{See also Chain) 

Tape rod, 166, 223 
Taping {see Chaining) 

Target, 167, 196 
Target rod, 166 
Telescope, 18 
of alidade, 413 
auxiliary, 705, 709 
cross-hairs in, 22, 23 
definition of, 24 
eyepiece in, 23, 303, 517 


Telescope, field of view of, 25 
focusing of, 19 
of level, 156, 158, 159 
level tube on, 276, 301 
magnifying power of, 25, 180 
objective lens of, 20 
objective slide of, 21, 177, 302 
plunging of, 283 
position of, 283 
solar, 533, 536, 537 
of transit, 18, 279, 787 
Telescope level, 276, 301 
Telescopic alidade, 413 
Temperature, errors due to variations 
in, 130, 195, 310, 386 
of tape, correction for, 133, 386, 387 
Tension, normal, 131, 134 
in tape, correction for, 131, 133 
Terrestrial eyepiece, 23 
Terrestrial photogrammetry, 8, 776, 
786 

photography in, 788 
precision of, 788 

Theodolite, repeating, 277, 380, 787 
Thermal expansion {see Temperature) 
Three-level section, 219, 237 
Three-point problem, 401, 421, 424, 725 
Tie, 341 
Tier, 587 
Tilt, 810, 818 
Time, 508-^515, 516 
apparent, 509 
civil, 509 

of culmination of Polaris, 542 

of elongation of Polaris, 545, 547 

equation of, 510 

Greenwich, 509 

local, 509 

mean, 509 

relation to longitude, 513 
sidereal, 508, 511 
solar, 508, 509 
standard, 514 
by star, 553 
by sun at noon, 529 
for sun to cross meridian, 531 
true/ 509 
Tint, 104 
Tip, 810, 818 
Title, color of, 563 
on map, 96 

Topographer’s rod, 167 
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Topographic map, 90, 615 
accuracy of, 623 
area from, 633 
colors on, 103, 110 
contour interval for, 618, 625 
contour lines on, 617 
control for, 618 
cross-sections from, 627 
drafting for, 89, 618 
earthwork from, 629, 632 
finishing of, 623 
ground points, 622, 639 
hachures on, 616 
precision of, 623 
profile from, 627 
relief on, 615 

scale for, 624, 626, 637, 638 
shading on, 616 
specifications for, 626 
symbols on, 97, 101 
tests for accuracy of, 623 
volumes from, 629, 633 
Topographic mapping (see Topographic 
map; Topographic surveying) 
Topographic surveying, 6, 637 
angular measurements, 650 
control for, 640, 647 
details in, 648-660 
field methods for, 638 
field notes for, 212, 357, 651, 655, 657 
ground points in, 639 
horizontal control for, 640 
leveling for, 647, 648 
map (see Topographic map) 
with plane table, 653, 654, 659, 661 
precision of, 640, 647-649 
for route, 654, 666 
by stadia, 352, 651, 653, 660 
systems of locating details, 622, 639 
vertical control for, 647 
Topographic symbols, 102, 103 
Topography party, 651, 663, 666 
Total departure, 444, 468 
Total latitude, 444, 468 
Tower, observing, 379 
Township, 586, 687, 595 
subdivision of, 598, 601 
Township line, 687 
Trace-contour system, 622, 639, 660 
Tracing, 105 
blackline, 108 
duplicate, 106, 109 


Tracing cloth, 105 
Tracing-cloth method, 424, 731 
Transit, 13, 260, 274 
camera, 787 
city, 277 

engineer's (see Engineer's transit) 
lower, 509 
mining, 277, 705 
plain, 277 
pocket, 264 
survey with, 317 
for route, 665, 667 
by stadia, 352, 667 
the^olite, 277, 380 
upper, 508 
Transit line, 318 
details from, 335, 336 
Transit party, 317, 651, 655, 666, 667 
Transit rule, 447 
Transit-stadia surveying, 341 
details by, 651, 724 
for route, 667 
Transit station, 317, 333 
Transition curve, 686 
Transmission line, location of, 673 
Transverse Mercator projection, 861 
Trapezoidal rule, 475 
Trapezoidal wek, 767 
Traverse, 259 
area within, 472 
balancing the survey, 446 
checking of, 329, 417, 439 
error of closure of, 445 
field notes for, 325, 326, 329, 355, 358 
omitted measurements in, 456 
plotting of, 434 
precision of, 331 
primary, 642 
secondary, 643 
with surveyor’s compass, 266 
Traverse station, 99, 318, 322 
Traverse table, 412, 445, 712 
Traversing, 322, 417 
by azimuths, 327 
by deflection angles, 324 
by interior angles, 329 
with plane table, 417, 644 
specifications for, 332 
by stadia, 354, 356 
for topographic survey, 640 
with transit and tape, 325 
Tree, bearing, 610 
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Tree, line, 606 
Tree monument, 609 
Triangle, astronomical, 500, 502, 528 
chain of triangles, 370, 391 
of error, 421 
great, 423 
PZS, 500, 502 
Triangular weir, 767 
Triangulation, 259, 320, 368 
adjustment, of figures, 391, 393, 397 
aerial, 822 

angle measurements in, 379-382 
base-line measurements in, 382, 388 
base net for, 374 
computation, 389, 400 

of coordinates and sides, 398 
discrepancy between bases, 388 
field methods for, 375 
figures for, 370, 372 
geodetic position, 400 
graphical, 419 

instruments for, 377, 380, 382 
orders of, 369 
with plane table, 419, 645 
precision of, 369, 379, 388, 640 
primary, 370, 644 
radial, 776 

reconnaissance for, 375, 376 
reduction, to center, 389 
to sea level, 387 
secondary, 370, 645 
signals for, 377 
spherical excess, 391 
state plane coordinates, 403, 570 
station {see Triangulation station) 
strength of figure, 372 
three-point problem in, 401 
in topographic surveying, 644 
uses of, 320, 368 

Triangulation station, 99, 368, 379 
instrument supports, 377 
major and minor, 379, 380 
monument for, 379 
signal at, 377 
symbol for, 99, 318 
Triangulator, 821 
Trigonometric condition, 393, 394 
Trigonometric formulas, 992 
Trigonometric functions, 58, 61 
Trigonometric leveling, 150, 152 
use of stadia for, 352, 356 
vertical control by, 648 


Trigonometric tables, 52, 923, 968, 980 
Trimetrogon camera, 803 
Tripod, settlement of, 196, 310 
twist of, 286, 310 
Tripod signal, 378 
Trivet, 710 
Trough compass, 413 
True altitude, 792 
True meridian, 251, 255 
True sun, 509 
True time, 509 

Tube-in-sleeve alidade, 414, 428 
Tunnel survey, 695, 715 
Turning plate, 168 

Turning point, 36, 37, 168, 184, 191, 196 

Twist of tripod, 286, 310 

Two-peg test, 172, 173 

Two-point problem, 424 

Two-tenths and eight-tenths method, 752 

U 

Underground survey, 702 
connecting with surface, 710 
line for connection, 713 
marking boundary, 714 
for tunnel, 715 

U.S. public-land surveys, 583 
convergency of meridians, 591 
corner {see Corner) 
description of land, 670 
errors in, 597 
field notes for, 606 
historical notes, 684 
initial point, 586 
laws relating to, 583 
limits of error, 597 
line {see Line) 
meandering, 604 
meridian, 586, 590 
monument, 607, 608 
parallel, 586, 590, 593 
precision of, 597 

proportionate measurement in, 611. 

612 

range, 587 

records of, 562, 583, 584 
restoration of lost corner, 610, 611 
secant method, 594 
section, 586, 588 
subdivision of, 601-604 
subdivision, 586, 598, 601 
tier, 587 
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IT.S. public-land surveys, township, 686, 
587, 596 

^ subdivision of, 598, 601 
unit of length for, 584 
{See also Land surveying) 

Units of measurement, 9, 737 
Urban land, 577 , 578 
Ursa Major, 540 
Ursa Minor, 540 

V 

Value, most probable, 75 
Vandyke print, 108 
Vara, 9 

Variable error, 72 

Variation in magnetic declination, Zbi 
Vectograph, 778, 784 
Vein, 702, 716 

Velocity, of approach, 764, 76b 
of current, 734, 743, 752 
Velocity head, 7^, 766 
Venturi flume, 767 
Vernal equinox, 494, 508 
Vernier, 25, 281 
adjustment of, 301, 302, 428 
control level for, 277, 302, 427 
direct, 26 

eccentricity of, 282, 308 
errors due to reading, 309 
retrograde, 26 
on rod, 27, 166 
on transit, 28, 281 
Vertex, 677 

Vertical angle, 8, 148, 288 
in astronomy, 517 
double-sighting for, 288-290 
errors in, 289 
index correction to, 289 
index error in, 289, 517 
measuring with transit, 288 
in plane-table work, 425 
in stadia work, 343 
Vertical axis, 16 
Vertical circle, 276, 301, 497 
Vertical control, for aerial photogram- 
metry, 813 ^ 

for hydrographic survey mg, 721 
precision of, 640, 647 
for topographic surveying, 647 
Vertical curve, 225 
Vertical Ime, 8 




Vertical plane, 8 
Vertical velocity curve, 752 
View, field of, 25 
Vision, binocular, 777, 781 
monocular, 777, 780 
stereoscopic, 782 

Volume, by average end areas, 241 
of borrow pit, 240 
from contour map, 629, 633 
of dredged material, 735 
of earthwork, 232, 239, 245, 629, 735 
of lake or reservoir, 735 
by prisraoidal formula, 242, 243 
from road profile, 244, 633 
units of, 9, 738 

W 

Wading method, 755 
Water-stage register {see Gage) 
Waving rod, 37, 170 
Weight, 80 
Weighted mean, 81 
Weighted observations, 80, 81 
Weir, 763 
Cipolletti, 767 
coefficients for, 765 
construction of, 768 
dam used as, 768 
formulas for, 764-767 
rectangular, 764 
submerged, 766 
terms defined, 763 
trapezoidal, 767 
triangular, 767 

Wernstedt-Mahan plotter, 835 
Wetted perimeter, 761 
Wind, chaining in, 130, 132, 387 
Wire drag, 733 
Witness corner, 334, 561, 607 
Witness stake, 318, 319 
Wye level, 156, 159, 175, 176 
adjustment of, 176 


Year, sidereal, 508 
solar, 508 

Z 

Zenith, 490, 497 
Zenith distance, 498 
Zero circle, 64, 65 
Zero flow, height of, 739 


